Model analysis of fine structures of student models: An example
with Newton’s third law
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In problem-solving situations, the contextual features of the problems affect student reasoning.
Using Newton’s third law as an example, we study the role of context in students’ uses of alternative
conceptual models. We have identified four contextual features that are frequently used by students
in their reasoning. Using these results, a multiple-choice survey was developed to probe the effects
of the specific contextual features on student reasoning. Measurements with this instrument show
that different contextual features can affect students’ conceptual learning in different ways. We
compare student data from different populations and instructions and discuss the implications.
© 2002 American Association of Physics Teachers.
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[. INTRODUCTION models when responding to research-based multiple-choice
instruments. With specially designed instruments, these nu-
Over the past two decades, a significant amount of remerical tools can also be used to assess the effects of specific
search has been conducted on students’ use of incorrect reantextual features on students’ use of models.
soning in solving physics problemi&his reasoning has been  There are a number of popular instruments for probing
described as preconceptions, misconceptions, alternativstudents’ broad understanding of concepts such as Newton’s
concepts, etc. At both college and pre-college levels, studidaws!® However, for complicated concepts such as Newton
have shown that the formation and application of this reasonHl, existing instruments were often designed having multiple
ing are strongly context dependént. In problem-solving contextual features entangled in a single question. Thus,
situations, the context setting of the problems can have probing the isolated effects of a single contextual feature in
significant influence on students’ reasonfrigMany physics the formation and application of students’ models is
concepts, such as Newton’s third IaNewton Ill), can in-  difficult.'! In this research, we aim to develop a new type of
volve a variety of contextual features. When not treatednstrument where a single question only measures the effects
properly, these features can increase the difficulty of bottof a single contextual feature involved with a particular con-
assessing student learning and implementing effective ineept.
struction. Therefore, the details of how different contextual In Sec. Il we present a brief review of the literature on
features can affect students’ reasoning are of great impoiNewton Il and the involvement of contextual features in
tance to researchers and instructors. student reasoning. Section Ill describes our research on iden-
The issue of context dependence has been widely studigdying the important contextual features. In Sec. IV, we dis-
in the literature, and a variety of definitions have been procuss the measurement and introduce our research on the de-
posed for what could be considered to be contexts. In thiselopment of a new instrument. Section V gives an example
paper, we focus on the set of context factors that are directlgf applying this instrument with quantitative data analysis. In
embedded in the content knowledge that students are studgec. VI, we discuss the implications of this research.
ing, that is, content-based context factdrs.

Based on the context-dependency of the learning procesg, STUDENT MODELS OF NEWTON'’S THIRD LAW

we have developed a modeling methothdel analysiswith  AND THE INVOLVEMENT OF CONTEXTUAL
which different types of student reasoning are described by aTURES

student model$ Both the models that students’ use and the

contexts in which they use the models are objects of the Before going into more detail on the analysis, we briefly
analysis. The assessment investigates how students applyeview what we mean by a mod&A model is a functional
model of a concept as well as how this application varies asental construct that is associated with a specific con@ept

the context is changed. In this approach one does not simply topig and can be applied directly in real context settings
say that a student can or cannot apply a correct model of eelevant to the concept to obtain explanatory results. Models
given concept. Instead, one states that the student is likely toave direct causal relations to the responses students gener-
use a particular model with a certain probability on problemsate in various problem-solving situations. Other researchers
related to a concept. Furthermore, we can begin to undehave also studied this issue and used terms such as tacets,
stand in which contexts it is difficult for the student to apply mental models? and student view&> A comparison with the

the model. Thus, the researcher can start to build a represeliterature reveals that these terms represent mental constructs
tation of the student’s knowledge status in termnobdel that are similar to what we call models. However, in our
stateswith respect to the concept. This representation prodefinition, models have explicit attributes with respect to
vides the basis for the development of a number of numericatontexts and are considered to have direct causal relations to
methods to extract information on students’ uses of theithe responses produced by the students. In mental operations,
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models are usually involved in an explicit manner. In our

research, we study the models that students have or develo
in learning physics. For convenience, we call these studen
models!®

For a particular physics concept, we can identify a finite

set of commonly recognized modélsSuch a set of models  As shown in the figure, a collision happens between a
usually consists of one correct expert model and a few incor-gima]1 pickup truck and a car. The small truck has the
rect or partially correct student models. We will refer to these ¢4 me mass as the car does. At the time of collision
as thecommon modelsf this particular concept. These mod- both vehicles travel at a constant speed but the small

els are common to a group of students with similar back- . .
grounds and the existence of these models can be verifiedruck is moving at a slower speed than the car.

through research. In defining the set of common models, weDescribe the forces at the moment they collide.

consider all the possﬂale for.ms of S.tUdems models: the Onelgig. 1. Open-ended interview question on Newton Il with the contextual
that students have prior to instruction, the ones that studenfg,yre of velocity.

are likely to create on the spot when exposed to new contexts

relevant to the concept, and the ones that students can de-

velop during and after instruction as a result of learning in-yolved in students’ reasoning about Newton Il further re-
teractions. ) search is needed to investigate how the different contextual
When a single student responds to a set of questions rgeatures may independentlypr in combination affect stu-
lated to a particular physics concept, the student's use afents’ learning. There have been studies on the effects of
models usually falls into one of the two categori€bi the  context on student reasoning; however, these often focus on
student can use one of the common models and is consistegiestioning the consistency of students’ use of their concep-
in using it in solving all questions; @) the student can hold tyal models in different contexts.In a recent study on stu-
different common models at the same time and is inconsisdent understanding of forcé%,Palmer found two types of
tent in using them, that is, the student can use one of thgontextual effects, primary and secondary, based on the
common models on some questions and use a differerfirength of the influence that a particular contextual feature
model on other questions, even though all the questions aigan have on student reasoning. In his research, the context is
related to a single concept and are seen as equivalent nsidered as an external factor that affects student reason-
experts. The different situations of the student’s use of moding.
els are described in terms of studembdel states® The first With the model analysis and the cognitive representations
case corresponds to a consistent model state and the secand develop in this paper, the context is considered as a sig-
case is a mixed model state. These model states can be mefficant part of the student reasoning itself, and we use the
sured and represented mathematically by a multidimension@ontextual features as the basis for studying students’ con-
probability vector in amodel spacespanned by the set of ceptual understanding.
common models. We can also measure the model states of a
population and study the performance of a class. IIl. CONTEXTUAL FEATURES ASSOCIATED WITH
In physics education research, student understanding EWTON "
topics in introductory mechanics has been thoroughly studie

