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OPTIMAL EXPERIMENTAL DESIGNS FOR
HYPERPARAMETER ESTIMATION IN HIERARCHICAL
LINEAR MODELS *

By QING Liu, ANGELA M. DEAN, AND GREG M. ALLENBY
The Ohio State University

Optimal design for the efficient estimation of hyperparameters in
hierarchical linear models is discussed. A criterion is derived under
a Bayesian formulation for both the situation of independent ran-
dom effects and that of correlated random effects. It is shown by
example that designs obtained by fixing the error variance and the
random effects covariance matrix to the means of their respective
prior distributions can be as efficient or almost as efficient as optimal
designs obtained by integrating over the prior distributions. We ob-
tain explicit forms of the structure of such optimal designs and study
the efficiency of exact designs when the optimal structure cannot
be achieved. Design robustness is studied under various prior mean
specifications of the covariance matrix, and resulting implications for

practical applications are discussed.

1. Introduction. Over the past two decades, various forms of hierar-
chical models have been used to model a wide variety of data in fields such as
the social and behavioral sciences, agriculture, education, medicine, health-
care studies, and marketing. These models have been used under the ter-

minology of “multi-level models”, “mixed-effects models”, “random-effects
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models”, “population models”, “random-coefficient regression models” and
“covariance components models” (see Raudenbush and Bryk, 2002). In mar-
keting research, for example, hierarchical models have been used by Lenk
and Rao (1990) for studying new product diffusion, Allenby and Lenk (1994)
for brand choice, Manchanda et al. (1999) for multiple category purchase de-
cisions, Bradlow and Rao (2000) for assortment choice, and Montgomery et
al. (2004) for online shopping path. In the social sciences, hierarchical models
have been used by Huttenlocher et al. (1991) for studying children’s vocabu-
lary growth, Rumberger (1995) for students’ dropping out of school, Horney
et al. (1995) for criminal behavior, Raudenbush and Sampson (1999) for
physical and social disorder. In pharmaceutical research, Yuh et al (1994)
compiled a bibliography listing the numerous applications of hierarchical
models in pharmacokinetic and pharmacodynamics.

Hierarchical models, linear or nonlinear, often consist of two levels, where
parameters in the first level of the hierarchy reflect individual-level effects,
which are assumed to be random and distributed according to a probabil-
ity distribution characterized by the hyperparameters in the second-level of
the hierarchy. Hyperparameters may characterize population characteristics
(“population parameters”), such as the mean effect of a new drug in a pa-
tient population (see Yuh et al., 1994), and the mean consumer sensitivity
to a product feature change in a target consumer population (e.g., Allenby
and Lenk, 1994); or may reflect the effect of various covariates which drive
the individual-level effects, such as the effect of the exposure to language on
the vocabulary growth of a child (Huttenlocher et al., 1991) and the effects
of consumer demographics on consumer sensitivity to the product feature
change (Allenby and Ginter, 1995).

In situations such as direct marketing, which focuses on individual cus-
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tomization of products, it is important to have accurate information on
individual-level effects. However, in other situations, such as those in phar-
macokinetics where population parameters are of interest, or in situations
where predictions of consumer preferences in a new target population are re-
quired, accurate estimation of hyperparameters is important as they capture
the population characteristics, and enable predictions to new contexts.

A few researchers have discussed experimental designs that provide ef-
ficient estimation of hyperparameters under hierarchical nonlinear models.
For example, in marketing research, Séndor and Wedel (2002) used rela-
beling, swapping and cycling procedures to find efficient factorial designs
for the estimation of population parameters where the random effects are
assumed to be independent and identically distributed. In pharmaceutical
research, Mentré et al. (1997) proposed first-order linearization of a nonlin-
ear model and used Fisher information for the linear model parameters as
the basis to compare a given finite set of candidate designs, assuming the
random effects to be independent. Tod et al. (1998) extended the work of
Mentré et al. (1997) by accounting for the uncertainty of population param-
eters and employing a stochastic gradient search algorithm to find the opti-
mal design, assuming the random effects to be independent and identically
distributed. Han and Chaloner (2004) took a Bayesian-theoretic approach
and used MCMC nested within Monte Carlo simulation to compare a pre-
determined set of candidate designs. A critical comparison of these different
approaches is given by Han and Chaloner (2005).

Under a hierarchical linear model with independent, identically distributed
random effects, Lenk et al. (1996) investigated the tradeoff between the num-
ber of subjects in a survey setting and the number of questions per subject

under a cost constraint and an orthogonal design structure. Fedorov and
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Hackl (1997, pg. 78) derived a necessary and sufficient condition for a de-
sign to be optimal under a hierarchical linear model with random effects
that may be correlated. Some examples of optimal one-factor designs were
given by Entholzner et al. (2005) in the correlated setting and some optimal
two-factor designs in the uncorrelated setting.

In this paper, we obtain explicit forms of the structure of optimal designs
under hierarchical Bayesian linear models for both the situation of indepen-
dent random effects and that of correlated random effects. We study the
efficiency of exact designs when the optimal structure cannot be achieved.
A fixed number of observations per subject is assumed, as seen in survey
studies where survey questions are designed given a fixed length of the ques-
tionnaire.

We take a hierarchical linear model of the following form:

(1) yz|B170-12 :Xzﬂ@+€za €; NN(Oaa'LQ)v

(2) Bil0,A =7Z;0 +6;, i~ N(0,A),

where responses of subject i (i = 1,...n) are represented by the vector y;
of length m;, and X; is the m; x p model matrix, which depends upon the
treatments (or stimuli) allocated to the subjects. The effects of the stimuli on
respondent ¢ are captured by the p elements in vector 3;, which are assumed
to be random effects that are distributed according to a multivariate normal
distribution with p x p covariance matrix A and mean Z;0 where Z; is a
p X ¢ matrix of covariates, such as household income and age, and 6 is the
corresponding parameter vector of length ¢g. We assume the following non-
informative priors for 8, A and orz»2 corresponding to weak prior knowledge
(see, for example, Rossi et al., 2005). These are replaced by more informative

priors when information is available.
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(3) 0 ~ Normal(04, 1001,),
(4) A ~ Inverted Wishart(vg = p + 3, 91,),

3 . 3 WE L _4. 2
(5) o? ~ Inverse Gamma(i, %), S0i = Z]_T;(iyi 1 Gi) .

