Let u = (b/a)v?. The above expresion transforms to

i (b/a)vg du

o = 2. 8
2 b 0 1 + u To ( )
This is a standard integral which can be evaluated to give
1
o = 53 In [1+ (b/a) vi] - (9)

The gravitational potential energy per unit mass of a projectile located a
height z above the surface of the Earth is
GM

u:—R—l—z’

(10)

where M and R are the Earth’s mass and radius, respectively. Since gravity
is a conservative force, the projectile’s energy per unit mass,

1 1 G M

EZ_U2+Z/{:—U2_ y

2 2 R+ 2z
is a constant of the motion. Here, v is the instantaneous velocity of the
projectile. Suppose that the projectile is launched vertically upward from
the Earth’s surface (2 = 0) with an initial velocity vy such that it attains a
maximum height A (when v = 0) above the surface. It follows from energy
conservation that

(11)

1, GM GM

2% TR T TR+A 1)
The above expression can be solved for h to give
2
2

" 1-v¢/(2gR)

where g = G M/R? is the gravitational acceleration at the Earth’s surface.
Neglecting the variation of the Earth’s gravitational acceleration with height
is equivalent to taking the limit R — oco. In this limit, the above expression
yields the approximate result



Hence, (13) becomes

ho
= 1—ho/R’
which implies that
1 hé
Ah=hy—h=ho|——s—-1)=5"2—.
0 0(1——h0/R ) R — ho
. The block’s equation of motion is
m do —cv"
dt ’
which yields
dv e
— = ——dt.
(0 m

(15)

(17)

(18)

The above expression can be integrated, assuming that v = vg at t = 0, to

give

/” dv’ Ct
A
vo U m

Hence,

1 1 ( 1)<y
— = (n — _—
Un—l ,Uon 1 m ?
o 1/(n—1)
1 g 17\
= |—— = 1=
v lvon_l + (n )m ]
Now, v = dx/dt, so
1 -1/(n—1)
da::[ n_1+(n—1)—t] dt.
Yo

(19)

(23)
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Equations (33) and (37) give

1 vr\”
= (—f> | (38)
1+ (vo/vt) Ut

which reduces to i
’Uf: (vt2+v02)1/2. (39)

. The equation of motion of the electron is

d’r dr

mﬁz—e<E+ExB>, (40)

where E = Fe, and B = Be,. In component form, the above equation
becomes

d?z eB dy

. S e e 4
dt? m dt’ (41)
d?y eE eBdx

@ - m T m o (42)
d*z

=% = o (43)

The initial conditions arez =y=z=0andz =vandy=2=0at ¢t =0.
Let us try a cycloidal solution of the form

x = asin(wt)+ bt, (44)
y = c[l—cos(wt)], (45)
g = 0. (46)
The solution satisfies the initial condition & = vy at t = 0 provided
aw~+ b= vg. (47)

The solution automatically satisfies the other initial conditions. Substitu-
tion of the solution into (41) and (42) yields

B
—w?a sin(wt) = -—cw % sin(w t), (48)
E B
w?c cos(wt) = e [aw cos(wt) + b]. (49)
| m m



Figure 1: Trajectory for A = 0.25.

In order to satisfy the previous three equations, we require

a = c=(v— E/B)/w, (50)
eB
= e 1
w —, (51)
e F FE
b = ——=—. 2
m w B 32)
Hence, we can write
X = (1-=XN)sinT+ T, (53)
Y = (1-XA)(1—cosT), (54)

where X = x/p, Y =y/p, p=vo/w, T =wt, and A = (E/B)/vy.

Figure 1 shows a typical trajectory for A < 0.5 (i.e., vo > 2 E/B). Figure 2
shows a typical trajectory for 0.5 < A < 1 (i.e., E/B < vy < 2E/B).
Figure 3 shows a typical trajectory for A > 1 (i.e., vog < E/B).

6. The z and y components of the particle’s equation of motion are

. q Eo
= t
& - cos(wt), (55)
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Figure 2: Trajectory for A = 0.75.
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Figure 3: Trajectory for A = 1.25.



