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The object of this paper is to classify (up to inner automorphism)
the primitive, maximal rank, reductive subalgebras of the (complex)
exceptional Lie algebras. By primitive we mean that the subalge-
bras correspond to (possibly disconnected) maximal Lie subgroups.
In [3], the corresponding classification for the (complex) classical
Lie algebras was completed, as was the classification for the non-
reductive, maximal rank, subalgebras of all the simple Lie alge-
bras.

Using case by case techniques and some more general results given
later, we prove the following theorem:

THEOREM 0. The primitive, maximal rank, reductive subalgebras of
the exceptional (complex, simple) Lie algebras are listed (up to conjugacy
by an inner automorphism) in the table below. Further, all subalgebras
isomorphic to one of these are conjugate by an inner automorphism.

Algebra Primitive subalgebras
Es  A1® Ey, A5, A, ® Es, Ay, As, Dy, Ds, Ag, T
Er  4,® Dy, A1® D, A}, A, ® Dy, As® T, Ai; Ee® T, T'
Es A1® Ay, As; Ds® T, Ds® T, T
Fi  A1® Cy, 45, By, D,
G: Ay, A,

T* denotes the center of the subalgebra, where % is the dimension
of that center. The other superscripts refer to the number of sum-
mands of the corresponding algebra.

We note that Theorem 5.5 (p. 148) in the reductive case of Dynkin
[2] is incorrect. In particular 43P Dy, AsD A DA, A7D A, in Eg,
A3® A, in E; and 4;® A4, in F; are not maximal subalgebras. (See
[2, Table 12, p. 155].)

The authors wish to thank Robert Steinberg for several helpful
remarks.

We now present some basic notation and a characterization of
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primitivity from [3].

Let p be a maximal rank subalgebra of a simple Lie algebra g. By
maximal rank, we mean that there exists a Cartan subalgebra % of
g which is contained in p. We fix &.

Let W be the Weyl group relative to k. p is then decomposed by
k into

P=h® e
P

where the ¢'s are roots in g determined by £, and the e4’s are the cor-
responding one-dimensional root spaces. p is then uniquely deter-
mined by the roots ¢ for which e, Cp. Let K, = {¢ aroot of g relative
to h|e¢Cp}. Define W,= {a& WIa(K,,) =K,}.

ProrosiTiON 1.1. Let p be a maximal rank subalgebra of g. Then p
is primitive iff the following holds: If I is a subalgebra of g such that
pCl, and W,C Wi, then p=1orl=g.

Proor. This is Proposition 3.2 of [3].

We will use this as our definition of primitjvity.

Now let p be reductive, i.e. p is given uniquely as the direct sum
of simple algebras and its center. Thus there exist nonisomorphic
simple Lie subalgebras of g:X;, X, ---, X, such that p=X}
@ --- ®X¥®T where T is the center of p and where X% denotes
the direct sum of all ideals of p isomorphic to X;, and k; is the number
of such ideals. Note that since X;=(hN\X,)® .4 €4, where the ¢
are unique, Kx; and Wx, make sense.

LEMMA 1.2. Let ¢;i=X3. Then W,CW,,.

Let z be a subalgebra of g with Cartan subalgebra 4, Chk. Assume
that 2 is regular (in the sense of Dynkin [2]), ie. let K,= {¢€Ka|e¢Cz},
then 2=%,® Y 4cx, 5. Denote by K3 all of the roots in K, orthogonal
to the set K,. Let &; be the subspace of % orthogonal to &..

LemMA 1.3. Let ;*=h}® D sext es. Then z* is a subalgebra of g,
and K} =K.

THEOREM 1.4. Let p be a maximal rank, reductive subalgebra. Let
p=X2® .- - OXFr®T (as described above). Let q;=X¥. If p 1is
primitive, then either gi- = @2 ® - - - Dq, or the subalgebra, generated by
the vector subspace q1+qi-+h is g.

CoOROLLARY 1.5. Let g be a simple Lie algebra all of whose roots have
the same length (in particular E¢, Eq, and Eg). Then if p is a primitive
subalgebra, Y=X2®d - - - & X7
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To compute the primitive subalgebras we use a case by case tech-
nique. For each exceptional algebra we determine which simple alge-
bras could be ideals in a maximal rank, reductive subalgebra. The
possibilities are restricted by rank and the length of the roots. For
instance, the only possibilities for X; in Eg are 4; (1=21<8),
D, (4<1<8), E¢ and E;. Then using 1.4 and 1.5, we know what the
possibilities are for the subalgebra. For example, in Es, given X7,
the only possibility for a primitive subalgebra is X7 ® (X%)L by 1.5.

The remaining task is to determine whether or not the given
subalgebra is primitive. For this we use Proposition 1.1. Unfor-
tunately (particularly for E,, s=6, 7, 8) this is a nontrivial task. We
need to know more about the Weyl group of E,. We present here a
theorem which we found extremely useful in computing with these
Weyl groups.

We first describe the roots of the algebras Eg, E+, and Es (see [1]).
Let 23, 25, - - -, 23 be the standard orthonormal basis for the dual
space to a fixed Cartan subalgebra of Es. With respect to this basis,
the roots of Es are given by

Ms={+a+z]1=<i<j=<8}
and
(IDs = {$(£ 214 22 & - - - & 25) | the number of minus signsis even.|.

We shall refer to these as type I roots and type II roots respectively.
We take Eg and E; to be regular subalgebras of Es. The roots of E;
are all of those roots of Eg orthogonal to z7+2s. Thus

Mr=@QNKg={+ztz|1=2i<js6}VU {z— 2,
(ID)7=(ADNKg ={+ 3@+t at -+ 3+ 31— 2) € (I)s}.
The roots of E¢C E; are as follows:
s =@ NKg ={+z+z|1=5j<j=ss},
(I)s = (I1) N\ K 5,
={+ 3@ +2+ coo ok g5+ 26+ 27 — 25) € (ID)q).

We note first that the reflections about roots of type I are just

determined by signed permutations of 2, + + -, 2s. For if @ and $ are
roots, then
2(04, ﬂ)
S.(B) =6 — =3 — (o, B, as (o, @) = 2.

(@ a)
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If a=2;—2;, then
Sa(z1) = 2 if k=3
= 3j ifk = i,

2 otherwise.

i

If a=2;+2;, then
Selze) = —2; if b=y
= —g; if b =3,
= 2 otherwise.

We can thus, for example, identify S, with the transposition
2358 if a=z—s2 and with (.3 335 if a=z+2. These
reflections, then, generate signed permutations with an even number
of sign changes.

Let N, be the subgroup of the Weyl group of E, consisting of the
signed permutations. We have the following normal forms for ele-

ments of the Weyl group:

THEOREM 1.6. Let g be a Weyl group element. Then one of the follow-
ing three cases holds:

(a) gEN..

(b) IFEN,, a&(11),Dg=fS..

(¢) IFEN,, o, BEI]),D (o, B) =0 and g=fSsS..
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