In Section 2, we give a criterion for an optimal design for the estimation
of the hyperparameter vector @ while the covariance parameters in A are
considered to be nuisance parameters. Since an optimal design is dependent
upon the prior probability distributions of the unknown parameters A and
{02}, we investigate the efficiency of designs derived with A and {02} fixed
at the means, Ay and 08, of their respective prior distributions. In Section 3,
we derive the structure of optimal factorial designs in this setting under main
effects models for some special forms of Ay with the assumptions that every
subject receives the same treatment combination (so that X; = X), and that
no covariates are measured (so that Z; = I). This is extended in Section 4,
where we discuss optimal factorial designs for the situation when both the
treatment combination and the subject covariate selection can be controlled
by the experimenter. In Section 5, we present simulated examples which
indicate that designs obtained by fixing A and {¢?} to their prior means can
be as efficient or almost as efficient as the optimal designs obtained through
the more computationally intensive procedure of integrating over the prior
distributions of A and {¢?}. In addition, we investigate design robustness to
different prior mean specifications of A and make a recommendation for the
specification of the mean of A in the search for optimal designs. A summary

and conclusions are provided in Section 6.
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2. Optimal designs for estimation of 8. When interest is in the
estimation of hyperparameters @ and A, the two layers (1) and (2), of the

hierarchical model can be combined to obtain
(6) yil0, A, 07 ~ N (X;Z:0, 3; = 021, + X;AX)),

(see Lenk et al., 1996, pg 187) with proper priors (3), (4), and (5) assumed
for 8, A, and 01-2, i=1,...,n.
We first look at the simple situation where the estimation of @ is of pri-

mary interest while elements in A and the response error variance param-

2

eters o; are nuisance parameters. This situation may occur, for example,
when a medical researcher is interested in finding out the mean effect of a
new drug in a target population of patients, or an education specialist is in-
terested in the mean effect of parents’ involvement on children’s vocabulary
growth, or a marketer is interested in learning how household income affects
consumer price sensitivity, while the dispersion of the effects at the level of
individual patient, child or consumer is not of primary interest.

Let D(my,...,my,) be a class of designs where m; design points are allo-
cated to subject i (i = 1,...,n), that is, d = (d,...,dy) € D(m4,...,my)
where d; is the m;-point sub-design allocated to subject i. For a given
d = (di,...,dy), let X' = (X},...,X") where X; of size m; x p is the
corresponding model matrix of d;. Following Chaloner and Verdinelli (1995,
page 277), we seek an optimal design d* in D(myq, ..., my) that maximizes

the expected gain in Shannon Information, that is, we seek a design that

gives maximum

™ [ 1oz (6ly. X)p(6ly. Xp(y[X)d0dy.

where y = (y/,...,y,) and where p(8ly, X) is

(8) p(6ly.X) = [ pOly. A {02}, X)dAdot ... do?
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Since (8) is not of closed-form, a normal approximation is used as follows.
First, let € be the vector that includes all the p parameters in 0, the p(p+1)/2
parameters in A and the n error variance parameters {o?}, then according
to Berger (1985, page 224, (iv)), €|y, X has the following approximate dis-

tribution

(9) £|Y7)~( ~ N(E¢I(é)_1)a

where I(£) is the expected Fisher information matrix evaluated at the max-
imum likelihood estimate é Now let A be a square matrix of dimension

[p+p(p+1)/2 + n] such that

I, 0
0 0

)

then @ = A€ and, therefore, from (9), the approximate distribution of 8|y, X

is given by
(10) Oly, X ~ N(AE AI(¢)'A).
Let ¢ = [07,...,02])', and partition I(§) as

FI(6,0) FIO,A) FI(0,)
I¢)= | FI(6,A) FI(A,A) FI(A,s)
FI(0,5) FI(A,q)

~—

!

~
—
N
o)
N~—

Let [A]yy = Ay denote the (u, v)" element of A. Then, as shown by Lenk
et al. (1996),

FI1(0,0) => Z;X/%7'X;Z; where ;= 071, +X;AX],
=1

1 > Y
FI0.A) =0, and FI(uA) =35> Tr (zi—lg 2;1(; ) .
i=1 el e
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Similarly, it can be shown that

1 3
FI(07§) =0, FI()‘u,fqu'z'Z) = §T’r(2i_1 88>\ Zi 1)’

1 _
FI(s,6)i; = FI(07,0}) = §Tr(2i 2, FI(s,s)ij = FI(o?, aJ?) = 0.

1Y

Using the facts that FI(8,A) =0 and FI1(0,s) = 0, and following Graybill
(1983, Theorem 8.2.1), we obtain
. R " . -1
AL(E) ' A = FI(0,0)" = [ Y ZiXj(671+ X:AX) ' XiZ|
i=1
Therefore, using (10), it can be shown that the integral (7) can be approxi-

mated by

1 - .
/ {—g log(2m) + 3 log ’ > Zi X[ (671 4+ X, AX)) X, Z;
i=1

—~ g} p(y|X)dy.

The integrand depends on y only through the consistent maximum likelihood

estimates of A and ¢ = (0%,...,02)". Following Chaloner and Verdinelli
(1995, page 286), a further approximation can be taken where the prior
distribution of A and ¢ is used to approximate the distributions of A and
S; that is, (7) is further approximated by

(11)

1 n

—%’ log(Qﬂ)—g—l—/ {2 log | > Zi X (071 + X:AX)) ' X,Z; } p(A)p(s)dAds.
i=1

Thus, we seek an optimal design over the class of designs in D(myq,...,my,)

that maximizes (11), that is, we seek a design with corresponding model

matrix X = (Xy,...,X,) that maximizes the integral

(12) / {log \ > ZiX(071+ X;AX)) X Z;
=1

}p(A)p(c)dAdc.

We call this criterion the ¢! criterion, where the superscript I indicates

“integration over the prior distributions of A and ¢”.
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3. Optimal designs for main effects models with fixed A and ¢
and Z; = I. We now fix A and ¢ = [0?,...,02] equal to the means of

their respective prior distributions (given by (4) and (5)). Thus, from (12),

we seek an optimal design that maximizes

n
(13) log | Y (ZiX(0 L, + XiAX)) !X, Z)
=1

We call this the 1f'-criterion, where the superscript F indicates fixed A
and . Some examples are shown in Section 5 where 1/ -optimal designs are
as efficient or almost as efficient as 1)’-optimal designs obtained under the

Y!-optimality criterion (12).
3.1. Y- optimal designs. First, we take the special case of designs in
D(m) € D(myq,...,my,), where

(i) every subject receives the same design so that X; = X, and m; = m,
(ii) the response errors are homoscedastic so that o7 = o2, and
(i) Z; = I, so that @ captures the population characteristics (see Sec-

tion 1).

