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Hy Hy Hsz -

H= Hy Hyy Hyy
Hy Hypy Hzz

Express H in terms that make algebraic/geometric sense

o Intro: Symmetry analysis is Fourier analysis on steroids
Going back to our (nth) roots (of unity: ™ I=&2™" ) C cxample

e Brand new approach t0 Symmetry (comay, Burgiel, Goodman-Sirauss, May (2008))
A “group-theory-on-steroids” uses “local’” symmetry effectively

o Local vs Global symmetry analysis of quantum waves
How “group-theory-on-steroids” grows twice as big (and powerful) (D, example)

e Local vs Global symmetry in rovibronic phase space
How group operators analyze rovibronic tunneling effects at high J. (SF, examples)




Hy Hy Hsz -

H= Hy Hyy Hyy
Hy Hypy Hzz

Express H in terms that make algebraic/geometric sense

i

Hy Ha Hq

Plotting 2*-pole expansion of

A 111‘ into Fano-Racah tensors

L

group Ufln)

scalar+ + vector+ + 22-tensor +... + 2tensor +.. <{.jf enerators ”){<
H=aT’+bT! +cT' + .. +dT° + T’ +..= Zc’:Tk
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Monopole
k=0 (even)

Quadrupole k=2 (even)
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Expansion of C, symmeter= s Ha g by C, operator powers r"

H,, H,, H,

H=r oro-l-rrf-l-rrz-l- tr l'""—Z'rrk

C, example:
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To diagonalize H just diagonalize g=r, 1°....(All obey: g‘5= 1)

Eigenvalues p f’—l,i)m(rf’) of Y’ are6roots of I: DD/
__dAniia N — 2ni6
Eigenfunctions v, )-D.r of Y’ are 6t roots of ] k\‘“ / ¢
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eigenvectors
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To diagonalize H just diagonalize g =r, r°,...(All obey: g°=1)

0 ] 2
H =pr KT 5T

FEigenvalues b, -y w) of ¥’ are6*roots of 1. D,=D;7 D,
Eigenfunctions y )=D'» of ¥’ are 6 th roots of 1

Y (r)=(1") 16 — (L;E.Tfm ) 1/6 — p2mim/6

power or

M — im0 )2 " .
U’m(rd—(ﬁ“ ) position point n/ D =D
3 Ytim/ 613 Y (rP)= (e2im/6 )P = L}En:fm-;:-.-ﬁ:DEEi;; 4
Y, (r3)= (e2ms) (1) = TAEDP |
: — momentum number ni -
. 3, -
r-‘t hflﬂ:l&} "'-'T Tll 1‘. - —
\ Ak ] TN
(Usual Bloch dispersion 45 : Ay f : | " :
and band theory) | h ) <4 |
| "\ /( | : o !
W S ki ) | "
| R 0,
o : | | {]-'. : ".I
| I | -~
> l-;l,, K| | K l-'. T K : =54
+ Crauge symmetry breakmg
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To diagonalize H just dzagonahze g=r, r’,...(All obey: g5 1)

FEigenvalues b r-y*w») of ¥’ are6hroots of 1. D,;=D/
43!:,6 __ L 2mi6
Eigenfunctions v, »)-D.» of ¥’ are 6 th roots of 1 \ / e
D,=D/
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D r=y*ar) give Fourier diagonalizing tmnsfom matrix
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H diagonalized by Spectral resolutmn 0f 7P, r0=1

Inverse C spectral resolution by v,p-n,p* =776 :
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...gives “Placeholder” Projectors » and “crushed” group table
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GOOD News

H diagonalized by r’ symmetry operators that COMMUTE
with H (H=Hr),
M with eacfl Other (r‘f?rq= r‘ﬂ-|—g= rqrp)‘ {c:llled ABELIAN symmetry)

BAD News

While all H symmetry operations COMMUTE
With H ((-]H= HU) (called NON-ABELIAN try)
most do not with each other (UV £VU ). .




new app?" oa tf) Symme trJ} (Conway, Burgiel, Goodman-Strauss, May (2(08))

A “group-theory-on-steroids” uses “local” symmetry effectively

..and a not quite so new approach...
» Local vs Global symmetry analysis of quantum waves
How “group-theory-on-steroids” grows twice as big (and powerful) (D, cxample)




We interrupt this program to bring an important announcement

from the makers of
PURE and APPLIED group theory...

{efrich-ro I Please... )

11



...from PURE group theory...

A revolutionary simplification to classify all groups and their algebras

A “kaleidoscopic™
approach that uses
an “infrinsic” group

(12482

Jobn H. Conway « Heidi Burgiel

The

SYMMETRIES

[=.

