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In problem-solving situations, the contextual features of the problems affect student reasoning.
Using Newton’s third law as an example, we study the role of context in students’ uses of alternative
conceptual models. We have identified four contextual features that are frequently used by students
in their reasoning. Using these results, a multiple-choice survey was developed to probe the effects
of the specific contextual features on student reasoning. Measurements with this instrument show
that different contextual features can affect students’ conceptual learning in different ways. We
compare student data from different populations and instructions and discuss the implications.
© 2002 American Association of Physics Teachers.
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I. INTRODUCTION

Over the past two decades, a significant amount of
search has been conducted on students’ use of incorrect
soning in solving physics problems.1 This reasoning has bee
described as preconceptions, misconceptions, alterna
concepts, etc. At both college and pre-college levels, stu
have shown that the formation and application of this reas
ing are strongly context dependent.2–5 In problem-solving
situations, the context setting of the problems can hav
significant influence on students’ reasoning.6,7 Many physics
concepts, such as Newton’s third law~Newton III!, can in-
volve a variety of contextual features. When not trea
properly, these features can increase the difficulty of b
assessing student learning and implementing effective
struction. Therefore, the details of how different context
features can affect students’ reasoning are of great im
tance to researchers and instructors.

The issue of context dependence has been widely stu
in the literature, and a variety of definitions have been p
posed for what could be considered to be contexts. In
paper, we focus on the set of context factors that are dire
embedded in the content knowledge that students are st
ing, that is, content-based context factors.8

Based on the context-dependency of the learning proc
we have developed a modeling method,model analysis, with
which different types of student reasoning are described
student models.9 Both the models that students’ use and t
contexts in which they use the models are objects of
analysis. The assessment investigates how students ap
model of a concept as well as how this application varies
the context is changed. In this approach one does not sim
say that a student can or cannot apply a correct model
given concept. Instead, one states that the student is like
use a particular model with a certain probability on proble
related to a concept. Furthermore, we can begin to un
stand in which contexts it is difficult for the student to app
the model. Thus, the researcher can start to build a repre
tation of the student’s knowledge status in term ofmodel
stateswith respect to the concept. This representation p
vides the basis for the development of a number of numer
methods to extract information on students’ uses of th
766 Am. J. Phys.70 ~7!, July 2002 http://ojps.aip.org/aj
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models when responding to research-based multiple-ch
instruments. With specially designed instruments, these
merical tools can also be used to assess the effects of spe
contextual features on students’ use of models.

There are a number of popular instruments for prob
students’ broad understanding of concepts such as Newt
laws.10 However, for complicated concepts such as New
III, existing instruments were often designed having multip
contextual features entangled in a single question. Th
probing the isolated effects of a single contextual feature
the formation and application of students’ models
difficult.11 In this research, we aim to develop a new type
instrument where a single question only measures the eff
of a single contextual feature involved with a particular co
cept.

In Sec. II we present a brief review of the literature o
Newton III and the involvement of contextual features
student reasoning. Section III describes our research on i
tifying the important contextual features. In Sec. IV, we d
cuss the measurement and introduce our research on th
velopment of a new instrument. Section V gives an exam
of applying this instrument with quantitative data analysis.
Sec. VI, we discuss the implications of this research.

II. STUDENT MODELS OF NEWTON’S THIRD LAW
AND THE INVOLVEMENT OF CONTEXTUAL
FEATURES

Before going into more detail on the analysis, we brie
review what we mean by a model.12 A model is a functional
mental construct that is associated with a specific concep~or
a topic! and can be applied directly in real context settin
relevant to the concept to obtain explanatory results. Mod
have direct causal relations to the responses students g
ate in various problem-solving situations. Other research
have also studied this issue and used terms such as fac13

mental models,14 and student views.15 A comparison with the
literature reveals that these terms represent mental const
that are similar to what we call models. However, in o
definition, models have explicit attributes with respect
contexts and are considered to have direct causal relation
the responses produced by the students. In mental operat
766p/ © 2002 American Association of Physics Teachers
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models are usually involved in an explicit manner. In o
research, we study the models that students have or dev
in learning physics. For convenience, we call these stud
models.16

For a particular physics concept, we can identify a fin
set of commonly recognized models.17 Such a set of models
usually consists of one correct expert model and a few inc
rect or partially correct student models. We will refer to the
as thecommon modelsof this particular concept. These mod
els are common to a group of students with similar ba
grounds and the existence of these models can be ver
through research. In defining the set of common models,
consider all the possible forms of students’ models: the o
that students have prior to instruction, the ones that stud
are likely to create on the spot when exposed to new cont
relevant to the concept, and the ones that students can
velop during and after instruction as a result of learning
teractions.

When a single student responds to a set of questions
lated to a particular physics concept, the student’s use
models usually falls into one of the two categories:~1! the
student can use one of the common models and is consi
in using it in solving all questions; or~2! the student can hold
different common models at the same time and is incon
tent in using them, that is, the student can use one of
common models on some questions and use a diffe
model on other questions, even though all the questions
related to a single concept and are seen as equivalen
experts. The different situations of the student’s use of m
els are described in terms of studentmodel states.18 The first
case corresponds to a consistent model state and the se
case is a mixed model state. These model states can be
sured and represented mathematically by a multidimensi
probability vector in amodel spacespanned by the set o
common models. We can also measure the model states
population and study the performance of a class.

In physics education research, student understanding
topics in introductory mechanics has been thoroughly stud
for several decades. Based on this existing knowledge,
can obtain a rather clear picture of the possible forms of
student models used by students in most topics of mecha
For example, for the concept of the relationship betwe
force and motion, we were able to identify three comm
models based on the results from our own research and
literature.19 These models involve a single contextu
feature—the velocity of the moving object.

