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Some History of Quantum Revivals

J.H. Eberly et. al. Phys. Rev. A 23,236 (1981) Laser Cavity revivals

R.S. McDowell, WGH, C.W. Patterson LosAlmos Sci. 3, 38(19852) Symmetric-top revivals
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WGH, J. Mol. Spectrosc. 210, 166 (2001) Bohr-rotor revivals
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Space-time revival paths
of peaks and zeros
for simple rotors

Wednesday, June 19, 2013



3/5

a9

Del-x Widt+2=12

lllllllllllllllllll
10 | Color LCD
R 1/2
1% Feriod Sterte0 b ]ipsit caler "
E” Period End=60 H 156 10-5 40
E:Peak color | :
HJH Det-x widith 96=3 H "
H Excitation=100 ”EéZMLabel 31
1 i 12 |Font Size 215
Left9%=0
%” right%=100 ”E:MUMpOIB
EH|-n Mean%=0 -Eér:nf;-;l(?mmm 1 / '3
EE-F'»—-_-:H (=050 A CJFourier ¢ ontrol
EE” Peak? x(0)=0 | Draw m-Bars 5T
H reaka Y(O) 0 1/4
E::l arg
1/5
1/6
1/7
178
1y
1110

Dmn=13.9 Dx=40

Wednesday, June 19, 2013



TlIIl@rf .(Lljlits of fundamelgal pe;riod T) (Imagine "Wrap-é_erlJlrglrd" qb—coordinate)

T
m
1/4
_1/4
0

-1/2 -1/4

. — 0 1/
Coordinate () (units of 277)

Wednesday, June 19, 2013




N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xxcited)

/1A |W(x,t)| in space-time

Simplest quantum revival.:

» Exciting first two levels
(€=O and €=::1)
1s like a
2-level system quantum beat
1/2 in space-time

1/4

0/1

- space time
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N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xcited) (4-levels (0, 1 2 ,+3) (and some +4) €XCl1ted)

1/]

Am =3

-2-1012 34 =m

2Ax = 24%
< >

Simplest fractional quantum revivals: 3.4,5-level systems

Wednesday, June 19, 2013 8



N-level-rotor system revival-beat wave dynamics

(9 orl0-levels (0, +1, +2, 3, +4...., +9, z10, :11..) €XcClted)

fractional quantum revivals:
in 3.4,..., N-level systems
Number increases rapidly with
number of levels

and/or bandwidth
of excitation
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N-level-rotor syst

(9 orl0-levels (0, +1,+2, 3, +4...., +9, +10, «11...
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Farey-Sum arithmetic of revival paths
(How Rational Fractions N/D occupy real space-time)

Wednesday, June 19, 2013
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

. 1/1
Tlme t ' n /d P path slope is 1/d p

(units of 1) '

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Wednesday, June 19, 2013 12



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Tlme t ]/] ----------- }/dﬁi— T n/death slope is 1/d2

(units of Ty)

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

1/1
Time Z— """""" ]'/d& ST T T nZ/death slope is ]/d2
(unitsof Ty) - | T——
(n]—|—])/d1 Inz'/d2/
n,/d,
(n,-1)/d,
____________________ : n,/d, path
3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-172 -1/4 0 1/4 1/2

(units of 27)

Wednesday, June 19, 2013
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z- """""" ]'/d& " '*']3/61] n./d, path slope is 1/d
. - —1/2/d,
R .
(n,+1)/d, .
n,/d;—
(n2—1)/d2 n/d, path slope is-1/d, o
____________________ n,/d, and n,/d, path
: 3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-2 -14 0 14 12 (ynits of 2m)

Wednesday, June 19, 2013
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

]/] 14/d,
Time Z‘ B e ]-/d& o n-]3/d1 n./d, path slope is 1/d,
, . —---------------= —1/2/d iy -t
(units of 1) © [ 1
. 1/2 -
(n,T1)/d, ((I) ’t@,) In,/d, ny/d, -t
—njd —— 12 ¢~ -ld,
(ng'])/dg n,/d, pathslopeis-1/d, B
n,/d, and n,/d, path
3/d > | intersection time
nyTn,

2/d, 2d, | L= d+d,

(Farey-Sum)

