
Progress Towards the Accurate Calcula3on 
 of Anharmonic Vibra3onal States of Fluxional 
Molecules and Clusters Without a Poten3al 

Energy Surface 

Andrew S. Pe3t and Anne B. McCoy 
The Ohio State University 



What Are the Challenges??? 

Harmonic analysis pathologically fails 



What Are the Challenges??? 

Harmonic analysis pathologically fails 

shared proton 
stretch 

H3O2
‐ 



What Are the Challenges??? 

Harmonic analysis pathologically fails 

An accurate and general treatment of 
these highly fluxional systems requires 
either a global PES or a grid‐based 
sampling of configura3on space 



What Are the Challenges??? 

Harmonic analysis pathologically fails 

An accurate and general treatment of 
these highly fluxional systems requires 
either a global PES or a grid‐based 
sampling of configura3on space 

Large basis set expansions required to  
fully capture the anharmoncity of 

these systems 



The General Scheme 



I 

The General Scheme 
Monte Carlo Sample 
Configura3on Space 



Monte Carlo Sample  
Configura3on Space 

Use importance sampling Monte Carlo 



Use importance sampling Monte Carlo 

  

€ 

f  x ( )dV =
f  x ( )
g  x ( )

g  x ( )
V
∫

V
∫ dV ≈

V
N

f  x i( )
g  x i( )i=1

N

∑

Monte Carlo Sample  
Configura3on Space 



Use importance sampling Monte Carlo 

Normalized probability distribu3on that is peaked, 
ideally, where the func3on of interest, f, is peaked. 

  

€ 

f  x ( )dV =
f  x ( )
g  x ( )

g  x ( )
V
∫

V
∫ dV ≈

V
N

f  x i( )
g  x i( )i=1

N

∑

Monte Carlo Sample  
Configura3on Space 



Sampling func3on based on harmonic ground state 

Monte Carlo Sample  
Configura3on Space 

R 

Re
la
3v
e 
Pr
ob

ab
ili
ty
 



Sampling func3on based on harmonic ground state 

Monte Carlo Sample  
Configura3on Space 

R 

Re
la
3v
e 
Pr
ob

ab
ili
ty
 



Sampling func3on based on harmonic ground state 

Monte Carlo Sample  
Configura3on Space 

R 

Re
la
3v
e 
Pr
ob

ab
ili
ty
 



Sampling func3on based on harmonic ground state 

Monte Carlo Sample  
Configura3on Space 

R 

Re
la
3v
e 
Pr
ob

ab
ili
ty
 



Sampling func3on based on harmonic ground state 

Monte Carlo Sample  
Configura3on Space 

R 

Re
la
3v
e 
Pr
ob

ab
ili
ty
 



I 

I 

The General Scheme 

Construct Ini3al 
Basis 

Monte Carlo Sample 
Configura3on Space 



I 

I 

I 
Build and Diagonalize 
Hamiltonian Matrix 

The General Scheme 

Construct Ini3al 
Basis 

Monte Carlo Sample 
Configura3on Space 



I 

I 

I  I 
Build and Diagonalize 
Hamiltonian Matrix 

Assign Eigenstates & 
Build New Basis 

The General Scheme 

Construct Ini3al 
Basis 

Monte Carlo Sample 
Configura3on Space 



I 

I 

I  I 
Build and Diagonalize 
Hamiltonian Matrix 

Assign Eigenstates & 
Build New Basis 

The General Scheme 

Construct Ini3al 
Basis 

Monte Carlo Sample 
Configura3on Space 



The Evolving Basis 



The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
1( ) ˆ r Ψm−1

1( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

1( )

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
1( ) ˆ r Ψm−1

1( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

1( )

€ 

Ψ 2( ){ }

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
1( ) ˆ r Ψm−1

1( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

1( )

€ 

Ψ 2( ){ }

Define an ac3ve space: 

€ 

Ψm
(2){ }active = ˜ Ψ m

(1){ }active

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
1( ) ˆ r Ψm−1

1( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

1( )

€ 

Ψ 2( ){ }

Define an ac3ve space: 

€ 

Ψm
(2){ }active = ˜ Ψ m

(1){ }active

€ 

Ψ m∉active
2( ) = κm,m−k

2( ) rkΨm−k
2( )

k=1

m

∑

The Evolving Basis 
Harmonic oscillator basis 



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
1( ) ˆ r Ψm−1

1( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

1( )

€ 

Ψ 2( ){ }

Define an ac3ve space: 

€ 

Ψm
(2){ }active = ˜ Ψ m

(1){ }active

€ 

Ψ m∉active
2( ) = κm,m−k

2( ) rkΨm−k
2( )

k=1

m

∑

The Evolving Basis 
Harmonic oscillator basis 



The Evolving Basis 

€ 

H j( )