On the other hand, models used by students in associa
with Newton III show much greater complexity, involvin
not one but several different contextual features. For
ample, in a study of students’ reasoning related to this c
cept, Maloney found that college students use some so
dominant principle,20 where students think that during a
interaction, the dominating object exerts a larger force. T
dominance can come from a number of sources, such as~a! a
greater mass and~b! the active initiator of a force~in contrast
to a reaction force!. Apparently, these two commonly occu
ring issues are often embedded in the contextual setting
physics questions on Newton III. Students’ responses
tained from these questions reflect the students’ underst
ings of the related concept, which are, in part, built on
ways that the students consider how the different contex
features are involved.

Although studies of student learning of mechanics ha
successfully identified the important contextual features
767 Am. J. Phys., Vol. 70, No. 7, July 2002
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volved in students’ reasoning about Newton III, further r
search is needed to investigate how the different contex
features may independently~or in combination! affect stu-
dents’ learning. There have been studies on the effect
context on student reasoning; however, these often focu
questioning the consistency of students’ use of their conc
tual models in different contexts.21 In a recent study on stu
dent understanding of forces,22 Palmer found two types o
contextual effects, primary and secondary, based on
strength of the influence that a particular contextual feat
can have on student reasoning. In his research, the conte
considered as an external factor that affects student rea
ing.

With the model analysis and the cognitive representati
we develop in this paper, the context is considered as a
nificant part of the student reasoning itself, and we use
contextual features as the basis for studying students’ c
ceptual understanding.

III. CONTEXTUAL FEATURES ASSOCIATED WITH
NEWTON III

From existing research, we can identify two contextu
features that are frequently used by students in their rea
ing when working with problems associated with Newt
III: ~a! mass and~b! the initiator of the action~who is push-
ing!. Because students often associate force with velocit23

our experience suggests two additional possibilities:~c! ve-
locity and ~d! acceleration.

To validate this speculation, we interviewed 9 stude
from an introductory physics class~Concepts of Physics! at
Kansas State University.24 The class has no math require
ment and is for students majoring in elementary school e
cation. The interviews were conducted in the middle of t
course, about two weeks after the students had finis
studying Newton III. The students volunteered to be int
viewed; no attempt was made to obtain a representa
sample.

In the interviews, the students were asked to think alo
about their reasoning on questions designed with the f
contextual features. The protocol was designed so that e
question involved only a single contextual feature. Figures
2, and 3 are sample questions that are designed with isol
contextual features of velocity, mass, and pushing, resp
tively.

From students’ responses in these interviews, we fo
that, in general, many students~7/9! consistently employed
the dominance viewpoint in describing the forces on

Fig. 1. Open-ended interview question on Newton III with the context
feature of velocity.
767Bao, Hogg, and Zollman



ro

l

-

th

on

e
d
ap
rc

we
cts
the
(
we
ac-
In
if

dif-
on-
fic
fur-

rder
text

he
ual
tual
stu-
the

ect
re-

ying
on-
fects
ver,
de-
the
ass

ua

ua

res.

ws

t

objects—the object with dominating features applies
greater force. The dominating features are selected f
three context features: velocity (V), mass (M ), and the ini-
tiator of the action~pushingP!. Table I shows some typica
incorrect student reasoning identified in the interviews.

Some students~2/9! were found to be in an explicitly con
fused state25 and used mixed ideas~combining the correct
model and the incorrect dominance viewpoint! on questions
related to the three context features. For example, on
question shown in Fig. 1, Kathy said:

‘‘Same amount of force but I am not sure. Be-
cause when two things collide, they exert the
same amount of force. I don’t know why it is
always equal and opposite. Because I think speed
might have something to do with it... . It is com-
mon sense that something moving faster is going
to have more force. Now I am not sure.’’

Later in the interviews, a modified version of the questi
shown in Fig. 1 was revisited, and we asked students
‘‘consider the case that before the collision, the car is trav
ing at a constant speed while the truck starts slow an
speeding up. At the moment of collision, both vehicles h
pen to be traveling at the same speed. Describe the fo

Fig. 2. Open-ended interview question on Newton III with the context
feature of mass.

Fig. 3. Open-ended interview question on Newton III with the context
feature of pushing~the initiator of action!.
768 Am. J. Phys., Vol. 70, No. 7, July 2002
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between them at the moment when they collide.’’ When
mentioned that at the instance of the collision, both obje
have the same velocity, all but one student claimed that
force should be equal and considered the accelerationA)
irrelevant.26 Therefore, we conclude that most students
interviewed did not consider acceleration as a significant f
tor in their reasoning on questions related to Newton III.
our later analysis, we will keep this context feature to see
other populations might deal with this feature differently.

We also found that students can use combinations of
ferent contextual features in their reasoning and may c
sider them with different levels of significance for speci
questions. At this stage, we did not pursue these details
ther and focused on the study of the independent-first-o
relation between student reasoning and the individual con
features.27

Table II briefly summarizes the incorrect reasoning of t
interviewed students corresponding to the four context
features. As indicated by the results, these four contex
features represent the ones that are frequently used by
dents in their reasoning; therefore, we define them as
physical featuresrelated to Newton III. In our definition, the
term ‘‘physical feature’’ describes a unique contextual asp
of a physical scenario that is considered relevant to the
lated physics concept by experts and/or students.28

IV. MEASURING THE EFFECTS OF CONTEXTUAL
FEATURES ON STUDENTS’ REASONING

The physical features can be used as the basis for stud
the detailed structure of student models of a particular c
cept. To do so, we need a probe that can measure the ef
of each physical feature on students’ reasoning. Howe
many of the questions in existing instruments are not
signed with isolated physical features. For example,
question shown in Fig. 4 mixes two physical features, m

l

l

Table I. Students’ incorrect reasoning involving the four contextual featu
These are identified in our interviews.