THINGS

*-I

!

i

:

»
:
h

i
i

|
l

|

« Chaim Goodman-Strauss

!

May be useful for
space-group
models of floppy
molecules by

P. Groner and S.
Altman

Disclosure 1:

Chaim Goodman-Strauss is
a colleague ai

University of

Arkansas (He s

in math across

the street.)
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...from APPLIED group theory...

Group theory of wave mechanics is twice as big as you might think...

..due to RELATIVITY-DUALITY...

“It takes two to tango!”

(=f2)

(bra- ér)
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..from APPLIED group theory...

Group theory of wave mechanics is itwice as big as you might think...

APPLIED RELATIVITY-DUALITY THEOREM:
For each external group {..T,U,V.... Ythere is an infernal group{..T.U,V,... }
satisfing duality:
T)=T)= Tf“)
UID=U)=U"1), U)=U"[1)

eilc.. U!
and mmmunwry BN
=TU, TV=VL,..
b LV VL erc.. @

1) moved by U to U|1) vields same relative position |[U) as |1) moved by U to U-|1
y y p y

U)= Lll)

...and wave interference depends on relative position only.

Think afg:abamdfzmm

independent waves for which “It’s all relative!”
only relative position is relevant.
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...from APPLIED group theory...

Group theory of wave mechanics is twice as big as you might think...

APPLIED RELATIVITY-DUALITY THEOREM:
For each external group {..T,U,V.... }there is an internal group{..T,U, V... }

satisfing duality:
N 1[1)=D=T"]1). .
1) . UID=[U)=U]1), ) U)=01)
,f—~| elc., U!
and commutivity: Y
TU=TU, TV=VL...
. UV=VU, ..elc.,

1) moved by U to U|1) vields same relative position |[U) as |1) moved by U to U-|1
y y p Y

...and wave interference depends on relative position only.
Disclosure 2:
Duality issues lie

RELATIVITY-DUALITY also known as:
LAEB vs BODY (molecular theory)

STATE vs PARTICLE (nuclear shell theory)
(GLOBAL vs LOCAL (gauge theory)

somewhere between a
hobby and obsession for me.
(Rev.Mod Phys. 30,37(1978),
Phys.Rev. A, 24,192 (1981))
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D ,-defined

local-wave
bases

Lab-fixed (Extrinsic-Global) operations and rotation axes

Y . >_ 2 ) :
i lj‘l =\l i
N >

F‘{' 23 T

(After iy }

Zet ghobal growp kaber..

..localized wave arrangements

16



¥ . . .
ro|1 refizi; i,
! - _ __-l 1
D ~defined i 2 I'i g
i "~ - . 3
local-wave AN i ) __3'-‘\' I3 1 1(",:' r
bases _

r r- 1
+
|
|
|
|
|
|
|
..localized wave arrangements '||
Let commuting /ocal/group ... Liy=r
..do essentially the same... S
implies:
Body-fixed (Intrinsic-Local) operations appear ;-h“t- T]ﬁ]EY OBEY THE _H_,;Tfij =T
to move their rotation axes (relative to lab) SAME GROUP TABLE, —

,; bll)=

and sef
Y upright)

12>1 B ( After i | i l’)‘l)—

1'2 ‘1) r’-lfrul |:-

and sef
uprighi)

.
i After ig j.-l‘ﬂ-'.!r
sef uprighti
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Example of RELATIVITY-DUALITY for D ,~C,
To represent external {..T,U,V,... }switch g:f“g"' on top of group table

- - - dj - - - - - -
Re(l) = R (1) = Ry = RY(1) = RU(L) = RE(1 )=
||I — —‘I P
I.-'| SR I.-' | 2! I.-' l - I.-' T 2! I.-' T | - I.-' . k_l:&"
|- Lol 1l ‘ | )
T N P P I (P T B I R I [[* :
NP B N R B B U PR B PE B a“ :

Global group multiplication table
defines global matrix operators

RESULT:

Any R(T)
commauie (Evenif T and U do not...)

with any R(U)..

Land T-U=V if

defines local matrix operators

Global and Zocal 7 commute

only if T-U=V.