for several decades. Based on this eXiSting kﬂOWledge, We From existing research, we can |dent|fy two contextual
can obtain a rather clear picture of the possible forms of theeatures that are frequently used by students in their reason-
student models used by students in most topics of mechanicsg when working with problems associated with Newton
For example, for the concept of the relationship between|: (a) mass andb) the initiator of the actiorfwho is push-
force and motion, we were able to identify three commoning). Because students often associate force with vel8tity,
models based on the results from our own research and thgr experience suggests two additional possibilitiesve-
literature’® These models involve a single contextual locity and (d) acceleration.
feature—the velocity of the moving object. To validate this speculation, we interviewed 9 students
On the other hand, models used by students in associatiGfom an introductory physics clag€oncepts of Physigsat
with Newton Ill show much greater complexity, involving Kansas State Universify. The class has no math require-
not one but several different contextual features. For exment and is for students majoring in elementary school edu-
ample, in a study of students’ reasoning related to this coneation. The interviews were conducted in the middle of the
cept, Maloney found that college students use some sort @ourse, about two weeks after the students had finished
dominant principlé’ where students think that during an studying Newton Ill. The students volunteered to be inter-
interaction, the dominating object exerts a larger force. The/iewed; no attempt was made to obtain a representative
dominance can come from a number of sources, su¢@@s sample.
greater mass anh) the active initiator of a forcéin contrast In the interviews, the students were asked to think aloud
to a reaction force Apparently, these two commonly occur- about their reasoning on questions designed with the four
ring issues are often embedded in the contextual settings @bntextual features. The protocol was designed so that each
physics questions on Newton Ill. Students’ responses obguestion involved only a single contextual feature. Figures 1,
tained from these questions reflect the students’ understan@; and 3 are sample questions that are designed with isolated
ings of the related concept, which are, in part, built on thecontextual features of velocity, mass, and pushing, respec-
ways that the students consider how the different contextualvely.
features are involved. From students’ responses in these interviews, we found
Although studies of student learning of mechanics havehat, in general, many student&/9) consistently employed
successfully identified the important contextual features inthe dominance viewpoint in describing the forces on the

3
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-— Table I. Students’incorrect reasoning involving the four contextual features.

! These are identified in our interviews.
VQM Contextual features
Transport and common incorrect reasoning Student responses in interviews

Velocity—Object with larger velocity “ The car is going faster and it has

exerts a larger force. a greater push against the tru¢k
Mass—Object with larger mass exert$ It has more weight so the
As shown in the figure, a collision happens between a a larger force. momentum behind it is greatef
big truck and a car. The big truck has a much larger Pushing—Object that “pushes” exerts* Amy actually reaches out and
.. a larger force. pushes Jane and Jane was
mass than the car does. Before the collision, both just there. Her (Jane's) force
vehicles are traveling at the same constant speed. was a non-equal but opposite
Describe the forces at the moment when they collide. _ _ _ _ force that she pushes batk
Acceleratior—Object that is speeding” Because it is speeding up so it
Fig. 2. Open-ended interview question on Newton Il with the contextual UP €X€rts & larger force. has more accelt_aratlon and more
feature of mass. momentum behint?

aMost students use momentum as another word for force.

objects—the object with dominating features applies a -
greater force. The dominating features are selected froR€Ween them at the moment when they collide.” When we
three context features: velocity/], mass M), and the ini- mentioned that at the instance of the collision, both objects

tiator of the action(pushingP). Table | shows some typical have the same velocity, all but one student claimed that the
incorrect student reasoning identified in the interviews. force Shoz%ld be equal and considered the acceleratign (
Some student&2/9) were found to be in an explicitly con- !rrele\(ant. Therefore, we conclude that most .stu'd.ents we
fused stat® and used mixed idea&ombining the correct mte_rwewed did not consider ac_celeratlon as a significant fac-
model and the incorrect dominance viewppioh questions " I their reasoning on questions related to Newton lil. In
related to the three context features. For example, on th@ur later analysis, we will keep this context feature to see if

; PR . other populations might deal with this feature differently.
question shown in Fig. 1, Kathy said: We also found that students can use combinations of dif-
“Same amount of force but | am not sure. Be- ferent contextual features in their reasoning and may con-
cause when two things collide, they exert the sider them with different levels of significance for specific
same amount of force. I don't know why it is questions. At this stage, we did not pursue these details fur-
always equal and opposite. Because I think speed  ther and focused on the study of the independent-first-order
might have something to do with it.... It is com- relation between student reasoning and the individual context
mon sense that something moving faster is going feature<?’
to have more force. Now | am not sure.” Table Il briefly summarizes the incorrect reasoning of the

Later in the interviews, a modified version of the questioninterviewed students corresponding to the four contextual
shown in Fig. 1 was revisited, and we asked students téeatures. As indicated by the results, these four contextual
“consider the case that before the collision, the car is travelfeatures represent the ones that are frequently used by stu-
ing at a constant speed while the truck starts slow and igents in their reasoning; therefore, we define them as the
speeding up. At the moment of collision, both vehicles happhysical featureselated to Newton Ill. In our definition, the
pen to be traveling at the same speed. Describe the forcéerm “physical feature” describes a unique contextual aspect

of a physical scenario that is considered relevant to the re-
lated physics concept by experts and/or stud&hts.