Contextual features
and common incorrect reasoning Student responses in intervie

Velocity—Object with larger velocity
exerts a larger force.

‘‘ The car is going faster and it has
a greater push against the truck.’’

Mass—Object with larger mass exerts
a larger force.

‘‘ It has more weight so the
momentum behind it is greater.’’ a

Pushing—Object that ‘‘pushes’’ exerts
a larger force.

‘‘ Amy actually reaches out and
pushes Jane and Jane was
just there. Her (Jane’s) force
was a non-equal but opposite
force that she pushes back.’’

Acceleration—Object that is speeding
up exerts a larger force.

‘‘ Because it is speeding up so it
has more acceleration and more
momentum behind.’’ a

aMost students use momentum as another word for force.

Table II. Interview results on student reasoning.

Contextual features Incorrect Mixed Correca

Velocity ~V! 7 2 0
Mass~M! 7 2 0
Pushing~P! 6 1 2
Acceleration~A! 0 1 8

aStudents consider the corresponding contextual feature irrelevant.
768Bao, Hogg, and Zollman
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Fig. 4. Question 11 in FCI~original version!. This question is on Newton III
with mixed contextual features of mass and pushing.
769 Am. J. Phys., Vol. 70, No. 7, July 2002
and pushing, together. If a student answers that Bob exe
larger force, no further evidence can indicate if the incorr
response is generated based on consideration of mas
pushing, or both.

A. A new multiple-choice instrument on Newton III and
model-based assessment

Based on published research and the results from our
terviews, we developed a new multiple-choice instrum
where each question only measures students’ reasoning
lated to a single physical feature of Newton III. To measu
the possible mixing of students’ use of their models,29 for
each of the four physical features we designed three q
tions using different context settings. In Figs. 5 and 6,
show two sample questions: question 7 on velocity and qu
Fig. 5. Question 7 in the new survey on Newton III. This question only involves the contextual feature of velocity.

Fig. 6. Question 15 in the new survey on Newton III. This question only involves the contextual feature of mass.

Table III. Questions in the new survey on Newton III and the physical features they are measuring.

Velocity Mass Pushing Acceleration Others

Questions 1, 5, 7 4, 9, 15 2, 8, 10 3, 13, 14 6, 11, 12, 16
769Bao, Hogg, and Zollman
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Table IV. The common models corresponding to the four physical features and the associations betw
choices of the questions and the common models.

Physics
features Common models

Questions/
choicesa

1 5 7
Velocity M0

V : null model x x x
M1

V : correct model e b b
M2

V : incorrect model b a a
—larger velocity larger force

4 9 15
Mass M0

M : null model x x x
M1

M : correct model e b e
M2

M : incorrect model a d d
—larger mass larger force

3 13 14
Pushing M0

P : null model x x x
M1

P : correct model e e e
M2

P : incorrect model e e e
—the one that pushes exerts a larger force

2 8 10
Acceleration M0

A : null model x x x
M1

A : correct model e b c
M2

A : incorrect model a a a
—the one that speeds up exerts a larger force

a‘‘x’’ is used to represent all other choices.
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tion 15 on mass. If a student selects choice~d! of question
15, ‘‘Each student exerts a force on the other, but Bob ex
the larger force,’’ we then have strong evidence to infer th
this student is using an incorrect model based on the phys
feature of mass. The complete survey is included in the
pendix. In Table III, we list the questions in clusters based
the physical features that these questions are intende
measure.

This instrument is designed to be used with the mo
analysis, and each physical feature is treated as an inde
dent dimension to represent students’ model structures.
each dimension~corresponding to a specific physical fe
ture!, we can further construct a multidimensional mod
subspace spanned by the common models involved with
particular physical feature. For Newton III, the subspaces
all four physical features have three dimensions~three com-
mon models for each physical feature!. In general, the di-
mensions of these subspaces can be different. As an exam
with the physical feature of pushing (P), we define the fol-
lowing common models:30

M0
P : Null model ~incorrect student ideas that do

not involve pushing!.

M1
P : The force has the same magnitude and op-

posite direction during the interaction regardless
of which object is the initiator of the force~cor-
rect model!.

M2
P : The object exerting the force will exert a

larger force during interaction~incorrect student
model!.

In Table IV, we list the common models corresponding
the four physical features. The associations between
choices of the questions and the common models are
listed and are used in our later analysis to analyze stude
responses. Note that in this example, we have only one
hys., Vol. 70, No. 7, July 2002
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correct model for each physical feature. In general, we
imagine situations where many incorrect models exist.31

B. Validation of the instrument

As a partial validation of the measurement consistency
this instrument, we selected 6 questions from the survey
used them in the 9 interviews that were also used to con
the existence of the physical features. This approach redu
the time for conducting this research by combining two ta
in a single interview:~1! identifying and confirming the ex-
istence of the physical features, and~2! validating our design
of the survey instrument. The first task relies on an analy
of open-ended explanations and discussions from the
dents. In the task of validating the instrument, we first ask
students to answer all the multiple-choice questions, and t
had them explain the reasoning used to generate t
answers.32 The consistency between students’ response
the questions and their reasoning is used to evaluate if
questions can measure accurately the underlying student
soning.

