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Figure 1. Regge trajectories for the low-lying mesons (adapted from ref. [2]).

2.1. Regge Trajectories and the Spinning Stick Mode!

A remarkable pattern emerges in the hadronic spectrum, when the spin of mesons {(and
baryons) is plotted against their squared mass, as shown in Fig. 1. In such plots the mesons
and baryons of given flavor quantum numbers seem to lie on nearly parallel straight lines,
known as linear Regge trajectories. This is a very striking feature of the hadronic spectrum,
nothing similar is found in the electroweak theory, and the question is why it occurs.

Suppose that we picture a meson as a straight line of length L = 2R, with mass per
unit length ¢. The line rotates about a perpendicular axis through its midpoint, such that the
endpoints of the line are moving at the speed of light, v(R) = ¢ = 1. Then for the energy in
the rest frame, i.e. the mass, of the spinning stick we have

m = Ener —2[R odr —Z/RL—MSR 3)
s 0 /1—v3(r) 0 /1—r2/R2 ’

and for the angular momentum

R 2 R 24
J— 2/ orv(ridr _f oridr o op2 @
0 RJe

V1) VI-22/R2 ?

Comparing the two expressions, we see that

1
J = e im?

210
The constant o is known as the “Regge slope”.

= o m? (5)
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From the data one estimates of = 1/{2n6) = 0.9 GeV ™2, which gives a mass/unit length
of the string, or “string tension”, of

6~ 0.18 GeV2 = 0.9 GeV/fm. (6)

The sPinning stick model is, of course, only a caricature of the real situation. In fact the
various Regge trajectories do not pass through the origin, and have slightly different slopes.
To make the model more realistic, one might want to relax the requirement of rigidity, and
allow the “stick” to fluctuate in transverse directions. This line of thought leads to string
theory. However, since QCD is the theory of quarks and gluons, the question to be answered
is how a stick-like or string-like object actually emerges from that theory.

One possible answer is via the formation of a color electric flux tube. We imagine that the
color electric field running between a static quark and antiquark is, for some reason, squeezed
into a cylindrical region, whose cross-sectional area is nearly constant as quark-antiquark
separation L increases. In that case, the energy stored in the color electric field will grow
linearly with quark separation, i.e.

Energy =cL with o= fdle %E” .E? 7

where the integration is over a cross-section of the flux fube. This means that there will be
a linearly rising potential energy associated with static sources (the “static quark potential”),
and an infinite energy is required to separate these charges an infinite distance.

In this way the pattern of metastable states in the hadron spectrum suggests a picture of
how the color electric field energy, in the absence of light quark pair creation, would grow
with quark separation.

2.2. Wilson Loops and Lattice Simulations

The most reliable evidence we have about the static quark potential is obtained from computer
simulations of quantum chromodynamics. For this purpose it is useful to simulate a version
of QCD in which the quarks are very massive, and pair creation in the vacuum can be ignored.

Let Q(¢) be the creation operator of a state at time ¢ containing a very massive quark and
a very massive antiquark, separated by a distance R. There are many operators of that sort,
but, unless we fix a gauge, it is necessary for Q to be gauge-invariant. If not, then Q and
correlators of Q will simply average to zero in the functional integral over gauge fields A and
the quark fields . Consider the unequal-times correlator

(0(1)0(0)) = 5 [ DADYDT GH(T)0(0) &8 = (FolgTe H-7T glr)(8)

where H is the Hamiltonian operator, £y is the vacuum energy and W is the vacuum state,
in any gauge (the gauge choice does not matter if Q is gauge invariant). By transforming the
theory from Minkowski space to Euclidean space by a Wick rotation of the time coordinate
t — it,and inserting a complete set of energy eigenstates {'¥,} with the quantum numbers of
the heavy quark-antiquark pair, the above expression becomes
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