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Abstract

Operator algebras first arose through the mathematical foundations of quantum
mechanics. We have since seen a movement throughout mathematics of categorify-
ing structures and their results—motivated by the fact that n-categories naturally
describe n-dimensional structures. This leads us to develop tools for describing a
theory of functional analysis in three-dimensional category theory.

The main content of this thesis is divided into four parts.

In Chapter §1, we introduce the operator algebraic and category theoretic pre-
liminaries needed for our results. In particular, we discuss operator 1-categories,
operator 2-categories, algebraic 3-categories and their semi-strict version, Gray-
categories.

In Chapter §2, we show the localization of the category of Gray-categories at
the weak equivalences is equivalent to the category of algebraic 3-categories
and equivalence classes of weak 3-functors. This result finishes establishing the
homotopy hypothesis for homotopy 3-types.

In Chapter §3, we provide a definition of operator 3-categories and prove many of
their desiderata. In particular, we show every operator algebraic tricategory is
equivalent to an operator Gray-category, categorify the Gelfand-Naimark theorem
for operator algebras, and provide several examples of interest. Of particular
importance is the Morita operator 3-category AbC"Alg of abelian C*-algebras,
C*-algebras with central maps, C*-correspondences, and adjointable bimodule
maps.

In Chapter §4, we compute the homotopy groups of the homotopy 3-type associated
to AbC"Alg. We describe these groups purely in terms of the topological and
cohomological data and compute the actions of the first homotopy group on the
second and third homotopy groups in terms of these topological invariants.
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Chapter 1: Preliminaries

1.1 Background on operator algebras
1.1.1 Operator theory

We first recall some facts about Hilbert spaces in order to introduce our notations and

conventions.

Definition 1.1.1.1. A Hilbert space (H, (-|-)) consists of a vector space H together with a
complete inner product (-|-): H ® H — C satisfying:

o (&ln) = (nl&);
e (£|€) > 0 with equality only when & = 0;
e H is Cauchy complete with respect to the norm ||£|| = (£]€)1/2.

We will also use the convention (-,-): H ® H — C for inner products which are linear on

the left and conjugate linear on the right. These are of course interchangeable by setting

() = ()

Example 1.1.1.2. The prototypical example of a Hilbert space is C with the inner product

(21]|22) = Z129.



Definition 1.1.1.3. Let H, K be Hilbert spaces and z: H — K be a linear map. We define

the operator norm ||z|| € [0, c0] by

]l == sup [lz£].
€H
J€l=1

We say that z is a (bounded) operator whenever ||z|| < oo and denote the space of such
operators by B(H — K). Moreover, we use the shorthand B(H) = B(H — H) and

H* = B(H — C).
Fact 1.1.1.4. A map x: H — K is bounded if and only if x admits an adjoint x¥: K — H
satisfying

(w€ln) = (&lan).

1.1.2 Operator algebras

Unless otherwise stated, we will assume all C*-algebras to be unital.
Definition 1.1.2.1. A C*-algebra A consists of the following data.

e A (unital) algebra A. We will use lowercase a, b, ... for elements of A and 14 € A for

its unit. When it is unambiguous, we will write z = z- 14 € A for z € C.
e A (conjugate-linear) involution t: A — A satisfying (ab)' = bfa’ and aft = a.
e A complete submultiplicative norm || - || on A.
We require that this data satisfy the C*-identity:
la]| = [laal|'/*  Va € A.

An element a € A is positive (a > 0) if there exists b € A with b'b = a. We use A* to
denote the (positive) cone of positive elements. Moreover, we denote the group of invertible

elements of A by A*.



Fact 1.1.2.2. Given a C*-algebra A, its norm is uniquely determined by spectral theory. In

particular, for a € A, we define its spectrum spec(a) and spectral radius p(a) by

spec(a) ={z€Cla—2z¢ A"}

pla) = sup |z|

z€spec(a)

1/2 1/2

= p(a*a)'/?, where the latter quantity only depends

It is a well-known fact that ||a| = ||a'all
on the x-algebra structure on A. In particular, being a C*-algebra is a property of a x-algebra

and not extra structure.

Example 1.1.2.3. The prototypical example of a C*-algebra is the complex numbers C with

complex conjugation = and the norm |z| := (Zz)/2. Notice C* = [0, c0).

Example 1.1.2.4. For a Hilbert space H, the algebra of (bounded) operators B(H) forms a
C*-algebra. Moreover, any norm closed subalgebra of B(H) is again a C*-algebra. We will

refer to these as the concrete C*-algebras.

Example 1.1.2.5. For a compact Hausdorff space T, the algebra of (continuous) complex-

valued functions C(T") .= Hom(T — C) is a commutative C*-algebra.

Example 1.1.2.6. Given a C*-algebra A, its center Z(A) == {a € A|ab="ba for all b € A}

is again a C*-algebra.

Definition 1.1.2.7. A C*-algebra A is called a W*-algebra if A admits a predual A,, i.e. a
Banach space with A* 2 A. The weak*-topology on A inherited from A, is also known as

the ultraweak topology.

Theorem 1.1.2.8 (von Neumann Bicommutant Theorem). Let A C B(H) be a concrete

C*-algebra of operators on H. The following are equivalent:



o Ais WOT closed, i.e. if (xy) C A and x € B(H) satisfy (x\&|n) — (x&|n) for all

EmeH, thenx € A;

o A is SOT closed, i.e. if (x\) C A and v € B(H) satisfy x \§ — x€ for all £ € H, then

x € A;
o A" = A where the commutant S’ of a set S C B(H) is given by

S"={x € B(H) | zs = sx for all s € S};

o Ais a W*algebra.
When these conditions hold, A is also said to be a von Neumann algebra.

Definition 1.1.2.9. A map of C*-algebras ¢: A — B consists of a (unital) *-homomorphism,

i.c. a linear map such that
o ¢(ab) = p(a)d(b);
o $(1la) = 1p;
o ¢(a') = ¢(a)l.

We say that ¢ is a #-isomorphism whenever it is bijective. When A and B are W*, we say ¢

is normal whenever it is weak*-continuous.

Fact 1.1.2.10. A x-homomorphism ¢: A — B of C*-algebras is always contractive, i.e.

lo(a)]l < la|| for all a € A. Moreover, ¢ injective if and only if it is isometric, i.e.
I¢(a)]l = llall.

Fact 1.1.2.11. If ¢: A — B is a x-isomorphism between W*-algebras, then it is automatically

normal.