In all the interviews, students’ explanations and their
lections of the answers were found consistent, and we did
find any apparent communication problems in t
questions—most students understood the questions and
explanations show consistency between their understan
and the intentions of the measurement. As often observe
interviews, some students may change their minds when
plaining their reasoning. We also observed this situati
however, in our cases the reasoning that these stud
brought up initially~before their second thoughts after som
extensive discussion! are all consistent with the answers the
selected. Even when students did change their minds, the
came up with answers compatible with the given choices
the questions and their modified explanations were also c
sistent with their new answers.
770Bao, Hogg, and Zollman
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As mentioned previously, students can use mixed idea
their reasoning. When multiple questions related to a sin
physical feature are presented to students, we observed
some students responded with different models on diffe
questions. This result indicates that by using these type
questions, we can obtain measurements on students’ m
model states and on the effects of different context featu
in triggering students’ use of models.

V. ASSESSING STUDENTS’ MODELS WITH
MULTIPLE-CHOICE INSTRUMENT

A. The population

The new multiple-choice survey was used in five introdu
tory physics courses at Kansas State University~Fall, 1999!.
These courses include: Physical World~PW!, a conceptual
physics course for nonscience majors with no math p
requisites; General Physics 1~GP1!, the first semester of a
two-semester, algebra-based physics course; General Ph
2 ~GP2!, the second semester of a two-semester, alge
based physics course; Engineering Physics 1~EP1!, the first
semester of a two-semester, calculus-based course for p
ics and engineering majors; and Engineering Physic
~EP2!, the second semester of a two-semester, calculus-b
course for physics and engineering majors. A brief summ
of these courses is listed in Table V. All the courses u
traditional instruction.

In the beginning of the five courses, we surveyed a tota
280 students—about 60 students from each course. Stud
in PW, GP1, and EP1 hadn’t had any college instruction
mechanics before they took the courses. Students in GP2

Table V. Student background and course information for the five introd
tory physics courses at Kansas State University.

Courses Types of courses Majors
Math pre-
requisites

Physical World Algebra, Mech. Liberal arts No math
General Physics 1 Algebra, Mech. Life science Algebra
General Physics 2 Algebra, E&M Life science Algebra
Engineering
Physics 1

Calculus, Mech. Eng. and Phys. Calculus

Engineering
Physics 2

Calculus, E&M Eng. and Phys. Calculus
771 Am. J. Phys., Vol. 70, No. 7, July 2002
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EP2 all had instruction on mechanics from their previo
courses~GP1 and EP1!. Therefore, we can approximatel
study the change of student understanding before and
traditional instruction.

In the following two sections, we apply two numeric
methods,concentration analysisandmodel state estimation,
to analyze the data. In this paper, we provide only limit
descriptions of the operations of these tools. More details
provided in Refs. 2 and 9.

B. Concentration analysis

As a way to validate the effectiveness of this multipl
choice instrument, we first used theconcentration analysisto
evaluate the design of the distracters.33 As we have learned
from qualitative research on student learning, student
sponses to problems in many physical contexts can be
sidered to be the result of their application of a small num
of conceptual models. The way in which the students’
sponses are distributed on model-based multiple-cho
questions can yield information on the students’ state: fo
particular question; highly concentrated responses imp
that many students are applying a common model associ
with the question; whereas randomly distributed respon
often indicate that the population has less commonality
reasoning.~Sometimes, this situation corresponds to the c
where most students have no systematic model and/or
question is not designed to extract information on stude
models.!

It is convenient to construct a simple measure that gi
information on how the students’ responses are distribu
among the choices of a particular multiple-choice questi
This measure is defined as the concentration factor,C, which
is a function of students’ responses and has values in
interval @0,1#. Larger values represent more concentrated
sponses with 1 being a perfectly correlated response and
random response. The concentration factor is defined as

C5
Am

Am21
3S A( i 51

m ni
2

N
2

1

Am
D , ~1!

wherem represents the number of choices for a particu
question,N is the number of students, andni is the number
of students who select choicei of the question.

-

he
res are
Table VI. The average scores~S! and concentration factors (C) of student responses on all 16 questions for t
five courses~only the average results of the question groups corresponding to the different physical featu
shown!.

Class V M P A Others

PW
S 0.06 0.10 0.11 0.73 0.35
C 0.69 0.67 0.34 0.59 0.28

GP1
S 0.12 0.11 0.17 0.85 0.34
C 0.80 0.76 0.40 0.75 0.29

GP2
S 0.25 0.18 0.32 0.64 0.50
C 0.57 0.67 0.49 0.50 0.38

EP1
S 0.20 0.23 0.27 0.67 0.35
C 0.61 0.55 0.37 0.55 0.33

EP2
S 0.35 0.29 0.46 0.65 0.52
C 0.49 0.54 0.51 0.51 0.40

Average
S 0.20 0.18 0.27 0.71 0.41
C 0.63 0.64 0.42 0.58 0.34

Standard DS 0.11 0.08 0.14 0.10 0.11
Deviation DC 0.13 0.13 0.12 0.13 0.09
771Bao, Hogg, and Zollman



li-

tio

,

lu
o
th
l a
is
in
s
r

on
pe
r
to

s

fo
re
d
g
n-
, a
a
A

ou
re
ibi
n
u
re
d

nt
ci
re
rr

’
t

tio
iu

be
a
ai
d
pp
lit

t

io
fs
p
s
e

he
the

on
ob-
ture
nts
a

tion
on-
xed
able

raw
the
a-

del
lues
he-

ates.

nant
ed
nval-
ix
to
As seen in Eq.~1!, the concentration factor has a comp
cated relation withni . Based on our results, a value ofC
greater than 0.5 represents a fairly high concentra
~.60% students selected the same choice!. A value between
0.2 and 0.5 is considered to be a medium concentration
which case students’ responses are often concentrated on
choices indicating a possible two-model situation. A va
less than 0.2 indicates that the students’ responses are s
what evenly distributed among three or more choices. In
case, students either have no consistent reasoning at al
respond rather randomly, or they may exist in an evenly d
tributed population for all the possible models involved
the question.~Further clarification on this situation require
looking at the content of the question and student behavio
interviews.!