IV. MEASURING THE EFFECTS OF CONTEXTUAL
FEATURES ON STUDENTS' REASONING

The physical features can be used as the basis for studying
the detailed structure of student models of a particular con-
Amy Jane cept. To do so, we need a probe that can measure the effects
of each physical feature on students’ reasoning. However,
many of the questions in existing instruments are not de-
signed with isolated physical features. For example, the
question shown in Fig. 4 mixes two physical features, mass

Two students, Amy and Jane, are on identical roller _ _
blades facing each other. They both have the same Table II. Interview results on student reasoning.

mass of 50 kg. Amy places her hand on Jane. Amy Contextual features Incorrect Mixed Correct
then suddenly pushes outward with her hand, causing

. Velocity (V 7 2 0

both to move. Describe the forces between them Meaggl(% ) 7 5 0
while Amy’s hands are in contact with Jane. Pushing(P) 6 1 2
Acceleration(A) 0 1 8

Fig. 3. Open-ended interview guestion on Newton Il with the contextual
feature of pushindthe initiator of action. aStudents consider the corresponding contextual feature irrelevant.
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Fig. 4. Question 11 in FQloriginal version. This question is on Newton Ill
with mixed contextual features of mass and pushing.

769

and pushing, together. If a student answers that Bob exerts a
larger force, no further evidence can indicate if the incorrect
response is generated based on consideration of mass, of
pushing, or both.

A. A new multiple-choice instrument on Newton Il and
model-based assessment

Based on published research and the results from our in-
terviews, we developed a new multiple-choice instrument
where each question only measures students’ reasoning re-
lated to a single physical feature of Newton Ill. To measure
the possible mixing of students’ use of their mod@l$or
each of the four physical features we designed three ques-
tions using different context settings. In Figs. 5 and 6, we
show two sample questions: question 7 on velocity and ques-

In a soccer game, two players, John and Tom who happen to have the same mass, are
running to chase a ball that is flying close to them. John runs about twice as fast as
Tom. Unfortunately, neither of the players notices the other, and they run into each
other. At the time they hit, which of the statements is true?

2EEOFP>

John exerts a greater force on Tom than Tom exerts on John.

John exerts the same amount of force on Tom as Tom exerts on John.
Tom exerts a force on John but John doesn't exert a force on Tom.
Tom exerts a greater force on John than John exerts on Tom.

John exerts a force on Tom but Tom doesn't exert a force on John.
None of the above answers describes the situation correctly.

Fig. 5. Question 7 in the new survey on Newton Ill. This question only involves the contextual feature of velocity.

Two students, Bob and Jay, sit in identical office chairs facing each other. Bob has a mass of
100 kg and Jay has a mass of 70 kg. Both Bob and Jay place their feet against the other.
They then both suddenly push outward with their feet at the same time, causing both chairs to
move. In this situation, while their feet are still in contact, which of the following choices
describes the force?

AETAORP
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Jay exerts a force on Bob, but Bob doesn't exert a force on Jay.

Bob exerts a force on Jay, but Jay doesn't exert a force on Bob.

Each student exerts a force on the other, but Jay exerts the larger force.
Each student exerts a force on the other, but Bob exerts the larger force.
Each student exerts the same amount of force on the other.

None of above is appropriate (please write down your own).

Fig. 6. Question 15 in the new survey on Newton Ill. This question only involves the contextual feature of mass.

Table Ill. Questions in the new survey on Newton Il and the physical features they are measuring.

Velocity Mass Pushing Acceleration Others

Questions 1,57 4,9, 15 2,8,10 3,13, 14 6,11, 12, 16

Bao, Hogg, and Zoliman
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Table IV. The common models corresponding to the four physical features and the associations between the
choices of the questions and the common models.

Physics Questions/
features Common models choice$
1 5 7
Velocity My : null model X X X
MY : correct model e b b
M : incorrect model b a a

—Ilarger velocity larger force

4 9 15
Mass MY : null model X X X
MY': correct model e b e
MY : incorrect model a d d
—Ilarger mass larger force
3 13 14
Pushing M5 : null model X X X
M?: correct model e e e
M5 incorrect model e e e
—the one that pushes exerts a larger force
2 8 10
Acceleration M2 : null model X X X
M?: correct model e b c
M5 : incorrect model a a a

—the one that speeds up exerts a larger force

&x" is used to represent all other choices.

tion 15 on mass. If a student selects choideof question  correct model for each physical feature. In general, we can
15, “Each student exerts a force on the other, but Bob exerténagine situations where many incorrect models e¥ist.
the larger force” we then have strong evidence to infer that
}hls student is using an incorrect modellba}sed on the physm@_ validation of the instrument
eature of mass. The complete survey is included in the Ap-
pendix. In Table I, we list the questions in clusters based on As a partial validation of the measurement consistency of
the physical features that these questions are intended this instrument, we selected 6 questions from the survey and
measure. used them in the 9 interviews that were also used to confirm
This instrument is designed to be used with the modethe existence of the physical features. This approach reduced
analysis, and each physical feature is treated as an indepetire time for conducting this research by combining two tasks
dent dimension to represent students’ model structures. Oin a single interview{(1) identifying and confirming the ex-
each dimensior(corresponding to a specific physical fea- istence of the physical features, a@) validating our design
ture), we can further construct a multidimensional modelof the survey instrument. The first task relies on an analysis
subspace spanned by the common models involved with thisf open-ended explanations and discussions from the stu-
particular physical feature. For Newton Ill, the subspaces fotlents. In the task of validating the instrument, we first asked
all four physical features have three dimensigisee com-  students to answer all the multiple-choice questions, and then
mon models for each physical featurén general, the di- had them explain the reasoning used to generate their
mensions of these subspaces can be different. As an exampiswers”? The consistency between students’ responses to
with the physical feature of pushind}, we define the fol- the questions and their reasoning is used to evaluate if the
lowing common models° questions can measure accurately the underlying student rea-
P. : : soning.
rl\1/|oqc .inl:l/l(J)lll\/g]g?;L(ilr?gorreCt student ideas that do In all the interviews, students’ explanations and their se-
lections of the answers were found consistent, and we did not

Mf: The force has the same magnitude and op- find any apparent communication problems in the

posite direction during the interaction regardless gquestions—most students understood the questions and their
of which object is the initiator of the forcéor- explanations show consistency between their understanding
rect mode). and the intentions of the measurement. As often observed in

interviews, some students may change their minds when ex-
plaining their reasoning. We also observed this situation;
however, in our cases the reasoning that these students
brought up initially(before their second thoughts after some
In Table 1V, we list the common models corresponding toextensive discussigrare all consistent with the answers they

the four physical features. The associations between thgelected. Even when students did change their minds, they all
choices of the questions and the common models are alstame up with answers compatible with the given choices of
listed and are used in our later analysis to analyze studenttfie questions and their modified explanations were also con-
responses. Note that in this example, we have only one irsistent with their new answers.

