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1. Introduction

a. A synopsis. In this paper we use the theory of singularities to study
bifurcation diagrams when subjected to small perturbations or imperfections.
Our goal is to classify for a given problem all possible perturbed diagrams in
some suitable qualitative way. We have achieved this goal in several impor-
tant special cases including some bifurcations from a double eigenvalue and
some bifurcations from a simple eigenvalue not satisfying the non-degeneracy
condition of Crandall and Rabinowitz [7].

We are concerned with a non-linear equation

(1.1 G{x,A)=0 and G(0,0)=0,

where G(',A): x;— x» is a one-parameter family of smooth maps between
two Banach spaces. Let Gy(x) = G(x, 0). The inverse function theorem states
that no bifurcation is possible near the solution (x, A)=(0,0) of (1.1) when
the differential dG, is invertible since for each A there is only one solution
x{A), which depends smoothly on A. We consider only the case when dG, is
singular, although we assume that dG, is Fredholm. Because of this
hypothesis, the Lyapunov-Schmidt reduction (cf. [20]) allows us to reduce
(1.1) to a finite system of equations resulting from the reduced mapping
G : ker dGy X R — y,/range dG,. Indeed we suppose that this reduction has
already been performed so that (1.1) is really only a finite system of equations.
{See Section 6 for an explicit example of this reduction. The Lyapunov-
Schmidt procedure extends to perturbations, as is also shown in Section 6 for
this example. Thus the effect of an arbitrary small perturbation of the original
problem is described completely by the resulting perturbation of the reduced
equation. We lose no generality in restricting our attention to the reduced
equation.) We assume that G : R"XR—R™ is C” and maps the origin in
R”XxR into the origin in the range. All of our statements concern the
behavior of G in a small neighborhood of the origin—in other words, G is a
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germ of a mapping. We shall call
D(G)={(x,\)eR"XR : G(x,A)=0}

the bifurcation diagram associated to (1.1). ~

One should note that the reduction from G to G described above can be
carried out in many possible ways since there is no canonical choice of
coordinates for either ker dG, or y,/range dG,. Thus we regard as equivalent
two bifurcation problems which differ only by changes of coordinates. More
specifically, we shall call two mappings G, H : R* xR — R"™ contact equivalent
if there exists a (smoothly) parametrized family of invertible matrices 7., on
R™ and a diffeomorphism on R" X R of the form (x, A) = (p(x, A), A(A)) such
that

(1.2) H(x,A)=1., - G(p(x,A), A(A)) .

Here we assume that p(-,A) and A are orientation preserving and that
(p(0,0), A(0)) = 0. Although we write R" xR for the domain of ,, and of
(p, A), it is to be understood that these functions need be defined only for
(x, A) in some small neighborhood of the origin. The neighborhood of course
depends on the functions G and H for which the contact equivalence is to be
established. In other words, contact equivalence is a germ concept.

It is clear that multiplication by the matrix 7., has no effect on possible
solutions of (1.1). (The reader may wonder why we do not allow non-linear
changes of coordinates in the range in (1.2); Lemma 1.3 below shows that no
generality would be gained by such a complication.) The diffeomorphism
(p, A) can move the solution set of (1.1), but it will not change its qualitative
nature. Notice however that we do not mix x and A in the A-coordinate of
the diffeomorphism. This restriction is motivated by the applications in which
x characterizes the state of some physical system, while A is an external
parameter. If the experimenter chooses a value of A, the system settles into
an equilibrium state satisfying (1.1) with A equal to that chosen value. For
this reason we insist that slices of constant A be preserved in (1.2). This
restriction is one of the basic ways in which our approach differs from
previous attempts to describe bifurcations through singularity theory.

There are two principal questions raised in our analysis of perturbed
bifurcation. The first is to describe in finite terms (up to contact equivalence)
an arbitrary perturbation of a given bifurcation problem. Briefly our approach
to this question is as follows. Given the bifurcation problem G(x, A), consider
the set O of all mappings contact equivalent to G. In general, O will not
contain all the C™ maps in any neighborhood of G. In many important cases,
however, the complement of € in a small neighborhood of G may be
described by a finite number of parameters. When this is true an arbitrary
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imperfection can be represented in terms of these parameters, at least up to
contact equivalence. Singularity theory provides algebraic machinery to deter-
mine the number of parameters needed and how these parameters should be
inserted into the equations. In more technical language, we are led to the
so-called universal unfolding F(x, A, @) of G(x, A), an [-parameter family of
distinguished perturbations of G(x, A). Here a €R' and F(x, A,0)= G(x, A).
An arbitrary small perturbation of G is equivalent to F(-,-, a} for some
e € R". More precise definitions and results are given in Section 2.

The second principal question in this paper is to enumerate all the
possible, inequivalent bifurcation diagrams that may arise from perturbation
of the given problem G(x, A). In view of the construction above, it suffices to
consider the bifurcation diagrams

{(x, \)| F(x, A, @) =0}

when a ranges over a small neighborhood of the origin in R'. We show that if
a perturbed problem F(:,-, @) is not stable, then a must lie on one of three
algebraic surfaces in R, described below. These surfaces divide the ball
{a €R': |a|< e} into finitely many regions, and any two problems associated
to two values of « lying in the same region are equivalent. Thus enumeration
of the open regions provides an enumeration of the possible stable perturbed
diagrams. (Further analysis is required for the unstable problems associated to
boundary points of the regions.) The separating hypersurfaces are only given
implicitly, and in general this enumeration is quite difficult. Of course such an
algorithm is amenable to computer analysis; moreover, in Sections 4 and 5 we
implement the algorithm explicitly for several of the more elementary
examples.

The following lemma, due to Mather [16], shows that no generality would
be gained by allowing non-linear changes of coordinates on the range in (1.2).

LemMma 1.3. Let T,, be a parametrized family of diffeomorphisms on R™
such that T, ,(0)=0 for all x, . Let H(x, A) = T, ,(G(x, A)); then G and H are
contact equivalent.

b. A simple example. In this section we illustrate the kind of information
our theory can provide about a bifurcation problem by discussing a simple
example. Specifically we consider the finite element analogue of the Euler
beam problem illustrated in Figure 1.1. (In Section 6 we consider the
continuous problem.) This system, consisting of two rigid rods of unit length
connected by frictionless pins, is subjected to a compressive force A which is
resisted by a torsional spring of unit strength. In terms of the angle x in the
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Figure 1.1. Illustration of the finite element analogue of the Euler beam
problem.

figure, the potential energy of this system is
V=1%x2+2A cos x,
and the condition for equilibrium is

\%4
é—-=x—2}t sinx=0.
ax

A simple calculation shows that when A =3 this system undergoes a supercrit-
ical bifurcation, this term being defined as follows. A bifurcation at A = A, of
the equation G(x,A)=0 from a trivial solution x{(A) is called supercritical
(respectively subcritical) if there is only one solution of the equation in some
neighborhood of x(Ay) for A <A, (respectively A > Ay). It is called transeritical
otherwise.

The bifurcation diagram of this problem is the familiar pitchfork, illus-
trated in Figure 1.2(a). It is well known (cf. [25], [17]) that a small
perturbation of this problem, either in the form of a central load or an initial
curvature of the strut, will split the bifurcation diagram into two disconnected
smooth components, as suggested in Figure 1.2(b). (In the figure dotted lines
indicate an unstable solution.) Suppose, however, that both the above
perturbations are present: let the system be subjected to a load B applied at
the center pin, and let o be the angle at which the spring exerts no torque. In
this case the energy of the system becomes

V=4x—-a)*+2A cos x+ B sin x

Figure 1.2. Bifurcation diagram of the Euler beam problem. (a) ldealized
problem; (b) perturbed problem.
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and, modulo terms of order x*, the condition for equilibrium becomes
BV 1 3 1 2
(1.4) 0=5;'~V§/\x —3Bx*+(1-2M)x+(B—-a)=F(x,A),

the latter equality being a definition. Our results below imply that the
equation

(1.5) F(x,A)=0

is contact equivalent to the exact equation dV/ox =0, which justifies the
neglect of the higher-order terms. (Note that the contact equivalence depends
on « and B.) Provided a = B, (1.5) continues to possess a bifurcating solution

at A =3, the non-trivial branch being given by

(1.6) Dx?-1Bx+(1-21)=0.

It may be seen from (1.6) that if B#0 this bifurcation is transcritical, as
indicated in Figure 1.3(a). Of course this diagram assumes the exact relation
a=fB. A small perturbation of Figure 1.3 will in general lead to a discon-
nected diagram, which may be either of the type indicated in Figure 1.2(b) or
in Figure 1.3(b). The difference between these two diagrams is readily
observable physically—a system governed by Figure 1.3(b) can be made to
exhibit hysteresis if A is varied quasi-statically (i.e., slowly compared to the
time for equilibrium to be obtained) back and forth across the interval
containing the unstable solutions in the S part of the diagram. In particular
this refines a suggestion of catastrophe theory (cf. [28]) that an arbitrary
perturbation of the buckling beam problem may be described by one
additional parameter.

Our theory is relevant for this and other bifurcation problems in several
ways. In the first place it provides a rigorous justification for the truncation of
the Taylor series by which (1.4) was derived. This allows the choice of normal
forms for mappings which can substantially simplify calculations. Secondly, it
shows that any other (smooth) perturbation whatsoever that might be put into
the problem would not lead to qualitative behavior different from that
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Figure 1.3. Diagram of bifurcation problem. (a) Transcritical bifurcation;
(b) imperfect transcritical.
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obtained by some choice of @ and B in (1.4). This is true in the strict sense
that the perturbed systems are contact equivalent to (1.4). Finally, the theory
gives an algorithm for computing all the possible perturbed diagrams off of a
given bifurcation problem. We shall describe the precise results of this
algorithm for the above example in the next section.

It follows from Theorem 2.4 below that aV(x, A, a, B)/0x is a universal
unfolding of aV(x, A,0,0)/dx. This means that any (smooth) perturbation
whatsoever that might be added to the idealized problem would not lead to
new qualitative behavior, to behavior not already present for the proposed
two perturbations. The different stable diagrams that may result are enumer-
ated by the regions in Figure 1.4. If (a, B) belongs to regions 1 or 3, the
bifurcation diagram has the form of Figure 1.3(b) or its mirror image,
respectively; if (a, B) belongs to regions 2 or 4, the diagram has the form of
Figure 1.2(b) or its mirror image, respectively. Figure 1.3(a} illustrates
diagrams that obtain when (w, B8) lies on the ray separating regions 1 and 2,
and Figure 1.5 corresponds to («, B) on the curve separating regions 1 and 4;
again the mirror image diagrams correspond to negative (a, 8). Rules for
performing these calculations are given in Section 2.

It is clear that Figure 1.3(a) separates two regions of inequivalent
diagrams—under perturbation the crossing at the center of this diagram can
split in either of two ways. Figure 1.5 also represents a separating diagram
because of the vertical tangent at P. A small perturbation of one sign yields a
smooth solution branch x(A), while the opposite sign yields a hysteresis loop.
We propose the name hysteresis point for such points which demarcate the
onset of possible hysteresis.

Next consider a one-parameter family of perturbations G, of the idealized
problem aV(x, A, 0, 0)/9x. As will be shown, Theorem 2.4 also implies that,
for each e, G, is contact equivalent to aV(x, A, a(e), B{e))/ox for some
(afe), B(g)). Moreover, this assignment is smooth in & and satisfies
(a(0), B(0))=(0,0). Thus a one-parameter perturbation may be represented
by a curve through the origin in «, B-space. Since the two separating curves
in Figure 1.4 are tangent to second order, almost all curves will enter only
regions 2 and 4. In order to observe regions 1 and 3 one must consider two

B=a

®

—— e ————a

@

Figure 1.4. Illustration of the different stable diagrams that may result.



THEORY FOR IMPERFECT BIFURCATION 27

Figure 1.5. Illustration of diagrams that obtain when (a, 8) lies on the curve
separating regions 1 and 4.

parameter perturbations. This observation seems consistent with the engineer-
ing literature and is substantiated in that both perturbations considered above
(i.e., initial curvature and a central load) yield diagrams from regions 2 and 4.
The full picture is obtained only by considering both perturbations together.

¢. Comparisons and comments. The starting point of the present paper
was Christopher Zeeman’s [28] attempt to relate the imperfect buckling of an
Euler strut to catastrophe theory. Our results differ from Zeeman’s, as stated
in subsection b, in that we find that two imperfection parameters are
necessary to describe an arbitrary small perturbation of this problem, while
Zeeman suggests that one is sufficient. The explanation of this difference lies
in our attitudes toward the bifurcation parameter A. To be more specific, we
consider an example, the bifurcation problem

1.7 x}-Ax=0.
Obviously we may write (1.7) in the form aV/dx = 0, where V, (x)=3x*—3Ax>

For Zeeman, (1.7) represents a one-parameter unfolding of the potential §x*.
By adding another parameter,

(1.8) }~Ax+a=0,

he obtains a universal unfolding of (1.7), relative to a certain notion of
equivalence which is determined by the permissible changes of coordinates.
We maintain that the notion of equivalence implicit in the derivation of (1.8) is
not appropriate for bifurcation theory. Indeed, let us take the perturbation of
(1.7

(1.9) x*—Ax+Bx2=0

suggested by our theory. On substituting y=x+38 in (1.9) we find

(1.109) Y’ —(A+3BY)y+GAB+5B)=0.
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We may write (1.10) in the form (1.8) if we change coordinates in A by

A=A+3B? and if we define
(1.11) a=5B+5p>.

In other words, the perturbed equation (1.9) may be factored through the
universal unfolding (1.8) provided we mix the bifurcation parameter A with
the imperfection parameters. However, the mixing in (1.11) can change the
nature of a bifurcation problem, which may be seen by observing that (1.8)
for a#0 is associated with a bifurcation diagram of the type in Figure 1.2(a),
while (1.9) for B#0 is associated with the type of Figure 1.3(a). In our theory
the dependence of A is part of the data of the original problem; when
imperfections are considered, we do not allow A to be mixed with them.

Because of the attacks that have been directed at catastrophe theory
recently, it seems appropriate to say that, in spite of our criticism above of
[28], we feel this paper represents a positive contribution towards the
understanding of imperfect bifurcation. Certainly it was fundamental in our
own thinking on this problem.

Other authors, particularly Thompson and Hunt [26], have recognized that
the dependence on A should be included as part of the data of a bifurcation
problem. Indeed, the differences between their list of elementary bifurcation
problems and Thom’s list of elementary catastrophes originate in precisely
this point. In his theory of r—s unfoldings for a potential function, Wasser-
mann [27] has considered a grouping of variables into a three-level hierarchy
similar to ours. However, we believe Wassermann’s theory is inappropriate
for the discussion of imperfect bifurcation, in view of the following point. The
simple bifurcation problem (1.7) has infinite codimension in his theory
because for every A >0 the associated potential function V,(x)=3x*—1iArx?
assumes its minimum at two distinct points. Our theory avoids this pitfall by
focusing on the equation dV/ox=0. Matkowsky and Reiss [17] have de-
veloped a technique based on matched asymptotic expansions for analyzing
the effect of specific perturbations on a bifurcation diagram. This theory and
ours complement each other, as we attempt to classify and to list all the
inequivalent perturbation which can occur in a problem. Chow, Hale and
Mallet-Paret [6] have discussed the effect of certain perturbations of a double
eigenvalue, and the same comment is appropriate.

As the above discussion suggests, our work differs from previous applica-
tions of catastrophe theory in that we do not restrict our considerations to
problems in variational form and we do assume the existence of a distin-
guished bifurcation parameter A. It turns out that perturbing the equation
rather than the potential leads to a more natural theory even in the case of
bifurcation from a simple eigenvalue where a potential function is readily
available if desired.
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The main theoretical resuits of this paper are presented in Section 2 and
proved in Section 3. In Sections 4 and 5 we apply the theory to model
mathematical problems, bifurcation from a simple eigenvalue being discussed
in Section 4 and from a double eigenvalue in Section 5. In Section 6 we
analyze the continuous version of the Euler beam problem, showing that
central load and unstressed curvature provide a universal unfolding of this
problem. We have collected a number of instances of bifurcation problems of
various types in Section 7. Finally in Section 8 we briefly discuss the potential
case.

2. Statement of the Theorems

In this section we formulate mathematically precise versions of our results.
We have nonetheless tried to make the exposition accessible to as wide an
audience as possible. We begin with a careful definition of a wuniversal
unfolding of a bifurcation problem G{(x, A). We remind the reader that such
concepts exist only on the germ level—although we may write R" for the
domain of a function, this is a shorthand for an unspecified small neighbor-
hood of zero in R". We use the notation G : (R" xR, 0) - (R™, 0) for a germ
defined near zero such that G(0,0)=0.

Dermnrrion 2.1a.  An l-parameter unfolding of G is a C” map F: (R"x
R xR, 0)->(R™ 0) such that F(x, A, 0)=G(x, A) for all x, A.

An unfolding is the precise notion of imperfections we shall use in this
paper. Usually we shall write F, for the map F(-, -, @) with e ¢R' held fixed.
Intuitively, a universal unfolding is an unfolding F, say [-parameter, with the
following property: for any other unfolding H, say k-parameter, there is a
smooth map ¢ : R* — R' such that, for every 8 €R¥, Hj is contact equivalent
to F,@,. The parameters of the contact equivalence may depend on B—
specifically we have the relation

(21b) Hﬁ (xa )\) = Tx,A,B * le:(B)(pB (xa A)’ AB (A)) ’

where we require that 7, p and A all reduce to the appropriate identity when
B=0. If (2.1b) holds, we say that H factors through F, and we call ¢ the
factoring map.