In Table VI we show the results of the concentrati
analysis of student responses on the newly develo
multiple-choice test~see Appendix! for the five courses. Fo
easy comparison, we first calculate the concentration fac
for all 16 questions and then group the questions based
the different physical features to obtain the average result
the groups.

The concentration analysis provides a convenient tool
determining whether a question can select common incor
student models or if students actually have a common mo
at all. Therefore, it can be used to assess student learnin
well as to facilitate the development of multiple-choice i
struments. For a concept involving two common models
in the case of Newton III, a well-designed question often h
medium to high concentration on students’ pretest data.
shown by Table VI, the questions corresponding to the f
physical features all have high concentration factors, whe
the questions we used to explore certain interesting poss
ties, denoted by ‘‘others,’’ have systematically lower conce
tration factors. This difference indicates that for the fo
physical features, most students have common types of
soning ~models! similar to the ones that we have identifie
from qualitative research. It also shows that the choices
the questions match well with these models.

A more detailed look at the data shows that the stude
responses to questions with the physical features of velo
and mass have high concentration values but low sco
This indicates that most students selected the same inco
answers on these questions~common incorrect models!. In
contrast, for questions that feature acceleration, students
sponses show high scores and high concentrations, indica
that most students selected the correct answer. On ques
that feature pushing, students’ responses have a med
value for C, which indicates that students often select
tween two popular answers. In this case, students usu
have a mixed state of understanding. To look into the det
of all these possible situations of student models, we nee
use our knowledge of the content of the questions and a
the methods of model analysis to extract the probabi
states of students’ use of different models as discussed in
following.

C. Model state estimation

Using each physical feature as an independent dimens
we analyzed student model states. As discussed in Re
and 9, the model state for a single student gives the am
tude of the distributed probabilities for the student to u
~due to the context settings of the questions used in the m
772 Am. J. Phys., Vol. 70, No. 7, July 2002
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surement! the different common models associated with t
set of questions. The model state for a population gives
amplitude of the distributed probabilities for the populati
to use the different common models. These distributed pr
abilities are stored in a model state vector, and its struc
can provide important information on the ways that stude
apply their conceptual models. In particular, it provides
numerical measure of how a single student or a popula
may inconsistently use different conceptual models in c
texts that are regarded equivalently by experts. Such mi
states are often a crucial intermediate stage of a favor
conceptual change.34

To calculate the model states, we first code students’
responses to obtain single-student model vectors by using
scheme shown in Table IV. Then a class model density m
trix is obtained for each class using the single student mo
vectors. We then calculate the eigenvectors and eigenva
of the class model density matrix. Figure 7 shows a sc
matic of the procedures for the calculation.35

Fig. 7. Schematics of the procedures for calculating the class model st

Fig. 8. Model plot used to represent the class model states. Model 1~Model
2! region represents comparatively consistent model states with domi
model 1 ~model 2! components. Mixed model region represents mix
model states. Secondary region represents model states with small eige
ues. In the figure,sm

2 is themth eigenvalue of the class model density matr
and vhm is the hth vector component of the eigenvector corresponding
sm

2 .
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Fig. 9. Model plots of student class model states on Newton III with the four physical features: velocity~V!, mass~M!, pushing~P!, and acceleration~A!. The
data is taken from five introductory physics courses at Kansas State University.
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As discussed in Ref. 9, the class model state vectors
the eigenvectors of a class model density matrix and refl
the set of unique features of the model states held by
individual students in the class, whereas the eigenvalues
flect the popularity of the corresponding class model sta
A useful way to investigate the shift in student thinking b
tween two common models is to create a model plot.36 As
shown in Fig. 8, a particular model state as well as its eig
value can be represented by a point on a model plot~for
example,B!, where the horizontal and vertical componen
are equal to the products of the square of the class m
state vector’s two corresponding components and the m
state vectors’ eigenvalues. The calculated results give
probabilities for the class to apply the common models r
resented by each of the corresponding axes.

From a model plot, we can obtain information about t
class population and individual students’ use of their mod
In general, the value of the largest eigenvalue can provid
measure of the consistency of the population. For examp
class model state with a large eigenvalue, which results
point close to the upper boundary line, indicates that a la
number of students in the class have model states simila
this class model state, that is, the class has a somewhat
sistent population.

The information on the individual student’s use of the
773 Am. J. Phys., Vol. 70, No. 7, July 2002
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models is reflected by the eigenvectors~or class model state
vectors!. If most students in a class use their models con
tently, which corresponds to a large number of ‘‘pure’’ sing
student model states, the point representing the class m
state will be in either model 1~correct! or model 2~incor-
rect! regions. When individual students use their models
consistently, which corresponds to a large number
‘‘mixed’’ single student model states, the point represent
the class model state will be in the mixed model region.37

The student class model states with the four physical f
tures of Newton III are calculated and plotted in Fig. 9. F
each class, only the model state with the largest eigenv
~called the primary model state! is shown.