Then a 1 -optimal design in D(m) that maximizes (13) also maximizes (14)

in Lemma 1.

LEMMA 1. Under model (6) with assumptions (i), (ii), (i), a -
optimal design in D(m) mazximizes
X'X|
14 X) = log [X'X(0°L, + AX'X) | = log [ =),
(14) 9(X) og | (o pt+ ) Og<]021p+AX’X|

ProOOF. Under (i), (ii), (iii), expression (13) is maximized in D(m) when

(15) 9(X) = log |X(¢°T,, + XAX')'X]
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is maximized in D(m). Let A = ¢°I,,, B = X and C = A, then from
Morrison (1990, page 69),

(16) (0%1,, + XAX) ' =672, — 0 X (A7 4+ 0 2X'X) 71X,
Post-multiplying both sides of Equation (16) by X leads to the equality
(0?1, + XAX)'X = 67 2X[I,, — 0 2(A7! + 0 2X'X)"IX'X]
=0 2 X[I, — (A 4+ 072X’ X) YA +072X'X — A7)
= o 2X[(A7 + 02 X'X)TIATY
= 02X (I, + o ?AX'X)"!
=X (oI, + AX'X) ",

and the proof follows. ]

Note that, for @ to be estimable, X’X must be non-singular and the
maximization of g(X) in (14) over the set of designs such that X'X is non-

singular is equivalent to the minimization of

)

|(X'X)~! + (A0,

which is the “mixed-effects model D-criterion” obtained in a non-Bayesian
setting by Entholzner et al. (2005) and examined in one or two-factor de-
signs.

We first obtain the form of X’X for a +f-optimal continuous design where
the numbers of observations at the various design points may not be integers.
This matrix will be used to obtain an upper bound for the ¥ -optimality
criterion. Let n be a continuous design measure in the class of probability
distributions H on the Borel sets of X', a compact subset of Euclidean p-space

(RP) that contains all possible design points. Following Silvey (1980), we
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look for a continuous design n* such that n* € H maximizes the continuous

analog of (14), namely

[M(n)] _ Llx/
log 0, AMO) where M(n) = - X'X,

(17)  »(M(n)) =

—00 for X’'X singular.

Define the set M to be
(18) M={M(n) :ne€H}

By Silvey (1980, pages 15 and 16), the set M is a closed convex hull of {xx’ :
x € X}. Lemma 2, whose proof is given in the Appendix, shows that the
function ¢»(M(n)) in (17) is concave and strictly increasing in M, that is, for
0<A<land My, My € M, p(AM1+(1-A)M2) > Ap(M1)+(1-A)p(Ma)
(concave), and, if M; — My is positive definite, then ¢¥(M;) > ¥ (Ma2))

(strictly increasing).

LEMMA 2. The ¢! criterion function (M(n)) defined in (17) is concave

and strictly increasing in M where M is defined in (18).

Theorem 1 gives a necessary and sufficient condition for a ¥f-optimal

continuous design n*.

THEOREM 1. Let n be a design measure in the class of probability dis-
tributions H on the Borel sets of a compact design space X C RP. A design

n* is Y -optimal if and only if
(19) M) 5L, + M)A x < Tr(5:1, + M(n)A) ),

forallx e X.
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The proof of Theorem 1 follows from Lemma 2 and Theorem 3.7 in Silvey
(1980), or (5.2.7) in Fedorov and Hackl (1997) using the transformation
Dy = %A and applying (Do +M(n)~")""M(n)~" = (M(7)Dg + I,)~".
The theorem will be used in Section 3.2 to obtain the form of M(n*) for an

pF-optimal design n* for given forms of A.

3.2. The main effects model. We now consider 1" -optimal designs under
a main effects model. Suppose there are K treatment factors where treat-
ment factor k (k = 1,..., K) has hy levels, then the parameter vector 3, for
each respondent ¢ in (1) includes the mean parameter and hy — 1 contrast
parameters for each factor k. The length of 3, is then 1+ Z?:l(hk —-1) =p.
Under assumptions (i), (ii), (iii) in Section 3.1, the hyperparameter vector 6
of length p captures the mean of the individual-level random effects 3;. For
the contrast coefficients in X, we use the coefficients of the “standardized
orthogonal main effect contrasts” (c.f. Kuhfeld, 2005) defined so that the
jth main effect contrast of factor k is a comparison of the effect of level j
with the average of the effects of levels j+1, ..., hy, scaled by a normalizing

constant.

LEMMA 3. Consider an experiment with K treatment factors where treat-
ment factor k (k=1,...,K) has hy levels. Let Hy denote a hy x (hx — 1)
matriz whose jth column contains the coefficients for the jth standardized or-
thogonal main effect contrast of factor k (j =1,...,hx —1), then the sum of

squares of the elements in rowi of Hy ishiy—1 (i=1,... hx, k=1,...,K).

PRrROOF. Consider an arbitrary treatment factor with A levels. The matrix
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of coefficients of the standardized main effect contrasts is:

h—1 0 0 0
-1 h—2 0 0
(20) H= D,
-1 -1 2 0
-1 -1 -1 1
-1 -1 - -1 -1

where D is a diagonal matrix of scaling constants so that the column sum
of squares equals h for every column; that is, D = Diag(dy,dso,...,dp_1)
where dy = {h/[(h—s)2 + h—s|]}"/* for s =1,... h— 1.

