Ward Identity for Photon Propagator

The Lagrangian for QED with a covariant gauge-fixing term is
L= —3FuF" i b — manp — 55(8"A,)°
A gauge transformation has the form
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A. The only term in £ that is not invariant under gauge transformations is the
gauge-fixing term. What is the change £ in £ at first order in £7
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B. The first-order change in the action from a gauge transformation is
68 = [d*z (glg(?”Aﬂ d%).

Using integration by parts, express 45 as an integral over z with an explicit

factor of e(x). .
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C. The first-order change in A,(y) is §4,(y) = —18,e(y). Using a delta
function, express 0A,(y) as an integral over  with an explicit factor of e(x).
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D. The first order change in e A,(y) is
5(e9A(y)) = €°1i6S A, (y) + 54, (y)]-

Express this as an integral over z with an explicit factor of £(z).
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The first order change in €A, (y) under a gauge transformation can be
expressed as

5(e® Ay(y)) = €* f d*ze(z) [-é-

The path integral weighted by a photon field is
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The path integral is invariant under gauge transformations.

E. The measure of the path integral is the product over spacetime points x of
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Show that this measure is invariant under a gauge transformation.
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F. Express the first-order change in the path integral from a gauge
transformation as an integral over z with an explicit factor of (x).
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G. The first-order change in the path integral must be zero for all functions
6(33) Deduce that a function of z involving path integrals is equal to zero.
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H. By dividing each term in the equation by the unweighted path integral,
obtain the Ward identity for the photon propagator (A4,(z) A.(v)).
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