
Nonlinear time series models and weakly dependent
innovations

Robert M. de Jong∗

July 11, 2005

Abstract

This paper provides a strict stationarity proof for general nonlinear regression mod-
els. In particular, it shows the existence of a strictly stationary solution to first order
dynamic nonlinear models when the innovations are only assumed to satisfy a strict
stationarity or strong mixing condition. The results of this paper can be applied to
show the strict stationarity of threshold unit root models under general conditions that
include weak dependence assumptions on the innovations. Previous results of this type
were derived using a Markov chain approach, which uses an i.i.d. assumption on the
innovations. The results are applied to threshold autoregressive models to yield strict
stationarity results for threshold unit root models in the presence of weakly dependent
errors.

1 Introduction

This paper establishes strict stationarity results for general nonlinear models of the type

xt = g(xt−1) + εt (1)

for t ∈ Z, where as little as possible is assumed regarding εt beyond its strict stationarity,
and I will also attempt to make minimal assumptions regarding g(·). There do not cur-
rently appear to exist results in the probability or econometrics literature that show weak
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dependence properties for xt as generated above for the case of weakly dependent εt, and
this paper aims to fill this gap in the literature. As a consequence, this paper will provide
conditions under which a class of threshold unit root models are strictly stationary. As Seo
(2004) points out, “Unfortunately, however, our understanding is not complete as to the
stationarity conditions for general TAR processes. When the errors are independent, Chan,
Petruccelli, Tong, and Woolford (1985) provide a necessary and sufficient condition...”. The
results of this paper can be used to show the strict stationarity of a class of threshold autore-
gressive (TAR) models, thereby filling in a part of this lack of understanding. In addition,
this paper aims to develop a new and general methodology for deriving strict stationarity
for nonlinear models, and the methodology has the potential for being adapted to showing
strict stationarity in different models.

This paper shows the existence of a strictly stationary solution to the model of Equation
(1), but the results in this paper have two limitations. First, no uniqueness of the strictly
stationary solution is proven; and second, no attempt will be made to establish properties
of xt generated according to the law of motion of Equation (1) when the process is started
from an arbitrary starting value x0. Therefore, the results of this paper can only be used to
establish strict stationarity for xt generated according to Equation (1) under the assumption
that x0 is drawn from the stationary distribution and not for arbitrary starting values x0. For
the case of threshold models and i.i.d. errors, it is known that uniqueness and convergence
to the stationary distribution can be shown, but such results are outside the scope of this
paper.

Throughout this paper, it is assumed that g(·) is a Borel measurable function and that
|g(x)| < ∞ for any x ∈ R. Currently, the literature on the topic of establishing fading mem-
ory properties for models such as the above seems to be based on three different approaches.
The first approach is based on an assumption of a Lipschitz coefficient for g(·) that is strictly
less than 1. This approach seems to have been pioneered by Bierens (1981); Pötscher and
Prucha (1997) contains more results of this type, and these authors discuss generalization
of this result towards the case of multiple lags occurring in the response function g(·). The
condition of a Lipschitz coefficient that is strictly less than 1 excludes a number of interesting
examples, and in particular it rules out threshold unit root models, such as for example the
model

yt = yt−1 + φyt−1I(|yt−1| > c) + εt (2)

where −2 < φ < 0, or the case

yt = 3Φ(yt−1) + εt (3)

where Φ(·) denotes the standardnormal distribution function.
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A second type of results is based on a Markov chain approach. This approach uses the
i.i.d. condition on εt and employs advanced techniques from Markov chain theory. Tong
(1990, Appendix 1) and Meyn and Tweedie (1993) provide treatments of this subject. Using
this assumption of i.i.d. εt, paragraph 4 of Ango Nze and Doukhan (2004) provides an
overview of fading memory properties that are available. However, it is not easy to see how
one could possibly extend these results based on Markov chain results to a setting where εt

satisfies a condition weaker than the i.i.d. condition.
A third approach is based on linearity assumptions and a vector-valued xt that satisfies

xt = Atxt−1 + Bt for an (At, Bt) that satisfies an i.i.d. or strict stationarity assumption;
see Bougerol and Picard (1992) for such an approach. The results of Bougerol and Picard
can for example be used to derive the strict stationarity of the GARCH(p,q) model in the
presence of strictly stationary innovations. However, the linearity assumption is obviously
restrictive.

This paper aims to carefully investigate the strict stationarity of xt defined in Equation
(1), under as general as possible conditions on g(·), while avoiding the i.i.d. assumption on
εt. I pursue a novel and primitive approach to establishing my results and I do not use a
Markov chain approach. The use of this primitive approach highlights the essential aspects
of the strict stationarity proof while avoiding conditions that may be needed in the Markov
chain approach, but are not essential for establishing strict stationarity only. In addition,
it is my hope that the new methodology of proof that I develop in this paper can be easily
adapted and extended to other stationarity issues. The results are applied to derive the
strict stationarity of a class of threshold unit root models.

Section 2 outlines the main results of this paper for the special and simpler case of
nondecreasing response functions. In Section 3, I derive results for more general response
functions that satisfy a bounded variation assumption, at the expense of conditions that are
stronger than those of Section 2. Section 4 considers threshold autoregressive models. All
proofs have been gathered in the Appendix.