ME: The object exerting the force will exert a
larger force during interactiofincorrect student
mode).
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Table V. Student background and course information for the five introducEP2 all had instruction on mechanics from their previous

tory physics courses at Kansas State University.

courses(GP1 and EP)L Therefore, we can approximately
study the change of student understanding before and after

Math pre- . . .
Courses Types of courses Majors requisﬁtes traditional |nStrL_JCt|0n. . .
In the following two sections, we apply two numerical
Physical World Algebra, Mech. Liberal arts No math  methodsconcentration analysiand model state estimation
General Physics 1 Algebra, Mech.  Life science Algebra o analyze the data. In this paper, we provide only limited
General Physics 2~ Algebra, E&M  Life science Algebra  descriptions of the operations of these tools. More details are
Engineering Calculus, Mech. Eng. and Phys. Calculus provided in Refs. 2 and 9.
Physics 1
Engineering Calculus, E&M Eng. and Phys. Calculus
Physics 2

B. Concentration analysis

] ] . ) ~As a way to validate the effectiveness of this multiple-

As mentioned previously, students can use mixed ideas ighoice instrument, we first used thencentration analysito
their reasoning. When multiple questions related to a singl@yaluate the design of the distract&té\s we have learned
physical feature are presented to students, we observed thgdm qualitative research on student learning, student re-
Some. Student.S respon_deq W|th dlffel’ent m.odels on d|ffererg onses to prob|ems in many physica' contexts can be con-
questions. This result indicates that by using these types Gfidered to be the result of their application of a small number
questions, we can obtain measurements on students’ mixef} conceptual models. The way in which the students’ re-
mod_el states and on the effects of different context feature§ponses are distributed on model-based multiple-choice
in triggering students’ use of models. questions can yield information on the students’ state: for a
particular question; highly concentrated responses implies
that many students are applying a common model associated
with the question; whereas randomly distributed responses
often indicate that the population has less commonality in
reasoning(Sometimes, this situation corresponds to the case

The new multiple-choice survey was used in five introduc-where most students have no systematic model and/or the
tory physics courses at Kansas State Univer$igll, 1999.  question is not designed to extract information on students’
These courses include: Physical WoflBW), a conceptual models)
physics course for nonscience majors with no math pre- It is convenient to construct a simple measure that gives
requisites; General Physics(GPJ), the first semester of a information on how the students’ responses are distributed
two-semester, algebra-based physics course; General Physa®ong the choices of a particular multiple-choice question.
2 (GP2, the second semester of a two-semester, algebrarhis measure is defined as the concentration fa€towhich
based physics course; Engineering Physi¢ERJ), the first is a function of students’ responses and has values in the
semester of a two-semester, calculus-based course for phyisterval[0,1]. Larger values represent more concentrated re-
ics and engineering majors; and Engineering Physics 3ponses with 1 being a perfectly correlated response and 0 a
(EP2, the second semester of a two-semester, calculus-baseashdom response. The concentration factor is defined as

course for physics and engineering majors. A brief summar
e bl v § o R

V. ASSESSING STUDENTS’ MODELS WITH
MULTIPLE-CHOICE INSTRUMENT

A. The population

of these courses is listed in Table V. All the courses used  ~_ % _
traditional instruction. Jm-1 N Jm

In the beginning of the five courses, we surveyed a total of ] )
280 students—about 60 students from each course. Studentéerem represents the number of choices for a particular
in PW, GP1, and EP1 hadn't had any college instruction orfluestion,N is the number of students, amg is the number
mechanics before they took the courses. Students in GP2 ad students who select choiceof the question.

@

Table VI. The average scoréS) and concentration factor€( of student responses on all 16 questions for the
five coursegonly the average results of the question groups corresponding to the different physical features are

shown).

Class \% M P A Others
PW S 0.06 0.10 0.11 0.73 0.35
C 0.69 0.67 0.34 0.59 0.28

GP1 S 0.12 0.11 0.17 0.85 0.34
C 0.80 0.76 0.40 0.75 0.29

GP?2 S 0.25 0.18 0.32 0.64 0.50
C 0.57 0.67 0.49 0.50 0.38

EP1 S 0.20 0.23 0.27 0.67 0.35
C 0.61 0.55 0.37 0.55 0.33

EP2 S 0.35 0.29 0.46 0.65 0.52
C 0.49 0.54 0.51 0.51 0.40

Average S 0.20 0.18 0.27 0.71 0.41
C 0.63 0.64 0.42 0.58 0.34

Standard AS 0.11 0.08 0.14 0.10 0.11
Deviation AC 0.13 0.13 0.12 0.13 0.09
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As seen in Eq(1), the concentration factor has a compli- Relation between the 3 models and
cated relation withn; . Based on our results, a value Gf A student's responses on 4 the IeSponses to each question
greater than 0.5 represents a fairly high concentrationy ™" oo rgate 110 ‘ﬁ‘es“l"(;l bld 2134
(>60% students selected the same choievalue between a single concept Modd 1 | a5
0.2_ and 0.5 is considered to be a medium concentration, i Model 2 | ac | bd | bd b:d
which case students’ responses are often concentrated on tW|__ Q 1/2]3/4
choices indicating a possible two-model situation. A value|| Answer | e | b |d|a —*—¢