Ignoring scaling constants, the rth row (1 < r < h — 1) of H contains
—1 occurring (r — 1) times, (h — r) once, and the remaining entries zero,
whereas the last row consists entirely of —1s. In each case the sth element is
multiplied by the scaling constant ds (s =1,...,h —1). The sum of squares

of the elements in the rth row of H (1 < r < h — 1) is, therefore,

<

= h L (h=r?h
(h—s)?2+h—s (h=r)2+h—1r’

(21)

V)

and the sum of squares of the elements in the last row is:

h h

-1
— (h—5)?+h—s

(22)

vl

Using the equality
h h h

(h—s)2+h—s h—s h—s+1

and by simple algebra both (21) and (22) are equal to h — 1. O

The model matrix X contains m rows corresponding to the factor com-

binations in the design, and these rows are subsets of the rows of the full
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model matrix

1h1 th...h}{a Hl ® 1h2><...hK7 1h1 ® H2 ® 1h3><...hK7 cey 1h1><...hK,1 ® HK :

Thus, each row vector in the model matrix X has 1 —|—Z£<:1 (h —1) elements,
corresponding to the mean and a set of standardized orthogonal main effect
contrasts for factor k£ (k =1,..., K). Such points form the border points of
a compact continuous design space X C RP, in which the first coordinate of

all points x € X is constrained to be 1; that is,

(23) X = {X: [1"“’xk1"“’xk(hk*1>"”’$Kl’”"xK(hK_l)]/
h—1
such that Z x%s <h,—1k= 1,...,K.}.
s=1

With the design space X’ defined as (23), we seek a ¥ -optimal continuous
design n* over X. We note that any design #* that is 1)"'-optimal under the
standardized orthogonal main effect contrasts coding of model matrix X is

also ¥F-optimal under any other model matrix X such that
X=XT, 6=T'9, A=T 'AT !/,

and T is a p X p non-singular transformation matrix (c.f. Scheffé, 1959, page
31-32).

Theorem 2 shows that, under the main effects model, a continuous design
n* with matrix M(n*) = I is ¥ -optimal when the random effects 3, in
(1) are independently distributed with equal variances for the contrasts of
the same factor. For the proof of Theorem 2, we need the following lemma,

which follows from (23) and Lemma 3.

LEMMA 4. For every design point X in X,

K hip—1 K

(24) Xx=1+Y > ap <14+ (hg—1)=p.
k=1 s=1 k=1
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THEOREM 2. Let n be a design measure in the class of probability dis-
tributions H on the Borel sets of X where X is a compact subspace of RP
defined in (23). Let the random individual-level main effects B; in (1) be

independently distributed with equal within-factor variances such that A is

(25) A = Diag (Ag, N 1), oor AL 1y, oo )\%(I(hK,l)),

where the k" factor has hy levels (k=1, ..., K). Given such a form of A,
any design n* that satisfies M(n*) = 1 is ¥ -optimal.

PRrROOF. For A given in (25) and M(n*) = I, the left hand side of (19) is

hkfl
(- 2 A2y Z 2 4 A3 Py e

j=1

<(Z 42 Z 2 LA e —1)] by (23)
=Tr[<%I+A>— l,

which is the right hand side of (19). Therefore the statement of the theorem

follows from Theorem 1. O

The following corollary follows directly from Theorem 2 by noting that,
for a level-balanced orthogonal design, X'X = mI, and so M(n) = L

COROLLARY 1. Under the conditions of Theorem 2, if a level-balanced

orthogonal design exists, it is ! -optimal.

When the random individual-level main effects 8; in (1) are equally cor-
related and with equal variances, then A is of the form alI + dJ, where a
and d are scalars, and J is the p X p matrix with all elements equal to 1.

Theorem 3 gives the form of the matrix M(n*) of the ¥ -optimal design n*.



16 Q. LIU, A. M. DEAN AND G. M. ALLENBY

THEOREM 3. Let n be a design measure in the class of probability distri-
butions 'H on the Borel sets of X where X is a compact subspace of RP defined
in (23). Given A of the form al+dJ, a design n* with M(n*) = (14+€)I—eJ

is YT -optimal, where

2(a+pd)+1—2d—+/4(a+1)(a+pd) —4d + 1

(26) ‘= 2(a+pd)(p—2)+2d

a=majo?, and d=md/o?.
PRrROOF. Let M(n*) be as defined in the statement of the theorem, then

M(n) ™" =+ i - (I + 1_(;_1)6.]) .

In addition, we have

I+M(n*)(al+dJ) = (1+a(l+e€)I+ (d(1+€) — dpe — ae)J,

1 1
14a(l+e)
(I— d(1+€) — dpe — ae J)
1+ a(l+e€)+pd(l+¢€) — p*de —pae )’

I+M(n*)(al+dJ)]

M(n*) " [+ M(n*) (al + dJ)]

1
(14 €)1+a(l+e)]

e2[(a+pd)(p—2) +d] —€2(a+pd) +1—2d] +d

[1=(—-1dl + (a+pd)(1—(p—1)e)]
Using € in (26), the second item in the bracket of the last equation becomes
0 and the left hand side of (19) becomes

! *) — * - = ! '
27) M) I+ M) (el + dD)]™x = g XX

The right hand side of (19) is

Tr[I + M(n*)(aI 4 dJ)] 1

B P < B 62[(a+pd)(p—2)+d]—6[2(a+pd)+1—2d]+d>
(1 + 9l +a(l+e)] 1+ (a+pd)[l—(p—1) '

I- J|.
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Using € in (26), the second item in the bracket of the last equation becomes

0 and we obtain

D
(1+e)[l+a(l+e)]

Since x'x < p from (24), the theorem follows from Theorem 1. O

TrI+M(n*)(al +dJ)] ! =

The implication of Theorem 3 is that, when the random effects are equi-
correlated (interchangeable), 1)*'-optimal designs are nonorthogonal and un-
balanced, that is, the off-diagonal elements of M(n*) are non-zero. Examples
will be given in Section 5. Theorem 3 can easily be extended to more gen-
eral settings where random effects are interchangeable within groups and

independent between groups, as described in the following corollary.

COROLLARY 2. Given A of the block diagonal form

AN O O ... O
0O A O ... O
0 0 Ay, ... O
0 0 0 .. Ag

where Ay = agl,, + Jngg (g=1,...,G), a design n* is Y-optimal if M(n*)

18

1 0 0 ... 0
) 0 M; O 0
(29) M(n*) = ,
0 0 My, ... 0O
0 0 0 Mg

where My = (1 + €,)1,, — €4, with

2ag + pody) +1 — 2dy — \[4(ag +1)(ag + pydy) — 4dy + 1
2(ag + pgdg)(pg — 2) + 2d,

Eg— )

ag =mag/o?, and dg:mczg/02, g=1,...,G.
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As for many optimal designs, Theorems 2 and 3, together with Corollary 2,
suggest that the matrix M(n*) of a ¥ -optimal design n* will often have
a structure similar to the covariance matrix, A, of the random effects. We

explore this further through examples in Section 5.