2 Main results: nondecreasing response functions

Below, I consider the model zt = g(zt−1+εt) for strictly stationary εt and nondecreasing func-
tions g(·), and I construct a strictly stationary solution yt for this model. Such a result also
implies strict stationarity of xt = g(xt−1)+ut. To see this, assume that yt = f(ut−1, ut−2, . . .)
is a strictly stationary solution of the model zt = g(zt−1 + ut−1) and assume ut is strictly
stationary. Then yt + ut is obviously strictly stationary as well and forms a solution to the
model xt = g(xt−1) + ut. Therefore, showing the existence of a strictly stationary solution
for the model zt = g(zt−1 + ut−1) implies the existence of a strictly stationarity solution for
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xt = g(xt−1) + ut.
The reason for needing the assumption that g(·) is nondecreasing is that in the proof,

lower and nondecreasing approximations gK(·) to g(·) are used. In spite of my attempts, I
was unable to construct an analogue of the proof of this section for increasing approximations
or for the case of nonincreasing functions.

The analysis in this paper is based on the assumption of strict stationarity of innovations:

Assumption 1 εt is a strictly stationary sequence of random variables.

I will need the following continuity assumption for the function g(·).
Assumption 2 Either

1. g(·) is continuous on R; or

2. g(·) = c(x) +
∑N

j=1 ajI(bj < x ≤ bj+1) for some function c(·) that is continuous on
R and constants aj and bj such that bj ≤ bj+1, and the distribution of εt|εt−1, εt−2 is
continuous on R.

Assumption 2 provides a tradeoff between a continuity assumption on the one hand that
allows for an arbitrary distribution for εt and an assumption that allows for a finite number
of jumps in the response function at the expense of a continuity assumption on the conditional
distribution of εt|εt−1, εt−2.

In this section, the following assumption will be used, for which alternatives will be
developed later:

Assumption 3.1 g(·) is nondecreasing on R.

For my first result for cases where g(·) has a lower bound, we will also need the following
assumption:

Assumption 4.1 For all x ∈ R,

E

m∏

l=0

(1− I(εt−l > x)) → 0 as m →∞. (4)

The next assumption contains the lower bound assumption, and it also allows for the deriva-
tion of a strictly stationary upper bound for yt:
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Assumption 5.1 g(·) ≥ B and g(x) ≤ a + b max(0, x) for constants a > 0 and b ∈ [0, 1).
In addition, either b = 0, or for some η > 0, E|max(0, εt)|η < ∞.

The first stationarity result of this paper, for g(·) that are nondecreasing and possess a lower
bound, is as follows:

Theorem 1 Assume that Assumptions 1, 2, 3.1, 4.1 and 5.1 hold. Then there exists a
strictly stationary solution yt to the model zt = g(zt−1 + εt), and for any bounded function
D(·) that is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (5)

To verify the key weak dependence condition of the above theorem under a more primitive
condition, we can use the following alternatives to Assumptions 4.1:

Assumption 4.1’ εt is strong mixing and P (εt > x) > 0 for all x ∈ R.

A different type of primitive assumption can also be shown to imply Assumption 4.1:

Assumption 4.1” For some function H(·), P (εt > x|εt−1, εt−2, . . .) ≥ H(x) > 0 for all
x ∈ R.

The formal proof that Assumptions 4.1’ and 4.1” suffice can be stated as follows:

Lemma 1 If Assumption 4.1’ or 4.1” holds, then Assumption 4.1 holds.

Assumptions 4.1’ and 4.1” use a type of unbounded support assumption. It is hard to see
how an assumption of this type can be avoided for the verification of Assumption 4.1 from
primitive conditions. However, in the case of a simple linear AR(1) model, it is clear that
the unbounded support assumption is not needed for strict stationarity, which suggests that
perhaps in some cases, the unbounded support assumption can be relaxed.

The conclusion that yt is strictly stationary and satisfies

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0 (6)

for any continuous bounded function implies that functions of yt satisfy weak laws of large
numbers if εt is strong mixing. This condition is known in the econometrics literature as
the condition of L2-near epoch dependence of D(yt); see Andrews (1988) and Pötscher and
Prucha (1997) for more information on the L2-near epoch dependence concept. The formal
result is the following:
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Theorem 2 Let yt be a sequence of random variables that is strictly stationary and satisfies

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0 (7)

for any continuous and bounded function D(·) and a sequence of random variables εt that is
strong mixing. If f(·) is a Borel measurable function and E|f(yt)| < ∞, then

n−1

n∑
t=1

(f(yt)− Ef(yt))
p−→ 0. (8)

Note that Theorem 1 asserts that a solution to the model zt = g(zt−1 +εt) exists, but it does
not assert that this solution is unique. In the linear case considered in Bougerol and Picard
(1992), the authors were able to assert uniqueness of the solution, but the nonlinear setting
considered here complicates the situation substantially.

For the case when no upper or lower bound for g(·) is available, some stronger assumptions
are needed. I needed the following alternative assumption to Assumption 4.1:

Assumption 4.2 εt is strong mixing, for some function H(·),

P (εt > x|εt−1, εt−2, . . .) ≥ H(x) > 0, (9)

and either E|εt|2 < ∞, or for some η > 0, E|εt|η < ∞ and the distribution of εt|εt−1, εt−2, . . .
is continuous on R.

The following assumption, that does not require a lower bound for g(·), can be used instead
of Assumption 5.1:

Assumption 5.2 |g(x)| ≤ a + b|x| for constants a < 0 and b ∈ [0, 1). In addition, for some
η > 0, E|εt|η < ∞.