1/d, 1/d,
0/] | Coordinate ¢

-2 -1/4 0 14 12 (units of 27)

[John Farey, Phil. Mag.(1816)]

Wednesday, June 19, 2013 16



Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

]/] 14/d,
Time Z- B e ]'/d& o n—.]j’/d] n./d, path slope is 1/d,
. R e e —{12/d /dn - t d
(units of )+ | N /22/%&
j 1/2 -
(n,T1)/d, ((I) ’t@,) In,/d, ny/d, -t
S d——12-¢ -4,
(ng'])/dg n]/d] path slope is -]/d] B
n,/d, and n,/d, path . n,/d, and n./d, path
intersection point | 3/d, | intersection time
_dnynd, » ¢ = n;+n,
® d;td, ) Y dytd,

(Ford-Cross) 1/d (Farey-Sum)
2

1/d,
0/] | Coordinate ¢

-2 -1/4 0 14 12 (units of 27)

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Ford-Circle geometry of revival paths
(How Rational Fractions N/D occupy real space-time)

Wednesday, June 19, 2013
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Unit Real Interval % Farey Sum
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S o
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SE=
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= 8
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1/1-circle has
diameter /

Farey-Sum of fractions 0/1 and 1/1 1s 12
hat 1s vector sum vot+v;= (1,2)=v>

Numerator Axis N
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P P2 PR P P

Unit Real Interval % Farey Sum

P67 P8 P9 0 related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

This vector v;
points to real value
1/2=0.5
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P67 P8 P9 0 related to
vector sum

and
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1/1-circle has
diameter /

This vector v
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Unit Real Interval 1

. Farey Sum

o] vector sum
=4 18
A 14 \\ and
iy “ Ford Circles
= , . . 1/1-circle h
= vypcircle radiysinfersectin el
N S 14 . diameter /
S 2 line ,
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related to
vector sum
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diameter /
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Unit Real Interval
S, P P7 P8 PO

— O
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Rotor-fractional-revivals of W-phase and amplitude
(..1n space-time...)

Wednesday, June 19, 2013
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2-level-system and C,; symmetry phase dynamics

Cy Phasor-Character Table

C, Character Table describes eigenstates . 1
r =0 r (@¢=mn

symmetric Aj 1=r" r=r
Omod?2 O
VS. 2

+1mod?2 1 —1

antisymmetric A
180°

. ek

Wednesday, June 19, 2013



2-level-system and C> symmetry phase dynamics

C, Character Table describes eigenstates

symmetric Aj

VS.

antisymmetric A

r’ ¢=0)

Cy Phasor-Character Table

r' ¢=mn

Omod?2

+1mod?2

180°

Coupled Optical
Pendula E(t)

even +45°

) WW
- S
)

parity
states odd -45°

I
<0

Wednesday, June 19, 2013



2-level-system and C> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m G o

C, Character Table describes eigenstates

symmetric Aj 1=7° p=4 even  +45°
Omod?2
1 1 0 ) W
VS. 2 ww
C A
+1mod?2 1 —1 9)

parity
states odd -45°

I
<0

localiéed X
L SO

2

antisymmetric A
180°

Phasor C, Characters describe local state beats

Initial sum

@«

| —
.

Wednesday, June 19, 2013
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2-level-system and C> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m G o

C, Character Table describes eigenstates

symmetric Aj 1=7° p=4 even  +45°
Omod?2
1 1 ) W
VS. ww
C A
+1mod?2 1 —1 9)

parity
states odd -45°

I
<0

localiéed X
D) vQ(—\—)
ot

\2

antisymmetric A
180°

Phasor C, Characters describe local state beats

Initial sum —

L
«>
v
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2-level-system and (> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m L %

C, Character Table describes eigenstates

symmetric Aj 1=7° p=4 even  +45°
Omod?2
1 1 ) W
VS. ww
C A
+1mod?2 1 —1 9)

parity
states odd -45°

a
- 88 N
_

localiéed X
20 QO

2

antisymmetric A
180°

Phasor C, Characters describe local state beats

Initial sum —

@«

AWaNS
702
phase
lalg

]
«
v
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2-level-system and (> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m L %