1.1.3 Representation Theory
We now provide some background on the representation theory of operator algebras.

Definition 1.1.3.1. A representation of a C*-algebra A consists of a Hilbert space H)
equipped with a x-homomorphism \: A — B(H,). We say H, is faithful or full whenever A

is injective or surjective respectively. When A is W* we further require A to be normal.
Example 1.1.3.2. All Hilbert spaces are representations of C.
Example 1.1.3.3. Each Hilbert space H is canonically a representation of B(H).

Example 1.1.3.4. For a compact Hausdorff space T', each point ¢ € T induces a representation
of C(T') on C by
C(T) 2% C = B(C)
[ f(t)
Definition 1.1.3.5. Let H, and K, be representations of A. A map of representations
x: Hy — K, consists of an operator + € B(H — K) such that A(a)x = zp(a) for all a € A.

Two representations A and p of A are unitarily equivalent if there is a unitary (u! = u=1)

operator w: H, — H) so that

Ma) = up(a)u' Va € A.
We will denote the category of representations of A and their maps by Rep(A).
1.1.4 GNS construction

Definition 1.1.4.1. A functional ¢ € A* is called positive when ¢(a*a) > 0 for every a € A.
It is further called a state when ||| = 1 and definite when ¢(a*a) = 0 if and only if a = 0.
When A is W*, we say ¢ is normal whenever it is weak™-continuous.
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We will denote the space of (normal) states on A by P(A).

Example 1.1.4.2 (Riesz-Markov-Kakutani Representation Thm.). States on C(T') are

precisely the Borel probability measures on 1" via the map

~

P(T) — P(C(T))

uH/—du
T

Theorem 1.1.4.3 (Hahn-Banach). For every a € A in a C*-algebra, there exists p € P(A)
with (a) = ||lal|. In particular, a =0 if and only if (a) =0 for every ¢ € P(A). When A

is W* one may take ¢ to be normal.

Definition 1.1.4.4. Any positive ¢ € A* defines a sesquilinear form on A by

(alb), = p(a’).

We denote the seminorm induced from (:|-), by || - ||,. Notice the subspace of negligibles
N, ={a € A | |lal]|, = 0} is the obstruction to ¢ being definite. The GNS construction

associated to ¢ is the Hilbert space obtained by completing the following quotient
L2(A,) = A/N,

equipped with the inner product induced from (:|-),. We denote the representative of 1 € A
in L*(A, p) by Q, for which ||Q,||, = 1 if and only if ¢ is a state. Notice L?(4, ¢) admits a
(left) action of A by left multiplication a > b€ := abf). When A is W* and ¢ is normal, this

action is also normal.

Operator algebras are algebras of operators on Hilbert spaces. This is made precise by
the Gelfand-Naimark theorem [GN43] and, in particular, the Gelfand-Naimark-Segal (GNS)

construction [Segd7].



Theorem 1.1.4.5 (Gelfand-Naimark-Segal). The universal GNS construction

H’I‘ = @ LZ(A>90)

p€eP(A)

inherits a faithful A-action Y: A — B(Hvy) such that for ¢ € A*, there exist £,n € Hy with

ola) = (Y(a)&,n) foralla € A.

In this case we write ¢ = (Y -&,m). When A is W¥, this representation is normal when we

interpret P(A) as the space of normal states.

Remark 1.1.4.6. The previous statement can be interpreted as saying every abstract C*-
algebra (W*-algebra resp.) A can be realized as a concrete C*-algebra (W*-algebra resp.) of

operators on a Hilbert space, namely A is isomorphic to its image GNS(A) := Im Y in B(Hy).
1.1.5 W?*-completion of a C*-algebra

Recall that, for a C*-algebra A, there exists an organic inclusion ev: A < A*™ given by
eva(p) = ¢(a) forae Aand p € A"

Clearly A** has a predual, namely A*, and the Goldstine theorem tells us that A** is “small”

in the following sense:
Fact 1.1.5.1 (Goldstine). For a C*-algebra® A, ev(A) is weak*-dense in A**.

Thus, if one equips A with the structure of a C*-algebra such that ev is a *-homomorphism,
A** would then serve as the universal W*-completion of A. This is precisely the content of
Arens’ results from [Are51b] and [Are5la]. We will state the main result here and refer the
reader to [Pal74] for an exposition on the topic.

IThis theorem holds more generally for any Banach space.
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Fact 1.1.5.2 (Arens). Let A be a C*-algebra. There is a unique W*-algebra structure on

A* such that:
e the map ev: A — A* is a x-homomorphism;

e for every x-homomorphism f: A — B into a W*-algebra B, there exists a unique

normal x-homomorphism f: A — B making the following triangle commute.

AL . p

A
CV\[ /// .
=T

A**

On the other hand, the GNS construction realizes A as a concrete C*-algebra GNS(A) C
B(Hy), which one can complete to obtain a W*-algebra GNS(A)”. The following result

relates these two constructions.

Fact 1.1.5.3 (Sherman-Takeda for C*-algebras). Let A be a C*-algebra. There is a unique

normal x-homomorphism T: A — GNS(A)" making the following square commute:

A —L 5 GNS(A)

[ [

A —— GNS(A)”

1.1.6 Tensor products

Definition 1.1.6.1. For C*-algebras A and B, their spatial tensor product is defined to be

the norm completion

A @i B = GNS(A) @ GNS(B) ™" C B(Hy, ® Kr,)

where || + ||min is the standard operator norm on B(Hy, ® Kv,).



Definition 1.1.6.2. For C*-algebras A and B, their maximal tensor product is defined to

be the norm completion

A@uax Bi= AR B "™

where || - ||max is defined on © € A ® B by
|z|| = sup{||(p® o)x|| | H, € Rep(A), H, € Rep(B) with commuting images in B(H)}.

In general, there are many possible norms one can equip the algebraic tensor product
A ® B of C*-algebras such that completion yields a C*-algebra. It is a well-known fact that

for any such norm || - ||, we have

1 i < - 1< -

We refer the reader to [WO93, Appendix T] for an exposition on this topic.

Remark 1.1.6.3. Out of all the C*-tensor products, it is the maximal tensor product that
enjoys a universal property in the category theoretic sense. Since maps between C*-algebras
do not themselves form C*-algebras, we will defer till §1.2.5 to express this fact more naturally

as a hom-tensor adjunction for the more general C*-categories.

Remark 1.1.6.4. When A and B are W*-algebras, there is an analogous universal tensor
product A® B constructed as a quotient of the W*-completion (A ® B)** of their maximal

tensor product as C*-algebras [Dau72]. We state these results for operator categories in

§1.2.7 and build the necessary machinery for operator 2-categories in §3.2.4.
1.1.7 Spectra & Dauns—Hofmann

In this section, we will take a deeper look at representations of a C*-algebra. Of particular

importance are the irreducible representations as these form the building blocks of larger



representations. A closed subspace X C H) is invariant for X if A(a)x € X for all a € A and

z € X.