A general result for nondecreasing response functions that does not require the assumption
of boundedness from below is the following:

Theorem 3 Assume that Assumptions 1, 2, 3.1, 4.2 and 5.2 hold. Then there exists a
strictly stationary solution yt to the model zt = g(zt−1 + εt), and for any bounded function
D(·) that is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (10)
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3 Main results: functions of bounded variation

It is possible to relax the nondecreasing assumption that was made earlier. In the proofs for
this section, we will use either one of the following assumptions. Remember that a function
is called monotone if it is either nondecreasing or nonincreasing.

Assumption 3.2 g(·) = g1(·) − g2(·), where g1(·) and g2(·) are nondecreasing, and g(·) is
monotone for x ≥ C.

Assumption 3.3 g(·) = g1(·) − g2(·), where g1(·) and g2(·) are nondecreasing, and g(·) is
monotone for x ≤ −C.

The added generality of dropping the nondecreasing assumption will need to come at the
price of either one of the assumptions below, which are slightly stronger than Assumption
4.1:

Assumption 4.3 For all x ∈ R,

E

m∏

l=0

(1− I(εt−l−1 > x)I(εt−l ≤ −x)) → 0 as m →∞. (11)

Assumption 4.4 For all x ∈ R,

E

m∏

l=0

(1− I(εt−l−1 ≤ −x)I(εt−l > x)) → 0 as m →∞. (12)

In establishing an analogue of Theorem 1 and/or Theorem 3, I was unable to use a one-sided
boundedness assumption. Instead, a total boundedness assumption is needed:

Assumption 5.3 |g(·)| ≤ B.

My first stationarity result for functions of bounded variation is the following:

Theorem 4 Assume that Assumptions 1, 2, 5.3, and either 3.2 and 4.3, or 3.3 and 4.4
hold. Then there exists a strictly stationary solution yt to the model zt = g(zt−1 + εt), and
for any bounded function D(·) that is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (13)
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Similarly to the results of the previous section, we can use more primitive conditions to verify
Assumptions 4.3 and 4.4:

Assumption 4.3’ εt is strong mixing and P (εt−1 > x, εt ≤ −x) > 0 for all x ∈ R.

Assumption 4.4’ εt is strong mixing and P (εt−1 ≤ −x, εt > x) > 0 for all x ∈ R.

Assumption 4.3” For some function H(·), P (εt−1 > x, εt ≤ −x|εt−2, εt−3, . . .) ≥ H(x) > 0
for all x ∈ R.

Assumption 4.4” For some function H(·), P (εt−1 ≤ −x, εt−1 > x|εt−2, εt−3, . . .) ≥ H(x) >
0 for all x ∈ R.

The statement that Assumptions 4.3’, 4.3”, 4.4’ and 4.4” suffice is the following. The proof
is analogous to that of Lemma 1 and is therefore omitted.

Lemma 2 If Assumption 4.3’ or 4.3” holds, then Assumption 4.3 holds. If Assumption 4.4’
or 4.4” holds, then Assumption 4.4 holds.

It is also possible to relax the boundedness assumption of Assumption 5.3, and use Assump-
tion 5.2 instead, at the expense of further regularity conditions:

Assumption 4.5 εt is strong mixing, for some function H(·),
P (εt−1 > y, εt + |εt−1| ≤ x|εt−2, εt−3, . . .) = H(x, y) > 0, (14)

and either E|εt|2 < ∞, or for some η > 0, E|εt|η < ∞ and the distribution of εt|εt−1, εt−2, . . .
is continuous on R.

Assumption 4.6 εt is strong mixing, for some function H(·),
P (εt−1 ≤ −y, εt + |εt−1| > x|εt−2, εt−3, . . .) = H(x, y) > 0, (15)

and either E|εt|2 < ∞, or for some η > 0, E|εt|η < ∞ and the distribution of εt|εt−1, εt−2, . . .
is continuous on R.

Theorem 5 Assume that Assumptions 1, 2, 5.2, and either 3.2 and 4.5, or 3.3 and 4.6
hold. Then there exists a strictly stationary solution yt to the model zt = g(zt−1 + εt), and
for any bounded function D(·) that is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (16)
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4 Threshold autoregressive models

In this section, I apply the results of the previous section to the three-regime threshold unit
root model

zt = (α1 + ρ1zt−1)I(zt−1 ≤ τ1) + (α2 + ρ2zt−1)I(zt−1 > τ2) + zt−1I(τ1 ≤ zt−1 ≤ τ2) + εt (17)

where τ2 > τ1 for the case of weakly dependent εt. The case α1+ρ1τ1 = τ1 and α2+ρ2τ2 = τ2

corresponds to that of a continuous response function. Seo (2004) used a model of this type
in a unit root testing context, and made the explicit assumption that εt is a possibly weak
dependent process. For the case of i.i.d. εt, Chan, Petrucelli , Tong and Woolford (1985)
analyzed stationarity of the above model and they showed that stationarity of the above
model can be achieved for a set of parameter values that is larger than that for which simply
|ρ1| < 1 and |ρ2| < 1. Berben and van Dijk (1999) and Enders and Granger (1998) considered
two-regime TAR models with a potentially nonstationary switching variable. Bec, Guay and
Guerre (2002) consider the above model for the case α1 = −α2 and ρ1 = −ρ2 in the setting
of unit root testing. Caner and Hansen (2001) considered a model similar to the above, but
the regime switching variable is stationary in their setting.