Single student

less than 0.2 indicates that the students’ responses are so

what evenly distributed among three or more choices. In this model state M 1
case, students either have no consistent reasoning at all ar (o> 0 0 lu,)= \/7 1 )
respond rather randomly, or they may exist in an evenly dis- ViDv=l 0 o 0 L7 Jm Mo 4
tributed population for all the possible models involved in - 2 \/Z V2
the question(Further clarification on this situation requires 100 o,
looking at the content of the question and student behavior ir  Obtain class
interviews) model vectors t_ Pu Pr Pu N

In Table VI we show the results of the concentration D=|py rn Pn =Z|“k><“k|

analysis of student responses on the newly develope (Ciass model density matrix | 25, Py, P k=1
multiple-choice testsee Appendixfor the five courses. For

easy comparison, we first calculate the concentration factorsg, 7. schematics of the procedures for calculating the class model states.
for all 16 questions and then group the questions based on

the different physical features to obtain the average results of

the groups. . . . . surement the different common models associated with the
The concentration analysis provides a convenient tool forset of questions. The model state for a population gives the

determining Wheth?f a question can select common incorre mplitude of the distributed probabilities for the population

student models or if students actually have a common modgy, g6 the different common models. These distributed prob-
at all. Therefore, it can be used to assess student learning gjjities are stored in a model state vector, and its structure
well as to facilitate the deyelopment of multiple-choice in- can provide important information on the ways that students
struments. For a concept involving two common models, ag v their conceptual models. In particular, it provides a

in the case of Newton lll, a well-designed question often has, \erical measure of how a single student or a population
medium to high concentration on students’ pretest data. Ajyay inconsistently use different conceptual models in con-
shown by Table VI, the questions corresponding to the fouge, s that are regarded equivalently by experts. Such mixed

physical features all have high concentration factors, whereageq are often a crucial intermediate stage of a favorable
the questions we used to explore certain interesting poss'b”Eonceptual chang¥

ties, denoted by “others,” have systematically lower concen-""1, caiculate the model states, we first code students’ raw

tration factors. This difference indicates that for the fourresponses to obtain single-student model vectors by using the

physical features, most students have common types of rédtpeme shown in Table IV. Then a class model density ma-
soning(models similar to the ones that we have identified vy s ohtained for each class using the single student model

from qualitative research. It also shows that the choices o\%/rectors. We then calculate the eigenvectors and eigenvalues
the questions match well with these models.

. f the class model density matrix. Figure 7 sho a sche-
A more detailed look at the data shows that the studentsﬁwmC of tﬁ: proceduregsflo); the é;lcu;g%ﬁn' Shows a s

responses to questions with the physical features of velocity
and mass have high concentration values but low scores.
This indicates that most students selected the same incorrect

answers on these questiof@mmon incorrect modelsin oh 14 ‘‘‘‘‘‘

contrast, for questions that feature acceleration, students’ re (% 9 Model 1 :

sponses show high scores and high concentrations, indicatin E 8 Region :

that most students selected the correct answer. On questior & § \ Upper

that feature pushing, students’ responses have a mediur 2~ / Mixed | (Boundary

value for C, which indicates that students often select be- E’ = / Region

tween two popular answers. In this case, students usually § 2 /

have a mixed state of understanding. To look into the details 2 S J Model 2

of all these possible situations of student models, we need tc o\ ode

use our knowledge of the content of the questions and apply g, %v,,2 e Region

the methods of model analysis to extract the probability ~7

states of students’ use of different models as discussed in th[ Small AN >

following. Eigenvalue{ 0 Oy vy 1
Region

Probability for using Model 2 (incorrect)

C. Model state estimation Fig. 8. Model plot used to represent the class model states. Madiébdel

; : - - . 2) region represents comparatively consistent model states with dominant
Using each physical feature as an independent dlmenSIo%del 1 (model 2 components. Mixed model region represents mixed

we analyzed student model states. As dISCU§Sed n Refs.. del states. Secondary region represents model states with small eigenval-
and 9, the model state for a single student gives the ampliges. In the figureg? is the uth eigenvalue of the class model density matrix
tude of the distributed probabilities for the student to useandv,, is the 7th vector component of the eigenvector corresponding to
(due to the context settings of the questions used in the meaZ.
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Fig. 9. Model plots of student class model states on Newton Il with the four physical features: velocityass(M), pushing(P), and acceleratiofA). The
data is taken from five introductory physics courses at Kansas State University.

As discussed in Ref. 9, the class model state vectors amaodels is reflected by the eigenvectéos class model state
the eigenvectors of a class model density matrix and refleatectors. If most students in a class use their models consis-
the set of unique features of the model states held by th&ently, which corresponds to a large number of “pure” single
individual students in the class, whereas the eigenvalues ratudent model states, the point representing the class model
flect the popularity of the corresponding class model statestate will be in either model 1correc} or model 2(incor-

A useful way to investigate the shift in student thinking be-rec regions. When individual students use their models in-
tween two common models is to create a model fldts  consistently, which corresponds to a large number of
shown in Fig. 8, a particular model state as well as its eigenmixed” single student model states, the point representing
value can be represented by a point on a model (ftmt  the class model state will be in the mixed model regibn.
example,B), where the horizontal and vertical components The student class model states with the four physical fea-
are equal to the products of the square of the class modé&lires of Newton Il are calculated and plotted in Fig. 9. For
state vector’s two corresponding components and the modelach class, only the model state with the largest eigenvalue
state vectors’ eigenvalues. The calculated results give thealled the primary model statés shown.

probabilities for the class to apply the common models rep- From Fig. 9, we can see that for mass and velocity, the
resented by each of the corresponding axes. primary model states of all the classes are in the region rep-

From a model plot, we can obtain information about theresenting a consistent incorrect modeiodel 2, which in-
class population and individual students’ use of their modelsdicates that most students have a dominant consistent incor-
In general, the value of the largest eigenvalue can provide eect model. The popularity of the incorrect model decreases
measure of the consistency of the population. For example, somewhat in higher-level courses—from 90@&P1) to 60%
class model state with a large eigenvalue, which results in €&P2, but the model states stay in the model 2 region, show-
point close to the upper boundary line, indicates that a largeng that most students in the five classes apply their models
number of students in the class have model states similar tconsistently, that is, no mixed use of different models. In this
this class model state, that is, the class has a somewhat cogituation, the eigenvalue of the primary model state provides
sistent population. an estimate of the fraction of the class population using the