Dermnimion 2.1¢c.  F is a universal unfolding of G if every unfolding of G
factors through F.

We shall call two [-parameter unfoldings F and H equivalent if (2.1b)
holds with ¢ a diffeomorphism on R, and isomorphic if (2.1b) holds with ¢
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the identity on R'. Our definition of universal unfolding does not require that
the number of unfolding parameters be minimal.

Our goal is to determine when G has a universal unfolding and to
compute a universal unfolding if it exists. This is a standard problem in
singularity theory, whose solution we sketched in the introduction. That is,
given a mapping G, let 0 be the set of germs contact equivalent to G. G has
a universal unfolding if and only if 05 is a “manifold” of finite codimension
in the space of all germs (even though both are infinite-dimensional man-
ifolds!). In the case of finite codimension, only perturbations that tend to
move G away from the orbit 05 are relevant for a universal unfolding, and
there are only finitely many such (linearly independent) directions. Somewhat
surprisingly, there is a completely manageable computational algorithm, in
terms of the tangent space to the orbit Oy, to determine whether these
properties obtain.

On a naive level, the tangent space TG to the orbit Oy at G consists of
all mappings H such that G+ eH is contact equivalent to G to first order in
the small parameter g, and the calculations below could be based on this
point of view. More formally, TG equals the totality of derivatives 8G/at|,_o
of curves {f— G} contained in Og and passing through G at t=0, in
complete analogy with the finite-dimensional situation. {(Note that G, is
simply a one-parameter unfolding of G.) Such a curve may be represented in
the form

G=r1-" G(Pn A,

where 7, p, and A, all equal the appropriate identity when t=0. Here we
have suppressed the dependence on (x, A); restoring these variables would
give a formula analogous to (2.1b). On differentiating with respect to ¢ (using
the dot notation) and setting t=0 we obtain

(2.2) G=+-G+de-p+%A§A,

where 7=917/8t|,—o is an arbitrary matrix-valued function of (x,A), p is an
arbitrary vector-valued function of (x, A), and A is an arbitrary scalar-valued
function of A only. Thus TG consists of all the mappings that may be
obtained from (2.2) as # p and A vary.

The following algebraic interpretation of (2.2) is the basis for both the
practical computation of TG and the theoretical analysis. Let &, be the ring
of germs of real-valued functions on the n+1 variables (x,A), and regard
€., the space of m-tuples, as a module over €,,, with component-wise
multiplication. We shall sometimes write &, , for &,.,. Now consider in (2.2}
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the first component of the product of the matrix 7 times the vector G, namely
1"1’1 Gl+ R él,me .

Since 7; is an arbitrary function of (x, A), this term is an arbitrary element in
the ideal (G)=(G,, -, G,) in &, generated by the m components of G.
The same considerations apply to the other components of 7 - G, and we may
write 7+G e(G)", the set of m-tuples. The second term in (2.2), the product
of the matrix d,G times the vector function g, may be written as

3 _(?..G....*_ v+ BG
plaxl pnaxn'

It should be recalled here that dG/dx; is an m-vector. Since g; is an arbitrary
function of (x,A), we may say that the second term in (2.2) belongs to
%,.1{0G/ox), the submodule of &' , generated by dG/dx,, - - -, 3G/ax, over
the ring ¥,.,. For the third term in (2.2) we have only

3G . . [3G)_{. 4G
nge%{-a-;}—{W) > }m%},

since, by hypothesis, A is independent of x. The third term is not associated
with a submodule over the full ring &,.,, which is the reason for the
distinction between TG and TG in the following definition and the associated
loss of elegance. In this definition and elsewhere dim refers to the real
dimension of a vector space.

DerNiTIoN 2.3, (1) Let TG =(G)"+ %,.{0G/ox} and let TG=
TG + %,{0G/oA}. i
(ii) C has finite codimension if dim (€, /TG)<,
(iii) The codimension of G equals dim (€, /TG) and is denoted by
codim G.

The first of our two principal theoretical results is the following.

THEOREM 2.4. Suppose G has finite codimension, and let F, be an
I-parameter unfolding of G. F, is a universal unfolding of G if and only if TG
plus the l-vectors aF/aal}azo,u-,aF/aa, L=o together span €., (over the
reals}. The minimum number of unfolding parameters in any universal unfol-
ding is the codimension of G.

This theorem plus the uniqueness result below will be proved in Section 3.
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The following is a noteworthy consequence of this theorem: if
pi(x, A), - -+, p{x, A} project onto a basis of the quotient €, /TG, then

I

F(x, A, @)= G(x,\)+ Y, api(x, A)
i

=1

is a universal unfolding of G with the minimum number of parameters. Of
course in Theorem 2.4 it is not required that the imperfection parameters
enter linearly.

Prorosition 2.5. If F, and Egz are any two universal unfoldings of G with
the same number of parameters, then F, and E, are equivalent.

Examreie 2.6. Let us illustrate these concepts for a specific example,
namely, G(x,A)=x>—Ax. The bifurcation diagram associated with G is a
pitchfork, and we show below that G is contact equivalent to the problem
considered in the introduction. Since m =1, the distinction between the ring
&,., and the module €., disappears. We have

TG = (x>—Ax,3x2= ),

the ideal in %,,, generated by these two functions. Observe that

P =1x(3x2- M) -i(x*—-Ax)e TG,
Ax=3x>-x(3x>- 1) e TG,
A?=3Ax2-A(3x*- 1) e TG.

Thus TG contains the ideal (x*, Ax, A2). But %,/(x>, Ax, A?) has dimension 4, a
basis consisting of (the projections of) 1, x, x>, A. These four monomials are
not independent in %,/TG, since the generator (3x>~A)e TG provides a
relation between them. There are no other relations, however, so
dim (8,/TG)=3. One choice of basis is (the projections of) 1,x x° In
particular, G has finite codimension.

To form TG from TG we must consider all functions in

& {5n) =6l ses,).

If ¢(0)=0, then d(A)=Ad(A) for some $&¥,, and $(A)Axe TG. Thus
&,{3G/ar} only enlarges TG by one dimension, adding real multiples of x to
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the space TG. Therefore, €,/TG has dimension 2, a possible basis being (the
projections of) 1 and x?. This leads to the universal unfolding

Fx, \,a)=x’—Ax+a;x°+a,.

With the help of the following lemma one can easily show that Example
2.6 is contact equivalent to the problem considered in the introduction. (See
the example after Lemma 4.3 for a detailed description. The reader may omit
the proof of this lemma without loss of continuity; we include it here for
completeness.)

Lemma  2.7. Suppose G, A)=x"-Ax and H(x,A)=x"q(x)—
Ax+x*Aa(x, A\)+A2b(x, A), where m =2 and q(0)>0. Then G and H are con-
tact equivalent.

Proof: First of all, by a simple change of coordinates in x we can put
H into the same form with g=1. Next, we claim that H(x,A)=
(x—cA))+ {x™ 1 d(x)—Ae(x, A), where c(0)=0, d{0)=1 and e(0)>0. If this
is true, then H is contact equivalent to x({(x+c(A))™ 'f(x,A)—A), where
f(0)>0. (The contact equivalence is obtained by letting r=1/e, py(x}=x+
c¢(A) and A(A)=A.) Using the fact that ¢(0)=0, we may write the second
factor as x™ 'f(x, A)— Ag(x, A), where g(0)= 1. Dividing by g, we see that H
is contact equivalent to x(x™ 'h(x,A)—A), where h(0)>0. Letting p,(x)=
h(x, A)Ym~Y . x yields that H is contact equivalent to x(x™ '—A)=G(x, A).

To prove the claim consider that H(x,x™ *u)= x™ 'L(x, n), where
L(0)=0 and aL(0)/3pn=—1. By the implicit function theorem there exists a
unique function w(x) with w(0)=0 such that H(x,x™ *u(x))=0. Letting
w(x)=xd(x) we see that H(x, x™ ' d(x))=0 implies that d(0)=1. Now we
have H(x, A)=(x""*d(x)— A)K(x, A). Evaluating at A =0 shows that K(0)=0
and 8K (0)/ax# 0. Again the implicit function theorem implies the existence of
a unique function c(A) with K{c(A), A)=0 and ¢(0) =0. Consequently, we have
that H(x, A)=(x"""d(x)—A)x —c(A))e(x, A). Finally note that ¢(0)=1 since
H(x, 0)=x™.

The next proposition gives a more theoretical criterion for when two
bifurcation problems are contact equivalent. A bifurcation problem G : (R" X
R, 0)— (R™ 0) is called k-determined if any other problem whose Taylor
expansion at the origin agrees with the expansion of G through terms of
order k is contact equivalent to G. G is called finitely determined if it is
k-determined for some k. For any integer k let #t* < &, be the k-th power
of maximal ideal in %,,, (l.e., A is the set of all functions vanishing at the
origin); then M*&,, consists of the germs whose Taylor expansions vanish to
order k at the origin.
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TueoreM 2.8. (i) If M*&7., < MTG, then G is k-determined. (i) If G has
finite codimension, then G is finitely determined.

Part (ii) of the theorem follows from (i) because if dim (€m./TG) <,
then M*E™,.,= TG for some k; thus G will be (k + 1)-determined. Part (i) is
proved in Section 3. Several applications of this result are made in Sections 4
and 5. The following corollary is an immediate consequence of the theorem.
This corollary is often useful in simplifying calculations.

CoroLrary 2.9. A bifurcation problem of finite codimension is contact
equivalent to a map all of whose entries are polynomials. Such a map admits a
universal unfolding that is also a polynomial mapping (in all variables).

We turn now to the second principal theoretical issue of this paper, to
determine all the possible inequivalent bifurcation diagrams that can occur in
the universal unfolding F(x, A, a) of a given problem. In this discussion we
assume m=n. As mentioned in the introduction, there are three ways a
diagram can fail to be stable, which are illustrated in Figure 2.1. The first of
these, for which the name bifurcation has traditionally been reserved, is the
most obviously unstable—a small perturbation will in general split the
diagram into two smooth components. The second diagram, which was also
encountered in the introduction, is unstable for the following reason: although
in Figure 2.1(b) there is precisely one solution point for each A, an arbitrarily
small perturbation of the right sign will produce an S shaped diagram for
which there are three solution points for each A close to the origin. More
generally, if the order of contact of a solution branch with the vertical slice
{A = constant} is greater than or equal to 2, hysteresis loops can be established
by a small perturbation. We use the term hysteresis point to refer to all of
these possibilities. In Figure 2.1(c) the name limit point is Thompson and
Hunt’s term for a point on a smooth solution branch where A assumes a
non-degenerate extremum value; that is, the order of contact with the vertical
slice is 1. If, as in this diagram, two (or more) limit points occur in the same
plane {A = constant}, an unstable diagram obtains. Specifically in Figure 2.1(c)
there are two solutions for each A but in general after perturbation the two
limit points will not lie in the same A-slice and the number of solutions as a
function of A will be different. We include in this case the similar case of two
limit points in the same plane {A =constant} whose solution branches both
open in the same direction.

Let us derive necessary conditions for unstable diagrams of each of the
three kinds to occur. For Figure 2.1(a) this is trivial—since the zero set of F
is not a manifold, we must have rank dF <n. Here dF is the differential of F
with respect to x and A but not a. Thus a diagram with bifurcation can occur
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©

Figure 2.1. Illustration of the three ways in which 2 diagram can fail to be
stable. (a) Bifurcation point; (b) hysteresis point; (c) double limit point.

only if « belongs to the set

(2100 B={a|3(x,A) with F(x,A,a)=0 andrank dF<n}.

We may suppose without loss of generality that F is a polynomial mapping,
s0 that the equations in (2.10) will be algebraic. The rank condition on a
n X (n+1) matrix is equivalent to two scalar equations; thus (2.10) is a system
of n+2 equations in n+1+1 variables (x, A, @). On elimination of x and A
we are left with a single semi-algebraic equation in the I variables a €R'. In
summary, the diagram associated to F, will not contain any bifurcation points
unless o belongs to the algebraic surface (2.10).

It may happen that a given diagram is singular in two or more of the
above ways. Notice, however, that any diagram with bifurcation will appear in
(2.10), regardless of other singularities that may be present. Since our goal is
only to derive necessary conditions for a diagram to be unstable, in treating
case (b) we may assume without loss of generality that no bifurcation is
present, i.e., that rank dF = n. This means that the bifurcation diagram is a
smooth curve, say {(x(1), A(1)) | reR}. It may be seen from Figure 2.1(b) that
A'(0)=A"(0)=0; of course we require that x'(0)#0, calling this vector v,
On differentiating the relation F(x(7), A(1), @) =0 we obtain the relations

dF-v=0,

(2.11)
d?F(v, v)erange d.F.

Here d.F and d3F are the first and second differentials of F with respect to x.
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Thus « must belong to the set

H={a ,B(x,/\) with F(x, A, @)=0, detd F=0,

(2.12)

d?F(v, v)erange d F},
where v is any non-zero vector in ker d F, necessarily nontrivial. The range
condition is effectively one equation if ker d,F is one-dimensional. Thus
(2.12) is effectively a system of n+2 equations in n+1+! unknowns.
Elimination of x and A leaves a single semi-algebraic equation in a.

It is clear that there can be two limit points in the same A-slice only if o
belongs to

DL={a|3(x,y,A) with x#y, F(x,A,a)=0=F(y,A,a), and
det (d,F)(x, A, a) =0=det (d.F)(y, A, a)}

(2.13)

An equation count shows that (2.13) is effectively a single equation in a.
Suppose G is a bifurcation problem with finite codimension and F is a
universal unfolding of G. Let C (for control set) be the union of the three
algebraic surfaces (2.10), (2.12) and (2.13). We show in Section 3 that R'~ C
is non-empty and therefore everywhere dense. On an intuitive level the
theorem below states that F, is stable if @ € R'~ C. However, care must be
exercised in formulating this result because so far we have been working with
germs of mappings. Thus for example the bifurcation problem G is equivalent
to its restriction to an arbitrarily small neighborhood of the origin. In this
theorem we revoke this convention which is usually employed when dealing
with germs. Instead, we consider F: UX V—R" to be defined on a fixed
open neighborhood of the origin in R* X RXR', where UcR"xR and V< R.

DermuTioN 2.14. (a) Suppose G, H: U—R" are two bifurcation prob-
lems. Given a neighborhood U'< U we shall say that G is equivalent to H on
U’ if (1.2) holds for all (x,A) in U'.

(b) If a €V, we say that F, : U—R" is (F, U')-stable if F, is equivalent
to Fz on U’ for all B near o.

Note that we use the unfolding itself to parametrize the perturbations of
G-—although every perturbation may be so parametrized, the parametrization
is not uniform and technical complications are avoided by this ruse.

THEOREM 2.15. In terms of the notation above, there exist open neighbor-
hoods of zero U’ and V' in R"XR and R, respectively, with U'< U and
V'c V, such that F, is (F, U')-stable for all a € V'~ C.
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Cororrary 2.16. Let G and F be as in Theorem 2.15. For a and B in the
same connected component of V'~C, F, is contact equivalent to F; on U’
Thus all diagrams associated with a given connected component are equivalent.

Proof: Theorem 2.15 states that the equivalence classes of the F, for «
in a given connected component are open. Connectedness implies that there
is but one equivalence class.

This theorem is proved in Section 3. One may use it to justify the
interpretation of Figure 1.4 given in the introduction. Let us consider,
however, the slightly simpler problem G(x, A)=x*— Ax, which by Lemma 2.7
is contact equivalent to the earlier problem. We choose the universal
unfolding

Flx, A, a)y=x*-Ax+ax’+a,.

The equations for (2.10) reduce to the system

N T e 2

when x and A are eliminated we are left with the equation
(2.17) =0,

The equations for (2.12) reduce to

which on elimination of x and A yield
(2.18) ay=al.

The equations for (2.13) have no solutions in this case. In conclusion, the
values of o for which F, is not stable are located on two smooth curves that
intersect and are tangent to second order at the origin. These two curves
divide the plane into four regions, and for « inside these regions F, is stable.
To determine the qualitative type of diagrams in each region, it suffices to
compute one representative explicitly. This completes the explanation of
Figure 1.4 and its interpretation, apart from the remark that Figure 1.4 is
rotated 45° and reflected as compared to the curves (2.17), (2.18) because of
a different choice of unfolding parameters.
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3. The Proofs

In this section we adapt standard proofs of the unfolding theorem an
finite determinacy to prove the theorems stated in Section 2. For the proof «
the unfolding theorem we follow Martinet’s excelient exposition [15].

The idea of the proof is as follows. Given G and F as in the statement «
Theorem 2.4, let H,(x, A) be a k-parameter unfolding of G. To show that
is a universal unfolding of G we must show that H factors through F. To d
this we form the sum unfolding S, (x, A)= F,(x, A\)+ H,(x, A\)— G(x, A). Tt
object of the proof will be to show that S, factors through the unfolding «
G obtained by setting one of the s-variables in S,, equal to 0. Using th
argument inductively we show that S, factors through F,. Finally, restrictir
the factoring map so constructed to a« =0 in S, yields a factoring of tt
unfolding H, through F, as desired. Lemma 3.1 isolates the argumen
necessary in the reduction step. The other preliminary results give the form «
the Malgrange preparation theorem needed in the proof of the unfoldir
theorem. First, some notation.