The first corollary to Theorem 3 concerns the case of three-regime threshold unit root
models with a continuous and nondecreasing response function:

Corollary 1 Assume that Assumptions 1 and 4.2 hold. Also assume that 0 ≤ ρ1 < 1 and
0 ≤ ρ2 < 1, and assume that α1 + ρ1τ1 = τ1 and α2 + ρ2τ2 = τ2. Then there exists a strictly
stationary solution yt to the model of Equation (17), and for any bounded function D(·) that
is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (18)

The conditions 0 ≤ ρ1 < 1, 0 ≤ ρ2 < 1, and α1 + ρ1τ1 = τ1 and α2 + ρ2τ2 = τ2 ensure that
the response function is increasing and continuous, which will make that Theorem 3 directly
applies. For the more general case where the response function is not necessarily continuous
and nondecreasing, the following corollary to Theorem 5 applies:

Corollary 2 Assume that Assumptions 1 and either 3.2 and 4.5, or 3.3 and 4.6 hold.
Also assume that |ρ1| < 1 and |ρ2| < 1, and assume that either α1 + ρ1τ1 = τ1 and α2 +
ρ2τ2 = τ2, or that the distribution of εt|εt−1, . . . is continuous. Then there exists a strictly
stationary solution yt to the model of Equation (17), and for any bounded function D(·) that
is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0. (19)
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Mathematical Appendix

The following lemma serves as a basis for the derivation of my results:

Lemma 3 If yK
t is a strictly stationary sequence of random variables for all K > 0, and if

yK
t

as−→ yt as K →∞, then yt is a strictly stationary sequence of random variables.

Proof of Lemma 3:

By assumption, because yK
t is strictly stationary,

E exp(i
m∑

j=0

ξjyt−j) = lim
K→∞

E exp(i
m∑

j=0

ξjy
K
t−j) = ψK(ξ1, . . . , ξm),

and because the latter characteristic function does not depend on t and the pointwise limit
as K →∞ of ψK(·) is well-defined as the characteristic function of (yt, . . . , yt−m), it follows
that the distribution of (yt, . . . , yt−m) does not depend on t.

Below, the strategy of proof will be to find strictly stationary approximate solutions to the
model zt = g(zt−1 + εt). For all K > 0 consider the model zK

t = gK(zK
t−1 + εt) where

gK(x) = g(x)I(x ≤ K) + g(K)I(x > K).

The idea of the proof is to show that these models have strictly stationary solutions yK
t , and

that limK→∞ yK
t is a strictly stationary solution of the model zt = g(zt−1 + εt).

The existence of strictly stationary solutions yK
t that satisfy a limit property is proven

in the following lemma.

Lemma 4 Assume that Assumptions 1, 3.1, 4.1 and 5.1 hold. Then there exists a strictly
stationary solution yK

t to the model zK
t = gK(zK

t−1 + εt), and limK→∞ yK
t is a well-defined

strictly stationary sequence of random variables.

Proof:

I consider the approximation ŷK,m
t that would result from ignoring the εt−m−j for all j ≥ 1 in

a recursive substitution definition. Define gK
0t(x) = gK(εt+x), gK

1t(x) = gK(εt+gK(εt−1+x)),
etc., and define ŷK,m

t = gK
mt(0); this definition implies that ŷK,m

t = gK(ŷK,m−1
t−1 +εt) for m ≥ 1.

Then ŷK,m
t ≥ B = hL

t and under Assumption 5.1,

ŷK,m
t ≤

m∑
j=0

abj + b

m∑
j=0

max(0, εt−j)b
j ≤ a/(1− b) + b

∞∑
j=0

max(0, εt−j)b
j = hU

t ,
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and note that
∑∞

j=0 max(0, εt−j)b
j is well-defined by the Cauchy criterion because for η ∈

(0, 1], by Loève’s cη inequality (see for example Davidson (1994, p. 140)),

E max
n≥m

|
n∑

j=0

max(0, εt−j)b
j −

m∑
j=0

max(0, εt−j)b
j|η

≤ E

∞∑
j=m

|max(0, εt−j)b
j|η ≤ E|max(0, εt−j)|η

∞∑
j=m

bηj < ∞→ 0

as m → ∞. The case b = 0 gives a trivial upper bound without moment condition on εt.
Note that for m ≥ 0, ŷK,m

t = ŷK,m
t (εt, . . . , εt−m), and also note that ŷK,m

t = ŷK,n
t for all

n ≥ m if for some j ∈ {0, 1, . . . , m}, εt−j + hL
t−j−1 > K. Therefore,

P (∃n ≥ m : ŷK,m
t 6= ŷK,n

t ) ≤ P (∀j ∈ {0, 1, . . . ,m} : εt−j + hL
t−j ≤ K) → 0

as m → ∞ by assumption because of Assumption 4.1 and because hL
t−j ≥ B, implying

that ŷK,m
t converges a.s. by the Cauchy criterion as m → ∞. Define yK

t = limm→∞ ŷK,m
t .

For every m and K, ŷK,m
t is a function of (εt, . . . , εt−m) and is therefore strictly stationary.

Therefore by Lemma 3, yK
t is strictly stationary as well. Because a solution to the model

zK
t = gK(zK

t−1 + εt) is given by ŷK,m
t for some large enough value of m, it follows that yK

t is
a strictly stationary solution to the model zK

t = gK(zK
t−1 + εt).

To show that limK→∞ yK
t exists, I first show that ŷK,m

t is nondecreasing in K for every
m, from which it follows that yK

t is nondecreasing in K as well. This can be seen as follows.
Because gK

mt(x) is nondecreasing in K for every x ∈ R and m, ŷK,m
t satisfies, for all n ≥ 0,

ŷK,m
t = gK

mt(0) ≤ gK+n
mt (0) = ŷK+n,m

t .