The information on the individual student’s use of their incorrect model.
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Student model states for acceleration appear to be the opomplete favorable conceptual change. Therefore, we put
posite of the situations with mass and velocity. In this casemore emphasis on the study of student reasoning concerning
most students hold a consistent “correct” model when theypushing. When we ask the students in our interviews to ex-
consider acceleration irrelevant. Although students give corplain their reasoning related to the physical features of push-
rect responses on the related questions, it does not mean thiat), many(7/9) of them specifically said that “when you are
student models are the same as the expert one. Correct umdshing something, you get pushed back.” A significant
derstanding of the underlying student reasoning requires fumumber(4/9) of students even explicitly said that “the force
ther studies with detailed interviews. As a preliminary indi- is equal and opposite” and tried to use this idea in their
cation, the analysis of our interviews suggests that a possibleasoning. Some of the students can associate these correct
reason for the students to consider acceleration irrelevant isleas with examples such as push against a wall from their
not that they truly understand the nature of Newton Ill, butexperiences. In the following, we summarize some common
rather that they believe the velocity to be the major factoehaviors of the students identified in our interviews.
and acceleration is related to velocity and does not have a (1) Students often use the two above quotes in their expla-
direct effect®® nations on questions involving pushing. With questions that

For pushing, the student model states show a differenio not explicitly involve the issue of pushing, students in-
structure. The low level classes still have a dominant consisstantly look for mass or velocity in their reasoning without
tent incorrect model. As the class level gets more advance@ven bothering to recall the two sentences, which many of
the student model states become more mixed. The most athem can memorizéespecially the first oneand relate to
vanced clas$EP2 had almost a perfectly mixed model state examples from their personal experience. It appears that for
with a large eigenvalue~0.8), which also indicates that the students in our interview, the two sentences are strongly
most students in this class have mixed model states and tt&ssociated with the issue of pushing only.
structures of the individual single-student model states are (2) When students use the two sentences, the first one is
also similar(students behave similajlyThis is very different  very easy for them. On the other hand, many students still
from the situations with the other physical features and im-have problems with the second sentence and have the ten-
plies a different process in conceptual development. Noticelency to think the one who pushes exerts a larger force. So
that among the five classes, thré@w, GP1, and EP1 students can sometimes give contradictory answers on simi-
haven't had any college-level instruction on mechanics, andar questions with pushing resulting in a mixed model state.
two (GP2 and EPRhad instruction on mechanics in the pre- With the results from the qualitative and quantitative
vious semester. As clearly shown in the model plot, the thregnethods, we can infer a possible explanation for why student
classes without instruction are in the model 2 region repremodel states are different with the physical feature of push-
senting a consistent incorrect model. The two classes witing. It appears that pushing is often the first and the most
instruction are in the mixed region. The shifts of the classcommon issue in examples used to introduce Newton lII.
model states are consistent with our presumption that stuiMore importantly, most students have the experience of be-
dents often start with a consistent incorrect model and gdng pushed back when they are pushing an object. Integrating
through a stage of mixed models toward building a consisthe sensory cues of being pushed back in instruction can
tent correct model® directly link this particular aspect of the concept of Newton

An advantage of this model analysis representation ovelll to students’ real life experience and presumably make it
score-based representation is that it shows more details ofiore meaningful for them and thus easier to understand.
student conceptual development status. For example, if onEherefore, students can make significant changes in their
uses scores to analyze the same data, the redalteex-  models of this physical feature even with traditional instruc-
ample, with the EP2 class as shown in Tablg¢ Would show  tion. On the other hand, students’ strong naive models asso-
scores ranging from 29% to 46% for the three questiorciated with mass and velocity often receive inadequate or
groups on mass, velocity, and pushing. As shown by théneffective treatment by traditional instruction and changes
model analysis method for velocity and mass, the class popwf these models are rather insignificant.
lation exists in two groups that each uses consistently either
the correct modefabout 30% of the total populatipor the
incorrect modelabout 70% of the total populatianOn the
other hand, for pushing, the class popSIa?ion predominantl)yl' IMPLICATIONS FOR INSTRUCTION

holds a mixed model state where each student uses both the_l_h.s study provides evidence for the context dependence
correct and the incorrect models in an inconsistent manner., : udy provi vi X P

However, if we collapse these details into scores, the twc?f conceptual learning. The result implies that effective in-

situations(1) class population exists in two groups that eachtsérurgtt'gg v(\)nfttﬁ rt]hr:gtLﬂ:jeesn;[Q’aé;i!;nmslz%(wlz r(ljalecgnstteé(r;s RE; \',Ce
uses consistently one of the two models, édclass popu- 9 9 ge sy :

lation exists in a single group that uses both models inconS2 S€€ from this example, when the context used to present
sistently, would produce numbers showing the percentagemépe new concept is treated properly, even traditional instruc-

correct responses, but with no further information on ho I?lgecrg?alfn?j?rlfe ?ﬁégrg}gﬁgmirlglffﬁo%nssﬁggﬁjmsengs;%tugé
such responses were produced. Therefore, using a Scor%ésed on a %od understéndin of the possible forms of Igtu—
based measurement would not allow us to distinguish bedent modelsgas well as the eff%cts of tﬁe related contextual
tween the different patterns of conceptual development indiz . . . )
: features. Successful instruction should also include effective
cated by the model-based analysis. : R
assessment tools to provide accurate and context-rich infor-

mation on students’ state of understanding. This research
suggests that the model analysis method can be a useful as-
As recognized by many researchers, the stage of a mixesessment tool in research and instruction. It has several ad-

model state is often an important intermediate step for aantages:

D. Implications on conceptual development

774 Am. J. Phys., Vol. 70, No. 7, July 2002 Bao, Hogg, and Zollman 774



(1) It uses multiple-choice instruments making it appropriate E. The truck exerts the same amount of force on the car as
and feasible to implement in large classes. the car exerts on the truck.