Let F: (R"xRxR, 0)—>(R™ 0) be an [-parameter unfolding of G. 2
usual set F (x, A)= F(x, A, @) with a,, " -, a; denoting the a-coordinates. L
R'"! denote the space {a; =0}. Let E denote the (I— 1)-parameter unfoldir
of G obtained by restricting F to R"XRXR'™'. Next let h : (R¥, 0)—(R/, |
be a smooth germ. Denote by h*F the k-parameter unfolding of G define
by (hW*F)(x, A, B) = F,s)(x, A). Finally, recall that the germ h is a submersion
(dh), is onto and that two [-parameter unfoldings F and H of G ai
isomorphic if H can be factored through F in such a way that the factorir
map is the identity map.

LemmA 3.1, (The Reduction Lemma). The following are equivalent:

(a) there exists a submersion h : (R',0)— (R'"',0) such that F is isomorph
to h*E if and only if

(b) there exists a vector field X on R"XRXR' of the form

o & 3 & 9
=—t Y &la)—+ — : —
X 60:, izl g‘(a) aai a(l\’ a) ah jgl ‘X;(xﬂ A, a) ij
and a parametrized family of vector fields Y, , . on R™ such that (*}{(dF)(X)
Y. ,o°F, where (dF) is the Jacobean matrix obtained by differentiation wi
respect to x, A and a.

Proof: (a)=»(b) is left to the reader since we shall only need (b)=>(s
Integrating the vector field X yields a one-parameter group of diffeomorpl
isms (p, (x, A, @), A, (A), h,(a)). Note that the time parameter may be take
to be «; since the coefficient of X on d/da, is identically one. This also impli
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that the integral curves of X are transverse to {o; = 0}. Define a submersion
of (R"xRxR), 0)—(R"xRxR'"!,0) by projecting (x, A, @) along the integral
curves of X until a=0. This map has the form (x, A, a)—
(Pro(x), Ay (X), h(a)), where, for each (a, A), p,, is a diffeomorphism on
R" A, is a diffeomorphism on R and h : (R, 0)— (R}, 0) is a submersion.

Next integrate the vector fields Y, , ., to obtain a family of diffeomorphisms
Terae O R™ As before identify the time parameter ¢ with «; and note that
(*) implies that integral curves of X are mapped to integral curves of Y.
Hence, Eh(a)(p/\,fx (x)’ Aa (A)) = Txaa (Fa (x’ ’\))- Thus

W*E(x, A, @)= 7, o (Fo(paa(x), AZ' (X)) .

Finally, apply Lemma 1.3 to see that for contact equivalence the
diffeomorphism 7,,, may be replaced by linear maps. So that h*E is
isomorphic to F.

Recall that #, denotes the maximal ideal in &, consisting of germs which
vanish at 0 in R'.

ProrosiTioON 3.2. Let N be a finitely generated module over €, .. Let
Ny= N/M,N. For n in N denote by i the projection of n in Ny. Then

(@ &{ni,- - n}=N ifandonlyif (b) R{A, -, A}=N,.

Proof: This is just Proposition 2.1 of [15] with the submodule assumed
to be 0.

LeMmMA 3.3. Let F:(R*"XRXR,0)—(R™0) be an unfolding of
G:(R"XR,0)—(R™,0). Assume that G has finite codimension. Let
Gis' g be in €7\, with g o=gq; |R" xRx{0}. Then

(a) (GY" + &, ,{0G/ax}+ € {8G/or}+R{q10, " * * . G0} = &7
if and only if
(b) <F)m + gx,)\,cx{aF/ax}‘*‘ {gz\.a{aF/a/\}_*- ga{qh T, qr} = Cg:“l}‘,a .

Note. (a) just states that TG+ R{q,0," ', g0} = €.

Proof: Since G has finite codimension we c¢an write TG=
TG+Ripy, - ,p}. Let N be the &,,, module &7, /(F)" + &, .{0Fax}).
Apply Proposition 3.2 with the generators ¢, **,4,,p1,* ", Ps 10 obtain
{a)=> (b). (b)=>(a) is clear.

Proof of Theorem 2.4: Let F' =3F/da; |,-o. It is easy to show that if F is
a universal unfolding of G, then €*,,= TG+R{F',-- -, F'}. We now prove
the converse. Let F, G, H and S be as described above. As noted, S is a



40 M. GOLUBITSKY AND D. SCHAEFFER

(k + I)-parameter unfolding of G. To prove the theorem it is sufficient to find
a submersion h : R'xR*— R’ so that S is isomorphic to h*F. We shall find
by induction on k.

We assume that F satisfies €7, = TG+R{F", - -, F'}. Let m;(x, A, a,s) =
88, s(x, A)/da;. Then m;,= F' in the notation of Lemma 3.3. Applying Lemms
3.3 to S we see that

(S + & r0s(0S/OX) + &,  AOSIOA}+ &, {my, -+, m} =€

X,A,0,8 ¢

Hence we can write

as

= YeradS)+ ZX(x Aas) o +AM(A)—+ Z (e s)—.
k

Let

!

d i) Z d
X=—- o X; ’A9 > -
25, Z (a, s) Y Z (X, A, a,8) Py

i=1 i oj=1 i

Then (dS)(X)=YoS and we can apply the Reduction Lemma to find :
submersion h : R*XR*—>R'XR*"! with the desired property. Thus the
induction holds.

We now prove the uniqueness result.

Proof of Proposition 2.5: First we assume that k =, where | =codim G
Since F, is a universal unfolding of G, E, factors through F,. Henc
Eg(x,A)= 17,0 Fypr(x), A(X)). We must show that the factoring maj
Y(B) is the germ of a diffeomorphism. It is sufficient to show that (dy)(0) i
invertible. Note that Eg(x,A) is equivalent to the unfolding Hp(x,A)=
Fy@)(x,A). Thus H is a universal unfolding of G. Next one computes the
initial speed vectors H' in terms of the initial speeds F’ yielding

LU S e
(3.4) H'=0m OF +00 425 OF.

Since the F/ and H' both must span /-dimensional spaces (using the fact tha
I =codim G and Theorem 2.4), the matrix (dy)(0) is invertible.

Next assume that E is a k-parameter unfolding and let L be a
I-parameter universal unfolding. As before E factors through L with factor
ing map ¢. So Hg =L, is a k-parameter universal unfolding of G whern
the factoring map ¢ : (R¥, 0)— (R}, 0). Now (3.4) (with L replacing F) implie
that rank (d¢)(0) =1 so that ¢ is a submersion. Thus, E is equivalent to th
k-parameter unfolding K, 4,.
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Finally, if F, is another k-parameter universal unfolding of G, then F is
also equivalent to an unfolding K,.,, where ¢ : (R, 0)—(R', 0) is a submer-
sion. The implicit function theorem gives the existence of a diffeomorphism
o : (R, 0)—(R*0) so that ¢(a(B))=y(B). Hence, K,q,, and K., are
equivalent unfoldings and then E; and F, are also equivalent.

To show finite determinacy one must analyse the following problem: let
G(x, 1) be a bifurcation problem and P(x, A) some small perturbation term.
Given G, what conditions must be put on P to show that G+ P is contact
equivalent to G? There is a standard method. Let G,= G+ (P. Assume that
G, is contact equivalent to G, differentiate this relationship with respect to 1,
solve the resulting linear problem, and finally integrate to obtain the contact
equivalence. Thus we assume

3.5) G(x, A) = 1o * Glpro(x), A(R)) .
Differentiating (3.5) with respect to t (indicated by -) we obtain
0=Tere * Gelpre(x)s A (A + 70 PP (%), A1)

(3.6) .
 tuna| G000 AN+ 500 0 AL ODAY) .

Evaluate (3.6) at (p;:(x), A;(A)) and multiply by 75, , to obtain

=P(x,A)=T(x, A, 1) » Gi(x, A) + d,G,(x, A) - R(x, A, 1)

(3.7)
+ LA, 1) %f\:"—' (x,A),
where
L, 0=AA7 (),
R(x, A, 1) = pa-ru), dPa-100), X)) »
and

. |
T(x A 1) = To2t oAt e * ozt (0, ATYA), £+
Note that L is a scalar, R is a vector, and T is a matrix-valued function.

Lemma 3.8. Suppose that (3.7) can be solved for R, L, and T with
L{0,t)=0 and R(0,0,t)=0; then P+ G is contact equivalent to G.



42 M. GOLUBITSKY AND D. SCHAEFFER

Proof: First solve dA,{(A)/dt= L{A, (A}, 1). Since L{0, 1)=0, we can solv¢
this ordinary differential equation up to t =1 on some small neighborhood o}
0 in A. This defines the germ A,.

Next solve dp, (x)/dt= R(p, (x), A,(A), t). Again since R(0,0,t)=0, we
can solve for p up to t=1 on some fixed neighborhood of 0 in x, A-space
This defines the germs p, ;.

Finally solve the linear system of ordinary differential equations

_‘i’:;_:‘ﬁ= Tx,A,t ¢ T(p)\,t(x)9 At(’\), t) .

There are no impediments to solving this equation up to t=1. Now havin,
defined A, p and 7, we can transform (3.7) to (3.6) and integrate (3.6) witl
respect to t to obtain (3.5).

We have now reduced the problem of determining whether G+P i
contact equivalent to G to solving the linear problem (3.7) subject to the
constraints in Lemma 3.8. For our purposes it will suffice to find conditions o1
P to solve (3.7) with L=0. Note that a necessary condition is obtained b
taking t= 0. Therefore we assume

(3.9) P(x,A)=T(x,A) - G(x, A} +d,G(x, A} - R(x, A)

with R(0)=0.

Clearly if we can write G and d,G as linear combinations of G, and d,G,
then (3.9) would imply (3.7). We now find such a condition on P to guarante:
this. To do this we inspect (3.9) more closely. Let G;; denote the vector i
€., whose j-th component is G,

As before let TG be the &,., submodule of €y, given by (G)"-
& {0G/ox,, - -+ ,0G/dx,}. Then TG is finitely generated with generators G
and 3G/ax;. Equation (3.9) just states that P is in TG.

LemMa 3.10. (Nakayama) Let N be a finitely generated E, module wit
generators gy, * ", &. Suppose nq,- - ,m are in N and my,---,my are i
M. Let g =g +mn,. Then g, -, & also form a set of generators for N.

Proof: Let n, =Z§‘=1 a;g for a; in M,. Then we obtain

81 81
= (Ik +A) ' ’

8k 8k

where A is the matrix whose entries are m;a;. Since A(0)=0, we know the
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I +A is invertible near x=0. Hence the g may be written as linear
combination of the g and the g generate N.

PROPOSITION 3.11. Assume that P and d8Plax;,, i=1,-++,n, are all in
M.\ TG. Then G+ P is contact equivalent to G.

Proof: We claim that (G,);; and 0G,/dx; form a set of generators for TG.
Since G, = G +tP, this follows from Lemma 3.10 and the assumptions, mean-
ing that G and d,G are linear combinations of G, and d,G,. As noted
before, this is enough for (3.9) to imply (3.7). Now apply Lemma 3.8.

Note. The proof of Proposition 3.11 rests on the invertibility of the
matrix I, + A in Nakayama’s lemma. This invertibility was guaranteed since
our hypotheses implied that A(0)=0. In certain applications we shall show
the invertibility of I, + A directly. To do this we shall need to write explicitly
the m?*+n equations relating the generators G; and 3G/ax, to G;, and
8G,/ax,, When m and n are small this is not so hard. For example, if
n=m=1, the equations are

P=aG+ bég,
ax

9P cG+ d—qg.

ax ax

In this case we need only show that the matrix 12 3)—1I, is invertible at
(x, A)=0. We shall use this observation in Section 4.

Proof of Theorem 2.8. (i): We assume that .Mkig;'jAcJttTG. Let G=
G+P, where P is in M*"'€7,. Then 9P/dx; is in M*¥T,. Hence P,
8P/oxy, -+ - ,dP/ox, are in MTG and we may apply Proposition 3.11.

We now prove Theorem 2.15. Recall that we consider only the case
m=n. Let G: U~>R" be a bifurcation problem where U is a neighborhood
of 0 in R" x R. We assume that the germ of G at 0 is of finite codimension
and that F: UXxV—R" where V in a neighborhood of 0 in R'is an
unfolding of G. We also assume that the germ of F at 0 is a universal
unfolding of the germ G. Let C be the control set of F, in V. Our object is
to show that there are neighborhoods V'V and U’'< U such that, for all «
in V'~C, F, is (F, U’) stable (recall Definition 2.14). We choose V'’ in
Lemma 3.12, characterize limit points in the next two lemmas and then prove
the theorem. We wish to thank John Mather for supplying us with the
following proof.
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Lemma 3.12. Let G : U—R" be the bifurcation problem referred to above.
Then there is an open neighborhood U’ of 0 with U'< U such that, on U', G
and det d.G vanish simultaneously only at 0.

Note. We may assume that U'=SxL, where S and L are open
neighborhoods of 0 in R" and R, respectively.

Proof: Let Q:(R"XR,0)—(R"xR,0) be defined by Q(x,A)=
(G, det d,G). The lemma is equivalent to stating that Q has an isolated zero
at (x,A)=0. Since the germ G has finite codimension we may assume by
Corollary 2.9 that G is a polynomial mapping, hence so is Q. By a standard
theorem in algebraic geometry {(cf. [11]), Q has an isolated zero if
€,./(G1, "+, G,, det d,G) has finite dimension. Let A be the ring &, ,/(G).

Claim. dim A/{detd G}A <~ if dim A™{8G/ox," +,dG/ax, A <o,
Using the remarks above this claim proves the lemma since
A"{9Glaxy, - - +,8Glax,}A =€, /TG. To prove the claim let K=
{acA|a- A"<{3G/ax,,  + +,8G/ox,}A} and (K)*={acAla=a, """ a,
where each g; is in K}. The assumption that G has finite codimension implies
that M*E7",c TG for some k. So M*<K and M™ c(K)". Hence
dim A/(K)*<w. Now suppose da;,''',a,€K. Then q;8G/ox; =
Yrq r;8G/ox; for r; in A. In matrix form these equations state that

(% --. c(z),‘): (rij)(de)

as A-linear mappings on A". Computing determinants yields a,---a, =
det (r;) det (d.G) in A. Hence (K)" <{det(d,G)}A and dim A/{detd,G}A=
dim A/(K)" <o,

Lemma 3.13. Let G{x,A) be a bifurcation problem. Suppose that
rank (d,G)}0) = k. Then G is contact equivalent to

G(J.Cl, T xm/\)=(21a Tt ika gk+1(Ya /\), Y gm(y, /\)) ’
where y = (X 41, " * 5 X,).

Proof: By linear changes of coordinates of R™ and R" we may assume
that

L]0
d,.G)(0) = .
(d.G)(0) oo
Writing G=(g,,' ", g.) in these coordinates, we may set £, =g, -, 5=
g and choose ¥..4, ", X, to give a coordinate system on R". Next write G

in these coordinates as

G(XI, Tt ’x_na )‘)=(fl,‘ v ,ika gk+l(xa /\): e, gn(f, A)) .
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Expand g; for k+1=i=n by Taylor’s theorem to get
k

&% M) =&, M)+ ¥ Hhy(£1).
j=1

Let

_( I, 0 )
T "hij Im-k '

For each (&, A), 7z, is invertible and G= 7:2 G is the desired function.
Next we give a normal form for limit points.

LemMa 3.14. Let G : (R"XR,0)—(R", 0) have a limit point at 0. Then G
is contact equivalent to H(xy, +, %,, A)=(A£x}, %, , X,).

Proof: Recall from the discussion after Figure 2.1 that a limit point
means that rank (dG)(0)=n and that G has a vertical tangent at 0. Thus
rank (d,G)0)=n—1. By Lemma 3.13, G is contact equivalent to G(x, \) =
(gafxy, A), x5, 777, x,) with g,(0)=0 and 8g,(0)/ox,#0. The -condition
that G be a limit point also implies that 3°g,(0)/ox}#0. It is now easy to
show that g,(x;, A)=7(x;, AXA—h(x,), where 1(0)#0, dh(0)/ax,=0 and
*h(0)/x5#0. A simple contact equivalence gives the desired result.

Note. This normal form shows that

(1) limit points are isolated;

(i) limit points are stable, i.e., a small perturbation of G will yield an
isolated limit point near 0.

Proof of Theorem 2.15: By Lemma 3.12 there exists an open neighbor-
hood U’ of 0 with U’ compact and contained in U such that G and det d,G
vanish simultaneously in U’ only at 0. Let Z be a neighborhood of 0 with
Z < U'. By continuity there exists a neighborhood V' of 0 in V such that F
and detd.F do not vanish simultaneously on (U'~Z)x V', (To see this
consider the function ||F|+|detd,F] which is bounded away from 0 on
(U~ Z)x{0}.) Now assume U’ has the form SX L, where ScR" and L<R
are open neighborhoods of 0 as noted after Lemma 3.12.

Suppose a is in V'~ C. Then the bifurcation diagram associated to F, on
V' is a collection of non-singular, non-intersecting curves with only limit
points as vertical tangents. Also the A values of the limit points are distinct.
Let Ay, -, A, be the distinct A values of the limit points for F,. Choose
disjoint open neighborhoods L; of A; in L and a neighborhood N of a such
that for all g in N:
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(a) Fg is non-singular on U’,

(b) Fg has only limit points as vertical tangents,

(¢) Fs has no limit, points with A values in L~\Ji-; L;,

(d) F; has precisely one limit point with A value AdB) in L.