Because yK
t ≤ hU

t and yK
t is nondecreasing, yK

t must possess an almost sure limit as K →∞;
by Lemma 3, limK→∞ yK

t is a strictly stationary sequence of random variables.

The following lemma proves the existence of a solution to the model zt = g(zt−1 + εt) under
some conditions:

Lemma 5 Under Assumptions 1, 2, 3.1, 4.1 and 5.1,

1. yt = limK→∞ yK
t is a strictly stationary solution to the model zt = g(zt−1 + εt);

2. For any bounded function D(·) that is continuous on R,

lim
m→∞

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2= 0.
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Proof:

By Lemma 4, limK→∞ yK
t = yt is a well-defined random variable and therefore,

Φ(yt) = lim
K→∞

Φ(yK
t ) = lim

K→∞
Φ(gK(yK

t−1 + εt)),

where Φ(·) denoted the standardnormal distribution function. Also, because Φ(g(yK
t−1 + εt))

is nondecreasing in K and bounded, limK→∞ Φ(g(yK
t−1 + εt)) is well-defined. By dominated

convergence and the above relationship, we also have

E|Φ(yt)− lim
K→∞

Φ(g(yK
t−1 + εt))|

≤ E lim
K→∞

|Φ(gK(yK
t−1 + εt))− Φ(g(yK

t−1 + εt))|

= lim
K→∞

E|Φ(gK(yK
t−1 + εt))− Φ(g(yK

t−1 + εt))|

≤ lim
K→∞

P (yK
t−1 + εt > K)

≤ lim
K→∞

P (hU
t−1 + εt > K) = 0,

where hU
t is as in Lemma 4. By continuity of Φ(·) and the above result, if we can show that

lim
K→∞

E|Φ(g(yK
t−1 + εt))− Φ(g( lim

K→∞
yK

t−1 + εt))| = 0, (20)

we have

Φ(yt) = lim
K→∞

Φ(g(yK
t−1 + εt))

= Φ(g( lim
K→∞

yK
t−1 + εt)) = Φ(g(yt−1 + εt)),

implying that yt is a strictly stationary solution to the model zt = g(zt−1 + εt) because
hL

t ≤ yt ≤ hU
t for a well-defined random variable (hL

t , hU
t ). Therefore, the proof is complete

with a demonstration of the result of Equation (20). By Assumption 2 we can write

g(x) = c(x) +
N∑

j=1

ajI(bj ≤ x ≤ bj+1);

therefore

lim
K→∞

E|Φ(g(yK
t−1 + εt))− Φ(g(yt−1 + εt))|
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≤ lim
K→∞

N∑
j=1

E|I(bj < yK
t−1 + εt ≤ bj+1)Φ(c(yK

t−1 + εt) + aj)

−I(bj < lim
K→∞

yK
t−1 + εt ≤ bj+1)Φ(c( lim

K→∞
yK

t−1 + εt) + aj)|

≤ lim
K→∞

N∑
j=1

E|Φ(c(yK
t−1 + εt) + aj)− Φ(c( lim

K→∞
yK

t−1 + εt) + aj)|

+ lim
K→∞

N∑
j=1

E|I(bj < yK
t−1 + εt ≤ bj+1)− I(bj < lim

K→∞
yK

t−1 + εt ≤ bj+1)|,

and the first term is obviously 0 by continuity of c(·) and Φ(·) and dominated convergence.
Under the first part of Assumption 2, the second term is zero because we can set g(·) = c(·);
this shows that the first part of Assumption 2 suffices for the result. To show that the
second part of Assumption 2 also suffices, note that because yK

t ≤ limK→∞ yK
t , the second

term equals zero as well because by dominated convergence,

lim
K→∞

N∑
j=1

E|I(bj < yK
t−1 + εt ≤ bj+1)− I(bj < lim

K→∞
yK

t−1 + εt ≤ bj+1)|

≤ E lim
K→∞

N∑
j=1

Fεt|εt−1,...(bj+1 − yK
t−1)− Fεt|εt−1,...(bj+1 − lim

K→∞
yK

t−1)

+E lim
K→∞

N∑
j=1

Fεt|εt−1,...(bj − yK
t−1)− Fεt|εt−1,...(bj − lim

K→∞
yK

t−1).

By the presumed continuity of Fεt|εt−1,...(y), the result now follows.
To show the second assertion of the theorem, note that because the conditional expecta-

tion is the best possible L2-approximation,

‖ D(yt)− E(D(yt)|εt, . . . , εt−m) ‖2

≤‖ D(yt)− E(D(yK
t )|εt, . . . , εt−m) ‖2

≤ 2 ‖ D(yt)−D(yK
t ) ‖2 + ‖ D(yK

t )− E(D(yK
t )|εt, . . . , εt−m) ‖2

≤ 2 ‖ D(yt)−D(yK
t ) ‖2 + ‖ D(yK

t )−D(ŷK,m
t ) ‖2 .

Because yK
t

as−→ yt, ŷK,m
t

as−→ yK
t as m → ∞ and boundedness and continuity of D(·), the

result now follows from the dominated convergence theorem by taking the limits first as
m →∞ and then as K →∞.

14



Proof of Theorem 1:

This theorem follows directly from Lemma 4 and Lemma 5.

