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Motivations

Facts For an operatoralgebra A

A can always be viewed as acting on a Hilbert space H

i.e faithful repin A RH

The representations Rep A of A contains interestingdata

Spectrum irreps

States cyclic rep's
When A factor its type

etc

Hence the representationsof A which form an operator category

are worthy of study in their own right

Inductively this gives rise to higher Hilbertspaces and higher
operatoralg's



alg

Def By an operator algebra we mean

f d H algebras f d C W algebra it

faithful trace Tr

not normalized

Rem We equip our operator alg's with traces
in order to recover them from their rep's

quantum invariants for manifolds
Rent Equivalently the data of a f d H alg is

f d algebra Hilbert space structure on A

sit ab c b a c a c b

ie Li Lar and Rta Ra

t



Replaj
Rep Ais_a1D

mathstructure 15s Ha Ka reps

arrows pfg A intertwiners

got completeness For Ha Ka modules for A wemay form a module H K HaoKa

and K SH is a submodule arms projection PEB.CH fffffner

It finitebasis Every module tip can be decomposed as fin of distinct simplerep's

Ect higher Given a module Ha for A alg Tr on BA H

I 5eHconside_ Ls A HA

and Ja

For 5 ge et 25 2 L L EA Enda A

Now set Tr ly 51 Tra 5127A
whichextends to all Enda H

Zep A is a f 1 2Lertspace in the senseof Baez If
Turns out all 2 Hilbertspaces arise in this way.BR



Data gl a linear 1 category Tr Tru Ende Iese

e operation prop FFI
se H k i fd Hilbert space

w composition is an H algebra

tracial T.li e e tr lEiene ti ti ns t s o
K K

possdef Tr HtsRtf 30 w equality only when k o



Ilbert spaced

Rem Equivalently the data of a 2 Hilbert space is a

fis.s category Hilbert space structures on

RH D FEE
sit H LK HK LIK L Hsk Htc HIKI

Hill Hilb 2

Hilbertitiongo 5my Hilb 22H K

H K innerproduct trace

or dec X5 fortheHilb H 4th
functionals terminal stance missheives si n i

H H Jesse
iiii Fiesole

5 51 1 ft Tiffg sf

Riesz RepThm YonedaEmbeddingThat
HEH x ̅ 12 s



persontibert space

Def An operator de K between 2 Hilbert spaces
H in F H

is a t functor J
Ji.IE.t.in

Ex For AMB an A B bimodule

There's an operator Rep A Rep B

HA H MB

insteeing
Ka K Mp

Turns out all operators arise in this way



Adjoints
Prep HNP For an operator 2 K there's a unitary adjoint operator

i e 2F K

5.1 D H F K K F H K as Hilbert spaces

Fast G F F G and 18 F

Ex For AMB an A B bimodule consider Mta y M G b e a m e amb

The operator Rep A Rep B

has adjoint Rep A Rep B

i.e Rm Rux also M M the contragradientbimod



Operatorsbetweenoperators

2ft Operators IFhe allow operators not trans between them

F
gF
k

Ifn nest tracks
KH f k

9 417

Ex For an adjointable A B bimodule intertwine AM ANB

to k M
Rep A

f n the sort 104 Rep B
RN to

HRN K N

Turnsouttheyall arise thisway



Treadionds

One can define another adjoint J K for such higher operators so that

B a k iFrii
form a Hbertspace

F

with unitary be Tv selfie yq.ptkzchis trfd

Ibrd dH

Operatorsbetween fd 2 Hilbertspaces form a 2 Hilbert space



3K
Fast Fand admit gifcF.ie

be 2 se

boe

Fast B bae after on t.ca

boe n M

is a commutative C W algebra with a sphericalweight

i e a weight Ie B bye

F

st Done Ie in i I



Leatralgered
In particular B D is a 2 Hilbert space with

prototypicalexamphof 02A
Fact B al has 2 involutions and

I
Do

horizontal o self.se
G

F F
vertical AFayre sort.se

YL
G G

spherical weight on B be
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Def CFHPS By an operator 2 algebra we mean

FT
involutions

F multifusion cat
A

EmFc spot i

Remk Equivalently an H MFC is

A MMFC 2 Hilbert space structure

sit A FG H A F HG A G F 4 as Hilbert spaces

We may now study modules it B de
EfunctorPreservingIranflilbertspace



Even higher Hilbert spacesI
objs Aa kg rep's with

Bep A 2 ᵗ aws see involutions
surfaces

georgiou so

It Direct sums and submodules play well with A actions

So do operators that intertwine A actions

chi io yeycEdi 5oad
of irreducible rep's

spherical weight Ie Baboe

oe i Σ This Ty 14
Hit

foeman

Rep A is a f 1 3 Hilbert space in the senseof CFHPS If
Turns out all 3 Hilbertspaces arise in this way.BR



Én i f of a 3 Hilbert space is a
f s.s 2 category 2 Hilbert spacestructures

on each space Jyle KT Eta sit

he kh.ae 7 L k.LI eIk7 F oeIa oein

β

One repeats the same story to obtain

1 operators between 3 Hilbert spaces
21 operators between operator
3 operator between operator between operatin



5,37 Hilb 22H K

Jiffy fly É I

yÉjI f
or dec X fortheHilb H 4th

functionals

H H Jesse g It
51 43 t.tk s similar

Riesz RepThm YonedaEmbeddingthm futureleasysthm.tt
1H x ̅ s.si f

1

innerproduct trace spherical weight

here aspheresina 2 sphere 2 spheres in a 3 sphere
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i
i
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Weird fact
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