This is possible by Lemma 3.14 and the subsequent notes. (So V'~ C is an
open set.) We now show that, for every B in N, F; is contact equivalent to
F,. First note that a change of coordinates on L will take A;(8) to A;. Hence
we may assume that the A values of the limit points are the same for Fy and
F,. Next by a linear change of coordinates p, on R" we can assume that the
actual limit points of F; and F, occur at the same points. (This follows since
the limit points in S x {\;} for F; and F, are unique.) Now apply Lemma 3.14
to obtain neighborhoods L} of A; on which Fz = F,. (The normal form implies
that the functions defining any two limit points are contact equivalent.) Next
observe that, on L ~{J{_, L!{, the curves in the diagrams associated to F, and
F, are all parametrized by A since d,F, and d,F, are non-singular. It is easy
to see that F, and Fj; are now contact equivalent by applying a diffeomorph-
ism p, : $—8.

4. Computations with One Degree of Freedom

In this section we analyze perturbed bifurcation diagrams when there is
one state variable present (n = 1) and one equation (m = 1). As mentioned in
Section 1 these results are equally valid for both conservative as well as
non-conservative systems. Now given a finite codimension bifurcation prob-
lem G{x,A) we may assume without loss of generality that G(x,0)=
x™ +higher-order terms for some m. Hence by a change of coordinates in x,
G(x,0)=x™. In our exposition we shall consider the following cases:

ID,, x™%A, mz2,
(ID,, x™=<xAx, m=2,
am  x*xa%x,
aIv)y  x%h(x, A).

Note. The bifurcation problem (II), is contact equivalent to x>—A?. This
equivalence is obtained by letting p,(x)=x—A and A(A)==£2A.

The first two problems are obtained under the following conditions:

ProrosrtioN 4.1.  Let H(x, A) be a bifurcation problem satisfying H(x, 0) =

x™+---. Then H is contact equivalent to
(1), if and only if aH(0)/or#0,
or to

(ID),., if and only if 3H(0)/8A =0, rank (d*H)(0) =2, and index (d*H)(0)=1.
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Note. When m=3, the conditions on rank and index are equivalent to
8*H(0)/ax A # 0, whereas, when m =2, x2— A? satisfies the conditions of the
proposition.

When m=2 and index (d*H)(0)# 1, one obtains the problem x>+ A2
Such problems appear in the chemical engineering literature under the name
of isolas (cf. [21]).

Proof: Whether or not (dH)(0) is zero is an invariant of contact
equivalence. So the conditions defining (I),, are necessary. If (dH)(0)=0,
then the bilinear form (d*H)(0) is an invariant of contact equivalence. Thus
the conditions defining (II),, are also necessary.

The sufficiency of (II),, for m=3 is given by Lemma 2.7. The conditions
on (II), allow one to normalize the Hessian matrix by a linear contact
equivalence to obtain x?- Ax +higher-order terms. One can now apply
lemma 2.7 in this situation as well. For the sufficiency of (I),, note that
changes of coordinates in x alone and A alone will put H in the form G+ P,
where G(x,A\)=x™+A and P=A2P,+xAP,. Now TG=(x"xA mx™ V)=
(A, x™ 1. Hence P is in MTG and so P=aG +b(3G/dx), where a(0)= b(0)=
0. Next note that dP/dx=AQ for some Q. Thus we may write dP/ax =
¢G +e(3G/dx), where e(0)=0. Now apply the note after Proposition 3.11.
Since (¢ ) -1, is invertible at 0, G+ P is contact equivalent to G.

ProposITioN 4.2. A universal unfolding with the minimum number of
parameters for

M, is E e, AM=x"4a,.x" 2+ - +a;x*A,
(ID,, is (@) F(oA)=x"4a,x" '+ +a,x*+tAx+a,,
or (b) F(x,A)=x"+a, ,x" 2+ r+a,x®tAx+a;+am_ A,
In s F(x, M) =x2£A%x+(a; + a,x + a3;x?) +(as+ asx)A.

The number of parameters are m—2, m—1 and 5, respectively.
(IV) has infinite codimension.

Note. One can generalize (III) to show that x*—A*x has codimension
3k-1.

Proof: (I) Let G(x, A\)=x"+A. Then TG ={(A, x™ 1. Since 8G/or = =1,
x,x2, -+, x™ % project onto a basis of &,/TG. Apply Theorem 2.4 and the
subsequent discussion.

(ID) Let G(x,A\)=x™xAx. Then TG=(x™ A —mx™"). Since 9G/oA ==£x
and Axe TG, 1,x% -+ -,x™! projects onto a basis of %,/TG. Notice that
1, A, x% -+, x™ 2 also projects onto a basis. Applying Theorem 2.4 to these
bases gives the desired normal forms.

(1) Let G(x,A)=x>tA%x. Then TG = (x> 3x2xA?. Note that A* is in
TG. We use Taylor’s theorem to compute the codimension of TG. Let f(x, A)
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be in &,, then
f=ao(x)+ a;(x)A + a,(x)A+as(x)A> mod TG .

Exchanging A2 for 3x2, we have f(x, y) = by(x)+b,(x)A mod TG. Eliminating
multiples of x> one obtains

flx, y) = ag+ayx + oy x* +(Bp+ B1x + B.xH)A  mod 1G.

Finally note that G/aA = £2Ax so that modulo TG the coefficient 8, may be
eliminated. We have thus shown that 1, x, x%, A, x?>A form a spanning set for
€./TG. We leave it to the reader to show that this set is actually a basis.
Applying Theorem 2.4 gives the desired universal unfolding.

av) TG~= {x*h{x, A), x[2h +x3h/3x]). Hence A, A% A% --- are indepen-
dent in &,/TG.

The example (II}; occurs in many different contexts. It is thus useful to be
able to determine when a 2-parameter unfolding F,, of G is contact
equivalent to the normal form for (II);. For the following lemma we write
F(x, A, a, B) for F, z(x, A), reserving subscripts to denote partial differentia-
txon and put a bar above a function to indicate evaluation at 0. For example,

F, =9F(0, 0, 0, 0)/ox. Clearly we must assume that G is contact equivalent to
x*—Ax. In_view of Proposition 4.1 we assume that G=G,=G, =G, =0,
and that G..G,, <0. af_ me)\>0 we have subcritical blfurcatlon) Let
j(L) be the vector (L,L,,L,, L,) viewed as a column vector and let
J(F) =det (j(F,), j(F)), j(F.), j(Fp))-

LemMa 4.3. F is a universal unfolding for G if and only if J(F)#0.

Proof: Suppose that L{x, A, &, B} = T(x, A) - F(X(x, A), A(A), e, B); then a
tedious but straight-forward calculation shows that J(L)=T*A2X}J(F). Since
G is contact equivalent to x>— Ax, there exists T, X and A with T#0, X,#0
and A #0 such that

T-F(X,A)=x>—Ax+aalx, A, a, B}+ Bb(x, A, o, B) .

Hence J(F)= —I;(axx+6ax)+d(5xx+6l;)‘) By Theorem 2.4, F is a universal
unfoldmg of x*—Ax if and only if a(x, A,0,0) and b(x, A, 0, 0) project onto a
basis in N= %’“/[(x —Ax, 3x? -—A)+R{x}] Now a*a+(2axx+3a,\) 2 and
b=b+(@b,, +3b)x% in N. We proved in Example 2.6 that 1 and x? project
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onto a basis in N. Consequently, F is a universal unfolding if
- 1 - =
a §axx+3a1\) 1
A =2J(FY#0.
det (b 15, +3b,) =+
We shall use this lemma in Section 6.

ExampLe, Consider F(x, A, o, B)=x—a—(2A+1)sin x+ B cos x as an un-
folding of G{(x,A)=x—(2A+1)sin x. This is the actual bifurcation problem
obtained from the finite-element analogue to the Euler beam problem
considered in the introduction. It is easy to check that the conditions on G
listed above are satisfied and that J(F)=4# 0. This reconfirms our statement
that F is a universal unfolding of G contact equivalent to x>+ ax*—Ax+B.

We now analyze the bifurcation diagrams associated with the examples
(D,,, where G(x, A)=x™ — A. The reader may wish to review the discussion in
Section 2 concerning stability of diagrams; in particular, (2.10), (2.12) and
(2.13) and Corollary 2.16. Proposition 4.2 states that a universal unfolding for
(D, is Fo{x,A)=x™+a,_,x™ %+ -+a,x—A. Since dF, /oA =—1#0, there
are no type B control points; i.e., no traditional bifurcation points. The
bifurcation diagram D(F,) is given by A= A (x)=x™ + &, _,x™ 2+ -+ a,x.
Vertical tangents correspond to critical points of A,. Hence type H control
points (hysteresis points) correspond to degenerate critical points for A,,. This is
just the standard bifurcation surface from elementary catastrophe theory (cf.
[10]. In that language the type DL control points {double limit points)
correspond to the Maxwell set of critical points with equal critical values.

m =2: G is a limit point and is thus stable by Lemma 3.14.

m=3: F,(x)=x>-A+ax is the universal unfolding. The universal im-
perfections diagram is a line, Figure 4.1. The associated diagrams are given in
Figure 4.2. We suggest the term non-degenerate hysteresis point for this
bifurcation problem and give an example of its occurrence in Section 7.

m=4: F,g(x,\)=x*+ax*+Bx—A is the universal unfolding. The univ-
ersal imperfections diagram is given in Figure 4.3. The control set is a cusp
(type H points) and a ray (type DL points or Maxwell set). The corresponding
diagrams are shown in Figure 4.4.

m=5: F,,,(x,A\)=x*~px>+qx®>+rx—A. The type H points form the
swallow’s tail shown in Figure 4.5. The diagrams in region 1 have no limit
points. In region 2 these are two limit points and in region 3 there are four
limit points. The diagrams in each of regions 1 and 2 are equivalent. There
are type DL points in region 3 which are somewhat difficult to identify. On

O © 0

Figure 4.1. Universal imperfections diagram, for m=3: F,(x)=x>- A +ax.
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Figure 4.2. Associated diagrams of Figure 4.1

the other hand, the actual stable diagrams are easy to find. Let (x;, A;), i =
1,- -, 4, be the four limit points of a diagram in region 3. Without loss of
generality assume that x; <x, <x;<x,. Note that there are some restrictions
on the ordering of the A{. (Since a stable point is not a control point we
assume that the A! are distinct.} The restrictions are:
(i) Al > A2 >
(i) Ax<As,
(i) Az> Ay

There are five possibilities;

(BA) A, <A <A,<As, (BD) A<A, <A <As,
(B3B) A <A, <A <A5, (BE) As<A,<<A3<A,.
BC) A <A <A<y,
The associated diagrams are given in Figure 4.6.
One can now see a method for determining the stable diagrams near a

type (I) bifurcation problem. Determine the possible number of limit points
and the possible orderings of the A values of the limit points. Each such

Figure 4.3, Universal imperfections diagram for m=4: Fa(xA)=
x*+ax?+ Bx—A.
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__________ ——__.._k

——— A

Figure 4.4. Associated diagrams of Figure 4.3.

allowable configuration will occur, thus yielding the desired classification.
We now analyze the case (II),, examples for small m.

m=2: F,(x,\)=x*—Ax+a. The universal imperfections diagram is a
line, Figure 4.1. There is one type B point (the origin) and no type H or DL
points. The associated diagrams are given in Figure 4.7.

Note. The similar problem x>+ A? also has codimension one, a universal
unfolding being x>+ A%+ a. The associated diagrams are empty for a >0 and
circles for a<0.

m=3: F,.(x,\)=x>+qx>~Ax+p. This case was analyzed in the intro-
duction. At this point it may be instructive to show how this example relates
to the catastrophe theory cusp. For this purpose it is easier to use the

Figure 4.5, Swallow’s tail.
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5th ORDER

CONTACT

Figure 4.6. Associated diagrams for Figure 4.5.

alternate unfolding listed for (II); in Proposition 4.2; namely, F, (x, A)=
x*— Ax+p+gA. Now consider the surface S={x*— Bx+a =0} given in Figure
4.8. Let 7 be the projection of S into «, B-space. The cusp curve is just the
set of critical values of 7. Next write F, (x, A)= x>~ B, ,(A)x +a,,(A), where
(B(A), a(A))= (A, p+qr). Thus we have equated the unfolding F with lines
(parametrized by A) in @, B-space. Given such a line one finds the associated
bifurcation diagram by intersecting S with the plane which includes the line
and is perpendicular to the «, B-plane. For example, if one lets p=¢g=0,
then the line is the f-axis and the intersection is the pitchfork. The lines
pictured in Figure 4.9 yield the diagrams associated with the open regions in
Figure 1.4.

We have found considerations such as this extremely useful in interpreting
and guessing results about the perturbed bifurcation diagrams. We shall use
this technique when analyzing examples {III) and (IV). The formalization of

x! X

i
|
L =
i
|
!
|
i

=

® ©) ®

Figure 4.7. Diagrams associated to F, (x, A) =x>~Ax+a.
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Figure 4.8. Dlustration of the surface §={x>- gx +a =0}.

this method yields one description for imperfect bifurcation in the conserva-
tive case. We shall discuss this approach in more detail in Section 8.
m=4: F,_.(x,A)=x*~Ax—px*+g+rk. A simple calculation shows that

the type B points satisfy the equation
(4.4) q=pr*-rt.

The type H points satisfy the equation

(4.5) (q+5p°Y=%p°r for pz0.

Figure 4.9. Lines which generate the diagrams associated to Figure 1.4.
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determine for which p, g, r there exist x, y and A with x# y satisfying:

(4.6) x*—px*—Ax+q+rA=0,
4.7 yi-py*—Ay+q+rmA=0,
4.8) 4x*-2px—A =0,
4.9) 4y*-2py—-A=0.

Subtracting (4.9) from (4.8) and dividing by x—y yields
(4.10) p=2(x*+xy+y?.

Subtracting (4.7) from (4.6), dividing by x~—y, and substituting (4.10)
yields

(4.11) =—(x+y)>.

Now substitute (4.10) and (4.11) in (4.8) and divide by (x — y)? to obtain
(4.12) y=—x.

Thus A =0 by (4.11) and one sees that type DL points satisfy
(4.13) g=3p*> for p>0.

To find the universal imperfections diagram, we graph (4.4}, (4.5) and

(4.13) for p>0, p=0 and p>0. For p<0 and p=0 this is easy. The
resulting diagrams are shown in Figure 4.10. For p>0 we can scale p out of

}
l
}
e et (H)r
! @ @®
@: ®
i

(8)

Figure 4.10. Graph of (4.4), (4.5) and (4.13) for p<<0 and p=0.
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(O]
(W) (8) (B) (H)

Figure 4.11. Graph of (4.4), (4.5) and (4.13) for p>0.

the problem by letting p>§=q and vpF=r to obtain

(4.4 Gg=r-,
4.5) d=-%=(3277,
4.13) Gg=1.

The imperfections diagram is shown in Figure 4.11 and the diagrams
associated with each region are given in Figure 4.12.

Using example (III) we shall be able to add a new complication to our
description of bifurcation diagrams. Corollary 2.16 shows that in each
component of the complement to the control set the associated bifurcation
diagrams are stable in the technical sense that they all lead to contact
equivalent bifurcation problems. We have also shown by Corollary 2.9 that
we may assume that the control set is an algebraic variety. A reasonable
question then is whether the bifurcation problems associated with each
component (in the algebraic sense) of the control set are contact equivalent.
This statement is true for the previous example but as we shall now see is
false in general. To see this we shall use the cross-ratio.

Recall that, given four intersecting lines in the plane with slopes
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Figure 4.12. Diagrams associated with each region given in Figure 4.11.

my, ", my, the cross-ratio is defined by

- (m;—ms)(my—m,)
(my—my)(ms—my) '

CR

Also note that if m, =0 and m, =, then CR = m3/m,. The salient feature of
CR is: Given two sets of four intersecting lines in the plane and a linear
mapping which maps one set of lines onto the second, then the cross-ratios of
these two sets of lines are equal.

We now return to (III), which is G(x, A)= x>~ A%x. The diagram G =0 is
easily seen to be three lines crossing at the origin. Included in the universal
unfolding of G is one parameter which preserves this property. Let
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Hg(x, A)= x>~ A%x~2Bx*A. The diagram Hg =0 consists of three lines with
slopes 0 and B=(B*+1)"2. Now suppose that H, is contact equivalent to G.
Then there would be a diffeomorphism a(x, A)={(p(x, ), A(A)) mapping
{Hg =0} onto {G=0}. Since these sets consist of lines, the same would be
true for the Jacobean matrix (do)(0). Moreover the form of o dictates that
the line {A =0} is also preserved by (do),. Thus the linear mapping (doy)
maps four lines onto four other lines and the cross-ratio must be preserved.
The slopes for the lines associated with Hp are 0,, B+(B%+1)">. Hence
CR=~—(8+(B*+ 1)'*)>. These numbers are all different for B near 0; thus we
have proved the following:

PrOPOSITION 4.14.  The unfolding Hy is a one-parameter family of contact
inequivalent bifurcation problems.

This is the first example of moduli in the bifurcation diagrams; we shall
give another in Section 5. Although we have no physical interpretation of the
moduli we should point out that this bifurcation problem does occur in
physical situations; see Section 7. Also the existence of moduli makes
Theorem 2.15 even more important since we know that the stable diagrams
are finite in number.