Proof of Lemma 1:

I will first show that Assumption 4.1’ suffices for Assumption 4.1 to hold. Let rm and bm

integer-valued sequences such that rm → ∞, bm → ∞, and rmbm ≤ m. Then because
|E(XtXt+m)−E(Xt)E(Xt+m)| ≤ α(m) if Xt is strong mixing and |Xt| ≤ 1 and |Xt+m| ≤ 1,

lim
m→∞

E

m∏

l=0

(1− I(εt−l > x))

≤ lim
m→∞

E

rm∏

k=1

kbm∏

i=(k−1)bm+1

(1− I(εt−i > x))

≤ lim
m→∞

E

rm∏

k=1

(1− I(εt−kbm > x))

≤ lim
m→∞

(α(bm) + (1− P (εt > x))E
rm∏

k=2

(1− I(εt−kbm > x))),

and by repeating this reasoning we find the upper bound

lim
m→∞

α(bm)/P (εt > x),

and because α(m) → 0 as m →∞ and P (εt > x) > 0 for all x ∈ R by assumption, it follows
that the last expression equals 0.

Proof of Theorem 2:

For any Borel measurable function f(·) there exists for any δ > 0 a bounded and continuous
function f δ(·) such that

E|f(yt)− f δ(yt)| < δ.

Observing that

n−1

n∑
t=1

(f(yt)− Ef(yt)) = n−1

n∑
t=1

(f δ(yt)− Ef δ(yt))
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+n−1

n∑
t=1

(f(yt)− f δ(yt)) + n−1

n∑
t=1

(Ef δ(yt)− Ef(yt)),

obviously the absolute expectation of the last two terms can be bounded by 2δ. Therefore,
it remains to show that the weak law of large numbers holds for the first term. Since f δ(·)
is bounded and continuous, by assumption

lim
m→∞

‖ f δ(yt)− E(f δ(yt)|εt, . . . , εt−m) ‖2= 0,

implying that f δ(yt) is L2-near epoch dependent with respect to εt; see Andrews (1988)
for definitions of L2-near epoch dependent processes, L2-mixingales, mixingale magnitude
indices and mixingale numbers. Because f δ(·) is bounded, f δ(yt) is also an L2-mixingale
with uniformly bounded magnitude indices and mixingale numbers

α(m)+ ‖ f δ(yt)− E(f δ(yt)|εt, . . . , εt−m) ‖2 .

By the law of large numbers of Andrews (1988), the weak law of large numbers for the first
term follows.

Proof of Theorem 3:

The proofs of Lemmas 4 and 5 can be completely copied for this case, except that we need
to show that

E

m−1∏

l=0

(1− I(εt−l + hL
t−l−1 > K)) → 0,

because we do not assume the existence of a lower bound B for g(·) in Theorem 3. To identify
a different lower bound hL

t , observe that under Assumption 5.2, if g(·) is nondecreasing for
x > C, then for K > C,

yK
t ≥ gC(yK

t−1 + εt) ≥ −|g(C)| − a− b|εt| − b|yt−1|

≥ . . . ≥ −((a + |g(C)|)/(1− b)−
∞∑

j=0

bj|εt−j| = c2 −
∞∑

j=0

bj|εt−j| = hL
t ,

where similarly to the proof of Lemma 4, it can be shown that hL
t is well-defined by Loéve’s

cη inequality. Therefore,

E

m−1∏

l=0

(1− I(εt−l + hL
t−l−1 > K))
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= E exp(
m−1∑

l=0

log(1− I(εt−l + hL
t−l−1 > K)))

≤ exp(−m) + P (m−1

m−1∑

l=0

log(1− I(εt−l + hL
t−l−1 > K)) > −1).

I will show that the last probability converges to 0 as m → ∞ for any K > 0. To do this,
define

It−l,K = I(εt−l + hL
t−l−1 > K)

and

I1
t−l,K = H(εt−l + hL

t−l−1 −K)

for

H(x) = xI(0 ≤ x ≤ 1) + I(x > 1).

Note that It−l,K ≥ I1
t−l,K ≥ It−l,K−1. Then for all δ ∈ (0, 1),

m−1

m−1∑

l=0

log(1− I(εt−l + hL
t−l−1 > K))

= m−1

m−1∑

l=0

log(1− It−l,K)

≤ m−1

m−1∑

l=0

It−l,K log(δ).

I will first consider the case of E|εt|2 < ∞; the case of a continuous conditional distribution
and E|εt|η < ∞ will be tackled later. For the first case, we can bound the last expression by

m−1

m−1∑

l=0

(I1
t−l,K − EI1

t−l,K) log(δ) + EI1
t−l,K log(δ).

Now

P (m−1

m−1∑

l=0

(I1
t−l,K − EI1

t−l,K) log(δ) + EI1
t−l,K log(δ) > −1)

17



≤ P (|m−1

m−1∑

l=0

(I1
t−l,K − EI1

t−l,K) log(δ)| > 1/2) + I(EI1
t−l,K log(δ) > −1/2). (21)

The second term converges to 0 as δ → 0 because for any K > 0,

EI1
t−l,K ≥ EIt−l,K−1 = EI(εt−l + hL

t−l−1 > K − 1) > 0. (22)

The first term in Equation (21) now converges to zero by the weak law of large numbers,
which will complete the proof. To show the result of Equation (22), note that

εt + hL
t−1 = εt + c2 −

∞∑
j=0

bj|εt−1−j|,

and therefore it follows from our assumption that for some function H(., . . . , .),

P (εt + hL
t−1 > y|εt−1, εt−2, . . .) ≥ H(y − hL

t−1) > 0.

Therefore,

EI(εt + hL
t−1 > K − 1)

= EP (εt > K − 1− hL
t−1|εt−1, εt−2, . . .)

≥ EH(K − 1− hL
t−1).