€ 

˜ Ψ j( ){ }, E j( ){ }

Eigenstates used to 
construct new basis 

Assignment via: 

€ 

max ˜ Ψ k
j( ) ˆ r Ψm−1

j( )
2 

 
 

 
 
 ⇒ ˜ Ψ m

j( )

€ 

Ψ j+1( ){ }

Define an ac3ve space: 

€ 

Ψm
( j+1){ }active = ˜ Ψ m

( j ){ }active

€ 

Ψ m∉active
j+1( ) = κm,m−k

j+1( ) rkΨm−k
j+1( )

k=1

m

∑



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Construc3on of 2nd Itera3on Basis  



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Suppose ac3ve space only contains ground state 

Construc3on of 2nd Itera3on Basis  



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Suppose ac3ve space only contains ground state 

€ 

Ψ 1
1( ) = ra0

1( )e
−
αr2

2

Basis func3ons shown prior to orthonormaliza3on 

Construc3on of 2nd Itera3on Basis  



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Suppose ac3ve space only contains ground state 

€ 

Ψ 1
1( ) = ra0

1( )e
−
αr2

2

Basis func3ons shown prior to orthonormaliza3on 

Construc3on of 2nd Itera3on Basis  

  

€ 

Ψ 0
2( ) = a0

2( ) + a1
2( )r + a2

2( )r2 +…+ aM −1
2( ) rM −1( )e−

αr2

2



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Suppose ac3ve space only contains ground state 

€ 

Ψ 1
1( ) = ra0

1( )e
−
αr2

2

Basis func3ons shown prior to orthonormaliza3on 

Construc3on of 2nd Itera3on Basis  

  

€ 

Ψ 0
2( ) = a0

2( ) + a1
2( )r + a2

2( )r2 +…+ aM −1
2( ) rM −1( )e−

αr2

2

  

€ 

Ψ 1
2( ) = rΨ 0

2( ) = a0
2( )r + a1

2( )r2 + a2
2( )r3 +…+ aM −1

2( ) rM( )e−
αr 2

2



€ 

H 1( )

€ 

˜ Ψ 1( ){ }, E 1( ){ }

€ 

Ψ 2( ){ }
MxM Matrix 

Suppose ac3ve space only contains ground state 

Basis func3ons shown prior to orthonormaliza3on 

Construc3on of 2nd Itera3on Basis  

  

€ 

Ψ 0
2( ) = a0

2( ) + a1
2( )r + a2

2( )r2 +…+ aM −1
2( ) rM −1( )e−

αr2

2

  

€ 

Ψ 1
2( ) = rΨ 0

2( ) = a0
2( )r + a1

2( )r2 + a2
2( )r3 +…+ aM −1

2( ) rM( )e−
αr 2

2

Effec3ve size of basis grows each itera3on 



I 

I 

I  I 
Build and Diagonalize 
Hamiltonian Matrix 

Assign Eigenstates & 
Build New Basis 

The General Scheme 

Construct Ini3al 
Basis 

Monte Carlo Sample 
Configura3on Space 



Tes3ng the Method 

!"

#!!"

$!!!"

$#!!"

%!!!"

%#!!"

&$" !" $" %" '" (" #"

!
"
#
$%
&
'(
)
*+
,
-'

./0123+#,#"4'5$6,'!78/2/9$/8,'(:"%04$6,0-'
!"#$%&'()(*+,-./),012"%"3."2),456,

78,,,,,,,,,,,,,,,,,,,,,,,,,,,9,,,,,,,,,,,,,,,,,,,,,,,,,,,8,,,,,,,,,,,,,,,,,,,,,,,,,,,,:,,,,,,,,,,,,,,,,,,,,,,,,,,,;,,,,,,,,,,,,,,,,,,,,,,,,,,,<,

0*
(.
=>
,4
8?
')

6,

9,

@99,

8999,

8@99,

:999,

:@99,

Δr (Å) 

En
er
gy
 (c
m

‐1
) 

E0=237.5 cm‐1 

E1=637.5 cm‐1 

E2=937.5 cm‐1 
E3=1137.5 cm‐1 

E4=1237.5 cm‐1 



Tes3ng the Method 
E0=237.5 cm‐1

 
E1=637.5 cm‐1

 
E2=937.5 cm‐1

 

E3=1137.5 cm‐1
 

E4=1237.5 cm‐1
 



Tes3ng the Method 
E0=237.5 cm‐1

 
E1=637.5 cm‐1

 
E2=937.5 cm‐1

 

E3=1137.5 cm‐1
 

E4=1237.5 cm‐1
 



Tes3ng the Method 
E0=237.5 cm‐1

 
E1=637.5 cm‐1

 
E2=937.5 cm‐1

 

E3=1137.5 cm‐1
 

E4=1237.5 cm‐1
 



Moving on to 2D 

Horvath et al. J. Phys. Chem. A 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