From Fig. 9, we can see that for mass and velocity,
primary model states of all the classes are in the region
resenting a consistent incorrect model~model 2!, which in-
dicates that most students have a dominant consistent in
rect model. The popularity of the incorrect model decrea
somewhat in higher-level courses—from 90%~GP1! to 60%
~EP2!, but the model states stay in the model 2 region, sho
ing that most students in the five classes apply their mod
consistently, that is, no mixed use of different models. In t
situation, the eigenvalue of the primary model state provi
an estimate of the fraction of the class population using
incorrect model.
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Student model states for acceleration appear to be the
posite of the situations with mass and velocity. In this ca
most students hold a consistent ‘‘correct’’ model when th
consider acceleration irrelevant. Although students give c
rect responses on the related questions, it does not mean
student models are the same as the expert one. Correc
derstanding of the underlying student reasoning requires
ther studies with detailed interviews. As a preliminary ind
cation, the analysis of our interviews suggests that a poss
reason for the students to consider acceleration irreleva
not that they truly understand the nature of Newton III, b
rather that they believe the velocity to be the major fac
and acceleration is related to velocity and does not hav
direct effect.38

For pushing, the student model states show a differ
structure. The low level classes still have a dominant con
tent incorrect model. As the class level gets more advan
the student model states become more mixed. The mos
vanced class~EP2! had almost a perfectly mixed model sta
with a large eigenvalue (;0.8), which also indicates tha
most students in this class have mixed model states and
structures of the individual single-student model states
also similar~students behave similarly!. This is very different
from the situations with the other physical features and
plies a different process in conceptual development. No
that among the five classes, three~PW, GP1, and EP1!
haven’t had any college-level instruction on mechanics,
two ~GP2 and EP2! had instruction on mechanics in the pr
vious semester. As clearly shown in the model plot, the th
classes without instruction are in the model 2 region rep
senting a consistent incorrect model. The two classes w
instruction are in the mixed region. The shifts of the cla
model states are consistent with our presumption that
dents often start with a consistent incorrect model and
through a stage of mixed models toward building a con
tent correct model.39

An advantage of this model analysis representation o
score-based representation is that it shows more detai
student conceptual development status. For example, if
uses scores to analyze the same data, the results~for ex-
ample, with the EP2 class as shown in Table VI! would show
scores ranging from 29% to 46% for the three quest
groups on mass, velocity, and pushing. As shown by
model analysis method for velocity and mass, the class po
lation exists in two groups that each uses consistently ei
the correct model~about 30% of the total population! or the
incorrect model~about 70% of the total population!. On the
other hand, for pushing, the class population predomina
holds a mixed model state where each student uses bot
correct and the incorrect models in an inconsistent man
However, if we collapse these details into scores, the
situations,~1! class population exists in two groups that ea
uses consistently one of the two models, and~2! class popu-
lation exists in a single group that uses both models inc
sistently, would produce numbers showing the percentag
correct responses, but with no further information on h
such responses were produced. Therefore, using a s
based measurement would not allow us to distinguish
tween the different patterns of conceptual development in
cated by the model-based analysis.

D. Implications on conceptual development

As recognized by many researchers, the stage of a m
model state is often an important intermediate step fo
774 Am. J. Phys., Vol. 70, No. 7, July 2002
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complete favorable conceptual change. Therefore, we
more emphasis on the study of student reasoning concer
pushing. When we ask the students in our interviews to
plain their reasoning related to the physical features of pu
ing, many~7/9! of them specifically said that ‘‘when you ar
pushing something, you get pushed back.’’ A significa
number~4/9! of students even explicitly said that ‘‘the forc
is equal and opposite’’ and tried to use this idea in th
reasoning. Some of the students can associate these co
ideas with examples such as push against a wall from t
experiences. In the following, we summarize some comm
behaviors of the students identified in our interviews.

~1! Students often use the two above quotes in their ex
nations on questions involving pushing. With questions t
do not explicitly involve the issue of pushing, students
stantly look for mass or velocity in their reasoning witho
even bothering to recall the two sentences, which many
them can memorize~especially the first one! and relate to
examples from their personal experience. It appears tha
the students in our interview, the two sentences are stron
associated with the issue of pushing only.

~2! When students use the two sentences, the first on
very easy for them. On the other hand, many students
have problems with the second sentence and have the
dency to think the one who pushes exerts a larger force
students can sometimes give contradictory answers on s
lar questions with pushing resulting in a mixed model sta

With the results from the qualitative and quantitati
methods, we can infer a possible explanation for why stud
model states are different with the physical feature of pu
ing. It appears that pushing is often the first and the m
common issue in examples used to introduce Newton
More importantly, most students have the experience of
ing pushed back when they are pushing an object. Integra
the sensory cues of being pushed back in instruction
directly link this particular aspect of the concept of Newt
III to students’ real life experience and presumably make
more meaningful for them and thus easier to understa
Therefore, students can make significant changes in t
models of this physical feature even with traditional instru
tion. On the other hand, students’ strong naive models a
ciated with mass and velocity often receive inadequate
ineffective treatment by traditional instruction and chang
of these models are rather insignificant.