Definition 1.1.7.1. A representation A is said to be irreducible if the only closed invariant
subspaces are {0} and H,. Equivalently, the only operators in B(H),) commuting with \(A)

are scalar multiples of the identity by [RW98, Lem. A.1].

Remark 1.1.7.2. For an irreducible representation A of A, observe that \(Z(A)) C Cly,
because A(Z(A)) commutes with A(A). As a result, when we write A[,,), we will also

implicitly restrict the codomain to be C = Clg, .

Definition 1.1.7.3. The spectrum Aofa C*-algebra A is defined to be the set of unitary

equivalence classes of irreducible representations of A.

Currently, the spectrum is simply a set; it does not carry a topology. A topology on A is

defined using the ideals that arise as kernels of these irreducible representations.

Definition 1.1.7.4. A closed, two-sided ideal P of A is primitive if P is the kernel of an

irreducible representation of A. Let Prim A denote the set of primitive ideals of A.
The topology on Prim A is defined in the following manner.

Definition 1.1.7.5. Given a subset F' C Prim A, define its closure F to be the set

F:={PePrimA: ()IC P}

IeF

One verifies, using the Kuratowski closure axioms, that this closure operation defines a
topology on Prim A called the hull-kernel topology. Since two unitarily equivalent representa-
tions have the same kernel, the map [A] — ker \ is a well-defined surjection ker: A — Prim A.
The spectrum is thus equipped with a topology by pulling back the topology on Prim A via
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the kernel map. In general, neither of these topologies is Hausdorff. However, as we will
be interested in unital C*-algebras, the spectrum and primitive ideal space will at least be

compact.

Proposition 1.1.7.6 ([RW98, Lem. A.30]). Let A be a unital C*algebra. Then A and

Prim A are compact.

We now discuss the Dauns—-Hofmann Theorem. Since we are only interested in the unital

case, we can avoid discussing multiplier algebras.

Theorem 1.1.7.7 ([DH68, Lem. 8.15], Dauns—Hofmann). Let A be a unital C*-algebra. Then

there is a x-isomorphism F: C(Prim A) — Z(A) so that

qr(F(f)a) = f(P)gpr(a)
for all P € Prim A and a € A, where qp: A — A/P is the quotient map.

As a consequence, we obtain a diagram of the following form.

Corollary 1.1.7.8 (c.f. Lem. 4.2.1.5). Let A be a unital C*-algebra. Then there exist

continuous surjections:

A ¥ty Prim A 28y Z(A).

—

Moreover, these map witness Z(A) as the Stone—Cech compactifications® of Prim A and A

[Nil95, Lem. 1.1].

2Usually, this construction is applied to a Hausdorff space X and is commonly referred to as the
compactification SX. In this case, however, Ais already compact, but not Hausdorff. Thus, this construction
would be aptly named the “Hausdorffication” ﬂfl of A. We will further discuss this construction in the later
section §4.2.1.

11



1.1.8 Imprimitivity Bimodules

As before, we will use (-|-) to denote (A-valued) inner products that are conjugate linear
in the first coordinate and linear in the second. On the other hand, we will use (-, ) for inner

products that are linear in the first coordinate and conjugate linear in the second.

Definition 1.1.8.1. A right Hilbert C*-module (X, (-|-)4) for a C*-algebra A consists of a
(complex) vector space X equipped with a right action <: X ® A — X and an A-valued

inner product {-|-)41: X ® X — A satisfying;

(xly<ta)a = (x|y)a - a

(ylz)a = (zly);

(x|z) 4 > 0 with equality only when z = 0;

1/2
Al

X is Cauchy complete with respect to the norm ||z||x = ||(z|z)
When A is W*| we say that (X, (:|-)4) is a Hilbert W*-module if we further have that:
e the Banach space (X, || - |lx) admits a predual X,;
e cach map (z|: X — A given by y — (z|y)a is weak™-continuous.

A left Hilbert C*/W*-module is defined similarly with a left module action of A on X and

an A-valued inner product 4(-,-). We will often omit the subscript A whenever it is clear.

Observe that (X|X)4 = span{(x|y)a : x,y € X} is a two-sided ideal of A. A Hilbert
A-module X is called full if (X|X)4 is a dense ideal of A. The following remark about full

Hilbert modules will be used numerous times.
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Remark 1.1.8.2. We note that fullness implies that the action is faithful. Indeed, for X4 a

full Hilbert module, if z <ta = 0 for every z € X,
(Ylr)a-a=(ylr <a)a = 0.
As this holds for all z,y € X, and since (X|X)4 C A is dense, we have a = 14 -a = 0.

Definition 1.1.8.3. Given two right Hilbert C*-modules X, and Y, over A, a function

f: X =Y is adjointable if there is another function f7: Y — X satisfying
(fely)a = (z[fTy)a forall z € X,y e V.

We denote the set of adjointable A-module maps from X4 to Y4 by L£4(X,Y), or simply

LA(X)if X4 =Y.

Remark 1.1.8.4. Adjointable functions are automatically continuous A-module maps. When
Ais W* and X, Y are right Hilbert W*-modules, it is further true that adjointable functions

are automatically weak*-continuous.

Definition 1.1.8.5. An A-B C*-correspondence ,Xp is a right Hilbert B-module X equipped
with a compatible left action, i.e. a *-homomorphism A — Lg(X). When A and B are W*,

we say that 4 Xp is a W*-correspondence whenever the maps a — (x|a I> y) g are normal.
The following definition describes the invertible correspondences.
Definition 1.1.8.6. An A-B correspondence 4 Xp is called an imprimitivity bimodule if:

1. 24X is a full left Hilbert A-module and a full right Hilbert B-module Xp.
2. Forall z,y € X,a € A, and b € B, we have
(avz|ly)p = (zla' >y)p and 4(x<ab,y) = 4(z,y<b')

so that A and B act as adjointable operators relative to the other’s inner product.
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3. For all x,y,z € X, we have
alz,y) >z =z <a(y|2)p.

Imprimitivity bimodules induce an equivalence relation on operator algebras, analogous

to Morita equivalence in algebra.

Definition 1.1.8.7. Two operator algebras A and B are said to be Morita equivalent if there

exists an A-B imprimitivity bimodule.
1.1.9 Continuous-Trace C*-Algebras

Before discussing continuous-trace C*-algebras, we need to address the interaction between

Morita equivalence and spectra of C*-algebras.
Theorem 1.1.9.1 ([RW98, Thm. 3.29]). Let A and B be Morita equivalent C*-algebras.
Then A = B.