(2) The instruments and analysis methods are based on sys-F. None of the answers above describes the situation cor-
tematic research of student conceptual models and thugctly.
can provide detailed and validated information on the
state of student understanding.

(3) The method of using physical features to study the struc-
tures of student models can yield explicit information for
both researchers and instructors on the details of how
contexts and students’ conceptual models interact durind. As shown in the figure on the right, a collision happens
the process of conceptual development for a single stubetween a small pickup truck and a car. The small truck has

dent and/or a population. the same mass as the car does. At the time of collision, both
vehicles travel at a constant speed but the small truck is
VIl. SUMMARY moving at a slower speed than the car. When they collide,

which choice describes the forces?

We found that student models show different structures fo2. Now consider the case that before the collision, the car is
different physical features and that student model evolutioriraveling at a constant speed while the truck starts slow and
during instruction also shows different processes with differis speeding up. At the moment of collision, both vehicles
ent physical features. Such information is often unavailabldhappen to be traveling at the same speed. When they collide,
using assessment instruments designed with entangled physihich of the above choices describes the forces?
cal features. As an example, the new instrument and alga. As shown in the figure below, a car breaks down on the
rithms in model analysis were found to be effective in mearoad and is pushed into town by a small AAA service truck.
suring and analyzing the details of student model structuresthe small truck has the same mass as the car does. While the
With this new method, we can obtain detailed quantitativetruck, still pushing the car, is speeding up, which choice
information on the status of student conceptual understandtescribes the forces?
ing and the changes of such understanding with respect to
specific contextual features.
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APPENDIX: SURVEY ON STUDENT MODELS OF Transport

NEWTON'S THIRD LAW T

Instructions to students: 5. Two boys, Jimmy and Max, are tossing identical marbles

« Please read each question carefully. If you have any quesat each other. Max is a little stronger than Jimmy, so the
tions, ask the instructor for help marble from him goes faster than the marble from Jimmy.

« For each question, please only selecte choice that best During one nice shot, the two marbles, one from Max and
describes your understanding one from Jimmy, collide in mid aigsee figure beloyv Which

« This test is for diagnostic purposes only and will not influ- of the following statements is true about the force?
ence your grade in any way. Therefore, we would like you
to give your true thoughts on the physics involved. This
will greatly help us to design better instruction and help
you to improve your performance on exams

« Your name and ID on this survey are for administration
purposes, and your result will be kept strictly confidential

Max’s Marble

A. The truck exerts a greater force on the car than the car A. Max’s marble exerts a greater force on Jimmy’s marble

Jimmy’s Marble

Use the following choices to answer questidnst.

exerts on the truck. than Jimmy’s marble exerts on Max’s marble.

B. The car exerts a greater force on the truck than the B. Max’s marble exerts the same amount of force on Jim-
truck exerts on the car. my’s marble as Jimmy’s marble exerts on Max’s marble.

C. The truck exerts a force on the car but the car doesn’t C. Max's marble exerts a smaller force on Jimmy’s marble
exert a force on the truck. than Jimmy’s marble exerts on Max’s marble.

D. The car exerts a force on the truck but the truck doesn’t D. Jimmy’s marble exerts a force on Max’s marble but
exert a force on the car. Max’s marble doesn't exert a force on Jimmy’'s marble.
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E. Max’s marble exerts a force on Jimmy’s marble buthit, they both happen to be running at the same speed. Which
Jimmy’'s marble doesn’t exert a force on Max’s marble. of the above statements is true?

F. None of the answers above describes the situation cop, Later in that soccer game John runs into another player,
rectly. ) _ Bill, who is almost twice as heavy as John. This time, they
6. A blue car and a red car both enter an intersection Wherfre both running at the same speed. At the time they hit each
the traffic light is just broken. Both cars are the same mode, ther, which of the following statements is true?
except for the color. As shown in the figure below, the blue A John exerts a greater force on Bill than Bill exerts on
car was originally traveling from south to north and the red_ | ™ 9
car from west to east. At the moment when the red car hit théOhn' . .
blue car on the left side, both cars are traveling at the same B- John exerts the same amount of force on Bill as Bill

constant speed. Which of the following statements is true? €xerts on John.
C. Bill exerts a force on John but John doesn't exert a

force on BiIll.

D. Bill exerts a greater force on John than John exerts on
Bill.

E. John exerts a force on Bill but Bill doesn’t exert a force
on John.

F. None of the answers above describes the situation cor-
rectly.

10. As shown in the figure below, an enemy aircraft drops a
bomb, which is gliding down at a constant speed toward
people on the ground. A missile is launched and is acceler-
| Blue Car | ating toward the bomb. The missile and the bomb happen to
il have the same mass. At the moment the missile hits the
bomb, they both are moving at the same speed and neither of
them explodes after the hit. Which choice describes the
forces?

S =

exerts on red car.

B. Red car exerts the same amount of force on blue car as
blue car exerts on red car.

C. Blue car exerts a greater force on red car than red car

A. Red car exerts a greater force on blue car than blue car /
/.9$
Pl
o

exerts on blue car. A. The missile exerts a greater force on the bomb than the
D. Blue car exerts a force on red car but red car doesn’hbomb exerts on the missile.
exert a force on blue car. B. The bomb exerts a greater force on the missile than the

E. Red car exerts a force on blue car but blue car does”,rtnissile exerts on the bomb.

exert a force on red car. . . . C. The missile exerts the same amount of force on the
F. None of the answers above describes the situation COB o
omb as the bomb exerts on the missile.

rectly. e
y ) ) ) D. The missile exerts a force on the bomb but the bomb
Use the following choices to answer questions 7 and 8. yuesn't exert a force on the missile.
Joﬁ‘r‘]‘]Ohn exerts a greater force on Tom than Tom exerts on E. The bomb exerts a force on the missile but the missile
B. John exerts the same amount of force on Tom as TonqOesnt exert a force on the bomb. . . .
exerts on John. F. None of the answers above describes the situation cor-

C. Tom exerts a force on John but John doesn't exert &8CtY- _ _ .
force on Tom. Use the following choices to answer questions 11 and 12.