VI. IMPLICATIONS FOR INSTRUCTION

This study provides evidence for the context depende
of conceptual learning. The result implies that effective
struction often requires that the instructional contexts be
tegrated with the students’ existing knowledge system. As
can see from this example, when the context used to pre
the new concept is treated properly, even traditional instr
tion can make a significant impact on students’ concep
understanding. Therefore, instruction should be develo
based on a good understanding of the possible forms of
dent models as well as the effects of the related contex
features. Successful instruction should also include effec
assessment tools to provide accurate and context-rich in
mation on students’ state of understanding. This resea
suggests that the model analysis method can be a usefu
sessment tool in research and instruction. It has severa
vantages:
774Bao, Hogg, and Zollman
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~1! It uses multiple-choice instruments making it appropri
and feasible to implement in large classes.

~2! The instruments and analysis methods are based on
tematic research of student conceptual models and
can provide detailed and validated information on t
state of student understanding.

~3! The method of using physical features to study the str
tures of student models can yield explicit information f
both researchers and instructors on the details of h
contexts and students’ conceptual models interact du
the process of conceptual development for a single
dent and/or a population.

VII. SUMMARY

We found that student models show different structures
different physical features and that student model evolu
during instruction also shows different processes with diff
ent physical features. Such information is often unavaila
using assessment instruments designed with entangled p
cal features. As an example, the new instrument and a
rithms in model analysis were found to be effective in me
suring and analyzing the details of student model structu
With this new method, we can obtain detailed quantitat
information on the status of student conceptual understa
ing and the changes of such understanding with respec
specific contextual features.
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APPENDIX: SURVEY ON STUDENT MODELS OF
NEWTON’S THIRD LAW

Instructions to students:

d Please read each question carefully. If you have any qu
tions, ask the instructor for help.

d For each question, please only selectone choice that best
describes your understanding.

d This test is for diagnostic purposes only and will not infl
ence your grade in any way. Therefore, we would like y
to give your true thoughts on the physics involved. T
will greatly help us to design better instruction and he
you to improve your performance on exams.

d Your name and ID on this survey are for administrati
purposes, and your result will be kept strictly confidenti.

Use the following choices to answer questions1–4.
A. The truck exerts a greater force on the car than the

exerts on the truck.
B. The car exerts a greater force on the truck than

truck exerts on the car.
C. The truck exerts a force on the car but the car doe

exert a force on the truck.
D. The car exerts a force on the truck but the truck doe

exert a force on the car.
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E. The truck exerts the same amount of force on the ca
the car exerts on the truck.

F. None of the answers above describes the situation
rectly.

1. As shown in the figure on the right, a collision happe
between a small pickup truck and a car. The small truck
the same mass as the car does. At the time of collision, b
vehicles travel at a constant speed but the small truck
moving at a slower speed than the car. When they coll
which choice describes the forces?
2. Now consider the case that before the collision, the ca
traveling at a constant speed while the truck starts slow
is speeding up. At the moment of collision, both vehicl
happen to be traveling at the same speed. When they col
which of the above choices describes the forces?
3. As shown in the figure below, a car breaks down on
road and is pushed into town by a small AAA service truc
The small truck has the same mass as the car does. Whil
truck, still pushing the car, is speeding up, which cho
describes the forces?

4. As shown in the figure below, a collision happens betwe
a big truck and a car. The big truck has a much larger m
than the car does. Before the collision, both vehicles
traveling at the same constant speed. When they coll
which choice describes the forces?

5. Two boys, Jimmy and Max, are tossing identical marb
at each other. Max is a little stronger than Jimmy, so
marble from him goes faster than the marble from Jimm
During one nice shot, the two marbles, one from Max a
one from Jimmy, collide in mid air~see figure below!. Which
of the following statements is true about the force?

A. Max’s marble exerts a greater force on Jimmy’s mar
than Jimmy’s marble exerts on Max’s marble.

B. Max’s marble exerts the same amount of force on J
my’s marble as Jimmy’s marble exerts on Max’s marble.

C. Max’s marble exerts a smaller force on Jimmy’s marb
than Jimmy’s marble exerts on Max’s marble.

D. Jimmy’s marble exerts a force on Max’s marble b
Max’s marble doesn’t exert a force on Jimmy’s marble.
775Bao, Hogg, and Zollman
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E. Max’s marble exerts a force on Jimmy’s marble b
Jimmy’s marble doesn’t exert a force on Max’s marble.

F. None of the answers above describes the situation
rectly.
6. A blue car and a red car both enter an intersection wh
the traffic light is just broken. Both cars are the same mo
except for the color. As shown in the figure below, the b
car was originally traveling from south to north and the r
car from west to east. At the moment when the red car hit
blue car on the left side, both cars are traveling at the sa
constant speed. Which of the following statements is tru

A. Red car exerts a greater force on blue car than blue
exerts on red car.

B. Red car exerts the same amount of force on blue ca
blue car exerts on red car.

C. Blue car exerts a greater force on red car than red
exerts on blue car.

D. Blue car exerts a force on red car but red car doe
exert a force on blue car.

E. Red car exerts a force on blue car but blue car doe
exert a force on red car.

F. None of the answers above describes the situation
rectly.

Use the following choices to answer questions 7 and 8
A. John exerts a greater force on Tom than Tom exerts

John.
B. John exerts the same amount of force on Tom as T

exerts on John.
C. Tom exerts a force on John but John doesn’t exe

force on Tom.
D. Tom exerts a greater force on John than John exert

Tom.
E. John exerts a force on Tom but Tom doesn’t exer

force on John.
F. None of the answers above describes the situation

rectly.
7. In a soccer game, two players, John and Tom who hap
to have same mass, are running to chase a ball that is fl
close to them. John runs about twice as fast as Tom. Un
tunately, neither player notices the other, and they run
each other. At the time they hit, which of the above sta
ments is true?
8. Still in that soccer game, John and Tom run into each o
again. This time, Tom starts early and is running at a cons
speed. John starts late and is speeding up. At the time
776 Am. J. Phys., Vol. 70, No. 7, July 2002
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hit, they both happen to be running at the same speed. W
of the above statements is true?
9. Later in that soccer game John runs into another pla
Bill, who is almost twice as heavy as John. This time, th
are both running at the same speed. At the time they hit e
other, which of the following statements is true?

