Homework Set No. 3, Physics 880.02
Deadline — Tuesday, February 17, 2009

1. Just like in class consider 2-flavor QCD with massless quarks:

q(z) = ( ZEQ > , QLR = ! q;% q.

The Lagrangian is
L = qriv-9qr + qrivy - Oqg.

The left- and right-handed isospin currents are
i i

i _ g i _
g = qw“qu and j' = qm“qu

with the charges
Qult) = [ @iy @) and Qut) = [ gyl
a. (10 pts) Using anti-commutation relations

{qg(f;, £, ¢ (&, t)} = 5% 5,5 6(7 — )

show that for any matrices I'y and I'y (which are matrices both in Dirac and flavor spaces)
the following relation holds

[¢" (@, )Ty q(@,t), ¢'(Z,t) T2 q(Z,t)] = 6(F— ) ¢ (Z,t) [[1, D] ¢(,1).
b. (10 pts) Using the result of part a show that Q) and Q% form a chiral algebra of
SU(2)p ® SU(2)g, i.e., prove that
Q1 Q1] = e Qf
(Qh: Q] = iein Qf
Q1. QK] = 0.
c. (5 pts) Now add a mass term to the Lagrangian:

_. _ . m, 0O
L = qiy-0qg—mqq with m—( 0 md).

Find the divergence of the axial vector isospin current d,ji" where ji = jii* — ji*. Is the
chiral SU(2); ® SU(2)r symmetry still a symmetry of the Lagrangian with massive quarks?
Does the mass term affect the SU(2), ® SU(2)g chiral algebra that you derived in part b?



2. (10 pts) Consider the Lagrangian
A
L= 0.0+ 46" 6~ 5 (6" 0)°

with ¢ a complex scalar field and u? > 0. Write

X1+t
¢:

V2

with x; and 7 real fields and with y; = v 4+ x, where v is a real number and x is a real
dynamical variable (a field). What is the value of v for which the linear terms in y disappear
from the Lagrangian? Write the Lagrangian in terms of xy and n and give masses of the
particles in the theory.

3. Consider o-model without the nucleons (quarks). The Lagrangian is

1 2 \
£=300 0 +0,70R+ 5 [ +7] = 7 [+ 7’ 1)

where as usual o is a scalar field and # = (7', 72, 73) is the three-component scalar (pion)

field.
a. (10 pts) Unlike the discussion in class choose the vacuum configuration to be

(r') = (1) = (o) =0, (%) =vw. (2)
Find the value of v minimizing the potential in the o-model Lagrangian (1). Writing

™ =v+a?

2 o and 7" and find masses of the particles

express the Lagrangian (1) in terms of fields !, 7
in the theory.

b. (5 pts) Find the symmetry group corresponding to the non-Abelian symmetry still
left in the Lagrangian expressed in terms of fields 7!, 7%, o and 7" that you found in part
a? In other words, the original SU(2), ® SU(2)g chiral symmetry of the Lagrangian (1) is
spontaneously broken down by the choice of vacuum in (2). What symmetry is it broken

down to?