4. Optimal designs when Z; can be controlled. In this section,
the design problem is investigated in which both the design and the co-
variates can be controlled by the experimenter. For example, in a survey
study, the experimenter can control the questions to be administered to re-
spondents (which determines X;) as well as controlling the sampling of the
respondents on the basis of certain demographic information such as age or
income (which determines Z;). Consider the situation in which X; and Z;
can be determined independently of each other, and Z; can be expressed as
I,®z,, where ® denotes Kronecker product, and z; is a vector containing the
q/p demographics of respondent i. For example, when the covariates consist
of the age a; and household income h; for each respondent i, these values

remain constant for all responses from respondent i, so
(30) Z, =1, a1, hl)=1,®z,

where z, = [1, a;, h;]. The hyperparameter vector € in (2) is then of length
3p. Here, the first set of p hyperparameters corresponds to the first p columns
of Z; in (30), that is, the p columns of I,, and captures the general mean of
the random effects 3,; the second set of p hyperparameters corresponds to
the p columns of a;I,, in (30) and captures the influence of respondent age a;
on (3;; the third set of p hyperparameters in 8 corresponds to the p columns

of h;I,, and captures the influence of household income h; on B;. Using (30),
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and noting that X3 1X; is a p x p matrix, expression (13) becomes
n n
(31) log| Y- (1,02 X;%; ' X(L,@7)] | = log | Y [(X/=; X)) @ (z:2))] |
i=1 =1

When all subjects receive the same design, and the response errors are ho-

moscedastic, so that X; = X, 07 = 02, equation (31) simplifies to

(32) log ‘ En: [(X’ZAX) ® (zlz;)]‘ = log ‘(X’E*IX) ® [zn:(zzz;)]‘
i=1 i—1

= log {‘X/ZIX’q/p‘ Zn:(zlz;) p}
i=1

log ‘X’2*1X] + plog \ fj(zmé)
=1

q
P )

where the second equality follows from Graybill (1983, Theorem 8.8.10).
With the independence of z; and X, and given the number of parameters
p and ¢, the maximization of (32) is achieved through the individual maxi-
mization of log| 1" (z;z})| and log|X'E~1X]|, the latter of which has been
discussed in Section 3. For the maximization of log| >"%" ;(z;z})|, the classi-
cal fixed-effects D-optimal design theory applies (see, for example, Atkinson
and Donev, 1992). Similar comments apply to the ¢! criterion in (12).
Note that, when X; and Z; are linked, such as in the modeling of the
“level effect” (see, Liu et al., 2006) where Z; consists of relative ranges and
frequencies of the attribute levels present in X;, then Z; cannot be written
in the form of (30) and computer search algorithms need to be used to find

the optimal combination of X; and Z;.

5. Simulation studies. In practical applications, exact designs are re-
quired in which there are integer numbers of observations at the design
points in X'. We refer to the exact designs that maximize (14) in D(m) with

A and o? set to the prior means (A and 03) as Y -optimal, that is, they
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maximize

(33) 10g< X X )

021, + Ao X'X]|

Similarly, we call exact designs 1"/-optimal if they maximize (12) in D(m)

under the assumptions (i), (ii), (iii) in Section 3.1, that is, if they maximize
(34) / {log [X'(0*T + XAX') X} p(A)p(0?)dAdo?

IX'X| 2 2
/log ( o7, + AX'X]| p(A)p(c©)dAdo”, by Lemma 1.

We show through examples that the 1/ZF-optimal designs obtained through
computer search have efficiencies similar to those of the 1/*/-optimal designs
under the ¢! criterion. Note that, since the optimal designs were obtained
by computer search, they may be locally rather than globally optimal. In
addition, we examine the robustness of the ¥ -optimal designs to different

prior mean specifications of A.

5.1. Design efficiency. First we define the D-efficiency, the ¥* -efficiency,
and the relative ¢! -efficiency measures to be used in the remainder of this
section. Define the D-efficiency of an exact design with model matrix X
relative to an optimal design n™ under the D-criterion for a fixed-effects

main effects model with standardized orthogonal contrasts coding as

1
LX'X|” 1
(35) D-eff(X) = = ‘%X’X 2y
M ()] »

where the second equality follows since M(n™*) =T (see, for example, Kuh-

feld et al., 1994). Define the 1’ -efficiency of an exact design with model
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matrix X relative to an optimal continuous design n* be

(36)

2 1 2 1
%X’X’ DL+ AgM(7")|)” - (1XX] BT+ M| 7

M) [ofT + AgX'X]| | 7

¢F—eﬁ(X) — (‘

(

where M(n*) is given in Theorems 2 and 3 as well as Corollary 2 under

1
BT+ A XX M()])”
m m

certain specifications of Ag. Since the ¥-optimal continuous design is un-
known, in the following examples we use the design ™ with M(n*) =1 as
the base design and calculate the relative ¢/!-efficiency of an exact design X
as

(37)

1. leff = 1/1 xx %QHAM(nﬂ‘ A)p(c?)dAdo”
rel. 1 -eff = exp ’ og IM(7™)|[o2T + AX'X]| p(A)p(c”) o (-

We used simple-exchange algorithms (see Mitchell and Miller, 1970; Atkin-

son and Donev, 1992) to obtain the ¥~ and */-optimal designs. Monte
Carlo method was used for the integration over the prior distributions of
A and o2 in (34). The codes, written in SAS PROC IML, are available at
http://wuw.stat.ohio-state.edu/"amd/dissertations.html.

When the random effects 3; are believed to be correlated, it is reasonable
to assume that the mean of the Inverted Wishart prior distribution of A
has non-zero off-diagonal elements. First, consider the case of interchange-
able random effects so that Ag = E(A) is of the form aI 4+ dJ. Theorem 3
shows that the matrix M(n*) of a ¢'-optimal continuous design n* is of the
form (1 + €)I — €J where € is given in (26). On dividing the numerator and

denominator of € by a, this is

a a?