D. Tom exerts a greater force on John than John exerts on A. The floor exerts a greater force on the feet than the feet
Tom. exert on the floor.

E. John exerts a force on Tom but Tom doesn’t exert a B. The feet exert a greater force on the floor than the floor
force on John. exerts on the feet.

F. None of the answers above describes the situation cor- C. The feet exert a force on the floor but the floor does not

rectly. exert a force on the feet.

7. In a soccer game, two players, John and Tom who happen p The floor exerts a force on the feet but the feet do not
to have same mass, are running to chase a ball that is ﬂym@xert a force on the floor

close to them. John runs about twice as fast as Tom. Unfor- E. The floor exerts the same amount of force on the feet as
tunately, neither player notices the other, and they run intg, —

each other. At the time they hit, which of the above state!n€ feet exert on the floor. _ o
F. None of the answers above describes the situation cor-

ments is true?
8. Still in that soccer game, John and Tom run into each othefiectly.

again. This time, Tom starts early and is running at a constaritl. Anna is taking an elevator from the fourth floor of the
speed. John starts late and is speeding up. At the time theyhysics building to catch the next class in the basement. In
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the elevator, Anna is standing right in the middle without E. Each student exerts the same amount of force on the
touching anything else when the elevator just started to gother.
down. Which of the above choices correctly describes the F. None of these answers is correct.
forces between the floor of the elevator and Anna’s feet? 14. Susan, a little girl, and her Mom are traveling to Europe.
They have a lot of luggage. At the airport, Susan tries to help
;‘] her Mom by handling her luggage all by herself. She has a
. big suitcase that weighs the same as she. So she can only
push the case to move it a little bit at a time. But she keeps
doing it. Each time while she is pushing the case, which
choice describes the forces?
A. The case exerts a force on Susan, but Susan doesn’t
exert any force on the case.
B. Susan exerts a force on the case, but the case doesn't
exert any force on Susan.
C. Both Susan and the case exert a force on the other, but

the box exerts a larger force on Susan.
O D. Both Susan and the case exert a force on the other, but
Susan exerts a larger force on the box.
E. Both Susan and the case exert the same amount of force
\ on the other.

F. None of these answers is correct.
15. Two students, Bob and Jay, sit in identical office chairs
facing each other. Bob has a mass of 100 kg and Jay has a

12. After class, Anna is taking the same elevator from thdn@ss of 70 kg. Both Bob and Jay place their feet against the

basement back to the fourth floor to ask for help from herfOther, s shown to the right. They then both suddenly push
physics professor. In the elevator, Anna is standing right iPutward with their feet at the same time, causing both chairs
the middle without touching anything else when the elevatoi© move. In this S|tgat|on, Whl|e their feet are still in contact,
just started to go up. Which of the above choices correctlyVhich of the following choices describes the force?
describes the forces between the floor of the elevator and
Anna’s feet?

13. Two students, Amy and Jane, are on very good identical
roller blades facing each other. They both have the same
mass of 50 kg. Amy places her hand on Jane, as shown to the
right. Amy then suddenly pushes outward with her hand,
causing both to move. In this situation, while Amy’s hands
are in contact with Jane, which choice describes the forces?

:/’—](
Bob Jay
ij A. Jay exerts a force on Bob, but Bob doesn'’t exert a force
on Jay.
Amy Jane B. Bob exerts a force on Jay, but Jay doesn't exert a force
on Bob.

C. Each student exerts a force on the other, but Jay exerts
T(Td b_D_(‘ the larger force.

D. Each student exerts a force on the other, but Bob exerts
the larger force.
A. Jane exerts a force on Amy, but Amy doesn't exert any E. Each student exerts the same amount of force on the

force on Jane. other.
B. Amy exerts a force on Jane, but Jane doesn’t exert any F. None of these answers is correct.
force on Amy. 16. Now Bob and Peter sit in identical office chairs facing
C. Each student exerts a force on the other, but Jane exengsich other. They all have the same mass of 100 kg. Peter is a
the larger force. football player and is much stronger than Bob. Again, they
D. Each student exerts a force on the other, but Amy exertthen both suddenly push outward with their feet, causing
the larger force. both chairs to move. In this situation, while their feet are still
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in contact, which of the following choices describes the'’s. Vosniadou, “Capturing and modeling the process of conceptual

force? change,” Learning Instructiod, 45—69(1994.

BRonald K. Thornton, “Conceptual dynamics: Changing student views of
force and motion,” inThe Changing Role of Physics Departments in Mod-
ern Universities, Proceedings of the International Conference on Under-
graduate Physics Educatioredited by E. F. Redish and J. S. Rigden
(Wiley, New York, 1997, pp. 241-266.

Detailed definitions and discussions can be found in Refs. 2 and 9.

Supporting evidence and method of investigations can be found in Refs. 2
and 9.

187 detailed formulation is discussed in Refs. 2 and 9.

1%See Ref. 2 and I. A. Halloun and D. Hestenes, “Common sense concepts
about motion,” Am. J. Phys53 (11), 1056-1065, 1985; “The initial
knowledge state of college physics students,” Am. J. PEgg11), 1043—
1055(1985.

2Reference 7 and D. P. Maloney, “Rule-governed approaches to physics—
Newton s third law,” Phys. Educl9, 37 (1984.

ZReference 7 and D. Palmer, “How consistently do students use their alter-

Bob Peter 22gzt;veR;:forzsceptions?," Res. Sci. Ed#&S, 228-235(1993.
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tings will cue the same student to use different models. More details on
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F. None of these answers is correct.

3G. Gliner, “College students organization of math word problems in rela-

28 g )
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(1989. ee Ref. 2.
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ington, DC, 1999, S1see Ref. 2, Chap. 5.
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