A. John exerts a greater force on Bill than Bill exerts
John.

B. John exerts the same amount of force on Bill as B
exerts on John.

C. Bill exerts a force on John but John doesn’t exer
force on Bill.

D. Bill exerts a greater force on John than John exerts
Bill.

E. John exerts a force on Bill but Bill doesn’t exert a forc
on John.

F. None of the answers above describes the situation
rectly.
10. As shown in the figure below, an enemy aircraft drop
bomb, which is gliding down at a constant speed towa
people on the ground. A missile is launched and is acce
ating toward the bomb. The missile and the bomb happe
have the same mass. At the moment the missile hits
bomb, they both are moving at the same speed and neith
them explodes after the hit. Which choice describes
forces?

A. The missile exerts a greater force on the bomb than
bomb exerts on the missile.

B. The bomb exerts a greater force on the missile than
missile exerts on the bomb.

C. The missile exerts the same amount of force on
bomb as the bomb exerts on the missile.

D. The missile exerts a force on the bomb but the bo
doesn’t exert a force on the missile.

E. The bomb exerts a force on the missile but the miss
doesn’t exert a force on the bomb.

F. None of the answers above describes the situation
rectly.

Use the following choices to answer questions 11 and
A. The floor exerts a greater force on the feet than the

exert on the floor.
B. The feet exert a greater force on the floor than the fl

exerts on the feet.
C. The feet exert a force on the floor but the floor does

exert a force on the feet.
D. The floor exerts a force on the feet but the feet do

exert a force on the floor.
E. The floor exerts the same amount of force on the fee

the feet exert on the floor.
F. None of the answers above describes the situation

rectly.
11. Anna is taking an elevator from the fourth floor of th
physics building to catch the next class in the basement
776Bao, Hogg, and Zollman
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the elevator, Anna is standing right in the middle witho
touching anything else when the elevator just started to
down. Which of the above choices correctly describes
forces between the floor of the elevator and Anna’s feet?

12. After class, Anna is taking the same elevator from
basement back to the fourth floor to ask for help from h
physics professor. In the elevator, Anna is standing righ
the middle without touching anything else when the eleva
just started to go up. Which of the above choices corre
describes the forces between the floor of the elevator
Anna’s feet?
13. Two students, Amy and Jane, are on very good ident
roller blades facing each other. They both have the sa
mass of 50 kg. Amy places her hand on Jane, as shown to
right. Amy then suddenly pushes outward with her ha
causing both to move. In this situation, while Amy’s han
are in contact with Jane, which choice describes the forc

A. Jane exerts a force on Amy, but Amy doesn’t exert a
force on Jane.

B. Amy exerts a force on Jane, but Jane doesn’t exert
force on Amy.

C. Each student exerts a force on the other, but Jane e
the larger force.

D. Each student exerts a force on the other, but Amy ex
the larger force.
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E. Each student exerts the same amount of force on
other.

F. None of these answers is correct.
14. Susan, a little girl, and her Mom are traveling to Euro
They have a lot of luggage. At the airport, Susan tries to h
her Mom by handling her luggage all by herself. She ha
big suitcase that weighs the same as she. So she can
push the case to move it a little bit at a time. But she ke
doing it. Each time while she is pushing the case, wh
choice describes the forces?

A. The case exerts a force on Susan, but Susan doe
exert any force on the case.

B. Susan exerts a force on the case, but the case do
exert any force on Susan.

C. Both Susan and the case exert a force on the other,
the box exerts a larger force on Susan.

D. Both Susan and the case exert a force on the other,
Susan exerts a larger force on the box.

E. Both Susan and the case exert the same amount of f
on the other.

F. None of these answers is correct.
15. Two students, Bob and Jay, sit in identical office cha
facing each other. Bob has a mass of 100 kg and Jay h
mass of 70 kg. Both Bob and Jay place their feet against
other, as shown to the right. They then both suddenly p
outward with their feet at the same time, causing both ch
to move. In this situation, while their feet are still in contac
which of the following choices describes the force?

A. Jay exerts a force on Bob, but Bob doesn’t exert a fo
on Jay.

B. Bob exerts a force on Jay, but Jay doesn’t exert a fo
on Bob.

C. Each student exerts a force on the other, but Jay ex
the larger force.

D. Each student exerts a force on the other, but Bob ex
the larger force.

E. Each student exerts the same amount of force on
other.

F. None of these answers is correct.
16. Now Bob and Peter sit in identical office chairs faci
each other. They all have the same mass of 100 kg. Pete
football player and is much stronger than Bob. Again, th
then both suddenly push outward with their feet, caus
both chairs to move. In this situation, while their feet are s
777Bao, Hogg, and Zollman
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in contact, which of the following choices describes t
force?

A. Peter exerts a force on Bob, but Bob doesn’t exe
force on Peter.

B. Bob exerts a force on Peter, but Peter doesn’t exe
force on Bob.

C. Each student exerts a force on the other, but Peter
erts the larger force.

D. Each student exerts a force on the other, but Bob ex
the larger force.

E. Each student exerts the same amount of force on
other.

F. None of these answers is correct.
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