21+ pr)(p—2) +2r ’

21 +pr)+ L —2r — AL+ (L +pr) —4(E) + &

€ =

where r = d/a = d/a and a = ma/o?. As the number of runs m becomes
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large while @ and o2 remain fixed, 1/a becomes small and ¢ is almost equal

to
2(1+pr) —2r — 41 +pr)
20+pr)(p—2)+2r

This suggests that for a fixed number of parameters p, the value of € is mainly

determined by the ratio r. The same applies to the ¥ -optimal designs
under the more general forms of (Ag) where within-group random effects
are interchangeable and inter-group random effects are independent, as in
Corollary 2. Thus, without loss of generality, in the following examples we
set E(0%) = 1, @ = 1, and search for the ¢¥F-optimal and ¢*’-optimal
designs given different values of r = d /a.

EXAMPLE 5.1: Consider an experiment with two treatment factors each
with two levels under a hierarchical linear model. No covariates are consid-
ered (Z; = I), response errors are assumed to be homoscedastic (o7 = o2),
and each subject ¢ (i=1, ..., n) receives the same treatment allocation
(X; = X). The individual-level random effects 3, in (1) consists of the gen-
eral mean, the main effects of factors 1 and 2, for subject i. 3, is assumed
to be randomly distributed according to a multivariate normal distribution
with mean @ and covariance matrix A as in (2). The estimation of the hyper-
parameter vector @ is of major interest. In this setting, the design criterion
that applies is ¢! in (34) if A and ¢? are unknown, or ¥ in (14) if A and
o2 are known or fixed to their respective prior means Ay and o3.

Let the number of observations per subject be m = 12. Tables 1 and 2

report the ¥FF-optimal designs obtained through a computer search given

different values of r = cZ/ a in Ag, with Ag in the form of

Ao 0

(38) Aj = (als+dJ3) and A} = N
0 aly,+dJs
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respectively. As shown in Theorem 3 and Corollary 2, M(n*) of a 1) -optimal

continuous design n* is of the form

1 0
0 (1 + 6)12 —edo

(39) (14+¢e)I3—eJs and

respectively, where € is given in (26). The value of € is reported in the second
column of each table. In the third column, the ¥®¥-optimal design from
the computer search is expressed as (mi1,mi2, ma1, m22), where m;; is the
number of times level ¢ of factor 1 and level j of factor 2 occur together in
the design. The resulting matrix X’X of the ¢¥F-optimal design is reported
in the next column. The 9 -efficiency for each design is calculated from
(36). The D-efficiency in (35) is also reported.

Note that reversing factor levels will change the signs of the corresponding
covariance terms in Ag. In this example, we consider only nonnegative ratios
r = J/d in Tables 1 and 2, but in Section 5.2 and 5.3, we examine the
robustness of the designs in Tables 1 and 2 to the different specifications of
Ay, which include negative covariances.

The efficiencies listed in Tables 1 and 2 show that the ¥ efficiencies of
the computer-searched ¢ -optimal designs are very close to their respective
theoretical upper bounds. When the random effects (3; are independent, then
J/ZL = 0, and the orthogonal design with equal allocation of mi1, mi2, mo1
and mgo is both D- and ¥~ optimal. As the random effects 3; become
more highly correlated (that is, as d/a increases), the computer-searched
¥ _optimal design becomes nonorthogonal (Table 2), or nonorthogonal
and unbalanced (Table 1). For example, when af/ a =10 in Table 1, mos =0
and the " -optimal design obtained from the computer search does not

contain observations on the combination of the second levels of the two

factors. Nevertheless, the main effects of the two factors are still estimable
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and observations on the combination 22 will add little or no information on
the main effect parameters due to their high correlation. The - and the
D- efficiency values in the last two columns of Tables 1 and 2 suggest that
the optimal designs under the 1% -criterion are far from what are considered

optimal under the D-criterion when the ratio r = d/a is large (so that the

Q. LIU, A. M. DEAN AND G. M. ALLENBY

random effects are highly correlated).

Ratio € in Design Matrix Efficiency

d/a M(0*) | (m11,m12, ma1, maz) X'X 1/)F D

0 0 (3,3,3,3) 1213 1.0000 | 1.0000
12 —2 -2

0.5 0.14 (4,3,3,2) <2 12 0) 0.9992 | 0.9811
-2 0 12
12 -4 -2

2 0.26 (4,4,3,1) -4 12 -2 0.9992 | 0.9341
-2 -2 12
12 -4 -4

10 0.37 (4,4,4,0) -4 12 -4 0.9997 | 0.8399
-4 -4 12

TABLE 1

P _optimal 12-run designs of Example 5.1 with fized A = als + dJs

Ratio € in Design Matrix Efficiency
d/(NL M(’I]*) (m11,m12, m21, m22) X'X 1/)F D
0 0 (3,3,3,3) 1213 1.0000 | 1.0000
0.5 0.17 (3,3,3,3) 1213 0.9990 | 1.0000
12 0 o0
2 0.38 (2,4,4,2) <0 12 —4> 0.9999 | 0.9615
0 —4 12
12 0 o0
10 0.64 (1,5,5,1) o 12 -8 0.9999 | 0.8221
0 -8 12

TABLE 2

P _optimal 12-run designs of Example 5.1 with fized A = (Ad)

Tables 3 and 4 provide the »*/-optimal designs obtained through com-
puter search that maximize (34), with prior distribution means E(0?) = 1,

and F(A) in the form of Ag and A% in (38), respectively, under the following

0.
alg+dJs
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Ratio Design Matrix Relative Efficiency
d/a (m11, m12, ma1, m22) X'X Rel.op!-eff
0 (3,3,3,3) 1215 1.000
12 -2 -2
0.5 (4,3,3,2) -2 12 0 1.003(=1/0.997)
-2 0 12
12 —4 -2
2 (4,4,3,1) i1z 2 1.012(=1/0.988)
-2 -2 12
12 —4 -4
10 (4,4,4,0) 412 a 1.026(=1/0.974)
—4  —4 12
TABLE 3

P -optimal 12-run designs of Ezample 5.1 with E(A) = als + dJs

Ratio Design Matrix Relative Efficiency
d/a (m11, m12, ma1, m22) X'X Rel. t-eff
0 (3.3.3.3) 121, 1.000
0.5 (3.3.3.3) 121, 1.000
2 0 o
2 (2,4,4,2) 0 12 -4 1.007 (=1/0.993)
0 —4 12
2 0 o
10 (1,5,5,1) 0o 12 -8 1.018 (=1/0.983)
0 -8 12
TABLE 4
P! _optimal 12-run designs of Example 5.1 with E(A) = ()6) &IQE£J2>

prior distributions

02 ~ Inverse Gamma(3/2,1/2),
A ~ Inverted Wishart(5, als + dJs), for Table 3,

A ~ Inverted Wishart (5, ( ’3) ah? R )) , for Table 4.