The moduli parameter seems to serve another role. One feels that the
codimension of a bifurcation problem (that is, the number of unfolding
parameters) should measure the number of defining conditions minus the
number of degrees of freedom. For example G{(x, A)=x>—Ax is defined by
the four conditions G=238G/dA = 3G/ax =3>G/ax>=0 at the origin along with
some non-degeneracy conditions on higher derivatives. Since the number of
degrees of freedom for G is two (one each for x and A) we have the precise
relationship codim G =4-2. This relationship is also valid for the previous
examples of this section. However, for the present example G(x, A)= x>~ A%x,
codim G =5 while the number of defining conditions is 6 since G must vanish
through order 2 in x and A at the origin. The seeming excess of codimension
(5>4) is accounted for by the moduli parameter. Let the modality of G be
the number of moduli parameters in the universal unfolding of G. The
following relation seems to hold though we have no proof: codim G =
number of defining conditions minus n plus modality.

This relationship is obtained for some examples of bifurcation when
m=n=2 in Section 5. The next discussion shows that even on the diagram
level all the unfolding parameters for G(x, A)= x>~ A%x are necessary.

To analyze the stable diagrams near x>—A%x =0, we return to the cusp
picture Figure 4.8 used in analysing (II);. The universal unfolding that is
convenient is

F, (x)=x>=Ax+(p+A3)x+(qo+ 1A + g2A% + q3A°) .
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Figure 4.13. Path associated to x*—A%x =0,

Consequently, a(A)=qo+q,A +g,A*+q3A>* and B(A)=p+A? in the equation
x*—Bx+a=0. For p=q=0 this curve is just a double covering of the ray
splitting the cusp fa®=758> shown in Figure 4.13. The stable diagrams are
associated with the curves y(A)=(af{A), B(A)) which are nowhere tangent to
the cusp. Since «(A) is cubic in A and B(A) is quadratic, the maximum
number of intersections of -y with the cusp is six. Since we analyze only small
perturbations, we may assume that g; is near 0; hence y(A) for |A] large is
inside the cusp and the number of intersections is even. Next observe that the
qualitative nature of the bifurcation diagram associated with v is determined
by the number of intersections and whether the intersections occur on the left
or right nappes of the cusp. For example, the paths LLRR, LRRRLL and
RRLRRR are shown in Figure 4.14 along with the associated bifurcation
diagrams. Here L and R stand for an intersection of y with the left and right
nappes, respectively. The degrees of a(A) and B{A) imply that the curve ¥
has at most one horizontal and two vertical tangents. Thus sequences like
LRRL are not possible. If one enumerates all the possibilities subject to the
above constraints one finds at most 53 possible distinct stable diagrams.

We now consider our last example of this section, case (IV). As was
shown in Proposition 4.2 the problem G(x,A)=x>h(x,A) has infinite
codimension. For this example (and we suspect in general) there is a good
reason why this problem has infinite codimension.

ProrosiTiON 4.15.  The bifurcation diagram associated with the bifurcation
problem G(x, A) = x*h(x, A) can be perturbed by arbitrarily small perturbations
into an infinite number of inequivalent bifurcation diagrams.

Proof: Let ¢{\) be a smooth germ and let G,(x, A)= (x>~ ¢(A)h(x, A).
The bifurcation diagram of G consists of two sets h =0 and x =0, while the
bifurcation diagram of G consists of the two sets h =0 and x?= ¢(A). Thus if
the graph of ¢ has the form indicated in Figure 4.15, then the perturbed
diagrams will include Figure 4.16. By choosing ¢ appropriately (and small)
we can create as many circles as desired.

It seems to us that this example provides a good test of our theory. Here
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LRRRLL RRLRRR

LSS 39S 2ses

» 52T D

Figure 4.14. Paths LLRR, LRRRLL and RRLRRR together with their as-
sociated bifurcation diagrams.

infinite codimension of the bifurcation problem indicates a diagram that
disintegrates in an infinite number of different ways. Geometrically one can
see why this is true. Let h(x,A)=x-3A. Then G is equivalent via the
coordinate change p,(x)=x+A to x>—3A%x—2A>. The curve (a(A), B(A)) is
the cusp curve itself in the «, B-plane. It is clear geometrically that small
perturbations of this curve can change the associated diagram in an infinity of
different ways.

5. Computations at a Double Eigenvalue
For most of this section we shall concentrate on bifurcation problems
G : (R*xR, 0)—(R? 0) of the form
5.1 Gz, A\ )= Q(z)~ Az,

where z={(x, y)eR? Q(z)=(p(z), q(z)) and p, q are homogeneous polyno-
mials of degree two. Equation (5.1) can be obtained by reduction from the
general quadratic bifurcation problem H(z, A\)= Q(z)—ALz+A>%c, where L is
a 2x2 constant matrix and ¢ € R?, under the following hypotheses. First we

!
i
i
!

Figure 4.15. Graph of x =¢(A).
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XL—’A o O CZ

Figure 4.16. Diagram associated to ¢ in Figure 4.15.

suppose that H(z, A)=0 has a “trivial” solution z(A) which depends smoothly
on A. By introducing new coordinates Z = z — z{(A) we may eliminate the term
A%c from H. Moreover, the resulting problem, which has the form Q(z)-—
ALz, is contact equivalent to (5.1) provided L is invertible, and we make this
assumption. These are the restrictions placed on G by assuming it has the
form (5.1).

We shall call two bifurcation problems G and G of the form (5.1) strongly
equivalent if there exists an invertible 2 X2 matrix 7 such that

Gz, M) =1'G(rz, ) =77'Q(1z) — Az.

This restricted form of contact equivalence will be sufficient to prove our
results.

DeriniTioN 5.2 The bifurcation problem (5.1) is nondegenerate if

(i) p and g have no common factors,
and

(ii) the quadratic surfaces p(x, y)=Ax and q(x,y)=Ay are nowhere
tangent (except at the origin).

Notes. (a) Nondegeneracy is an invariant of strong equivalence.

(b} Condition (ii) fails to be satisfied if and only if the rank of the 2x3
Jacobian matrix d,,G is less than 2 at some nonzero point of intersection of
the two surfaces.

(c) These conditions were introduced by McLeod and Sattinger in [18].

The following lemma provides a convenient method for checking whether
condition (i) above is satisfied. For this lemma let (dQ), be the 2Xx 2 Jacobian
of the mapping Q : R*— R? evaluated at the point z. Note that the entries of
dQ depend linearly on z, so that det dQ depends quadratically on z. In other
words, det dQ is a quadratic form in R®. Thus there exists a symmetric 2 X2
matrix Bg such that det(dQ), =(Bz, z), where ( , ) represents the usual

inner product on R*. Suppose Q=17"'+ Qer; of course,
(5.3) dQ,=+"1-dQ,. o1
so that det dQ, =det dQ. .. A short computation shows that Bs = r'Bgr; in

other words, under strong equivalence, B, transforms as a symmetric bilinear
form.
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Lemma 5.4. Let Q=(p,q). Then p and q have a common factor if and
only if rank B =1.

Proof: If p and g have a common linear factor, then after a linear
change in coordinates we may assume p = x(ax + by) and q = x(cx +dy). One
then computes

2(ad—-be) 0
BQ:( 0 )0

If rank B, =0 (i.e., if detdQ=0), then p is a multiple of q and hence
they certainly have a common factor. Thus we suppose rank Bg = 1. We may
perform a linear change of coordinate to reduce By to the form (7 J). With
the notation p=ax*+bxy+cy®, q=ax®>+Bxy+vyy?, we find the relations
aB—ba=x2, ay—ca=0, by—cp =10, from which it follows that c=y=0.
Thus x is a common factor of p and q.

Our principal goal in this section is to enumerate all the equivalence
classes of 2-determined bifurcation problems of the form (5.1). The following
three propositions provide a complete solution to this problem, modulo the
remarks made after Corollary 5.7. The canonical forms in Proposition 5.5
provide a useful tool for computations with such bifurcation problems. In
these formulas I{z) denotes a linear functional in two variables,

) and rank Bo=1.

I(z)=1I(x, y)=ax+ by.

ProprosITION 5.5. Every nonzero bifurcation problem (5.1) is strongly
equivalent to one of the following for some choice of the linear functional I:

(5.6), (x*—y?% —2xy) +(I(2) - M)z,
(5.6), (x2+y2, —2xy)+ (z)~ A)z,
(5.6)3 (x2, —2xy) +(I(z) - Nz,
(5.6)s 0, x3)+(z)- M)z,
(5.6)5 (I(z)—-M)z.

Moreover, no two members of different families are contact equivalent.

CoroOLLARY 5.7. A nondegenerate bifurcation problem is strongly
equivalent to either (5.6); or (5.6),. Moreover, for a nondegenerate problem the
coefficients a and b in the linear functional | satisfy

(5.7a) (a+1D[(a-2)*F3b%]#0.
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For future reference we write out (5.6), and (5.6), in coordinates:

{5.8) G*(x, y, A) = ((a +1)x2+ bxy £ y*— Ax )

(a—2)xy+by*— Ay

Formula (5.8) represents an overenumeration of equivalence classes of
bifurcation problems, in that some of the canonical forms G* with different
a,b are strongly equivalent. Specifically, for G rotation by 120° in the
a, b-plane or reflection across the a-axis yield a new canonical form strongly
equivalent to the original one. Thus one need only consider g, b in a sector of
opening angle 60° to get a complete enumeration of strong equivalence
classes obtainable from G™. This is illustrated in Figure 5.1, along with the
three lines on which (5.7a) fails in this case. For G~, only the reflection
(a, b)—(a, —b) is a symmetry of the canonical form. For a complete enumera-
tion of strong equivalence claims, it suffices to restrict (a, b) to the closed
upper half-plane. The reader may easily supply the figure analogous to Figure
5.1 for this case, though we call attention to the fact that in this case (5.7a)
only fails along the line ¢ =~—1 and at the point a=2, b=0.

Further collapsing of the fundamental domain occurs when we pass from
strong equivalence to contact equivalence because there are new changes of
coordinates available of the form z+>z —cA, where ¢ € R?, which map canoni-
cal forms with different values of (a, b) into one another. Such transforma-
tions can move the “trivial” solution away from the A-axis and substitute
another line of solutions in its place. As a consequence, two points in the

6t STRONG EQUIVALENCE

Figure 5.1. Fundamental domain for G* under strong equivalence.
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a, b-plane that are mapped into another by the projective transformation

@ b)H(S—a 3b )

a+1’a+1

give rise to contact equivalent canonical forms. (Of course, this operation may
be composed with the other symmetries of the problem.) The fundamental
domains are illustrated in Figures 5.2 and 5.3. We do not prove these
remarks, since we do not feel it is important in applications to know the
minimal fundamental domain.

ProposITION 5.9. A nondegenerate bifurcation problem of type (5.1) is
2-determined.

ProrosiTioN 5.10. A nondegenerate bifurcation problem of type (5.1) has
codimension 7. A universal unfolding for the normal form (5.8) is given by

Fix, v, A\, 1,5, )=G*(x, y, \)+{r, + s,y +83x +1;x2

tHxy, TS x— 83y +t,xy+t2y2) .

In fact, the three results, Corollary 5.7, and Propositions 5.9 and 5.10 follow
from the classification Theorem 5.5. Thus our strategy will be first to assume
Proposition 5.5, prove the other results, and then prove Proposition 5.5,

We shall describe an application of these results in Section 7. We also
note that the McLeod-Sattinger results [18] follow directly from Proposition
5.9.

@.2./3)

{2,0)

i
1
|
|
!
|
|
!
!

6% CONTACT EQUIVALENCE

Figure 5.2. Illustration of fundamental domains, G contact equivalence.
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(-4,0)

]
1
|
!
i
!
i

G” CONTACT EQUIVALENCE

Figure 5.3. Hustration of fundamental domains, G~ contact equivalence.

Proof of Corollary 5.7: We first show that the normal forms (5.6); for
i=3,4,5 are degenerate. It is clear that (5.6)s consists of problems with
common linear factors. It is also clear that condition (ii) of Definition 5.2 is
invariant under all linear coordinate changes, even those whichumix the A and
z coordinates. Now notice that Qz)+(l(z)—A)z=Q(z)—~ Az, where A=
A—ax—by. Thus the tangency of the quadratic surfaces for the problem
Q(z)+I(z)z is equivalent to that same question for the problem Q(z)—Az It
is now an easy task (using note (b)) to check that the pairs of quadratic
surfaces —Ax=0, x*-Ay=0 and x*—Ax=0, -2xy—Ay=0 are tangent.
Consequently, the problems (5.6), and (5.6); are degenerate.

Finally we show that (5.6),, i=1,2, are degenerate only when a=1 or
(a—2)*+3b*=0. A computation similar to the one above shows that no
tangency for the quadratic surfaces occurs. To check for common factors we
compute By for Q=((a+ 1)x*+bxyy? (a—2)xy+ by? and apply Lemma
5.4. In fact,

{a-2¥a+1) bla+1)
o2 Harh
bla+1) b*F(a-2)

Hence det B, =4(a+ 1)(3b*+(a—2)?).
Both Proposition 5.5 and 5.10 rely on the following:

Lemma 5.11. For the bifurcation problems (5.8) we have ML E2 <
M, TG*.

Proof: We sketch the needed calculations. Writing G*=(g, h), we see
that the submodule TG of &2, is generated by the six elements dG/ox, 3G/dy,
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(g 0), (0, 8),(h,0) and (0, h). Note that 8G/ax in TG implies that (A,0)=
(2(a+1)x+by, (a—2)y)mod TG and 8G/dy in TG implies that (0, )=
(bx £2y, (a—2)x +2by) mod T1G. Using these relations we may eliminate A
from the problem. The four remaining generators are congruent (modulo TG)
to e, =(a+Dx?xy? (a—2)xy), e,=(—bx*>+2xy,3x>—bxy£y?), e;=
((a+4)xy, (a—2)y?), and e, = (bxy +2y?, by?).

Next write the eight generators of MZTG—er, xey, ye,, ye;, Xes, Xe,,
yes, ye,—in terms of the standard basis for M2 %&2—(x3,0), (0, x*), (x2y, 0),
(0, x?y), (xy?,0), (0, xy?), (v, 0), (0, y*). This expansion yields an 8 X 8 matrix
A. It is clear that the lemma is proved if and only if det A# 0. It turns out
that the determinant is not hard to compute using row and column expan-
sions. The result is det A = K(a +1)(3b*+(a —2)?) for some nonzero constant
K. The nondegeneracy assumption is exactly what is needed to prove that
det A#0.

Proof of Proposition 5.9: The strategy of this proof is simple. The
property of being 2-determined is an invariant of contact equivalence; so we
may work with the model problem (5.8). Let H(z,A\) be a bifurcation
problem whose second-order terms are given by (5.8)—for some a and b. We
claim that H is contact equivalent to G+ terms of degree 4 in (x, y, A). Since
Lemma 5.11 and Theorem 2.8 imply that G is 3-determined, the above claim
shows that G is, in fact, 2-determined. _

To prove the claim, consider the contact change of coordinates G=
(I+7(z))G(z +p(z), A), where 7(z) is a matrix with linear entries in x and vy,
and p(z) is homogeneous of degree two in x and y. Then G=
G+1:G+(d,G) p+---, where the dots indicate terms of degree 4 or
higher. By varying 7 and p one obtains all of the terms homogeneous of
degree 3 in MTG. (Here we use the homogeneity of the generators of TG.)
Now, Lemma 5.11 guarantees that an appropriate choice of 7 and p will
produce —Hj;, where Hj; is the homogeneous term of order 3 in the Taylor
expansion of H. This choice of p and 7 proves the claim and the proposition.

Proof of Proposition 5.10: Since the codimension of a bifurcation prob-
lem is an invariant of contact equivalence, we need only analyze the model
problem (5.8). Lemma 5.11 shows that G has finite codimension. Néxt we
compute a basis for €2,/TG. As noted in the proof of Lemma 5.11 this
vector space is isomorphic to V=82/{e,,- - -, e,}. Since each ¢, is homogene-
ous of degree 2, the constant terms (1,0) and (0, 1) and the linear terms
(x,0), (v,0), (0,x), (0,y) are independent in V. Since the eight terms xe;, ye;

were shown to be independent (over R), it follows that e;,-:-,e, are
independent over R. Since there are six independent quadratic terms, two are
independent in V. A calculation shows that (xZ, xy), (xy, y?) and e,, - -, e,

are always independent. Thus dim V =8§.
Finally we show that %Z,/TG has dimension 7. Observe that dG/dA is
linear and therefore does not belong to TG. We claim, however, that
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A8G/ax € TG. Recalling the generators of TG defined in the proof of Lemma
5.11, we see that (modulo TG)

oG X XPy + YD, p
512 z\—=—A( )E—( y)=—2( ),
( ) A y Xq, + yq, q

the last equality being Euler’s relation for homogeneous functions. Now
(p—Ax, q—Ay)e TG, and it follows from (5.12) that (p—~Ax, q—Ay)=-(p, q).
In conclusion, AdG/ar=—2(p, q)e TG, and the result is proved.

It remains only to prove the classification theorem, Proposition 5.5, for
which we shall need techniques from group theory. Let ®3 denote the vector
space of pairs of homogeneous polynomials of degree two. Clearly, dim 3=
6. Next note that strong equivalence induces a representation p of GI(2,R)—
the group of invertible 2X 2 matrices—on %3 as follows:

p(r)Q=7""+Qer.