C, Character Table describes eigenstates

symmetric Aj 1=7° pr=¢"' even  +45°
Omod?2
| 1 ) W
VS. v
C A
+1mod?2 1 —1 9)
parity

antisymmetric A states odd ~ -45°

a
- 88 N
_

localiéed X
)+=) VQ(—\—)
£

2

180°

Phasor C, Characters describe local state beats

' Initial sum —
aALwayE
+70/2
phase
lalg

o - @
v
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2-level-system and (> symmetry phase dynamics

C, Character Table describes eigenstates

r’ ¢=0)

Cy Phasor-Character Table

r' ¢=mn

symmetric Aj

Omod?2
VS. 2

+1mod?2 1

180°

lalg

antisymmetric A»
Initial sum >
702
1/4-beat > @

A

A\ 3

Coupled Optical
Pendula E(t)

+45°

even

H+) W
ww
C A

parlty
states oda’

>

local
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2-level-system and (> symmetry phase dynamics

C, Character Table describes eigenstates

symmetric Aj l=r" r=r
Omod?2

VS.

+1mod?2 1 —1

antisymmetric A»

Phasor C, Characters describe local state beats

Initial sum

SE6) 2,

lalg

1/4-beat

Cy Phasor-Character Table
r’ (©=0)

r' ¢=mn

v

Coupled Optical
Pendula E(t)
even  +45°

H+) W
ww
C A

parlty
states oda’

>

TES
o<+

local

+
§+

F
L
|
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2-level-system and (> symmetry beat dynamics

C, Character Table describes eigenstates C2 Phasor-Character Table

0 1 .
r =0 r G=m L %

symmetric Aj 1=7° pr=¢"' even  +45°
Omod?2
1 1 +) W
VS. A
C A
+1mod?2 1 -1 9)
antisymmetric A parity

states odd

Phasor C, Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

3/4-beat
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2-level-system and (> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m L %

C, Character Table describes eigenstates

symmetric Aj 1=7° pr=¢"' even  +45°
Omod?2

1 1 ) WW

VS. ww

C A
+1mod?2 1 —1 9)
I I parity

antisymmetric A» parity

‘-
82

- &

Phasor C, Characters describe local state beats

Initial sum

1/4-beat

1/2-beat

3/4-beat
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2-level-system and C,; symmetry phase dynamics

C, Phasor-Character Table
r (¢=m)

r’ ¢=0)

2

revivals

1 .

or bedts

Coupled Optical
Pendula E(t)

even +45°

) WW
C, 1

parlly
states odd

- 88 %

localz ed

Din=2.7 Dx=240

OO

445

1459

OO

Initial

1/

full-beat

459

445
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2-level-system and (> symmetry phase dynamics

C, Phasor-Character Table

0 (h— - Coupled Optical
r ((‘) 0) I (q) ) Pendula E(t) /)TQT_______ ff—-——ilfox
——

even  +45° Q ) -
- 88 g
vw @ k=0
C ve

_2 (’I‘\ { k= 1

parity — N
) states odd  -45°
1 180 a
-) & A S’:
2 <0

revivals oy localized X
or bedts NN g
Initiab,
\\
N\
t = (| (. )
/7
_ ’
/7
//
114 1
N\
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C; symmetry phase in /,(2) or 3-level-systems

C3 Eigenstate Characters
p=0 / 2
mN : Chiral
Nonl|- chiral ) o
0 ............. N A quantum_Hall_llke
3 | Csv|system systems
b deserve special treatment
] 120° -120°
3 | &
* //‘jw
‘ 120° 120° ‘ v
1z 0 1z0
/,, \
:\\\x\ ..............
A X i e
s A
{D_‘. 1N AR =0
’ ./ o/
_0()° ik AR
2/'3 1 \§gy ‘30:’ ‘30:’ O——a .
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90° -90°

R /130 180°) |~
0 ii 0 w
F

Cy Revzvals
p —_

0” o

oo (180
hi
1

el O O
N e Y )
2/ 4

i 6%’ O

T @ éﬁ» 6

C4 symmetry phase in /{2, 3, or 4 level-systems

C4 Eigenstate Characters

p = 2 3

Non|- chiral
Ca|system

w /
g Bw K | | —
»
N A Y e
¢ S 1 s '
t= 0.00

Wednesday, June 19, 2013

47



C4 symmetry phase in /{2, 3, or 4 level-systems

C4 Eigenstate Characters .
mop-0 1 o 3 Nom-chwrafoo :

C4Revivals :
% . ¥ ?