Now because H(.) > 0 and hL
t−1 is strictly stationary, it follows that for all K > 0, EI1

t−l,K >
0. To show that the first term in Equation (21) satisfies a weak law of large numbers, note
that

I1
t−l,K = H(εt−l + hL

t−l−1 −K) = H(εt−l + c2 −
∞∑
i=0

bi|εt−l−1−i| −K)

and for all t,

wt−l = εt−l + c2 −
∞∑
i=0

bi|εt−l−1−i| −K

is strictly stationary (with respect to l) and L2-near epoch dependent on εt−l, and that ν(M)
decays exponentially. This is because for M ≥ 1, and all t, l and K,

‖ wt−l − E(wt−l|εt−l−M , . . . , εt−l) ‖2

18



≤
∞∑

i=M+1

bi ‖ εt−l−i ‖2=‖ εt ‖2

∞∑
i=M+1

bi,

and the last expression converges to 0 as M → ∞ at exponential rate. Therefore, because
H(·) is Lipschitz-continuous with a Lipschitz coefficient of 1,

H(εt−l + c2 −
∞∑
i=0

bi|εt−l−1−i| −K)

is also L2-near epoch dependent on εt−l with an exponentially decreasing ν(·) sequence.
See Pötscher and Prucha (1997) for more information about these manipulations with near
epoch dependent processes. The result of this lemma then follows from the weak law of large
numbers for L1-mixingales of Andrews (1988), because the mixingale numbers ψ(M) for

H(εt−l + c2 −
∞∑
i=0

bi|εt−l−1−i| −K)

can be chosen to satisfy

ψ(M) ≤
∞∑

i=M+1

bi+ ‖ εt ‖2 α(M)1/2

and the last expression converges to 0 as M →∞.
In the second case of a continuous conditional distribution and E|ε|t|η < ∞, I will show

that a weak law of large holds for

m−1

m−1∑

l=0

It−l,K log(δ),

and noting that it has been shown earlier that EIt−l,K > 0, this also suffices to complete
the proof. To show this weak law of large numbers, I verify that EIt−l,K is L2-near epoch
dependent. Note that because conditional expectations are the best L2-approximations,

‖ It−l,K − E(It−l,K |εt−l−M , . . . , εt−l) ‖2

=‖ ItK − E(It,K |εt−M , . . . , εt) ‖2

≤‖ I(εt + c2 −
∞∑

j=1

bj|εt−j| > K)− I(εt + c2 −
M∑

j=1

bj|εt−j| > K) ‖2
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≤‖ I(K +
∞∑

j=1

bj|εt−j| −
∞∑

j=M+1

bj|εt−j| ≤ εt ≤ K +
∞∑

j=1

bj|εt−j|+
∞∑

j=M+1

bj|εt−j|) ‖2

≤ E|Fεt|εt−1,...(K+
∞∑

j=1

bj|εt−j|−
∞∑

j=M+1

bj|εt−j|)−Fεt|εt−1,...(K+
∞∑

j=1

bj|εt−j|+
∞∑

j=M+1

bj|εt−j|)|,

and by dominated convergence, continuity of Fεt|εt−1,... and because
∑∞

j=M+1 bj|εt−j| as−→ 0
as M → 0, it now follows that It−l,K is L2-near epoch dependent. Therefore, the weak law of
large numbers for L1-mixingales of Andrews (1988) applies, which completes the proof.

Proof of Theorem 4:

For the case of response functions g(·) that are of bounded variation, I need a construction
that is slightly more complex than the one used earlier for nondecreasing g(·). The strategy
of proof now will be to find two strictly stationary approximate solutions to the model
zt = g(zt−1 + εt). First, for all K > 0 define

gK
1 (x) = g1(x)I(x ≤ K) + g1(K)I(x > K),

gK
2 (x) = g2(x)I(x ≤ K) + g2(K)I(x > K),

g1K(x) = g1(x)I(x > −K) + g1(−K)I(x < −K),

and

g2K(x) = g1(x)I(x > −K) + g2(−K)I(x < −K).

For all K > 0 and M > 0, consider the two-equation model

zKM
t = gK

1 (zKM
t−1 + εt)− g2M(zt−1,KM + εt)

zt,KM = g1K(zt−1,KM + εt)− gM
2 (zKM

t−1 + εt).

If g(·) is nondecreasing for x > C, we can presume that g2(x) = g2(C) for x > C. This
observation is the basis for the derivation of the strict stationarity property of the solutions
that are constructed for the above models. In this proof, I will only consider the case where
g(·) is nondecreasing for x > C; the other cases are proven analogously. Also, observe that
for all n > 0, gK

1 (·) ≤ gK+n
1 (·), gK

2 (·) ≤ gK+n
2 (·), g1K(·) ≥ g1,K+n(·), and g2K(·) ≥ g2,K+n(·).

Similarly to the earlier proof for nondecreasing g(·), the idea of the proof is here to show that
the above two-equation models have strictly stationary solutions (yKM

t , yt,KM), and that a
limit solution as K and M approach infinity provides a strictly stationary solution of the
model zt = g(zt−1 + εt).
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Consider the approximations (ŷKM,m
t , ŷm

t,KM) that would result from ignoring the εt−m−j

for all j ≥ 1 in a recursive substitution definition, similarly to Lemma 4. If εt−j−1 +hL
t−j−2 >

max(C, K), then ŷKM,m−1
t−j−1 = g1(K) − g2(C) for m ≥ 2. If in addition, εt−j + hU

t−j−1 ≤
−max(M, K), then

ŷKM,m
t−j = gK

1 (εt−j + g1(K)− g2(C))− g2(−M)

ŷm
t−j,KM = g1(−K)− gM

2 (εt−j + g1(K)− g2(C)).

