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Space-time revival paths
of peaks and zeros
for simple rotors
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2Δx = 4 %
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0 = m1 2-2 -1

2Δx = 24%

3/4

1/2

1/4

Δm = 1.5

1/1

0/1

N-level-rotor system revival-beat wave dynamics 
(Just 2-levels (0, ±1)  (and some ±2)  excited)

Simplest quantum revival:
Exciting first two levels

(=0 and =±1)
is like a 

2-level system quantum beat
in space-time

space time

⏐Ψ(x,t)⏐ in space-time
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0 = m1 2-2 -1

2Δx = 24%
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Δm = 1.5

1/1

0/1

0 = m12-2-1 34

Δm = 3

2Δx = 12%

1/1

0/1

(Just 2-levels (0, ±1)  (and some ±2)  excited) (4-levels (0, ±1,±2,±3)  (and some ±4)  excited)
N-level-rotor system revival-beat wave dynamics 

Simplest fractional quantum revivals:   3,4,5-level systems
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N-level-rotor system revival-beat wave dynamics 

fractional quantum revivals:
in 3,4,…, N-level systems

Number increases rapidly with
number of levels
and/or bandwidth 

of excitation

space
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Farey-Sum arithmetic of revival paths 
(How Rational Fractions N/D occupy real space-time)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
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(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)
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n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

Coordinate φ
(units of 2π)

1/1

0/1
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•
•
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n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

•
•
•

•
•
•

n1/d1 and n2/d2 path
fractions

numerator/denominator
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2

1/d1

1/d2

n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1

0/1
-1/2 -1/4

n1/d1 - t
1/2 -φ = -1/d1

(φx ,tx)

1/d2

2/d2

3/d2

n2/d2

14/d1
13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

 [John Farey, Phil. Mag.(1816)] 
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n1+n2
d1+d2

tx=

Time t
(units of τ1)

0 1/4 1/2
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n2/d2
- t

1/2 -φ
= 1/d2

Coordinate φ
(units of 2π)

1/1
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13/d1
12/d1

n1/d1
(n2-1)/d2

(n1+1)/d1

•
•
•

•
•
•

1/d2

2/d2

x

n1/d1 and n2/d2 path
intersection time

(Farey-Sum)

•
•
•

•
•
•

d1n2-n1d2
d1+d2

φx=

n1/d1 and n2/d2 path
intersection point

(Ford-Cross)

n2/d2 path slope is 1/d2

n1/d1 path slope is -1/d1

Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D  

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]          [John Farey, Phil. Mag.(1816)] 
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Ford-Circle geometry of revival paths 
(How Rational Fractions N/D occupy real space-time)
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Thales 
Rectangles

provide
analytic geometry

of 
fractal structure

“Quantized”
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Rotor-fractional-revivals of Ψ-phase and amplitude
(...in space-time…)
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1 C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1 C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table

35Wednesday, June 19, 2013



2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

1/4-beat

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry beat dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

3/4-beat

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table
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2-level-system and C2 symmetry phase dynamics 

symmetric A1

vs.

antisymmetric A2 

C2 Character Table describes eigenstates

1= r0 r = r1

0mod2
1 1

±1mod2 1 −1

Phasor C2 Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

3/4-beat

full-beat

AAllwwaayyss
±±ππ//22
pphhaassee
llaagg

C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1
C2 Phasor-Character Table

is simplest example of a revival
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C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1

0°

0°

0°

+45
°

-45°

-45° +45
°

2-level-system and C2 symmetry phase dynamics 

m=+1, 0, -1

C2 Phasor-Character Table

Initial

1/4-beat

1/2-beat

3/4-beat

full-beat

Initial

1/4-beat

1/2-beat

3/4-beat

full-beat
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C2
02

12

r0

0°

0°

0°

180°

t = 0

1/4

1/2

3/4

0°

45°

-45°

-45°

0°

45°

-45°

|+〉

revivals

or beats

|−〉

|+〉+|−〉
√2

|+〉+i|−〉
√2

|+〉−i|−〉
√2

|+〉−|−〉
√2

(φ= 0) (φ= π)

parity

states

even +45°

odd -45°

localized x

flipped y

L

R

Optical

E(t)
Coupled

Pendular1

2-level-system and C2 symmetry phase dynamics 
C2 Phasor-Character Table

Initial

1/4-beat

1/2-beat

3/4-beat

full-beat
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C3 symmetry phase in 1, 2, or 3-level-systems 