Theorem 1.1.9.2 ([RW98, Cor. 3.33]). Suppose s Xp is an A-B imprimitivity bimodule.
Then X induces a homeomorphism hyx: Prim B — Prim A called the Rieffel homeomorphism.

The map hx is given on P € Prim B by
hx(P) =span{{x<b,y) :x,y € X,b € P}.

Since imprimitivity bimodules induce homeomorphisms of the spectra and primitive ideal
spaces, we may expect that the Dauns—Hofmann Theorem can be used to understand the

actions of Z(A) and Z(B) on 4Xp. This is made precise in the following proposition.

Proposition 1.1.9.3 ([RW9S8, Prop. 5.7]). Suppose 4 X is an A-B imprimitivity bimodule,
and A and B are unital C*-algebras with Hausdorff spectrum. With hy: Prim B — Prim A

the Rieffel homeomorphism, we have

F(f)vox=xz<aF(fohx) for f € C(Prim A) and z € X.
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Because the Rieffel homeomorphism intertwines the central actions, we can also consider

equivariant bimodules where this homeomorphism is the identity.

Definition 1.1.9.4. Let A and B be C*-algebras with *-isomorphisms ¢: C(T) — Z(A) and
v: C(T) — Z(B). Furthermore, assume A and B are Hausdorff. We say an imprimitivity

A-B bimodule X is an imprimitivity bimodule over T' if, for all f € C(T) and z € X,

o(f) >z =z ay(f).

When such 4 Xp exists, we say A and B are Morita equivalent over T.

Proposition 1.1.9.5 ([RW9S8, Prop. 5.7]). With the hypotheses of Definition 1.1.9.4, 4 Xp

is an A-B imprimitivity bimodule over T if and only if the following triangle commutes:

Prim B —* Prim A
]
T

We are now ready to work towards the definition of continuous-trace C*-algebras. We

first need to describe how traces on irreducible representations interact with elements of A.

Definition 1.1.9.6. Let A be a C*-algebra and a € A™. We define the function

Tr,: A — RT U {o0}

[A] = Tr(A(a))

where Tr is the (unnormalized) trace on B(H)). In the special case when a = 14, we write

dimy4 instead of Try,, as the trace of the unit detects the dimension of the representation.

In general, these functions are not continuous on A. They are, however, always lower

semi-continuous.
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Proposition 1.1.9.7 ([Dix77, Prop. 3.5.9]). For any C*-algebra A, the functions {Tr, : a €

AT} are lower semi-continuous on A.

There are three equivalent definitions of continuous-trace C*-algebras. We will use the

definition involving continuous-trace elements and Tr,,.

Definition 1.1.9.8. Let A be a C*-algebra with Hausdorff spectrum. A positive element

a € AT is said to be a continuous-trace element if Tr, is a continuous function on A.

The span of the continuous-trace elements of a C*-algebra forms a two-sided (not nec-
essarily closed) ideal J. The closure of this ideal then determines when an algebra has

continuous-trace.

Definition 1.1.9.9. A (generally non-unital) C*-algebra A with Hausdorff spectrum is said

to have continuous-trace if the ideal J, generated by continuous-trace elements, is dense in A.

Remark 1.1.9.10. Observe that, given a unital C*-algebra A, A has continuous-trace if and
only if 14 is a continuous-trace element. This is because the set of invertible elements A* is
an open subset of A, and so there is an invertible element in J when J = A. Furthermore,
notice dim, takes values in NU {co}. Therefore, 14 is a continuous-trace element if and only

if dimy is constant on each component of A.

A special class of continuous-trace C*-algebras is the class of homogeneous C*-algebras.

Definition 1.1.9.11. A C*-algebra A is homogeneous if the dimension of each irreducible

representation is the same natural number n < oco.

Homogeneous C*-algebras are automatically continuous-trace. When a homogeneous
C*-algebra has compact spectrum, it is automatically unital ([Fel61, Thm. 3.2]). These will
be important because unital continuous-trace C*-algebras are homogeneous on each connected
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component of their spectrum (see Remark 1.1.9.10). We now present the Dixmier-Douady

classification of continuous-trace C*-algebras.

Theorem 1.1.9.12 ([RW98, Thm. 5.29]). To each continuous-trace C*-algebra A with
Hausdorff spectrum T, there is an associated element §(A) € H*(T;Z) called the Dizmier—

Douady class of A. Two continuous-trace C*-algebras with spectrum T are Morita equivalent

over T if and only if 6(A) = 0(B).

Equivalence classes of continuous-trace algebras form a group, where the group operation
is given by the following relative tensor product. However, the assumption of continuous-trace

is not necessary for the construction of this tensor product.

Definition 1.1.9.13. Given unital C*-algebras A and B with central x-homomorphisms
¢: C(T) = Z(A) and ¢: C(T) — Z(B), we write A ®r B for the C*-algebra (A ®max B)/Ir,

where I is the balancing ideal generated by elements of the form
ad(f)@b—a@(f)b forae A, be B, f e C(T).

Continuous-trace C*-algebras implicitly have such central x-homomorphisms due to the
identifications of their spectra with 7. This allows for the group of Morita equivalence classes

of continuous-trace algebras to be defined as follows:

Definition 1.1.9.14 ([RW98, Thm. 6.3]). Given a compact Hausdorff space T, define the
Brauer group of T, denoted Br(7'), to be the group whose elements are Morita equivalence
classes (over T') of (non-unital) continuous-trace C*-algebras with spectrum 7'. The group

operation is given by [A][B] = [A ®7 B]. The identity element is [C'(T)], and [A]~! = [4A°®].

Considering non-unital continuous-trace C*-algebras is important for the Brauer group,
as it allows for the Dixmier-Douady class to be a surjective map onto H*(T;Z). When
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restricting to unital continuous-trace algebras, the (unital) Brauer group surjects onto the

torsion subgroup H (T;Z) (see Lem. 4.2.1.10).

tor

Theorem 1.1.9.15 ([RW98, Thm. 6.3]). The map §: Br(T) — H*(T;Z) given by [A] — §(A)

1S a group isomorphism.
We refer the reader to [RW98] for a thorough exposition on continuous-trace algebras.

1.2 Background on operator categories

In this section, we provide the requisite background for operator 1-categories, which we

will directly categorify in Section §1.3.2 in order to provide novel results in Section §3.2.
1.2.1 Algebraic categories

We briefly recall some facts about categories in order to introduce our notation and some

diagrammatics.