To represent internal {..T,U,V,... } switch g::g'i' on side of group table

T . . -,

. = ) . < cﬁl rorely 1, (1)
.H(I{ ]'}= h‘u{'.r{- r'} _ Hu(.r{rﬂ-"}= h‘u{'.r{- Ij‘} _ .H(.r{lj'}= .H{-I{ !?'}= 5 1 '_.i' J‘:’_l I'\M_:'l.--'

2 o T roli, (1) i

I e N L A £ D T PR B T P N CC L[ , E LT |
o I S O I S N I | I IR (R B ISR [:[t_‘. y ror< 1 'I‘; L
R TR I I TN I AU R I IR SR N I | B AU ‘[* o = |- 11 r re

A T I R I I B T . . B I I B R I R . )

r< 1 r

| l | co | (1) >

| l | - | (1) r

Da local
“ﬂﬂggﬂf-’r-tﬂblﬂn
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Example of RELATIVITY-DUALITY for D ,~C,_
To represent exiernal {..T,U,V,... }switch g _*:g'

Rl = RY(r) = fe‘-'?{r:}= R‘-’f{ig}= RE(L) = R“{ij}=
N O R A PR B N R e . o] o
. 1 - - .. | « « & . . . 1 - .. . e e s 1 - . . . .. l l
| l | : | | l
| l N | l
| l | 1 . | l
| l | | | l

H = (18] 1)=H*

So an [H-matrix

RESULT: . rp=qrllll=r,*

having Global symmetryD r = (2HE[)=r *

Any R(T) & Y ryi; i e *-“i|lEJl‘-=f-i*i

commiite =1’ el e’ id, i1, id S
with any R(U)... 17 *27 T T2 T3 i, = (i B1)=i,

is made from
Local symmetry matrices

To represent internal {..T,U,V,... } switch g::g"'

. . . 3 . . .
RE(1)= RY(r) = RO(r°)= RY( i) - RE(1) = RY i)

1 A R A O IR T R BT S A B T £ T |

3
Hamiltoni -

(i,

e e i) 1) 1)

Hinn i 1; 1;

H 1L, i I
B OH\I I, i,
I I;3H K
I3 I HE
I, 1, I H
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The Devil-in-the-Details part of this talk

(We've got to skip a lot here.)

Local T matrix made of g's is .
' > . )I' ? >
spectrally reduced by resolving T he Defare .rh;,”
< int octors POV do-everything
g s into group projectors P{". wumbers called
g=3 3 3 DM}, Pl e
m<e<b"~eh :’b the irreducible
P = (narm)Engg%g)g representations.

Bad-news: 1here are about a gadzillion ways to do this.

GOOD-news: Local- symmetry sub-group chains provide road maps.

| m) (m) 1>

external LAB f}fztemaf BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

20




D3>Cz-lucal Hamiltonian
in group-basis [g)=g|1)

(1 I (- 1 Voo
| . 1 ] I | |
. | I . |
H_ .. +J||:f ) I _+ji
[ . I
| .
— =7
=H1 _f'l'l"’ Sy
TIEE (AR V(!
a . ]
-1 -3
S 1 IO © oty 3
H--ul--”f SCRCRN
2 2 =133
b 22
SR BN CEEE
o1+l
A -block H+ b+ - f']—g'z— .I’3

.-f_-.—."l'.'."'r:'L'IrL'

in projector-basis 0y =PUr| 1)

D,>C z-lucal Hamiltonian = “¢-

) e e ]||1] || ]|||

(1| H

{rIFj
e - 2
H =
(i1
'|'Ii2|!':_1
(i,

I 1

i ¥
5 ] e

=1
|t

'
I

Tl )

=
fd
'

(] P

It
Y S T

URERE
N, 0y 0
H i I, 1
i; H 1 K
L\ H K
LT h H

'-.—
e
[

|

Sl
| A

| ot
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Ll

.
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E
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Global (LAB) symmetry D3}C2 ; pI‘O}‘E?CfOI‘ states Local (BOD) symmetry
L) = ERGI) U2) =Py LY =TRpID=RE7E)

:!.r_“u "ﬂr:" {m]i |1> (- “h |{m]>

Local g Commute thrﬂugh
(0 the “inside” (o be o f

ij. global (y)

anti-symmerry

EHFH-—.H:.\ mmery

i 3 local

ij global (v)

anti-symmeltry
xx/
ij’ olobal 3

(X} Svimmertry




When there is no there, there...
Nobody Home

where LOCAL .. leads to Local symmetry conditions...
and GLOBAL

clasi! ",

ij global (v}

anti-symmeiry

i 3 local (v)

anti-symmetry /B

i local
3 3’
(X) symmeiry;

ij. global {v)

anti-symmetry

-

ij’ olohal 3

(X} symmelry




(He s e i+l By Local symmetry conditions

A -block Hei+13-i-i- I, Set off-diagonal to zero. S Rl R PRl SR PR |
Ay-bloch H- 31 -3k 30 -3h+ & SEE+ B -+l Ap-level: H +2r + 210 +
] i gives: Ajlevel: H +2r -2