In this language one observes that finding a set of normal forms for the
bifurcation problems (5.1) under strong equivalence is the same as finding an
enumeration for the orbits of the representation p.

The first step in such an enumeration is the determination of the
irreducible subspaces of the representation p. Let us define the linear
subspaces V and W of P7 as follows:

V={Qe®P::trdQ =0},

W={(ax+by)(}) : a, beR}.

In explanation of the notation, we recall that dQ, the differential of
Q : R*—R?, is a linear mapping from R? into the space of 2 X2 matrices, so
that composition with the trace defines a linear functional on R? By the
equation tr dQ =0 we mean of course that this linear functional vanishes
identically. This is equivalent to two scalar conditions, so dim V = 4. Equation
(5.3) shows that V is an invariant subspace, and a short calculation shows that
p restricted to V is irreducible.

The action of GI(2,R) on W admits an alternative description. Given an
element Q(z)=1(z)z, where | is a linear functional on R?, p(1)Q(z) = l(7z)z.
It is easily seen that p acts irreducibly on W. Indeed, p acts transitively on
W~{0}. That is, for any two nonzero elements Q, Qe W, there exists a 7
such that p(7)Q= Q.

It follows from the above remarks that 3= V@ W is the decomposition
into irreducible subspaces.

The second step in the enumeration of orbits in &3 is to analyze the orbit
structure of p acting on V and W separately. As noted above, p acts



THEORY FOR IMPERFECT BIFURCATION 67

transitively on W~ {0}, so that there is only one nontrivial orbit. To simplify
the discussion of the orbits in V we invoke certain parts of the theory of
group representations, as summarized in the following paragraph. For refer-
ences see [22].

For any dimension [, there is a certain distinguished representation p of
Gl(2,R) on R/, the so-called standard representation. This representation acts
by composition on #,_,, the space of homogeneous polynomials of degree
I-1 in two variables; specifically, p(7)p = po7. Any other algebraic represen-
tation p of GI(2,R) on R' differs from g by at most a power of the
determinant. That is, for any such p there is an invertible linear transforma-
tion §: R'—>@®,_, and an integer w such that

(5.13) p(r)=(det 7)*S'p(7)S.

The exponent of det v may be determined by comparing p(cI) and j(cl) for
ceR. When [ =4, under the action of g the cubic polynomials split into a
union of five distinct orbits, described by the structure of their zeros in
(A)-(E) below. More properly, with a cubic polynomial p(x,y)=
ax®+bx?y +cxy*+dy?, we associate the cubic polynomial in one variable
p(0)=al*>+bl*+c{+d, and we classify orbits by the zeros of p(¢). In this
classification we use the convention that a polynomial whose leading coeffi-
cient vanishes has a real root at infinity:

(A) p has three real zeros;

(B) p has one real, two complex zeros;

(C) p has two zeros, both real, one double;
(D) p has one real zero of multiplicity three;
(E) p vanishes identically.

For the standard representation, p(cl) acts as ¢> times the identity on @,
while in our case p(cl) acts on V as ¢ times the identity. Thus we must take
w=-1 in (5.13). However, in spite of this minor difference, V will also
decompose as a union of five orbits, which we may identify by the following
ruse. Recall the bilinear form B, that we associated to any Qe ®%, as
described preceding Lemma 5.4, We showed there that p(r)Q is associated
with 7'Bg7, a conjugacy transformation. Thus if Q, and Q, have nonconju-
gate associated bilinear forms, then they must belong to different orbits, Of
course a bilinear form is determined up to conjugacy by two invariants, rank
and signature. These invariants may assume six possible values:

@ @) @i @Gv) (v) (vi)
rank 2 2 2 1 1 0
signature{ 2 1 0 1 0 0
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For four of these possibilities, (ii), (i), (v) and (vi), there are nonzero
mappings Qe V< P3 such that B, has the appropriate rank and signature.
Indeed,

vy =(x*—y? —2xy), vy = (x2+y2, —2xy),
(5.14) ! y y 2 y y
vy=(x? —2xy), v,=(0, x%)

are possible choices. It follows from the above remarks that these four
mappings belong to four different orbits of V. Of course, the zero function v
belongs to a fifth. Since there are only five orbits, we have identified a
representative from each. (Remark: It may be shown by a simple independent
argument that, for a mapping Q with trdQ =0, B, cannot be of types (i) or
(iv) above.)

The following lemma shows how to extract the orbit structure of p on %P3
from the orbit structures on V and W.

LemMA 5.15. Let vy, - -, vs be representatives of the distinct orbits of p in
V, and let

@i.w = {ﬂ(T)(U; + W) LTE Gz(z’ R)} s

where i=1,<-:,5 and we W. Then for any orbit O there exist i and w such
that 0= 0,,,. Moreover, for i# j,0,, is disjoint from @, ;.

Remark. As noted after Corollary 5.7, it may happen that 0,,=0,;
even though w# w. For the two nondegenerate cases, v; and v, as defined by
(5.14), this happens only for finitely many w. Figure 5.1 indicates a domain in
the a, b-plane where the enumeration is unique for the case of i= 1.

Proof: Suppose 0¢ P}. We may decompose Q= v+ w, where ve V and
we W. Now v = p(r)y; for some i and for some t€ GI(2, R); let w=p(r™")w.
Then p(r)(v; + w)=v+w= Q. In other words, Q€ 0, ;.

Any two orbits in @3 are either disjoint or coincide. Thus given an orbit
0, let us choose Qe 0. The above construction shows that Q€ @, ,, for some i
and w. Therefore, 0=0,,,.

Finally suppose Qe€0,,N0O. In other words, Q=p(r)(v;+w)=
p(F(v;+w) for some 7,7e Gl(2,R). Hence p(v'7)(v;+W)=0v;+w. In par-
ticular, p(r~'F)v; = v;, and it follows that i=j. Therefore, 0, and O are
disjoint.

We may now complete the proof of Proposition 5.5. Let G(z,A)=
Q(z)- Az be a bifurcation problem of the form (5.1). As noted above, G is
strongly equivalent to another such problem, say Q(z)—Az, if and only if Q
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and Q belong to the same orbit of p in P3. The preceding lemma shows that
Q¢c0,, for some i and w. Of course we also have v,+we0,,; hence it
follows that G is strongly equivalent to G(z, A)= v,(z)+ w(z)~— Az. Formulas
(5.6) represent the bifurcation problems v,+w—Az written out in coordi-
nates, where v; is given by (5.14). The proof is complete, apart from the
remark that the disjointness statement in Proposition 5.5 follows from the
corresponding disjointness statement in Lemma 5.12.

Remark. Proposition 5.10 verifies in a special case the conjecture in
Section 4 that codim G =number of defining conditions—n — 1+ modality.
Here, n=2, modality =2, and the number of defining conditions is 8. These
conditions are: G(0)=0, aG(0)/ax =0, 8G(0)/dy =0 and 8G(0)/oA = 0.

We have not yet succeeded in classifying the effects of possible imperfec-
tions on a bifurcation problem (5.1) with the same completeness as we
achieved for the simpler problems in Section 4. Some idea of the difficulties
involved may be gleaned from the following example which is just the
negative of (5.6); with [(x)=—2x. Let

(5.16) G(z, A) = (x*+y>+Ax, 4xy + Ay)
and consider the following perturbations of G:
P(z)=e(x+y)(1,-2) and Py(z)=(ex—$¢%0),

where € is a small parameter. The bifurcation diagram for the unperturbed
problem consists of the four lines x=y=0; x=—A, y=0; and x=—3A,
y==1V3\. The salient points about these perturbations are that G+ P,
displays a singularity of type (II), of Section 4 at x=y=A=0 and G+ P,
displays one of type (IIT) at x =%e, y =0, A =—}e. In other words, two of the
more complicated singularities analyzed in Section 4 are embedded in the
unfoldings of problems of type (5.1). Work is in progress to complete the
analysis of imperfections in this case and will be reported elsewhere.

It is possible, however, to describe how the unperturbed diagram depends
on the modal parameters, a and b. The regions in the a, b-plane in which
(5.7a) holds are shown in Figures 5.4 and 5.5 for the minus case (formula
(5.6);) and plus case (formula (5.6),), respectively. The labels in these regions
should be interpreted as follows. The numerical prefix k indicates that the
bifurcation diagram is a union of k lines, one of them being the trivial
solution. The letters e and h refer to elliptic and hyperbolic. This label,
assigned according to whether det dQ is an elliptic or a hyperbolic quadratic
form, is part of the standard terminology of singularity theory (cf. [11]). The
subscript 0 or « serves to distinguish the bounded and unbounded compo-
nents of the 4e region.
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Figure 5.4. Region in the a, b-plane in which (5.7a) holds is shown for the minus
case (formula (5.6),).

The properties of the diagrams we are going to describe are constant
throughout each of these regions in the a, b-plane, as we prove in the
paragraph following. Since in all nondegenerate cases the diagram consists of
a union of straight lines through the origin and not contained in the plane
{A =0}, we may simplify the graphics by only representing the intersection of
the diagram with the plane {A = 1}. In the 4-solution case this intersection
consists of 4 points, one of them being the trivial solution at the origin. In the
4e cases one of the 4 points lies in the convex hull of the other three; the 4eq

2e

a=-1

Figure 5.5. Region in the a,b-plane in which (5.7a) holds is shown for the plus
case (formula (5.6),).
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case is distinguished from the 4e, case by the fact that the origin lies in the
convex hull of the other 3. This information is represented pictorially in
Figure 5.6. In this figure the boldface dots represent the solution at the
origin. Although it is not possible to make stability assignments for the
various branches, it is possible to assign a degree. The degree of a solution is
negative if there is precisely one negative eigenvalue in d,(G and positive
otherwise. Note that the trivial solution always has positive degree since d,G
equals —AI there. This is an appropriate normalization for a physical problem
in which one considers bifurcation from the trivial solution as a parameter A
is varied—the trivial solution must be stable for some range of the parameter
and therefore has positive degree. In Figure 5.6 we also include the analogous
but simpler information for the 2-solution case.

Figure 5.6 was made by choosing a convenient representative point (a, b)
from each of the regions and computing explicitly the various degrees and
positions of the solutions. The only issue requiring comment is why these
properties remain constant as (a, b) vary over a given region. Of course, in
the case of degree, it is well known that degree is a homotopy invariant. The
appropriate proof for the relative positions is based on the following trivial
observation:

If G(z, A) is a bifurcation problem of the form (5.1) such that G(z;,1)=0
for three distinct points z; lying on some line A, then G(z,1)=0 for all z€A.

To prove this, let G={(g, h) be such a bifurcation problem. Then g and h
restricted to A are both quadratic polynomials of one real variable that vanish
at three distinct points. A quadratic polynomial, however, can only vanish at
three points by being identically zero. This proves the claim. Note that such a
G is degenerate according to Definition 5.2, in that condition (ii) is violated.

e

420 ° :
2
=3
4h L) o
+ +
o
%
4e [ 4
0 4 °
L]
-+
2h [ ] o
b4 2
2e [} °
+ +

Figure 5.6. Intersection of {G* = 0} with the plane {A = 1}.



72 M. GOLUBITSKY AND D. SCHAEFFER

Suppose now that for some choice of (a, b) one of the four points lies in
the convex hull of the other three. As a and b vary, this will continue to be
true unless the central point moves across the line joining two of the other
three points. But by the above claim, three points can only lie on the same
line if the problem is degenerate, which does not occur when a, b is restricted
to a fixed region. The argument is complete.

We next consider the computation of codimension for the double cusp. By
the double cusp we mean a bifurcation problem of the form

(5.17) Gz, \)=C(2)— Az,

where zeR? and C is a homogeneous cubic polynomial, possibly with
higher-order terms present. The smallest codimension that such problems can
have is 16. The computation is analogous to the proof of Lemma 5.11 and we
are correspondingly brief. The submodule TG is generated by 6 elements,

(5.18) (& 0), (1,0),0,), 0, ), 22, %? :

where (g, h) are the components of G. We may use dG/dx, G/dy to eliminate
A from the problem. This leaves us with a submodule of é? generated by 4
cubic elements. Let us consider the decomposition

E=POPOPIDPIDPIDPIDME?,
where P} consists of pairs of polynomials in x and y homogeneous of degree

k. The dimension of ?7 and the maximum possible dimension of %N TG are
listed in the following table.

dim #? dim (?2NTG) Difference

k
0 2 2
1 4
2 6
3
4
5

8

00 OO O
[ S AR

12 1

The maximum dimensions for 22N TG come from considering all homogene-
ous polynomials of degree k-3 times the 4 generators and assuming no
dependencies occur. This calculation shows that codim TG =18, and simple
examples show that 18 is attainable.

The codimension of TG may be reduced by two from the codimension of
TG under the following circumstances. Of course, 3G/oA =—(x, y) always
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eliminates one of the linear elements of €2/TG. If (5.17) is modified by the
addition of an appropriate quartic term, then A9G/or will eliminate one of
the quartic elements of €2, thereby reducing the codimension a second time.
(It may be shown using Nakayama’s lemma, Lemma 3.10 of the present
paper, that the addition of quartic terms would not affect the codimension of
TG.) Further reduction of the codimension is not possible.

We close this section with a brief description of the hilltop bifurcation

(5.19) G(x, y, A)=(x*— A, y2— )

considered by Thompson and Hunt [24]. Problems equivalent to (5.19) occur
in the unfoldings of (5.8). Observe that at the origin, (5.19) satisfies

(5.19a) G=0, d.G=0,

a total of 6 equations in 3 unknowns. This observation suggests that the
codimension of (5.19) is 3; indeed, this is correct, a universal unfolding being

(5.20) F(x,y,A, 0, B, ) = (x>~ A —By+3a, y’— A~ yx —$a) .

We do not classify here problems satisfying (5.19a); there are in fact three
such 2-determined cases. We do, however, analyze imperfections, this being
the only two-dimensional problem for which a complete analysis seems
possible.

A short calculation shows that bifurcation occurs when

(5.21) a=y*-p2.

Recall that the equations for hysteresis points are

(5.22) F=0, detd F=0 and d,F(v,v)eranged/F,

for some nonzero veker d,F. For our example (5.20), (5.22) yields
(@) x*-A-By+ia=0,
(b) y*-A-yx-3a=0,

(¢) dxy-By=0,
(d) (v}, v3)erange d.F,

(5.23)

where v =(v;, v,). Now assume B#0# y. Then we may take v =(2y, y) and
note that w erange d,F if and only if w - (y, 2x) = 0. Equation (5.23d) implies
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(5.24) 2y*+yx=0.

Next multiply (5.24) by y and substitute (5.23¢) to obtain
(5.25) y=-3p"y*".

Using (5.23¢) and (5.25) one obtains

(5.26) x=—3p%y'? .,

Finally, subtract (5.23b) from (5.23a) and substitute (5.25) and (5.26) to
obtain

(5.27) a =3B23y23(B3— 23

A short computation shows that (5.27) holds even when a or B is zero.
A more involved calculation implies that double limit points occur for

(5.28) B=0, a>0 and y=0, a<0.

The control set C consisting of (5.21), (5.27) and (5.28) is shown in Figure
5.7 along with an enumeration of the 12 connected components in R*~C.
Finally, we claim that there are only two really distinct stable diagrams
associated with these 12 components. To see this, note that if (x, y, A, @, B8, ¥)
is a solution to F=0, then so are (—x, ¥, A, &, B, —7), (x, =y, A, &, — B, v) and
(y, x, A, —a, v, B). Using the first two symmetries, we may assume that g and

a<0 a=Q a>Q
(DL} o (oL)

0] ®

[ (DL)
l |
| |
L (:}]
Figure 5.7. Control set C, along with an enumeration of the 12 connected
components in R*~ C.

(8} (8

(8} (8} (8)
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v are positive. Thus we must analyze only the diagrams associated with
regions 2, 4, 8 and 12. Points in these regions are given by (a, B, vy)=
(4,2,0), (0,4,2), (0,2,4) and (-4, 0, 2), respectively. Now using the third
symmetry we need only inspect regions 2 and 8. These stable diagrams are
drawn in Figures 5.8 and are analyzed by considering them as intersections of
the parabolic cylinders (5.23a) and (5.23b). These cylinders are also shown in
Figure 5.8.

6. The Euler Beam Problem

Recall the finite element analogue of the Euler beam problem considered
in the introduction. There we exhibited two distinct perturbations of this
problem which led to different behavior when applied jointly. Moreover,

Figure 5.8. Diagrams associated with small perturbations of hilltop bifurcation.
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Proposition 4.2 shows that the qualitative effects of any small perturbation
whatsoever can be achieved by an appropriate choice of these two parame-
ters. In the present section we derive analogous results for the continuous
problem.

We consider a model which neglects the compressibility of the beam and
retains only its bending rigidity, the potential energy being proportional to the
integral of the square of the curvature. If the length of the rod is u, these
hypotheses lead to a variational problem posed in the Sobolev space

x ={ue Hy0, m) : u(0)= ulmr)=0}.

Here H,(0, w) consists of those functions in L*(0, ) whose second-order
distributional derivatives also belong to L*(0, 7). A function u(s) prescribes
the deflection of the beam perpendicular to a reference line as a function of
arc length along the beam. We consider the perturbed energy functional

6.1

1 (= ” 2 r
E(u A a)=3 j [ﬁ”—z-al] ds+(A+ 1)[ (1—u?)"2 ds+a,uldm).
() (}]

For a;=0a,=0 we have the idealized problem in which the rod is perfectly
straight in its unstressed position and not subjected to any external force
other than the compressive force (A +1) appearing in the second term in
(6.1). (We have shifted the origin so that A =0 will be the bifurcation point.)
The two parameters «; and «, represent perturbations of this idealized
problem—a; represents a (constant) initial curvature of the beam and a,
represents a central load.