Non - chiral
C3v system 

Chiral
“quantum-Hall-like”

systems
deserve special treatment 
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C4 symmetry phase in 1, 2, 3 , or 4 level-systems 

Non - chiral
C4v system 
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C4 symmetry phase in 1, 2, 3 , or 4 level-systems 
Non - chiral
C4v system 
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C5 symmetry phase in 1, 2,...5 level-systems 
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C6 symmetry phase in 1, ...6 level-systems 
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06
16
26
36
46
56

0°

0°

0°

0°

0°

0°

0°

60°

120°

180°

-120°

-60°

0°

120°

-120°

0°

120°

-120°

0°

180°

0°

180°

0°

180°

0°

-120°

120°

0°

-120°

120°

0°

-60°

-120°

180°

120°

60°

C6 Eigenstate Characters
p=0 1 2 3m

N
4 5

t=0
1/12

1/ 6
3/12

2/ 6
5/12

3/ 6
7/12

4/ 6
9/12

5/ 6
11/12

p=0

0°
45°

45°
90°
-135°

135°

-90°

-45°

-45°

1

15°

30°

75°

-75°

-30°

-15°

2

-75°

-30°

-15°

15°

30°

75°

3

135°

-90°

-45°

-45°

0°
45°

45°
90°
-135°

4

-75°

-30°

-15°

15°

30°

75°

5

15°

30°

75°

-75°

-30°

-15°

C6 Revivals

m
N

C3 Eigenstate Characters

C3 Revivals

03
13
23

0°

0°

0°

0°

120°

-120°

0°

-120°

120°

t=0

1/ 3

2/ 3

p=0

0°

90°

-90°

1

-30°

30°

2

-30°

30°

p=0 1 2

Discrete 3-State or Trigonal System

(Tesla’s 3-Phase AC)

Discrete 6-State or Hexagonal System

(6-Phase AC)

Note 3-phase

sub-symmetry

Note 2-phase

sub-symmetry

(The “Mother

of all symme-

try” is C2)

C2

Note

2-phase

AC

Cm algebra of revival-phase dynamics 
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A C3 “Three-fold Moment”

Δm = 9
-15 -10 -5 0 5 10 15 = m

2Δx = 4 %

1/1

0/1

Quantum rotor fractional take turns at Cn symmetry

1/ 3

90° -30° -30°

3-“cloned revival”peaks
pop up at t=τ/3

(Using C3 character tables)

Cm algebra of revival-phase dynamics 

52Wednesday, June 19, 2013



C16 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

16

position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 
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C32 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

32

position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 
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C64 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

64

Invariant phase
“Uncertainty”
hyperbolas:
m·p=const. position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 
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C100 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

100

position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 

Invariant phase
“Uncertainty”
hyperbolas:
m·p=const. 
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C128 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

128

position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 

Invariant phase
“Uncertainty”
hyperbolas:
m·p=const. 
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C256 

phasor
character

table

χ p
m = eikmr

p

  = e
2π imp

256

position point p=0,1,2... 

m
ag

ne
tic

 q
ua

nt
a 

or
 m

om
en

tu
m

 m
=
0,
1,
2.
.. 

Invariant phase
“Uncertainty”
hyperbolas:
m·p=const. 
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Compare to
Alvason Li’s

plot of 
Wigner

R(3)
Dj=30-matrix

representation

Invariant phase
“Uncertainty”
hyperbolas:

momentum·position=const. 
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Finite CN-revivals display all factors of N
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C8
t = 0
1/16

