Homework Set No. 3, Physics 880.08
Deadline — Monday, November 14, 2011

1. In class we quantized free real scalar field theory with the Lagrangian density

1 2
L= -0,p0"p — m—ch.

2 2
The field operator was shown to be
d3k ~ —ik-x ~ ik-x
@(@I/m [aﬁe e a et (1)

—

and the canonical momentum operator was given by 7 = . Above k -z = Ejt — k- .
(a) (10 pts) Show that canonical commutation relations

[p(Z,t), 7 (&, 1)] = i6(F — &)
[p(Z,1), (2, 1)] = 0
[7(Z,t),7(Z,t)] =0 2)

require that the particle creation and annihilation operators obey the following commutation
relations

[aka;] = 2P 2B, 8k —K), [azaz] = [a;a” = 0. (3)

(Note that simply showing that Eq. (3) makes the field ¢ and canonical momentum 7
operators satisfy canonical commutation relations (2) is not sufficient: you have to show
that Eqgs. (2) lead to Egs. (3).)

(b) (5 pts) In class the Hamiltonian for the real scalar field was shown to be

- >k
H= | —" Fgaa.
/<2w>32Ek kO

Find the commutators [H, ay] and [H, dg].
(c) (10 pts) Use the results of part (b) to write the particle creation and annihilation
operators in Heisenberg representation defined by

dé{(t) — 6iﬁt&]36—iflt

&gT<t> — €iﬁtd£€_iﬁt (4)

in terms of Ej, ap and d;% (i.e., eliminate H in Eqs. (4) above). Rewrite the field ¢ from
Eq. (1) in terms of the obtained dEH(t) and d]{jT(t).
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2. Consider a free complex scalar theory with the Lagrangian density
L =0up" 0"p —m¢" . (5)
In class we quantized the theory by writing

dSk, A~ ik T ik
p(z) = /m [@126 +b.e ], (6)

in terms of two types of operators, a; and 61’5

(a) (8 pts) Express the Hamiltonian for this theory in terms of the operators ag, d;, and

I;,;, Z;t, similar to how it was done in class for the real scalar field. You should also drop an
infinity, which does not affect any physics in the field theory.
(b) (7 pts) The Lagrangian (5) has a U(1) symmetry with the conserved charge

Q- /d?’:vz' [t — ¢t o] (7)

as we showed in class. Using the decomposition from Eq. (6) rewrite the charge @) in terms

A oAl L.opf
of ay, a, and by, bE‘

3. Consider a Dirac spinor field with the Lagrangian density
L= @E(W“@M —m)i.
a. (3 pts) Construct a Hamiltonian H(t) and show that for classical field configurations

d
—H(t) = 0.
ZH() =0

b. (2 pts) Write H(t) in terms of 7 and 1.
c. (b pts) For quantized field ¢ use the anti-commutation relations

{wa<f: t), w;(f/7 t)} = 0ap0(Z — 1)
along with Dirac equation to show that

—1i 00% = [H(t)a %]
—1 a()77201 = [H(t)v 'J}a] .



