Renormalization of Yukawa Model

The (incomplete) Lagrangian for the Yukawa model is

= Wy 9,) — M + 30,906 — 3m*9* — gdiysy.

The Feynman rule for the vertex is —igys. The Feynman rules for the
counterterms are

—idgys,  —i[0M+0Z;(p— M),  —i[om®+ 62, (p> —m?)].

A. Draw the three 2-loop diagram for the boson self-energy —i II(p?).
Determine the superficial degree of divergence D of one of the diagrams by

power counting the loop momenta. s TR e
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B. Identify the UV divergent subdiagrams of each of the 2-loop diagrams.
(Each diagram has more than one dlvergent subdiagram. )
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C. Draw the 1- loop counterterm dlagrams for the boson self—energy —i I(p?)
that would be required to cancel the ultraviolet divergences from subdiagrams
of the two 2-loop diagrams if there are no cancellations between diagrams.
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The boson self-energy II(p?) can be expanded around a negative invariant
mass: p? = —u?. The expansion in powers of p? + 2 can expressed in the form

H(pQ) T Hl(_ﬂ’z) A H!("/J’z) (p2 + U2) + Hremainder(p2)-

D. Identify the superficial degree of divergence of each term. Verify that the
divergent terms are polynomial in the 4-momentum p*.
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The 1PI 4-boson Green function G(p?, p;.p;) with incoming momenta pi, pa, ps,
and py is a function of 6 independent scalar variables: p?, p2, p?, p2, p1.02,
p1.p3, and py.ps, with the constraint

(p1 + p2)2 + (py + P3)2 + (pa+p3)* = P% + p% + P% + Pi'

E. Verify that the symmetric Euclidean point p? = p} = p? = p? = — 42 and
P1-P2 = P1.P3 = P2.p3 = $4° is compatible with the constramt.
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F. Draw three 2-loop diagram for —i G(p?, p;.p;) that do not differ by

permutations of any external legs. Determine the superficial degree of
divergence D for one diagram by power counting the loop momenta.
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G. Draw the one-loep counterterm diagrams for —i G(p?, p;.p;) diagrem that
ca,ncel ultraviolet divergences from subdiagrams of the 2-loop diagrams.

The 1PI 4-boson Green functmn G1(p?, pi-p;) can be expanded around the
symmetric Euclidean point. The expansion in powers of P2+ p? and p;. Dj — 1/1.
can expressed in the form
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G(p?,pi.pj) = G(pzz = -",LL s Pi-Py = ) + Gremamder(pg s Di pj)
s

H. Identify the superﬁcia]){ degree of divergence of eagh term. Verify that the
divergent terms are (a trijvia,l) polynomial in the 4-momenta pf'.

D=0 pD=-2 (feote)
I. The UV divergence can be cancelled by a counterterm —i d\. Write down
the interaction term in the Lagrangian that would give such a counterterm.
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