It is well known that the idealized problem of minimizing (6.1) for a =0
exhibits a supercritical bifurcation at A =0 from the trivial solution ¥ =0. We
shall give a self-contained derivation of this fact while establishing the
background needed to prove that the two parameters «; and «, provide a
universal unfolding of the idealized problem.

Consider the variation of E(u, A, @) with respect to u,

) _ " u" B (#" ufuud)f
(6.2) B L{(l—u'z)”z “‘][(Pu’z)”"Jr(l—u’z)”] &

a !

—(A+1) L Zl—_%)l? ¢ ds+ a0l .

Now dE is a continuous linear functional on x, that is to say, an element of
x*. We shall identify L*(0, 7) with a subspace of x* in the standard way via
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the L? inner product for fe L*(0, ),

L(6)= (6, f>=L of ds.

Thus x* may be identified with a subspace of distributions on [0, 7] that are
continuous with respect to the H, norm. Define ®: yXxRXR?*— x* so that
®(u, A, ) is the linear functional on the right in (6.2). Then the Euler-
Lagrange equations for the variational problem associated with (6.1) may be
written symbolically as

6.3) P(u, A, a)=0.

Of course one may integrate by parts in (6.2) to obtain the Euler-Lagrange
equations in the more standard form of a two point boundary problem,

@) [ Gl o o (@)oo,

(6.4)

W) w'(m)

u(O) = u('rr) = O ’ (1 . ul(0)2)1/2 - (1 o ul(,ﬂ.)2)1/2

=ay,

where §,,, is a point measure concentrated at s =3w. However, (6.4) is less
convenient for our purposes, and we shall work instead with the symbolic
form (6.3) of a mapping between the Hilbert spaces y and x*. It is
noteworthy, nonetheless, that o, appears only in the boundary conditions of
(6.4); this is a consequence of the fact that «; multiplies an exact differential
in (6.2).

Observe that ®(0, A, 0)=0; that is, u=0 is a solution of the unperturbed
problem for all A. Let L=d®, the differential of & with respect to u
evaluated at u=0, A =0, @ =0. (Here and below we indicate by a bar various
derivatives that are to be evaluated for all arguments set to zero.) Thus L is a
linear map from x into x*. We remark that L is singular. Indeed we have the
explicit formula

(6, Lu)= L"(uu 0" ds

for any ¢, u€ x. Note that L is a fourth-order operator, as an integration by
parts, when permitted, shows. L has a one-dimensional kernel spanned by
ve{s)=sin s and a range of codimension one consisting of linear functionals



78 M. GOLUBITSKY AND D. SCHAEFFER

which annihilate v,. We may therefore use the Lyapunov-Schmidt reduction
in discussing bifurcation from the trivial solution of (6.3). Let P be the
orthogonal projection onto range L. Let W(x, A, a) be the function from

RxRxR? into
{uex : j uvods=0}
0

(6.5) Pd(xv,+ W(x, A, a), A, a)=0.

defined by the equation

Let F: RXxRxR*—R be given by

(6.6) F(x, A, @) = (vg, D(xv,+ W(x, A, a), A, a)) .

Then every solution of (6.3) has the form xv,+ W(x, A, a), where
(6.7) F(x,A,a)=0,

and conversely every solution of (6.7) yields a solution of (6.3). We shall
show below that

(6.8) F=F =F,=F=0, F,#0, F,#0.

This proves that the bifurcation of (6.3) at the origin is a pitchfork, with the
canonical form (II); of Section 4. We shall also prove that the determinant

(6.9) E}# 0,

det (jFx? jF)d jFa: 4
where, for any function F, jF is defined before Lemma 4.3. This will complete
the proof that «, and «, are non-degenerate unfolding parameters for the
idealized problem ®(u, A, 0)=0.

It remains to compute a number of derivatives of F at the origin. We use
the subscript notation for derivations except that we abbreviate F, by F,
i=1,2. The three parameters A, a¢; and a, enter into the derivatives on a
more or less equal footing and we write F, for a derivation with respect to
one of these three parameters when it is convenient not to specify which. By
d*® we mean the multi-linear functionals that arise from higher-order
differentiation (with respect to u). Let L™' be the generalized inverse of L,
defined to be zero on the orthogonal complement of range L. Thus L™'P=
L.
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Let us write ®(u, A, a)= Lu+¥{u, A, a), where ¥(-, 0, 0) vanishes to third
order in u. More explicitly we have

(6.10) V(u, A, )= Clu)+ AMu+ a; A(u)+ a8, +h.o.t.,

where

61) (4 c<u)>=Lw{u'zu"¢"+[u'u"z-% 16} ds,

"

(6.12) {¢, Mu)= L u'dds,

(6.13) (¢, A(u)=[1-u'(0)*12¢'(0) - [1~u'(m)*)] ?¢'(m) .
The higher-order terms in (6.10) do not contribute to the derivatives needed

below. We collect here a number of relations which follow from (6.10)-
(6.13):

(6.14) dv=0, d¥=0, d&¥=d4°C,
(6.15) v,=0, d¥)=M, d*¥,)=0,
(6.16) \Ir1=60~81r’ d(q"l):O?
dz(q’l)(wl s Wz) = WQ(O)W'Z(O)BB" Wi(’"’)W'z(Tf)alw ,
(6.17) V,=8,,, d¥)=0, d*(¥,)=0.

We begin by computing some of the derivatives of W(x, A, a), the
non-singular part of the bifurcation problem, defined in (6.5).

_ Lemma 6.18. W,=W,,=0, W,=-L""W_. In particular, W,=0, since
¥, =0.

Proof: We may rewrite (6.5) in our present notation as

{6.19) LW(x, A, a)+ PW(xvo+ W(x, A, a), A, a)=0.
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Differentiating (6.19) with respect to x we obtain
(6.20) LW +P-d¥:(v,+W,)=0.

We deduce that LW, =0 from (6.20) by setting all arguments equal to zero
and appealing to the first relation in (6.14) to discard the second term in
(6.20). Since We(ker L)*, it follows that W,=0. The second and third
relations of the lemma may be obtained similarly by differentiation of (6.20)
and (6.19) with respect to x and ¢, respectively. The proof is complete.

The next lemma shows that the underlying bifurcation diagram is a
pitchfork.

LemMma 6.21. The relations (6.8) are satisfied.
Proof: Note that (6.6) may be rewritten as

(6-22) F(x! Aa a) = <UO9 ‘I"(xvo + W(x, /\7 a)a )\a a))
since {vy, L,) = 0 for any u. Differentiation of (6.22) with respect to x yields
Fx :<UC|5 dl;j * (v0+ Wx)) i

Evaluation at the origin shows that F, =0, when an appeal to (6.14) is made.
Continued differentiation yields F,,=0 and

(6.23) F = (v0, d*C(vy, o, 00)) -

In deriving (6.23) we have used (6.14) and Lemma 6.18 to discard a number
of terms which vanish. We see from (6.11) that

mw

(g, d>C(vg, vy, Vo)) = GJ (2 sin? s cos® s —3 cos® §) ds =3,
0

which is non-zero as claimed. In a similar fashion, differentiation with respect
to A leads to the conclusion that F, =0 and
Fre= (%o, d(¥)) - vo) .

It follows from (6.15) and (6.12) that

T

(6.24) F, = J vo(s)vo(s) ds = -J sin® sds = —3ar.
0

0
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This completes the proof.

Our strategy in evaluating the determinant (6.9) is to show that the last
row contains only one non-zero element and that the second column contains
only one non-zero element. Expansion in minors will then reduce to a 2x2
determinant.

LemMA 6.25. F,,=F;,=F,, =0.
Proof: By differentiating (6.22) we may obtain the formula

(6.26) Foq=(vo, d(¥,) + Wy +d(¥,)* W)

for any second-order derivative with respect to the parameters A, @y, a,. It
follows immediately from Lemma 6.18 that F,, =0. On substituting (6.15),
(6.16) and Lemma 6.18 into (6.26) we find

Fu =—(vy, M+ L. (85— 820 .

Integration by parts allows us to shift M to operate on the first factor in the
inner product; since My, = —v, we see that

Fyy =(vo, L1+ (84=8%)),

which vanishes by the definition of the generalized inverse L™'. A similar
argument shows that F,, =0. The proof is complete.

Lemma 6.27. F,=F,,=F,, =0.

Proof: Only the middle equality is new. We may differentiate as above to
obtain

(6.28) Frux = (00, A°W(Wh, 0o, 0g) + d2(¥,) (0o, 1)) -

But W, =0 by Lemma 6.18 and d*(¥,)=0 by (6.15), so the lemma is
proved.

Because of the numerous zero elements exhibited in the preceding two
lemmas, the determinant in (6.9) equals
F, F

Ijix det (lex F2xx) .
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It is straightforward that

F1 = (0o, q’l)=<vo, 83— =2,
and

Fz"”‘(vm {1}2)=<003 Sy =1.
Proceeding to the second row, we have

(6.29) B = (0o, @YW, 09, v6)+ W (05, 10)) »

a formula analogous to (6.28). By (6.16) the second term in (6.29) equals
05(0)X(vo, 85) — vh(m) vy, 8y =2

By (6.14) we may replace d°¥ by d>C in the first term of (6.29). It follows
from (6.11) that, for any uey,

(¢, d*Clu, vo, vy = j 203w+ 4vjopu'1e" + [4vgoou”+ 2057w’ - 303w l'} ds.
0

On substituting ¢(s) = v,(s) =sin 5 and integrating by parts we find that

T

(6.30) {vo, d>C(u, vy, vy)) =3 J (7 sin s cos? s — 2 sin® s)u(s) ds.
0

We recall that 1—cos® s =sin? s and that
sin® s = (3 sin s —sin 3s) .

Using these relations we can show that the left-hand side of (6.30) equals
(6.31) %J‘ sin (3s) u(s) ds +%J sin s u(s) ds.
0

Q

We want to evaluate (6.31) with
u=W,=~L""(8,—8,).

The second integral in (6.31) vanishes, since the range of L™ is orthogonal to
vo. In the first integral, L™! may be shifted to operate on sin 3s. But sin 3s is
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an eigenfunction of L, hence of L', and
L~ 1sin 35 =75(sin 3s).
Combining we find
(v, d>C(Wy, vy, Do)y = —3(sin 35, 8~ 8,y = ~%..

Taking both terms in (6.31) we have F,, =%,

The computation of F,,, is similar but slightly simpler in that d°¥, =0 so
that the analogue of (6.29) will contain only one term. One finds F,,, =55 and
the determinant (6.9) equals —3F%,. This completes the proof that a; and a,
provide a universal unfolding for the idealized beam problem.

7. Examples

In this section we collect a number of physical problems in which a
bifurcation equivalent to one of the canonical forms of Sections 4 and 5
occurs. The section is divided into two parts, which illustrate systems with
one or with several essential degrees of freedom. Our choice of examples is
only intended to be illustrative, and we make no pretense of being exhaustive.

a. One essential degree of freedom. Some of the simpler one-
dimensional singularities are amply documented in the literature. Thompson
and Hunt [25] is a good reference here. For example, a bifurcation equivalent
to the canonical form (I} with m =2 (notation of Section 4) is called a limit
point by these authors. The shallow arch is a simple physical system which
exhibits this kind of behavior. In ifs finite element analogue the shallow arch
consists of two springs pinned as shown in Figure 7.1 and subjected to a
transverse force A, which is the bifurcation parameter. Suppose that the
distance |AB| between the two external supports is less than the combined
uncompressed length of the two springs. Then for A =0 the system will have
three equilibrium configurations, two stable ones with the center pin C located
either above or below the line AB and one unstable one with C located on
AB. For general A the diagram of equilibrium states will have the form
illustrated in Figure 7.2, where the dashed portions indicate unstable states.
This system has a bifurcation diagram of the limit point type at either of the
points P or Q in the figure. Such diagrams are stable, and no unfolding
parameters are required. (Moreover, Theorem 2,15 indicates that limit points
will occur in the stable diagrams perturbed off any bifurcation problem
whatsoever.)

Thompson and Hunt [26] use the term gasymmetric point of bifurcation for
a bifurcation equivalent to the canonical form (II) with m =2. This type of
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T

X

4

A B

Figure 7.1. Hlustration of pinning of two springs.

bifurcation is exhibited, for example, in the buckling of a curved plate, or
more simply, in the buckling of a column supported by a nonlinear spring, the
model introduced by von Kdrmdn to explain the former problem. (See the
discussion in Chapter VIII of [23].) The simplest finite element analogue of
this model is illustrated in Figure 7.3. This model differs from the beam
problem, considered in the introduction, by the presence of the horizontal
supporting spring. The spring is supposed to be unstressed when the beam is
perfectly straight. Let F(x)=—(k,x + k,x*>+ k;x>) be the force exerted by the
spring as a function of the displacement from equilibrium x. It is essential that
k, be nonzero in order to have an asymmetric point of bifurcation. A more
quantitative discussion is given in [13] or [23]. The bifurcation diagram for
this problem (near the bifurcation point) is illustrated in Figure 7.4.

The asymmetric point of bifurcation was observed by Benjamin [5] in his
study of the Taylor problem in an annulus of finite length. Benjamin
considered a one-parameter family of bifurcation problems, the parameter
being the length of the annulus containing the fluid. He advanced the
hypothesis that diagrams with bifurcation (i.e., a crossing of two solution
branches) should only occur for a discrete set of parameter values, and that,
in the absence of symmetry, the asymmetric point of bifurcation should be
expected when bifurcation does occur. Our results support this hypothesis, in
the following points. We have shown that any diagram in which bifurcation
occurs has codimension at least one and therefore cannot be stable. Also, we
proved that the asymmetric point of bifurcation has codimension exactly one

Figure 7.2. Diagram of equilibrium states for general A.
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Figure 7.3. Hlustration of the simplest finite-element analogue of the model
introduced by von Karmaén.

with respect to arbitrary perturbations. Thus an asymmetric point of bifurca-
tion can occur stably within a one-parameter family of problems. The
pitchfork (symmetric point of bifurcation in the terminology of [26]) has
codimension 2, and other singularities still higher codimension. It seems
unlikely, therefore, that a pitchfork bifurcation will be seen in an experiment
where only one parameter is varied, at least in the absence of some symmetry
that limits the perturbations which are appropriate. Further supporting
evidence for this conclusion is provided by the recent result of Saut and
Téman [8], that for generic boundary data and fixed Reynolds numbers the
stationary Navier-Stokes equations have only finitely many solutions.

We observed in the introduction that an asymmetric point of bifurcation
can result from an arbitrarily small perturbation of the standard pitchfork.

The canonical form associated with the standard pitchfork is of course (IT)
with m =3. The Euler beam problem, discussed in Section 6, provides an
illustration of this singularity, if indeed any illustration is needed.

The other canonical forms in Section 4 perhaps require more explanation.
One might well question whether example (I) with m =3 is properly called a
bifurcation phenomenon at all. This singularity is not included on the list of
Thompson and Hunt [26], and it does not involve the crossing of two solution
branches. If, however, one accepts the definition of bifurcation phenomena as
phenomena where the number of solutions of the governing equations as a
function of a parameter A can be changed by an arbitrarily small perturba-
tion, then it is appropriate to include this example in a study of bifurcation

Figure 7.4. Bifurcation diagram.
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theory; and we take this point of view. Indeed, consider the unfolding of this
example

7.1 Fx,\, a)=x>+ax+A.
If >0, then for every A the equation
(7.2) F(x, A\, a)=0

has a unique (real) solution x{A) which, moreover, is a smooth function of A.
If @ <0, then (7.2) has one solution for |A| large and three solutions for A
near zero—the bifurcation diagram will in fact resemble Figure 7.2. Hys-
teresis can be observed in this system by varying the bifurcation parameter A
back and forth across a neighborhood of zero. This is the simplest example of
a hysteresis point, as described in the introduction. Such a point marks the
onset of possible hysteresis in the system as the unfolding parameter is varied.

We refer to Example 1.9.1 on page 38 of Gavalas [5] for an occurrence of
a hysteresis point in a physical problem. (We are grateful to B. Keyfitz for
calling this example to our attention, and even more so, for explaining it to
us.) Gavalas considers an irreversible, exothermic, volume-preserving reaction
involving only one reactant and taking place in a stirred tank in which the
reactant is added to the tank at a constant rate and withdrawn from the tank
at the same rate (see Figure 7.5). The concentration and temperature of the
output are assumed to be equal to those of the tank as a whole—this is what
is meant by a stirred tank. Let C; and T; be the feeder concentration and
temperature, respectively. Under the above idealized hypotheses the output
concentration and temperature as functions of time satisfy the following
system of ordinary differential equations:

c_1, .
(1.3) -G O-KfICTD),
%=%(T}”T)+Kzf(C,T),

where f(C, T)=Cexp{—K;/T} and 6 is the so-called holding time, the

FEEDER QUTPUT
CONCENTRATION &y CONCENTRATION C
TEMPERATURE Ty TEMPERATURE T

Figure 7.5, Schematic diagram for model chemical reactor.
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volume of the tank divided by the feeder rate. Here K, K,, K; are physical
constants. The equations for equilibrium solutions of (7.3) are obtained by
setting the left-hand side equal to zero. On introducing non-dimensional
variables and simplifying, one is led to the equation governing equilibrium
conditions

(7.4) F(x, A, a,a)=1og(—1—;—")~aj£x+,\=o,

where @ and B are the non-dimensional feeder temperature and concentra-
tion, A is the logarithm of the non-dimensional holding time, and x is the
so-called extent, the fraction of the reactant concentration consumed while
the reactant is inside the tank. These variables are restricted to the following
ranges:

(1.5) 0<x<1, -0\ <o, a>0, g>0.