1/ 8
3/16

2/ 8
5/16

3/ 8
7/16

4/ 8
9/16

5/ 8
11/16

6/ 8
13/16

7/ 8
15/16

p = 0

0°

45°

45°

-45°

45°

45°

135°

-45°

45°

-135°

-45°

-45°

45°

-45°

-45°

1

22°

67°

112°

157°

-158°

-113°

-68°

-23°

2

-45°

0°

45°

-45°

0°

45°

-45°

0°

45°

-45°

0°

45°

3

-157°

-113°

-68°

-23°

22°

67°

112°

157°

4

45°

-135°

-45°

-45°

45°

-45°

-45°

0°

45°

45°

-45°

45°

45°

135°

-45°

5

-157°

-113°

-68°

-23°

22°

67°

112°

157°

6

-45°

0°

45°

-45°

0°

45°

-45°

0°

45°

-45°

0°

45°

7

23°

67°

112°

157°

-158°

-113°

-68°

-23°

N=8
=8·1
=4·2
≠n·3
=2·4

61Wednesday, June 19, 2013



C9

t = 0

1/ 9

2/ 9

3/ 9

4/ 9

5/ 9

6/ 9

7/ 9

8/ 9

p = 0

0°

0°

0°

90°

0°

0°

-90°

0°

0°

1

80°

40°

-160°

160°

-40°

-80°

2

-40°

160°

80°

-80°

-160°

40°

3

0°

0°

-30°

0°

0°

30°

0°

0°

4

-160°

-80°

-40°

40°

80°

160°

5

-160°

-80°

-40°

40°

80°

160°

6

0°

0°

-30°

0°

0°

30°

0°

0°

7

-40°

160°

80°

-80°

-160°

40°

8

80°

40°

-160°

160°

-40°

-80°

N=9

=9·1

≠n·2

=3·3

≠n·4
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C10
t = 0
1/20

1/10
3/20

2/10
5/20

3/10
7/20

4/10
9/20

5/10
11/20

6/10
13/20

7/10
15/20

8/10
17/20

9/10
19/20

p = 0

0°

45°

135°

0°

45°

135°

180°

45°

-45°

180°

-135°

-45°

0°

-135°

-45°

1

27°

36°

9°

72°

81°

-117°

117°

-81°

-72°

-9°

-36°

-27°

2

-27°

-9°

72°

-81°

36°

117°

-117°

-36°

81°

-72°

9°

27°

3

-117°

-36°

81°

-72°

9°

27°

-27°

-9°

72°

-81°

36°

117°

4

117°

-81°

-72°

-9°

-36°

-27°

27°

36°

9°

72°

81°

-117°

5

-45°

180°

-135°

-45°

0°

-135°

-45°

0°

45°

135°

0°

45°

135°

180°

45°

6

117°

-81°

-72°

-9°

-36°

-27°

27°

36°

9°

72°

81°

-117°

7

-117°

-36°

81°

-72°

9°

27°

-27°

-9°

72°

-81°

36°

117°

8

-27°

-9°

72°

-81°

36°

117°

-117°

-36°

81°

-72°

9°

27°

9

27°

36°

9°

72°

81°

-117°

117°

-81°

-72°

-9°

-36°

-27°

N=10
=10·1
=5·2
≠n·3
=2·5
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C12
t = 0
1/24

1/12
3/24

2/12
5/24

3/12
7/24

4/12
9/24

5/12
11/24

6/12
13/24

7/12
15/24

8/12
17/24

9/12
19/24

10/12
21/24

11/12
23/24

p = 0

0°

45°

45°

45°

45°

45°

135°

90°

135°

-135°

135°

-135°

135°

-135°

-90°

-135°

-45°

-45°

-45°

-45°

-45°

1

30°

-30°

30°

-30°

30°

-30°

30°

-30°

2

-15°

15°

30°

105°

75°

75°

-165°

165°

-75°

-75°

-105°

-30°

-15°

15°

3

-90°

0°

90°

-90°

0°

90°

-90°

0°

90°

-90°

0°

90°

4

165°

-75°

-75°

-105°

-30°

-15°

15°

-15°

15°

30°

105°

75°

75°

-165°

5

30°

-30°

30°

-30°

30°

-30°

30°

-30°

6

-135°

135°

-135°
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Summary

Quantum rotor revivals have wonderfully simple
geometry, number, and group theoretical analyses