Definition 1.2.1.1. A category A consists of the following data:
(0) A collection of objects, which we denote by A, B,C,... € A,
(1) For every pair of objects A, B € A, a collection A(A — B) of morphisms;
(o) For every triple of objects A, B,C' € A, a composition law

A(A = B) x A(B — C) > A(A — O)

(fi9) = gof

We require that o is associative and unital, where we denote the identity on A € A by
id4. We say that A is (C-)linear when each A(A — B) is equipped with the structure of a
(complex) vector space and o is bilinear.
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Remark 1.2.1.2. We can express the data of a category diagrammatically as follows:

(o) For A,B,C € A, the map o: A(A — B) x A(B — C) — A(A — C) is represented in

Figure 1.1.

AA = C)

/R

A(A = B) A(B — C)

Figure 1.1: 2D string diagram for composition in categories

(I) For A € A, the identity id4 € A(A — A) is represented in Figure 1.2.

A(A — A)

Figure 1.2: 2D string diagram for identities in categories

(a) For A, B,C, D € A, associativity is represented in Figure 1.3.

A(A = D) A(A = D)
A(A = BJA(B — C)A(C — D) A(A = B)A(B — C)A(C — D)

Figure 1.3: Associativity condition for composition in categories
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(u) For A, B € A, unitality is represented in Figure 1.4.

A(A — B) A(A — B) A(A — B) A(A — B)

= and =

A(A — B) A(A— B) A(A— B) A(A — B)

Figure 1.4: Unitality condition for composition in categories

Example 1.2.1.3. We denote the category of C*-algebras and x-homomorphisms by AbC*Alg;.

Similarly, the category of W*-algebras and normal x-homomorphisms by AbW*Alg;.

Example 1.2.1.4. We denote the category of compact Hausdorff spaces and continuous

maps by CHaus.

Example 1.2.1.5. Given a category A, the opposite category A°® has the same objects as A

with morphisms A*(A — B) := A(B — A) and composition go® f = fog.

Definition 1.2.1.6. A functor F': A — A’ between categories consists of the following data:
(0) A map of objects A — A';
(1) For every pair of objects A, B € A, a map A(A— B) — A (FA — FB).

We require that F(go f) = Fgo F'f and F(ids) = idpa. When A and A’ are linear, we say F’
is linear when every A(A — B) — A(FA — FB) is linear. We denote functor composition

by GoF: A— A for F: A— A and G: A — A”.

Remark 1.2.1.7. We can express the data of a functor diagrammatically as follows:
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(hom) For A, B € A, the map F': A(A, B) - A'(FA, FB) is represented in Figure 1.5.

A'(FA,FB)

A(A, B)

Figure 1.5: 2D string diagram for the action of functors on morphisms

(o) For A, B,C € A, monoidality /composibility is represented in Figure 1.6.

A (FA,FC) A (FA,FC)
—
A(A, BYA(B, C) A(A, BYA(B, C)

Figure 1.6: Monoidality condition for functors

(I) For A € A, unitality is represented in Figure 1.7.

A (FA — FA) A'(FA — FA)

:

Figure 1.7: Unitality condition for functors
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Example 1.2.1.8. There is a functor C': CHaus® — AbC*Alg; given on objects by 7" +— C(T')

where we note that C(7') = CHaus(T' — C), and on morphisms ®: 7" — S by

() L o(T)

fr>fod

Example 1.2.1.9. There is a functor spec: AbC*Alg;°® — CHaus given on objects by A —
spec(A) where spec(A) := AbC Alg(A — C) is equipped with the pointwise topology, and on

morphisms ¢: A — B by

spec(B) z, spec(A)

Qr poo.

Definition 1.2.1.10. A natural transformation «: F' — G between functors F,G: A — A’

consists of:
(0) A collection of morphisms (a4)ac4 indexed by objects of A where ay € A'(FA — GA).

We require that this collection is natural in A € A, i.e. for every f € A(A — B), the

following square commutes:
FA 225 GA

o e

FB 06—B> GB
Remark 1.2.1.11. We can express the data of a natural transformation diagrammatically as

follows:

(0) For A € A, the morphism 04 € A (FA — F'A) is represented in Figure 1.8.
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A(FA,F'A)

Figure 1.8: 2D string diagram for the components of natural transformations

(hom) For A, B € A, naturality is represented in Figure 1.9.

A'(FA, F'B) A'(FA,F'B)
A(A, B) A(A, B)

Figure 1.9: Naturality condition for natural transformations

Definition 1.2.1.12. There are several operations one may apply on natural transformations:

e For natural transformations #: F'= I’ and o: G = G’ between functors F, F': A — B

and G,G'": B — C, we denote their 1-composition by

c000: GoF=G oF (0@9),4 I:UF/AOG(HA):G/(QA)OOFA for A € A.

e For natural transformations : F' = F' and ¢': F' = F" between functors F, ', F": A —

B, we denote their 2-composition by

0 of: F=F" (0'00)s =000,  for Ae A
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e For natural transformations 6, 6,: F'= G between functors F,G: A — B, if A, B and

F, G are linear, we may also take linear combinations by

20, +05: F=G (201 + 02) 4 = 2z(61)a + (62) for € C,A e A.

Using these operations, we say:

e 0: F =G is a natural isomorphism if there exists 0=': G = F with #7! 00 = idp and

idg =00 Qil;

e F: A — B is an equivalence if there exists F*: B — A and natural isomorphisms

e: F'oF = idy and n: idg = F o F";
o F:= (F F" ¢ n)is an adjoint equivalence if € and n satisfy the zigzag/snake relations:
(idp ®¢) o (n®idr) = idg
(e®@idp) o (idp- ©®n) = idp-
1.2.2 Operator categories

Definition 1.2.2.1 (Operator category). A C*-category is a linear category A equipped

with:

(f) a conjugate linear contravariant involution t fixing objects, i.e. a collection of maps

t: A(A — B) — A(B — A) satisfying f1f = f and (go f)T = f o g;

C*) a sub-multiplicative norm || - || satisfying the C*-axiom, i.e. a norm on each hom-space
ymg

A(A = B) such that [[go fI| < [lgll[lf]l and [ f]| = [[fTo f]'/2.

As a technical condition, we require algebraically positive morphisms to be spectrally positive,
i.e.
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(>0) for f € A(A — B), there exists g € End(A) such that fTo f=glog.

The previous condition holds automatically when A admits direct sums. We further say that

a C*-category A is W* if:
(W*) every hom-space A(A — B) admits a predual A(A — B),, i.e. a Banach space with

A(A— B); = A(A— B).

It automatically follows that o is separately weak*-continuous.

