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The 33Π and 43Π Potential Curves

24500

25000

25500

26000

26500

27000

3 4 5 6 7 8 9 10

E
ne

rg
y 

(c
m

−1
)

R(Å)

33Π
43Π

Molecular Spectroscopy – p.2



Hyperfine Structure 
(Includes Nuclear Spin)
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Hyperfine Structure: J = 14
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∆Ehf(v, J) vs. J
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We can explain this theoretically.
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DMM Fit for 33Π and 43Π States
The diabatic mixing model (DMM) fit:

• an analytic diabatic Hamiltonian

• non-linear least squares fit

• Results:
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DMM Fit for 33Π and 43Π States
The diabatic mixing model (DMM) fit:

• an analytic diabatic Hamiltonian
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2)

• non-linear least squares fit

• Results:
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Calculating b(R):

b(R) =
4πα2

3I

m

M
Eh gNa ρspin(R) a3

0.

• Performed UHF calculations using the GAMESS
electronic structure code developed at Iowa State
University.

• Calculated diabatic potential curves and a
separate b(R) for each diabatic state.

• For the 33Π state, we take the appropriate
weighted average at each R.
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b(R) for 33Π
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Vibrational Wave Functions
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Theoretical Hyperfine for 33Π
We use the calculated values of b for each v, J level
to set up a 12 × 12 Hamiltonian matrix, which is di-
agonalized to find the hyperfine energy levels.
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Conclusions
• A double well state can be accurately fit to an

analytic diabatic Hamiltonian.

• The hyperfine structure can be used as a probe to
gain valuable information about the electronic
structure of the molecule.
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ab intio Calculations
• GAMESS electronic structure calculations

— MCSCF (Multi Configurational Self Consistent Field)

— CI (Configuration Interaction)

— UHF (Unrestricted Hartree Fock, for spin density of
NaK+)

• 29s21p8d/16s12p8d basis: TZV basis,
augmented by long range functions.

• block diagonalization method is used to get
diabatic curves.
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ab intio diabatic potential curves
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Comparing ab intio to DMM fit

DMM fit ab intio
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Equation for b(R)1

b(R) =
4πα2

3I

m

M
Eh gNa ρ(R) a3

0.

Where ρ(R) = ρspin↑(R) − ρspin↓(R).

Our model is that b(R) is determined by the ion core
part of the electronic wave function.

The ion core part of the adiabatic wave function can
be determined from the diabatic Hamiltonian.

1Townes and Schalow Molecular Spectroscopy – p.14
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ρ(R) for NaK+
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• Spin density at the Na nucleus of NaK+, from
UHF calculations for ground and first excited
state.
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ρ(R) for 33Π
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The weighted average:

ρ(R) = Pg(R) ρg(R) + Pe(R) ρe(R).
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b(R) for 33Π
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bvJ(R) for 33Π
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bvJ(R) for 33Π
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bvJ(R) for 33Π

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

3 4 5 6 7 8 9 10

b(
R

) (
cm

−1
)

R (Å)

b14,27=0.00704 cm−1

b(R): 33Π
v=14, J=27

mixed states

Then, transform dependence on R to v:

bvJ =

∫

|ψvJ(R)|2b(R)dR

Molecular Spectroscopy – p.19



bvJ for 33Π
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bvJ for 33Π
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Finally, we calculate the hyperfine structure using this
calculation of bvJ .

Molecular Spectroscopy – p.20



Hyperfine Structure Calculation
These are the important terms in our model
Hamiltonian:

H = Hrotation + Hspin−orbit + Hhyperfine

H = BN(N + 1) + AL · S + bvJI · S

Using this Hamiltonian, we form a 12×12 Hamiltonian
and diagonalize to find the eigenstates of the system.
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Theoretical Hyperfine for 33Π
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Theoretical Hyperfine for 33Π
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Compare to experimental data.
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