Using the same reasoning as in Lemma 4, this reasoning implies that limm→∞(ŷKM,m
t , ŷm

t,KM) =
(yKM

t , yt,KM) exists if for all K,M > 0,

P (∃0 ≤ j ≤ m : εt−j−1 +hL
t−j−2 > max(C,K) and εt−j +hU

t−j−1 ≤ −max(K,M)) → 1

as m →∞, which holds by assumption, given the boundness assumption |g(·)| ≤ B. Because
(ŷKM,m

t , ŷm
t,KM) is strictly stationary for all m ≥ 0, it follows from Lemma 3 that (yKM

t , yt,KM)
is a strictly stationary solution of the model.

To show that limK→∞ limM→∞ yKM
t exists, note that yKM

t is nondecreasing in K and
nondecreasing in M because ŷKM,m

t is nondecreasing in K and M by construction. Under
Assumption 5.4, yKM

t ≤ hU
t for some strictly stationary random sequence hU

t . Therefore,
limM→∞ yKM

t exists in the almost sure sense, and is nondecreasing in K. By Lemma 3,
limM→∞ yKM

t is also a strictly stationary sequence of random variables. Therefore, again
by Lemma 3, limK→∞ limM→∞ yKM

t exists in the almost sure sense and is also a strictly
stationary sequence of random variables.

To show that limK→∞ limM→∞ yKM
t is a solution to the model zt = g(zt−1 + εt), we can

follow exactly the reasoning of Lemma 5, which completes the proof.

Proof of Theorem 5:

I will only consider the case of g(·) that is monotone for x > C of Assumptions 3.2 and 4.5;
the other case is analogous. The proof of Theorem 3 can be completely copied for this case,
except that we need to show that

E

m−1∏

l=0

(1− I(εt−l−1 + hL
t−l−2 > K)I(εt−l + hU

t−l−1 ≤ −K)) → 0,

because we do not assume uniform boundedness of g(·) in this theorem. Note that if g(·) is
monotone for x > C, then

|gK(x)| ≤ a + b|x|+ |g(C)|,
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implying that we can use

hU
t = −hL

t = (a + |g(C)|)/(1− b) +
∞∑

j=0

bj|εt−j|

which is well-defined because E|εt|η < ∞. Similarly to the proof of Theorem 3, define

It−l,K = I(εt−l + hL
t−l−1 > K),

Ĩt−l,K = I(εt−l + hU
t−l−1 ≤ −K),

and

I1
t−l,K = H(εt−l + hL

t−l−1 −K)

Ĩ1
t−l,K = H(εt−l + hU

t−l−1 + K)

for

H(x) = xI(0 ≤ x ≤ 1) + I(x > 1).

As before, first the case where E|εt|2 < ∞ will be considered. Note that

E

m−1∏

l=0

(1− I(εt−l−1 + hL
t−l−2 > K)I(εt−l + hU

t−l−1 ≤ K))

≤ exp(−m) + P (m−1

m−1∑

l=0

log(1− It−1−l,K ĨtlK) > −1)

≤ P (|m−1

m−1∑

l=0

(I1
t−1−l,K Ĩ1

tlK−EI1
t−1−l,K Ĩ1

t−l,K) log(δ)| > 1/2)+I(EI1
t−1−l,K Ĩ1

t−l,K log(δ) > −1/2).

Also,

EI1
t−1−l,K Ĩ1

t−l,K ≥ EIt−1−l,K−1Ĩt−l,K−1 > 0

because by assumption,

P [εt−1 + hL
t−2 > y, εt + hU

t−1 ≤ −y]

= P [εt−1 + hL
t−2 > y, εt + |εt−1| ≤ −y − (a + |g(C)|)/(1− b)−

∞∑
j=1

bj|εt−j−1|]
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= EH(y − hL
t−2,−y − (a + |g(C)|)/(1− b)−

∞∑
j=1

bj|εt−j−1|) > 0

by assumption. Finally, by the reasoning of the proof of Theorem 3, it follows that I1
t−l−1,K

and Ĩ1
t−l,K are L2-near epoch dependent with exponentially declining ν(·) sequence, imply-

ing that I1
t−l−1,K Ĩ1

t−l,K is also L2-near epoch dependent with exponentially declining ν(·)
sequence. Therefore, the reasoning of the proof of Theorem 3 for showing the law of large
numbers applies to this case. For the case of showing a weak law of large numbers directly
for m−1

∑m
l=0 It−1−l,K Ĩt−l,K , note that for all K,

EIt−1−l,K Ĩt−l,K > 0

as explained before, and therefore it only remains to show the L2-near epoch dependence
property for It−1−l,K Ĩt−l,K . To show this, note that

‖ It−1−l,K Ĩt−l,K − E(It−1−l,K Ĩt−l,K |εt−l−M , . . . , εt−l) ‖2

≤‖ It−1−l,K Ĩt−l,K − E(It−1−l,K |εt−l−M , . . . , εt−1−l)E(Ĩt−l,K |εt−l−M , . . . , εt−l) ‖2

≤‖ It−1−l,K −E(It−1−l,K |εt−l−M , . . . , εt−l−1) ‖2 + ‖ Ĩt−l,K −E(Ĩt−l,K |εt−l−M , . . . , εt−l) ‖2,

and by the earlier argument, the last expression converges to 0 as M →∞.
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