...But, how they do factoring is still an issue..
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Simulation of revival-intensity dynamics 
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Ψ = e− iωnt

n=0

N

∑ ψ n

Ψ = e+ iωmt

m=0

N

∑ ψ *
m

Ψ Ψ = ei(ωm−ωn )t

n=0

N

∑ ψ *
mψ n

= eiΔmnt

m,n=0

N

∑ ρmn ω 0 ω1 ω 2 ω 3 ω 4

ω 4

ω 3

ω 2
ω1
ω 0

...But individual eigenfrequencies        
    are not directly observable…
   ...only differences  Δmn = (ωm −ω n )

Δ04

Δ14
Δ03

Δ23

Δ13

Δ40 Δ41

N=5 eigenfrequencies
gives: N(N-1)/2=10 
positive  
and :  N(N-1)/2=10
negative

Δm>n =ωm −ω n

Δm<n =ωm −ω n

...that is, N(N-1)/2=10 observable beats  Δm<n = ωm −ω n

Observable dynamics of N-level-system state   
Depends on Fourier spectrum of probability distribution  

Ψ
Ψ Ψ
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Observable dynamics of 2-level-system state 
Fourier spectrum of            has ONE beat frequency 

Ψ = e− iωnt

n=0

N

∑ ψ n

Ψ = e+ iωmt

m=0

N

∑ ψ *
m

Ψ Ψ = ei(ωm−ωn )t

n=0

N

∑ ψ *
mψ n

= eiΔmnt

m,n=0

N

∑ ρmn ω1 ω 2

ω 2
ω1

Δ12

Δ21

N=2 eigenfrequencies
gives: N(N-1)/2=1 
positive  
and :  N(N-1)/2=1
negative

Δ2>1 =ω 2 −ω1

Δ1<2 =ω1 −ω 2

...that is, N(N-1)/2=1  observable beat  Δm<n = ωm −ω n

Ψ
Ψ Ψ Δ21 = −Δ12
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What do revivals look like?
...in per-space-time… 

(…  that is:
frequency       radian/sec.       

vs   
k-vector  km radian/cm)

ωm
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m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Levels
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

ωm

km=±m

N-level-system and revival-beat wave dynamics 
Bm2=B42

Bm2=B32

Bm2=B22

Bm2=B

72Wednesday, June 19, 2013



ωm
km

Vphase=
m2
m=

m=

m = 4

m = 3

m = 2

m = 1

m = 0

m = -4

m = -3

m = -2

m = -1

Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm

N-level-system and revival-beat wave dynamics 
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m2- n2
km-kn

Vgroup= = m ± n
=(m ± n)B

ωm ωm-ωn B
km

Vphase=
m2
m=

m=

ωm−ωn
m − n = m+n

=4,
=3,
=2,
=1,

m = 4

m = 3

m = 2
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m = 0
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m = -2

m = -1

=7,
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Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum
ωm=Bm2
km=±m

B

B

ωm

km=±m

ωm

N-level-system and revival-beat wave dynamics 
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m2- n2

km-kn
Vgroup= =

m ± n

=(m ± n)B

ωm ωm-ωn
B

km
Vphase=

m2

m
=

m=
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m − n = m+n
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Possible wave velocities
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Quadratic (Bohr-Rotor) Spectrum

ωm=Bm2
km=±m

Possible wave velocities
for

Linear (Optical) Spectrum

ωm=C|m|1
km=m

Vgroup =±C
Vphase =±C

B

B

(co-propagating)

m - n
Vgroup= m ± n

C

ωm

km=±m

m2- n2

km-kn
Vgroup= =

m ± n

=(m ± n)B

ωm ωm-ωn
B

km
Vphase=
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=
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Possible wave velocities
for

Quadratic (Bohr-Rotor) Spectrum

ωm=Bm2
km=±m

Possible wave velocities
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Linear (Optical) Spectrum

ωm=C|m|1
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Vphase =±C

B
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(co-propagating)

m - n
Vgroup= m ± n

C
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km=±m
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17

Harmonic Oscillator level spectrum contains the Rotor Levels  as a subset

N-level-system and revival-beat wave dynamics 
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Summary

Quantum rotor revivals obey wonderfully simple
geometry, number, and group theoretical analysis
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