Example 1.2.2.2. As described in Definition 1.1.3.5, there is a C*-category Rep(A) of
representations of a C*-algebra A. For A = C(T'), we denote the C*-subcategory of finitely

generated projective representations by Hilbg,C/(T').

Example 1.2.2.3. There is a C*-category Hilb(7") of finite-rank topological hermitian vector

bundles over a compact Hausdorff space T', which we will discuss in Section §1.2.3.

Example 1.2.2.4 (Concrete operator 1-categories). The prototypical example of an operator
category is Hilb, the W*-category of Hilbert spaces and bounded linear transformations. Here,
the norm of a morphism is given by the operator norm and the dagger of a morphism is given
by its adjoint. The predual

Hilb(H — K).
of Hilb(H — K) = B(H — K) is given by the following Banach space of trace-class operators
LYK = H)={2: K— H|Tr(|z]) < oo}

where |z| denotes the square root (zfx)!/2 of the element 2! o 2 in the C*-algebra B(H).

Furthermore, every norm-closed linear subcategory of Hilb forms a C*-category, while every
WOT-closed subcategory of Hilb forms a W*-category. We call such operator 1-categories
concrete.
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The previous example motivates the following notion of an isomorphism compatible with

an involution.

Definition 1.2.2.5 (Unitaries). We say that a morphism z in an operator category is unitary

when zf = 271,

Fact 1.2.2.6. Two objects A, B € A in a C*-category A are isomorphic if and only if they

are unitarily isomorphic.

Definition 1.2.2.7 ((Normal) {-functor). A f-functor F': A — B between C*-categories is a

linear functor which is j-preserving, i.e.
F(z)! = F(a") for z € A(A — B).

Furthermore, we say that a {-functor F': A — B between W*-categories is normal when it is

weak*-continuous on each hom-space.

Definition 1.2.2.8 (Uniformly bounded natural transformations). We say that a natural

transformation 6: F' = G between f-functors F,G: A — B is uniformly bounded when
10| == sup ||0]] < oc.
AcA

Definition 1.2.2.9. Let F = (F, F",¢,n) be an adjoint equivalence where F' and F* are
T-functors between C*-categories A and B. We say F is a unitary adjoint equivalence whenever

e and 7 are unitaries.

Fact 1.2.2.10 (Whitehead Theorem for operator categories). A t-functor F': A — B is an
equivalence between C*-categories if and only if it forms part of a unitary adjoint equivalence.

Moreover, if A and B are W*, then I is automatically normal.
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1.2.3 Dualities for Abelian C*-Algebras

Here we recount the important categorical equivalences between abelian C*-algebras and

topology.
Theorem 1.2.3.1 (Gelfand duality). There is an equivalence of categories

CHaus” — AbC*Alg;

from the opposite category of compact Hausdorff spaces and continuous maps to the category

of unital, abelian C*-algebras with unital x-homomorphisms.

The equivalence is witnessed by sending a compact Hausdorff space T' to the C*-algebra
C(T), and a continuous map ®: T'— S is sent to the *-homomorphism ®*: C(S) — C(T)
given by precomposition with ® (see Example 1.2.1.8). Throughout this work, we will use
®* to denote the x-homomorphism given by this equivalence. Conversely, given a unital
«-homomorphism ¢: C(T) — C(S), we will use ¢: S — T to denote its preimage under this
equivalence.

The Serre-Swan Theorem relates modules over abelian C*-algebras to vector bundles
over the underlying topological space. We briefly recount the definition of a complex vector

bundle.

Definition 1.2.3.2. A complex vector bundle over a compact Hausdorff space T is a topolog-
ical space E (the total space) along with a continuous surjection p: £ — T such that the
fibers F, := p~!({t}) are vector spaces for all t € T. Furthermore, the vector bundle F is
asked to be locally trivial in the following sense: for each ¢ € T', there is an open set U C T
containing ¢ such that Ey = p~1(U) = U x CF (for some k). This isomorphism is required
to be the identity on U (by respecting p) and is a linear isomorphism when restricted to the
fibers E; of Ey.
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Because we wish to obtain Hilbert C*-modules from these bundles and not simply C(7T')-

modules, we will equip our vector bundles with Hermitian metrics.

Definition 1.2.3.3. A Hermitian metric on E is a continuous function (-|)p: E® E — C

that restricts to an inner product on each fiber E; x FE;.
A module is obtained from a vector bundle by considering its continuous sections.

Definition 1.2.3.4. A (global) continuous section on a vector bundle F over 7' is a continuous
function f: T'— E such that po f = idy. The set of all continuous sections is denoted I'(F).
Evidently, this is a module over C(7T') given by pointwise multiplication (using the vector

space structure on each fiber).

We now have all of the necessary background to state the Serre-Swan Theorem for abelian

C*-algebras.

Theorem 1.2.3.5 ([Swa62]). There is an equivalence of C*-categories
Hilbeg (7') — HilbgoC'(T)

from the category of finite-rank topological hermitian vector bundles over T' to the category of

finitely generated, projective Hilbert C'(T')-modules.

The equivalence is witnessed by sending a vector bundle E to its space of continuous

global sections I'(F). The C(T')-valued inner product is given by

{(Flg)ea) ) = (fD)lg(t) e

for the Hermitian metric (:|-)g. A map of vector bundles 7: E — F is sent to the map

['(7): T(E) — I'(F) defined by T'(7)(f) = 7o f for all f € T'(FE).

28



It is known to experts that Swan’s theorem is actually a monoidal equivalence of monoidal
categories (with the usual tensor product of vector bundles and relative tensor product of
modules). This fact will be required in subsection 4.2.2. As we have been unable to find a
reference, we provide a proof in §1.3.3.

We will also be interested in the case when T has the homotopy type of a CW-complex, as
isomorphism classes of line bundles are determined by a cocycle in H?(T'; Z). We use Pic(T')

to denote the group of isomorphism classes of (complex) line bundles over T'.

Proposition 1.2.3.6 ([Hat03, Prop. 3.10]). When T has the homotopy type of a CW-complez,
the isomorphism class of a complex line bundle E is determined by its first Chern class c¢1(F)

in H*(T;Z). The map E s ¢1(F) is a group isomorphism from Pic(T) — H?*(T;Z).
1.2.4 GNS construction for operator categories

Recall from §1.1.4 that every operator algebra can be concretely realized as an algebra of
operators on a Hilbert space. The following categorification of this concreteness result was
shown by [GLR&5]. We also note that the GNS construction involves the Yoneda embedding

for an operator category.

Theorem 1.2.4.1 (GNS). Every small C*-category A admits a monic® t-functor
T: A — Hilb.