1/8 Ara
1740
2/ 4

e 0¥ e
7 @ 05O
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(s symmetry phase in /7, 2,...5 level-systems

Cy Eigenstate Characters
p=0 1 2 3 4

25V 99999 ..........

W O N~ O S
o

5

5

45 &P\
C5 Revivals

) I 2 3 4

=0

vsiiey @ S & D

viiey & O O & O—Q—=€ > (O——

|
vs|@ & = v @ = 000
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Cs symmetry phase in /,

Cg Eigenstate Characters
p=0 1 2 3 4

> =

<]

5

4
o
@
0

N
<

e
o
S

-
) O
O
7
- :

N

A W N ~ O
N

p—
(3]
<

o

é\"l
< 4
C\ u

/12

1/ 6F

/12

.0 level-systems

2/6

5/12

3/ 6]

7712 |

4/ 6

9/12

5/ 6|.

11/12
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Cn algebra of revival-phase dynamics
Discrete 3-State or Trigonal System  Discrete 6-State or Hexagonal System

(1lesla’s 3-Phase AC) (6-Phase AC)
Cg Eigenstate Characters
C3 Eigenstate Characters m._ p=0 1 2 3 4 5
2 N

. p=0 1
N

- g |Note 2-phase
Note 3-phase - |sub-symmetry
sub-symmetry =The “Mother

of all symme-
try”is Cy)
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C, algebra of revival-phase dynamics

Quantum rotor fractional take turns at Cn symmetey 1/1
-%u
\ %

AC3 " re? fold Moment”
/ 3-<cloned revival’pedks %

pop up at t=T/J
(Using €3 character tables)
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Q000000 _
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1 \\ ”," ’
500099990000 CCC GO

position point p=0,1,2...

—magnetic quanta or mo
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C.p’p' p>p’p' p’ p°p p'p p°p"p*p” p" p” p° p” ot p° B P PR B Pt P b P B P b
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Cs

phasor
character
table

Ve

NN N NN N
\®)
s)
S

S

magnetic quanta or momentum m=0,1,2...
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magnetic quanta or momentum m=0,1,2...
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Finite Cy-revivals display all factors of N
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Summary

Quantum rotor revivals have wonderfully simple
geometry, number, and group theoretical analyses

...But, how they do factoring is still an issue..
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Simulation of revival-intensity dynamics
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Observable dynamics of N-level-system state |'¥)
Depends on Fourier spectrum of probability distribution{¥|¥)

N

e U L emme i ccccmccommcem—-—lan -

! that is, N(N-1)

...But individual eigenfrequencies

. —iw, t are not directly observable...
W)=y !

V.Y, =0

. only differences A, = (0, —@,)

A40
=

/2=10 ob

a L [— A13

A

N V%
. ...'.°= A03

. — A,
— A04

<. N=5.¢igenfréquencies
" gives: N(N-1)/2=10

" “positive A, =0, —O,
and : N(N-1)/2=10
negative A =0 -,

servable beats ‘Amm =0, -,
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Observable dynamics of @—level—system state |'¥)
Fourier spectrum of <‘P‘ ‘P> has beat frequency A, =-4A;,

. —i,t
YIV)= N i(@,~®,) ‘\P> B 26 Vo A .
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...thz{t is, N(N-1)/2=1 observable beat ‘Amm
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What do revivals look like?
...In per-space-time...
(... thatis:

fr‘equen(}y a) radian/sec.
m
VS

k-vector Ky radian/cm )
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N-level-system and revival-beat wave dynamics

Levels

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,=+m
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
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N-level-system and revival-beat wave dynamics

Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
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Possible wave velocities
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Linear (Optical) Spectrum
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Harmonic Oscillator level spectrum contains the Rotor Levels as a subset
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Summary

Quantum rotor revivals obey wondertully simple
geometry, number, and group theoretical analysis
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