The relative ¢! -efficiency values (37) reported in Tables 3 and 4 show that
as the random effects become more highly correlated, the orthogonal design
becomes inferior to nonorthogonal designs. A comparison of the designs in
Tables 1 and 2 with those in Tables 3 and 4, respectively, show that the
PP optimal designs are the same as the ¢F/-optimal designs.

We also examined some ¢FF-optimal and ¢®/-optimal designs searched
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under other F(A) values such as those two reported in Table 5. Our results
show that 1" -optimal designs are not always the same as the corresponding
YPFI-optimal designs but, in each of our examples, their relative ¢)!-efficiency

has always been close to that of the ¥¥/-optimal design.

E(A) Criterion | (mi1,mi2,ma1, ma2) X'X Relative wl—eﬁ.
12 0 —8
P (5,1,5,1) 0 12 0 1.052(=1/0.951)
0.47 0.19 0.46 IQS (()) 12
vy M 202 [ (15 2 ) | oso=rjoem
—6 -2 12
EF 12 0 —6
P (3,2,5,2) 0o 12 -2 | 1.042(=1/0.960)
1.43 0.16 2.62 —12 —(2) 12
by 031 502 e (3,2,5,2) <0 12 2> 1.042(=1,0.960)
—6 —2 12
TABLE 5

WP - and P! -optimal 12-run designs of Example 5.1 with alternative E(A) values

EXAMPLE 5.2: Consider an experiment with three treatment factors each
with two levels. The number of runs allocated to each subject is m = 8. The
same assumptions are made as those in Example 5.1, and the same design
criteria apply. As in Example 5.1, the ¢»FF-optimal designs are the same as
the ¥¥-optimal designs (see Tables 6 to 7), or almost as efficient as the
Pl optimal designs (see Table 8).

The results of Examples 5.1 and 5.2 suggest that the % criterion, with
A and o2 fixed to the means of their respective prior distributions, is a good
surrogate for the ¢! criterion. This information is very helpful in practical
applications since the search for ¢ -optimal designs is far less computa-

tionally intensive than the search for "!-optimal designs, especially when

the numbers of runs, factors and factor levels are large.

5.2. Design robustness when covariances are all positive. The results in

Section 5.1 show that the ¢FF-optimal designs are highly t/!-efficient. As
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Ratio Design Matrix Efficiency Relative Efficiency
dfa | () XX ' | D Rel'-off
0 (1111) 8L, 1.000 | 1.000 1.000
0.5 (1111) 8L, 0.997 | 1.000 1.000
8 -2 -2 0
1,2,1,1 —2 8 0o -2 _
2 (1300) (2 5 2) 0.997 | 0.931 | 1.012(=1/0.988)
0 —2 —2 8
8 -2 -2 0
1,2,1,1 —2 8 0o -2 _
10 (171s) (_2 s _2> 0.994 | 0.931 | 1.021 (=1/0.980)
0o -2 =2 8

TABLE 6

I - and P -optimal 8-run designs of Example 5.2 with E(A) = aly + dJs

Ratio Design Matrix Efficiency Relative Efficiency
dfa | (rmaeme ) X'X v* | D Rel.y'-eff
0 (1111) 8L, 1.000 | 1.000 1.000
0.5 (1111) 814 0.998 | 1.000 1.000
8 -2 0 0
1,1,1,2 -2 8 -2 -2 _
2 (1iys) ( P 0) 0.996 | 0.950 | 1.003 (=1/0.997)
0 -2 0 8
8 -2 0 0
0,2,2,1 -2 8 -2 -2 —
10 (T220) ( > 4> 0.997 | 0.847 | 1.020 (=1,/0.981)
0 —2 —4 8
TABLE 7

WEF - and YF!-optimal 8-run designs of Example 5.2 with E(A)

x

Ao 0~
0 alz+dJs

E(A) Criterion | Design X'X Relative 1! -eff.
8§ 0 -2 —
EF 1,1,2,0 0o 8 -2 2 _
Y (1229) (2 s ) 1.017(=1/0.983)
5.81 1.54 3.50 1.82 -2 2 -4 8
1.54 2.04 257 0.17 o oo 3 g 2 -2
3.50 2.57 5.62 1.63 - 1.099(=1/0.972
1.82 0.17 1.63 1.32 4 (1727%0) 0 —4 8 - 029( /097)
—2 2 -2 8
8§ 0 -4 0
EF 1,1,0,1 0 8 —4 0 _
0 (5530) (_4 I 0) 1.036(=1/0.965)
4.43 1.53 3.44 0.53 0o 0o 8
1.53  2.41 257 1.47 o ioa g g —i 8
3.44 257 4.21 0.73 - _
0.53 1.47 0.73 4.22 ¥ (22»1’0) 73 7§ g g 1.036(=1/0.965)

TABLE 8

WEF - and YF-optimal 8-run designs of Example 5.2 with alternative E(A) values
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it is seldom the case that the experimenter has complete knowledge of the
mean of the covariance matrix A, we examine in this section the robustness
of the 1*F-optimal designs under different specifications of F(A).

Let Dgs, Do and Dy denote, respectively, the nonorthogonal and unbal-
anced 1PF-optimal design in Table 1 for d/a = 0.5, d/a = 2 and d/a = 10
with respective treatment allocation (4,3,3,2), (4,4,3,1) and (4,4,4,0). Simi-

larly, let Ty and T1g denote the nonorthogonal ¢ZF

-optimal design in Table 2
for J/EL =2 and CZ/EL = 10 with treatment allocation (2,4,4,2) and (1,5,5,1),
respectively. Using the orthogonal design with treatment allocation (3,3,3,3)
as the base design, we examine the relative ¢!-efficiency in (37) of each of
these designs under different specifications of E(A) and E(0?) = 1.