This construction satisfies the following property:

e For objects A,B € A and a functional ¢ € A(A — B)*, there exist £ € Y(A) and

n € Y(B) such that

o(x) = (Y (x)&,n), foralze A(A— B).

3By monic, we mean injective on objects and faithful
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In this case we will write o = (Y - &, n).

Moreover, when A is a small W*-category, there exists a normal monic t-functor TV : A —

Hilb.

Definition 1.2.4.2. We define the C*-category GNS(A) to be the image* of T in Hilb, for
which T: A — GNS(A) is an isomorphism of C*-categories. Moreover, we call operator

subcategories of Hilb concrete.

Definition 1.2.4.3 (Bicommutant). Given any C*-subcategory A of Hilb, we may take its

SOT-closure in Hilb, a W*-category which we will call the bicommutant A" of A.

Theorem 1.2.4.4 (Kaplansky Density Theorem). For a subset S C Hilb(H — K), if
x: H — K is in the SOT-closure of S, then there exist (x)) C S with ||xx]| < ||x|| such that

zy — x SOT.
1.2.5 Tensor products of C*-categories

Definition 1.2.5.1. For operator 1-categories A; and A, the algebraic tensor product

A; ® Ay is a linear category equipped with a dagger 1 consisting of:
(0) objects (A1, Ay) where A; € A;, and
(1) morphisms are given by

(A ® A3)((A1, A2) — (B, Bs)) == A1(A1 = By) ® As(Ay — Bs).

Composition and { are determined on each tensorand.

4In general, the image of a functor does not form a category. It is however the case that the image under
a monic functor forms a category, hence our insistence on this (evil) notion. The sufficiently categorified
reader may notice an object “being in the image” is also ewil, i.e. breaks the principle of equivalence [nLa25]
One may instead opt to discuss the essential image of a functor, which does indeed always form a category.
This will not however be necessary for our purposes, and so we merely refer the interested reader to [nLa20].
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Definition 1.2.5.2. For small C*-categories, the minimal tensor product A; ® A, is the

min

completion of A; ® Ay on each hom-space with respect to the spatial C*-norm
[tllo = [[(T1 @ T2) (@]
where T;: A; — Hilb is the universal representation of A; as seen in Theorem 1.2.4.1.

Definition 1.2.5.3. The maximal tensor product A; ® A, is the completion of A; ® A on

max

each hom-space with respect to the maximal C*-norm
|t]], = sup {||F't|]| | F: A1 ® Ay — Hilb is a {-functor}.

Universal Property 1.2.5.4. For C*-categories Ay and As, if H: A1 x Ay — B is a *-

bilinear functor® into a C*-category B, then there exists a unique *-functor H: A, @ Ay — B

mazr

such that the following triangle commutes:

A1><A2L>>(B

.
.
.
.
l /// H

A ® Ay

mazr

Theorem 1.2.5.5 (Hom-Tensor Adjunction). For C*-categories A, B, and C, we have that

the following C*-categories are unitarily naturally equivalent:

C*Cat(A® B — C) = C*Cat(A — C*Cat(B — C)).

mazxr

The proof of this fact is quite elementary. As we have not found a reference for this

argument in the present literature, we include it here for the sake of completeness.

Proof. We define T: C*Cat(A® B — C) — C*Cat(A — C*Cat(B — C)) as follows":

max

°By A; x Ay we mean the cartesian product of the underlying categories, and by t-bilinear functor we
mean a functor which is linear and t-preserving in each component.

SHelpful mnemonic: T starts with Tensor and is simplified into a Tilde.
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(0) Fix a {-functor F: A®@B — C. We define T(F) = F: A — C*Cat(B — C) to be the

max

following f-functor:

e For an object A € A, we define Fi:B—=C by:
— For B € B, we set Fu(B) = F(A, B).
— For b€ B(B — B'), we set Fu(b) = F(idy ®b): F(A, B) — F(A, B).

More succinctly, we have that Fyi=Fo (A ® —), from which it is clear that Fyis

a T-functor since F: AQB —C and A® —: B — A® B are {-functors.

max max

e Fora € A(A — A'), we define F,: [, = Fu to be the uniformly bounded natural

transformation with components ((ﬁa) B) in C given by

BeB

(Fy)p = Fla®idg): Fa(B) = Fa(B)
Indeed, F, is natural since 7 is natural and
IF|l = sup | F(a @ idg)|| < sup [la®idg], = sup |a] [lids]| = fal-
BeB BeB BeB SN——
=1

e To see that F is a {-functor, note that for each B € B, we have that (F_)p =

Fo(—® B) where F: AQuaxB—Cand —® B: A — A® B are f-functors.

max

(1) Let F,F" € C*Cat(A® B — C) be f-functors and «: F' = F’ a uniformly bounded

max

natural transformation. We define a: F = F’ to be the following uniformly bounded

natural transformation:

e For A € A, we define the A**-component of & by

oy = Q(A,-),
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where a4, _y: Fo=F ", is the uniformly bounded natural transformation whose
B'™-component is given by (&a)p = (oa,-))p = o(a,p) for B € B. To see that a4
is natural, note that the following square commutes since « is natural.

Fa(b)

FaB) 2 Fu(m) F(A,B) 7% F(A,B)
(aA)Bl l(&A)B’ a(A,B)l lCV(A,B/)
fnll (T ’ ’ ’
Fy(B) Fo Fy(B') F' (A, B) wigmay F'(AB)

Moreover, |||l = supgeg ||oqa,p)|| < ||| and we conclude that a4 is a uniformly

bounded natural transformation.

e We assert that « is natural, i.e. that the following square commutes for every

a € A(A— A).

~ ﬁa ~

o

ﬁfA —— ﬁ,/
F,
This is clear since, for each A € A, the following square commutes for any B € B

by the naturality of «.

(a®id3)

Fu(B) 2, Fu(B) F(A, B) 29298, poar By
(@a)B l(aA’)B a(A,B)l l%AhB)
[l [l ’ 1Al
FAB)WF/(B) F(A,B)FWF(A,B)
e To see that a is uniformly bounded, observe
lo]] = sup [|aval] = sup sup [laaz | = llafl
AcA AcA BeB

Therefore &: F = F'is a uniformly bounded natural transformation and 7" is isometric.
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(t) To see that T is a t-functor, consider A € C and parallel uniformly bounded natural

transformations «, o in C*Cat(A® B — C). Notice, for all A € A and B € B we have

max

((T()\a + a’))A)B = (Aa+ ') a5 = Aap) + O/(AVB) = )\((Ta)A)B + ((TO/)A)B,

((709),), = @) = (agam)” = ()},

Therefore T'(Aa + o) = XTa + Ta/ and T'(a*) = (Ta)*. For composable uniformly

bounded natural transformations «, o’ in C*Cat(A® B — C), an identical argument

max

reveals T(ao ') = T(«) o T(). Finally, for each {-functor F': A® B — C observe

max

((TidF)A)B = (idF)(A,B) = idF(A,B) = idﬁA(B)’ forall A€ Aand B € B.
Therefore Tidp = idz = idpp. We conclude that 7' is a j-functor.