Equation (7.4) possesses a one-parameter family of hysteresis points. If x,
is any point in the interval (0,3), the parameters a, 8 and A may be assigned
values so that

(7.6) F=F,=F,=0

at the point (xg, Ay, ag, Bo). In fact a, and B, may be chosen to satisfy the
last two equations, and then A, may be chosen to satisfy the first. There is a
possible difficulty in that x,, Ag, ao, Be are subject to the restrictions (7.5),
but if 0 < x,<3, the computed values for the other variables will be consistent
with (7.5). It is easily verified that F,,,# 0 and obvious that F, # 0; this shows
that we have indeed found a family of hysteresis points (see Proposition 4.1).

The reader may readily check that, at the hysteresis points discussed
above, F,, <0 and F,,>0. It follows that if, starting from a hysteresis point,
a (feeder temperature) is increased or 8 (feeder concentration) is decreased
then hysteresis sets in. This hysteresis can be observed physically in quasi-
static variations of A (i.e., of the feeder rate).

Hysteresis points were observed by Benjamin [5] in the paper mentioned
earlier, and they also occur in the model for buckling of a curved plate [23],
although the viewpoint there is quite different from ours.

The following beautiful example illustrates both the canonical forms (II}s
and (IIT). It is taken from Poston and Stewart’s forthcoming book {19]; we
are indebted to them for generously sending us part of their manuscript. Let
us modify the finite element analogue of a buckling beam considered in the
introduction by allowing both of the connecting links to be compressible (see
Figure 7.6). Suppose in fact that the connecting links are linear springs with
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Figure 7.6. Finite element analogue for buckling strut with compressible links.

equal spring constants k and uncompressed length unity. For simplicity let us
assume that there is a supporting frame (not shown in the figure) that forces
the two springs to have equal compression or extension; this does not change
the basic conclusion but it simplifies the analysis, eliminating an inessential
degree of freedom. Choose as coordinates x, the angle the links make with
the reference line, and X, the common length of the springs. Then the
potential energy is

V=k(X-1*+1x*+2XAX cos x,

and the equations for equilibrium are

él/=x—2)\Xsinx=0,
(7.7) dx

A%
—=2k(X-1)+ =0.
aX k( )+2A cosx =0

If the second equation in (7.7) is used to eliminate X from this system (a

trivial instance of the Lyapunov-Schmidt reduction) we are left with the

equation

(7.8) F(x, \)=2X(1—(A/k)cos x)sinx—x=0.

Bifurcation can occur from the solution x =0 of (7.8) only if
F,=-(2A%k—-2A+1)=0,

that is, only if

(7.9) A =3k+(k*-2k)"?}.

Thus for k>2 there are two distinct bifurcations and for k <2, none. It is
readily seen that
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at each of the bifurcation points (7.9), and thus each of them is at least as
singular as the pitchfork. Calculation shows that

F.=2A(4Mk~1),
F.=2(1-2)k).

If the plus sign is chosen in (7.9), then F,,, is positive and F,, is negative,
regardless of the value of k>2. If the minus sign is chosen, then F,,, is
negative for k >3% and positive for k <§ while F,, is positive for all k>2. We
leave it to the reader to verify these statements.

Consider what happens to the bifurcation diagram as k is decreased from
large positive values. For k large there are two bifurcations, approximately at
Amin=3%+ k! and at A, =k, as illustrated in Figure 7.7(a). The bifurcation at
Amin is @ small perturbation of the bifurcation of the rigid system of Section 1,
while the bifurcation at A,,, requires compressing the springs to almost zero
length. Both bifurcations are supercritical, since F,,, and F,, have opposite
signs. For k<% the bifurcation at A, becomes subcritical, with of course a
loss of stability for the branching solutions. For k =3 the cubic term in the
equation vanishes, and we are faced with a higher-order singularity—
specifically, example (II) with m=5. (The conditions of Theorem 4.1 are
readily verified.) The behavior presented here is perhaps the best way to
conceptualize this canonical form—as one of the parameters in its unfolding is
varied the associated diagram changes from subcritical to supercritical.

As k is further decreased the two bifurcation points collide and the
branching solutions no longer intersect the axis of symmetry. No bifurcations
occur for k<2. This is as it should be, since for k small, stronger restoring
forces are associated with rotating the springs than with compressing them.
Note that at the transition point we have F,, =0 but F,,,# 0. We shall show
that at this point, namely k=2, A =1, equation (7.8) is in fact equivalent to
the canonical form (III) of Section 4.

Here also the behavior of the physical system provides a conceptualization
of the singularity—as one of the parameters of the unfolding is varied, two
adjacent pitchfork bifurcation points merge and then form a disconnected
diagram.

Observe that

F(x, \)=32A>- x>~ (A - 1)?x+ O(x%) .
Multiplication of this function by [3(2A*—A)]™* gives an equivalent function,
and if we define a new variable by A =[3(2A%— )] V3(A — 1) we obtain a new

function

(7.10) Gx, M) =x>-Ax+ 0% .
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Figure 7.7. Bifurcation diagrams associated to system in Figure 7.6.

We now appeal to Proposition 3.10. Consider the ideal J generated by
x>~ A%x and its derivative, 3x2— A2, Clearly #*< J, so that, according to the
proposition, any perturbation by an element of #° < #J will still be equival-
ent to x*—A%x. The perturbation in (7.10) obviously belongs to #°, so
x>~ A*x is indeed the relevant canonical form.

b. Two essential degrees of freedom. We only discuss one problem in
any detail, the one-dimensional reaction-diffusion equations associated to the
so-called tri-molecules model of Lefever and Prigogine [14]. We are deeply
grateful to Giles Auchmuty for suggesting this problem as a possible
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application of our theory. The relevant equations are

8X 32X 2

32
Y _p,2Y vy,
at ax

(7.11)

subject to the boundary conditions of Dirichlet type
(7.12) XO0)=X(m)=A, Y(0)=Y(m)=B/A.

Here the unknown functions X and Y are chemical concentrations, A and B
are constant, externally controlled chemical concentrations, and D;, D, are
diffusion coefficients. We are interested in time-independent, non-negative
solutions of (7.11), (7.12), particularly in the dependence of such solutions
on the parameter B, which we take as the bifurcation parameter.

First, let us consider the ordinary differential equation associated with
space-independent solutions of (7.11),

%=X2Y—(B+1)X+A,
(7.13) iy

—=-X?Y+BX.

dt

This system has a unique rest point at X= A, Y= B/A. We define
(7.14) X=A+u, Y=B/A+v
and compute that u, v satisfy an equation near u = v =0 whose linear part is
du
_ 2
(7.15) Z) -(%5 S0
dt

It is easily seen that the eigenvalues of the matrix in (7.15) have negative real
part if and only if

(7.16) B<1+ A%,

Thus if (7.16) is satisfied, then X = A, Y= B/A is a local attractor for (7.13).
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In fact, it may be shown (cf. [2]) that if (7.16) is satisfied, this rest point is a
global attractor for (7.13). For values of B not satisfying (7.16), equation
(7.13) has an attracting limit cycle which encloses the unstable rest point at
(A, B/A). A Hopf bifurcation occurs for B=1+ A% connecting the two
regimes,

Because of our choice of boundary conditions in (7.12), the rest point
X=A, Y=DB/A of (7.13) also provides a solution to the boundary problems
for the partial differential equations (7.11), (7.12). To discuss the stability of
this solution we again define u, v by (7.14) and compute that u, v can satisfy
an equation whose linear part is

N N e e ]

We must determine the spectrum of the linear operator L appearing on the
right in (7.17), a linear operator, say, on L?(0, 1)@L>0, 1) with homogene-
ous Dirichlet boundary conditions. Since L commutes with (8/0x)? the
eigenfunctions of L may be assumed to have the form

a
(7.18) w(x) = (x) (b) ,
where a, b are constants and ¢ is an eigenfunction of (3/dx)?, say, ¢"(x)=

—utp(x). The two eigenvalues of L associated with eigenfunctions of the form
(7.18) are the eigenvalues of the matrix

-1 2
(7.19) (B I-uby A )

Observe that (7.19) has zero as an eigenvalue if and only if

2

D,
{7.20) B=1+-—A%+Du+ .
D, Do

In conclusion, the linearization of (7.11) about the trivial solution is singular
only for values of B which satisfy (7.20), where u is an eigenvalue of
—(8/dx)>. Only for values of B which satisfy (7.20) can one expect nonfrivial,
time-independent solutions of (7.11), (7.12) to bifurcate from the trivial
solution X=A, Y= B/A. We emphasize that the bifurcations coming from
(7.20) are associated with time-independent solutions of (7.11), (7.12), in
contrast to the Hopf bifurcation of the ordinary differential equation.
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Let us define a function B(u) by the right-hand side of (7.20). A calculus
argument shows that

(7.21) min B(p) = (1+(Dy/D,)"?A)* .

On comparison with (7.16), one sees that the partial differential equation can
lose stability with respect to spatiaily dependent perturbations at values of B
considerably smaller than where the ordinary differential equation loses
stability, provided D, is rather larger than D;. A more complete analysis (cf.
[3]) shows that for B in the range (7.16) the only possible bifurcations from
the trivial solution, into either time-independent or time-dependent states, are
the bifurcations associated with (7.20).

The eigenvalues of —(8/dx)* on (0, ) are u =12, 1= 1,2,3, - -, associated
with the eigenfunction sin Ix. Thus (7.21) only represents a lower bound on
the value of B at which the partial differential equation loses stability, the
exact value being

(7.22) min{B(I1» :1=1,2,3,--}.

For most values of the parameters in the problem, the minimum in (7.22) will
be assumed at exactly one point, but if

(7.23) A?=D,D,k*(k +1)?

for some integer k, then the minimum in (7.22) is achieved at both I=k and
I=k+1. In other words, when the partial differential equation first loses
stability, it loses stability simultaneously to disturbances of wave number k
and of wave number k + 1. Such cases provide instances of bifurcation from a
double eigenvalue. Even if (7.23) is satisfied approximately but not exactly,
we would argue that conclusions based on bifurcation from a simple eigen-
value will be misleading, the presence of a second bifurcation point close by
changing the nature of the diagram. We believe this case can be best
understood as a perturbation of bifurcation from a double eigenvalue.

The analysis of this problem by the methods of singularity theory will be
published elsewhere [12]. It turns out that when (7.23) is satisfied exactly the
two-dimensional problem, which results from (7.11) and (7.12) after the
Lyapunov-Schmidt reduction, is contact equivalent to one of the canonical
forms in (5.6); exactly which problem depends on the parameters A, D,, D,.
Interestingly, four of the five qualitatively different cases illustrated in Figure
5.8 can actually occur in this problem as the parameters are varied.

The axisymmetric buckling of a complete spherical shell (cf. [4]) provides
another instance of bifurcation from a double eigenvalue, rather analogous to
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the problem considered above. Further instances are documented by Thomp-
son and Hunt, [25]}, [26].

8. Remarks on the Variational Case

Consider a bifurcation problem in variational form:
8.1 Vg(x,2)=0,

where g: R*"XR-—>R is the germ of a one-parameter family of potential
functions and V indicates the gradient with respect to x only. It is a matter of
considerable interest to discuss perturbations of (8.1) which themselves have
variational form. For example, knowledge of the potential permits a discus-
sion of stability, which is not (yet) possible in the general framework of
contact equivalence. Here we sketch an approach to this problem which in
fact was the starting point of the present paper. Briefly, all the abstract results
of Section 2 and 3 have analogues in the variational case, but the computa-
tions of Sections 4 and 5 are much more difficult. Indeed, we have not
succeeded in completing any calculation in several dimensions.

We introduce the special notation f(x)= g(x, 0} for the potential function
in (8.1) when A = 0. We assume that f vanishes to third order at the origin so
that x =0, A =0 is a solution of {8.1) and the Jacobian of (8.1) vanishes there.
We suppose that the reader is familiar with various notions from catastrophe
theory such as the concept of right equivalence for germs in &€,. We assume
that f has finite codimension relative to right equivalence, that codimension
being dim M, /(3f/0x), where (3f/ax) is the ideal generated by the n partial
derivatives of f. Let F,(x), where a € R, be a universal unfolding of f(x). Let
S¢ be the universal bifurcation set of F, namely, the [-dimensional sub-
manifold of R*xR' defined by

Se={(x, @) : VF, (x)=0}.

Let 7 : Se—R' be the restriction to Sg of the projection onto the second
factor in the cross product R" X R'. The reader may review these ideas in the
survey paper [10].

We regard the potential function g(x,A) in (8.1) as a one-parameter
unfolding of f. As such g may be factored through the universal unfolding F,.
Thus, for all A, g(:, A) is right equivalent to F,,, where  is some smooth
curve ¢ : R—>R! Let g(x, A)=F,uy(x). A simple argument shows that (8.1)
and Vg(x,A)=0 are contact equivalent bifurcation problems. Hence it in-
volves no loss of generality to assume that

(8.2) glx, A)= Fw(,\)(x) »
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which we henceforth suppose. Similarly, in considering perturbations of g,
say, g(x, A, €) where ¢ € R*, we may suppose without loss of generality that

g(x) A} 8) = F‘I"(A,s)(x) 3

where ¥ : RXxR*— R In other words, we may represent perturbations of the
potential as an unfolding of the curve .

Using these notions and example (5.16), one can prove that there exist
nonvariational perturbations of a variational problem which have bifurcation
diagrams which are not obtainable by a variational perturbation. Let
g(x, v, A)=3x>+xy*+ A(3x*+y?). Then Vg is just (5.16) with the second
equation muitiplied by 3. For this example, f(x, y) = 1x>+ xy?, which is Thom’s
hyperbolic umbilic. The universal unfolding of f is given by F,(x,y)=
f(x, y)+3a,(x*—y?) +a,x +a3y. One may check that codim F, is 0, 1, or 2 if
(x, y,2)# 0. Now recall perturbation P, of (5.16). The diagram associated
with G+ P, in (5.16) has a bifurcation point at the origin of type (II),. In two
variables this problem has the form Vh =0, where h(x, y,A)=x*+y>—iry2
In particular, a potential function right equivalent to x*+ y® must be included
in the universal unfolding F, for some « if the diagram G+ P,=0 can be
realized by a variational perturbation. This is impossible, as the codimension
of x*+y® is 3.

We now return to our problem of classifying perturbations of (8.2). To do
this we introduce a notion of equivalence for curves in Definition 8.4 below.

Dermnirion 8.3, A diffeomorphism germ ¢ : (R, 0)—> (R, 0) is called
liftable (to Sg) if there exists a diffeomorphism germ @ : Sg— Sg such that
@om=mo®, Similarly, a vector field w on R' is called liftable if there is a
vector field W on Sy such that dm+ W=w,

Let LD® be the identity component of the group of liftable diffeomorph-
ism germs.

DEerINITION 8.4, Two curves o, ¢ : (R, 0)— (R, 0) are diagram equivalent
if there exists a one-parameter family ¢, of diffeomorphism germs in LD°
and an orientation preserving diffeomorphism germ A on the line such that

(M) =@, oPeA(R).

To get a feeling for this notion of equivalence one should return to the
analysis of (II); and (II) in Section 4 as well as Figure 4.8. QObserve that any
liftable diffeomorphism preserves the apparent contour (or critical values) of
7 which is the cusp curve in Figure 4.8. Then at the very least the number of
solutions to Fj,(x) =0 for fixed X is the same as the number of solutions to
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Fyapy(x)= 0. In fact, more is true since we chose the name because it can be
shown that if ¢ and ¢ are diagram equivalent and if g § are defined as in
(8.2), then the bifurcation diagrams of Vg =0 and Vg=10 can be mapped into
one another by a diffeomorphism on R"XR of the form (x, A)—>
(p(x, A), A(A)). We suspect that in this case Dg and Dg are contact equivalent
bifurcation problems, but have been unable to prove this. (It is not true that g
and g are right equivalent.)

The notion of a universal unfolding of a curve ¢ relative to diagram
equivalence proceeds along standard lines. One considers the orbit 0, = &}, of
curves equivalent to ¢, computes the tangent space Ty of the orbit at ¢, and
identifies the unfolding parameters with the quotient &,/T¢ when Ty has
finite codimension. In this case it turns out that

Ty=LV,()+%, {—a{’—}"} ,

where LV, is the space of all one-parameter families of liftable vector fields,
LV,(y) is the set of one-parameter families of vector fields of the form
W, (¢(1)), where We LV, and %,{d¢/ar} is the submodule of €} generated
by d¢faA. Criteria for finite determinancy analogous to Theorems 3.10 and
4.1 are also available in the variational context.

It is generally true that the analytic vector field germs in LV are finitely
generated. What makes the computation of Ty difficult is the enumeration of
an explicit set of generators for LV. When this can be done, it is possibie to
compute the codimension of T¢ (even in the C™ category). Arnold [1] has
found generators for LV in the one-dimensional case when f(x)=x™ for
some integer m. With this representation we have computed unfoldings for all
the one-dimensional examples considered in Section 4, obtaining completely
analogous results.
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