Seh-nB-i+h)  H-3-35+ 3k

E-level: H - r -
E -level: H - p

"y

o+

R
|
T T

ij global {v)

anti-symmeiry

i 3 local (y)

anti-symmetry
L

i 3 local

(X) symmetry,

ij, global (v}

anti-symmeltry

= =

ij global B3

(X} svimmeiry




e Local vs Global symmetry in rovibronic phase space
How group operators analyze rovibronic tunneling effects at high J. (S, examples)




Angular T‘I»{Ii:)mcntum Cones and Quantum Polar Ang
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f“"’_‘j S Am. Chem . Soc. 106, 891 (1984)
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+ ]:' _— | 100 30 fNUhﬂnE(—NEHE U].E H{j'ﬁl]

BT . 1, . A.S. Pines, A.G. Maki,
210 Tem v AL (2 Ly A G Robietie, B, J. Krohn,

J .G, Watson, & T, Urbanck,
J=30

JAm. Chem Soc. 106, 891 {1954)
410-Sem-1 poichaca SN GLOBAL
+ i s
O, labels

A-fold ( 100)-¢luster
C, symmetry

=g

A 1
9-10-8em-1 T CAL Fitoy & 5 .

v . L _ oA (0), {I}ql;: {3}4—{ I}4 ..#0 bf_' %

— 4 labels & 3
g 3 modulo 4 E___ TR : *F
Cubic S| * ° | e equals = 5
Octahedral £, 1 = 1 = -1 ”:f”h:r‘r‘:’ 4 { _i
symmetry - Ll = 3
! E T| L - 27 mod 4) {? oy
1 ICT B B ¢ S
B [ 27=28-1 — £% 2
R — sk
__ 3-fold (111)-clusters e
-’ __m;m.g fris—— " - : lf" symmeiry LOCAL A : -:.:
_ chisters (0)3 (1)3(2 }1 (-1)3 # R £ 3
\ f labels <
! | (2 mr,lﬁ':.w'm 3 g
T equals
. I I -1 modulo 3
| | | fand
20 mod 3)
I I I

\ I 1= ri ) Kill .ll,l#ffl'fa ¢ 20=3{)-]
NG » S S
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2-fold (110)-clusters
C, symmetry

el

L

0

]

110"

Eigenvalues of H=BJZ+cos¢TI*+sindTl6hs mix angle . 0<p<n

[20° 1307

140° 1507 1a0° TRQC 1807
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w/
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. C,. Clustering (Preliminary analysis)
(', (ig)-based O, symmetry operations =

connect 1)-{i,) on i ~axis to |o,). [o,). [og) [og).... o). S A

4
H=...0,0,t0,0,t0;05 0,06t C,, (iy)-based O, symmetry clusters
o) ***+"3’3+“"_a"3"+“',r'_"_4 F,r_‘"4'+-~ _ (Reflection tunneling only)
R +rR+ER R R AR R+
- A X A X § W | L] —
- . I, =H+4 o
E=H+4 0o
T,=H+2 o A, =Ht2 o
R.‘E
T, =H T, =H
_ _.} T fo— =
L) AlE][HU I,=H-20
EE=] [-4 o
I,=H-40
F F
R A0y B0},
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Hy Hy; Hjsz -

H= Hy Hyy Hyy -
Hy Hzpp Hzyz -

LY .

Express H in terms that make algebraic/geometric sense

e Intro: Symmetry analysis is Fourier analysis on steroids
Going back to our (nth) roots (of unity: "NI=&2™/m ) (C_cxample)

@ B?' and new app? OaCh tO Symme tr_y (Conway, Burgiel, Goodman-Strauss, May (2(05))
A “group-theory-on-steroids” uses “local” symmetry effectively

..and a not quite so new approach...
e Local vs Global symmetry analysis of quantum waves
How “group-theory-on-steroids” grows twice as big (and powerful) (D, example)
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Matrix “Placeholders”

J7
i,

-1 S
. . D“ DH:'«" .
' D}'HE}'}'

(m]

f:i

3ff+;z;::_:::

[m]

cir!:r .o

Pu

- Ry

SO

for GL OBAL g opemtors in D

P}}

for LOCAL

e
-

E

Dy

vy
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D, global
group

multiplication | I

. _:“-.I -
ﬁf 1

table

1 1'3'3: i
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Change Global to Local by switching

...column-g with column-g'

....and row-g with row-g 7

Just switch r with ri=r2.
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