We start with the scenario where the random effects are all positively
correlated, and we generate the variances (diagonal elements) in E(A) in-
dependently from a uniform (0,10) distribution. For the covariances (off-
diagonal elements) in F(A), we generate correlation values from a uniform
(0,1) distribution, and multiply these with the square root of the corre-
sponding variances to obtain the covariances. The generation of E(A) is
done 10,000 times, and for each F(A) the relative !-efficiency in (37) is
calculated for each of the designs Dgs, Do, D1g, T2 and Tig, and boxplots of
the respective distributions are shown in Figure 1. The boxplots show that,
over the 10,000 simulated values of E(A), the nonorthogonal and unbalanced
designs Dgs and D3, obtained under positively correlated Ay of form A% in
(38) with moderate and equal correlations, are more likely to be ! -efficient
than the orthogonal design, whereas Dig, To and T are less likely to be
as ¢! -efficient as the orthogonal design. Specifically, Dgs is superior to the
orthogonal design on 77% of occasions and is never below 97.87% efficiency.

Dy is superior to the orthogonal design 63% of the time. On the other hand,
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design D1 is inferior to the orthogonal 68% of the time, T is inferior 60%
of the time, and Tig is inferior 89% of the time. The findings in Exam-
ple 5.2, as shown in Figure 2, are less clear cut but they still slightly favor
Ds. These findings imply that, when all pairs of random effects are believed
to be positively correlated, but the sizes of the variances and covariances are
unknown, a ¥ -optimal design with high v!-efficiency is more likely to be
achieved if it is searched under positively correlated Ag with moderate and

equal correlations.

5.3. Design robustness when covariances may be negative. Similar sim-
ulation studies were conducted when covariances in E(A) may be negative
(see Liu et al., 2005). The findings are that, in general, when certain random
effects may be negatively correlated, ¥F¥-optimal designs searched under
positively-correlated Ags are less likely to be 1!-efficient than the orthogo-
nal design. This implies that the knowledge on the signs of the correlations
HEF

of the random effects should be used in the search of -optimal designs

to achieve higher 1)!-efficiency.

6. Summary and conclusion. In this paper, we have investigated
optimal designs for the estimation of hyperparameters in hierarchical linear
models. A design criterion (¢!-criterion) was derived which requires the inte-
gration over the prior distribution of the random effects covariance matrix A
and the response error o2. We focused on the maximization of the integrand
(¢F-criterion) by fixing A and o2 equal to their respective prior means.
The form of M(n*) of a ¥'-optimal continuous design was derived for some
special scenarios. We showed that level-balanced orthogonal designs, if they
exist, are optimal when the random effects are independently distributed.

However, when the random effects are correlated, nonorthogonal designs are
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FIG 1. Relative ¢ -efficiency under 10,000 different specifications of E(A) in Example 5.1
where all covariance terms in E(A) are positive
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FIG 2. Relative ¢! -efficiency under 10,000 different specifications of E(A) in Example 5.2
where all covariance terms in E(A) are positive
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optimal. We also discussed briefly optimal designs for the situation when
both the treatment allocation and the subject covariate selection are under
the control of the experimenter.

We showed examples which suggest that the " -optimal designs are
highly t!-efficient. In addition, the robustness study under different specifi-
cation of F(A) showed that, when all pairs of random effects are positively
correlated, ¥FF-optimal designs obtained under positively correlated Ag
with moderate and equal correlations are more likely to be ¢!-efficient than
the orthogonal design. However, these designs do not perform as well as the
orthogonal design if some of the random effects are negatively correlated.

Practical implications of our findings are that (i) highly 1’-efficient de-
signs can be obtained by fixing A and o2 to their prior means Ay and o3
and maximizing 1% in (14), a much faster approach than the direct search
of ¢'-optimal designs which requires the integration over the prior distri-
butions of A and o?; (ii) when the signs of the correlations of the random
effects are believed to be known but the approximate sizes of the variances
and covariances are unknown, Ay should be specified with moderate sized
correlations with the anticipated signs; (iii) when random effects are cor-
related, nonorthogonal designs tend to be more efficient than orthogonal

designs under the 9! criterion.

APPENDIX

Proof of Lemma 2.

PROOF. Let M(n) be nonsingular, then the criterion function ¥ (M(n))

in (17) can be expressed as

$(M()) = —log |ZM(n) ™ + Al.
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Let M denote M(n;) and My denote M(n2), then M; and My are both pos-
itive definite. From Minkowski’s determinant theorem (Theorem 28, Mag-
nus and Neudecker, 1999, page 227), if M; — My is positive definite, then
M| > |Mz3|, that is, the determinant function is strictly increasing. Also,
from Theorem 12.2.14 of Graybill (1983), M5! — M; ! is positive definite,
which implies that (%Mz_ LA - (%Mfl + A) is also positive definite for
positive o2 and m. Since the determinant function is strictly increasing, we

obtain

(40) M, + Al >

M+ Al

Then since the covariance matrix A = [%M(n)_leA] —%M(n)_l is positive

definite, we have

2
aZar—1 aAar—1] _ (U /m)p
o M +Aﬁ>mkh\—4ﬁﬁjf>ﬁ and
2
o2 ag—1 2ag-1| _ (07/m)P
mM2+Aﬁ4mM2y;TMJf>&

Therefore, the log function of the above two positive determinants are de-

fined. Since the log function is strictly increasing, we obtain from (40)

—log

M5!+ Al < —log |[ZM!+ A

)

that is, (M) > ¢)(Msj) for positive definite (M;—Ms). Therefore )(M(n))
is a strictly increasing function of M(n) € M.
We now show that ¥(M(n)) is a concave function in M. Silvey (1980)

Appendix 1 shows that M(n)~! is convex, i.e.,
AM; + (1= A)Ma] ' < AM! + (1 - )M,

for 0 < A <1, Mj,My € M and M7, My nonsingular. Multiplying both

sides of the inequality with the positive scalar ?/m and adding A to both
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sides of the inequality, we obtain,

CIAM; + (1= )M '+ A <ASMT + (1 - NSM; ! + A

=AZM +A) + (1= A(ZM;! + A),

which shows that ‘%M(n)_1 + A is convex, and by A.2 in Silvey (1980),
Appendix 1, ("—WjM(n)_1 + A)~! is concave. The function “log|B|” on the
set of non-negative definite matrices B is concave (see Theorem 25, page
222, Magnus and Neudecker, 1999). Also, “log |B|” is increasing. By Magnus
and Neudecker (1999), page 76, Theorem 15, taking an increasing concave
function “log |B|” of a concave function B = (%QM(W)*1 + A)~1 results in

¥ = —log |M(n)~! + A| being concave. O
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