We define H: C*Cat(A — C*Cat(B — C)) — C*Cat(A® B — C) as follows:

max

(0) Fix a t-functor G : A — C*Cat(B — C). We define H(G) = G: A® B — C to be the

max

following {-functor:

e For an object (4, B) € A® B, we set G(A, B) == G(A)(B).

max

e First consider morphisms of the form ids ® b € A®B((4, B) = (A, B")). We

max

set G(idy ® b) == G(A)(b), the image of b under the functor G(A) in C. Then

consider morphisms of the form a ® idg € A®B((4, B) — (A, B)). We set

max

é(a ® idg) = G(a)p, the B-component of the uniformly bounded natural
transformation G(a): G(A) = G(A’). This determines a f-bilinear functor G: A x

B — C; and by the universal property 1.2.5.4 of ®, we obtain a unique {-functor

max

G e C*Cat(A® B — C).

max

"Helpful mnemonic: H starts with Hom and is simplified into a Hat.
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(1) Let G,G": A — C*Cat(B — C) be t-functors and f: G = G’ a uniformly bounded
natural transformation. We define B : G = G’ to be the following uniformly bounded

natural transformation:

e For (A, B) € A® B, we define the (A, B)"-component of B by

max

Biap) = (Ba)s,
where (84)p: G(A)(B) — G'(A)(B) is the B-component of the uniformly
bounded natural transformation 84: G(A) = G'(A), which is itself the A-

component of the uniformly bounded natural transformation 5: G = G.

e We claim that B is natural. First, for morphisms of the form id4 ® b in AR B,

max

note that the following square commutes by the naturality of 84.

G(A, B) S &4 By aA)(B) CP% GayB)
Ba, Bl lﬁA B! (5A)Bl l(ﬁA)B’
G'(A, B)Gmb)G’(A B G'(A)(B) gy G(A)(B)

Similarly, for morphisms of the form ¢ ® idg in A® B, the following square

max

commutes by the naturality of (.

G(A, B) 2 G G(A)(B) 2% G (B)
Ba Bl l/BA’ (5A)Bl l(ﬁA’)B
C/(A.B) ;—> G'(A.B) G'(A)(B) g, G (A)(B)

Hence, the following outer square commutes for every simple tensor a ® b in A® B.

G(a®b)

~ — T
G(A, B) — G(A,B) — G(A, B))
G(id A ®b) G(a®1dB/)

I
EA BJ/ BA B’ J/BA/,B’

A B G(ldA®b G/ A B/ a®1dB/) G (A’7B/)
\—/

G’ (a®b)
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By the linearity and continuity of composition, we conclude that B is natural.

e To see that B is uniformly bounded, observe

1Bl =" sup ||Bapl = supsup||(Ba)sll = sup [[Ball = [|8]]-
(A,B)eA®B A€ A BeB A€A

max

This computation also shows that H is an isometry.

(1) The fact that H is a f-functor follows by formal symbolic manipulation, just like

the proof that T is a t-functor.

Now that we know that H and T" are T-functors between the C*-categories under consideration,

we claim that they are in fact inverses.

(HT) Suppose F': A® B — C is a -functor. For an object (A, B) € A® B, observe

max max

HTF(A,B) = TF(A,B) = TF(A)(B) = Fa(B) = F(A, B).

So HTF and F agree on objects. Now consider a morphism of the form id4 ® b in

A® B. Observe

max

HTF(idy ® b) = TF(idy ® b) = TF(A)(b) = Fa(b) = F(id4 ® b).

Similarly, consider a morphism of the form ¢ ® idg in A ® B and notice

max

HTF(a®idg) = TF(a ®idg) = TF(a)s = (Fy)p = Fla ® idp).

By functoriality we obtain that HT'F' and F' agree on all simple tensors, and by linearity

and continuity we conclude that HTF' = F.

Now suppose that F, F': AQB — C are {-functors and «: F' = F’ is a uniformly

max

bounded natural transformation. For all objects (A, B) € A® B, we have

max

HT o p) = TC\X(A,B) = (Taa)p = (@a)B = (4,B):

so HT'o« = . We conclude that HT' = id.
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(TH) Suppose G: A — C*Cat(B — C) is a -functor. For objects A € A and B € B, observe
THG(A)(B) = HGA(B) = HG(A, B) = G(A, B) = G(A)(B).

So THG and G agree on objects. Now consider some morphism a € A(A — A’). For

all B € B, we have
THG(a)p = (HG,)p = HG(a®idp) = G(a ®idp) = G(a) s,
so THG(a) = G(a). We conclude that THG = G.

Now suppose that G,G': A — C*Cat(B — C) are {-functors and 8: G = G’ is a

uniformly bounded natural transformation. For all A € A and B € B, we have

((THPB)A) , = (HBA)p = HB a3 = Biap) = (54) 5,
so THP = . We conclude that TH = id.

Therefore C*Cat(A® B — C) = C*Cat(A — C*Cat(B — C)). We now claim that the

max

isomorphism 7" is natural in A, B, and C.

(A) Suppose N: A" — A is a -functor between C*-categories. We wish to show that the

following square commutes.

C*Cat(A® B — C) —— C*Cat(A — C*Cat(B — C))

max

x| >
CCat(A'®B = C) —— C*Cat(A’ — C*Cat(B — ()

max

So consider some «a: F' = F' in C*Cat(A® B — C). For all A € A and B € B, observe

max

(To(N@B))(a)a) = (N@B)'a) , p = van)

max max

= (ana)p = ((N*@)a) , = (N* o T)(a)a) ,

so (T'o (N® B)*)(a) = (N* o T)(a).

max
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(B) Suppose N: B' — B is a {-functor between C*-categories. We wish to show that the

following square commutes.

C*Cat(A® B — C) —— C*Cat(A — C*Cat(B = C))

<4[§XN>*l l(N*»

CCat(A® B — C) —— C*Cat(A — C*Cat(B' — ()

max

So consider some a: F'= F’" in C*Cat(A® B — C). For all A € A and B € B, observe

max

((T o(A® N)*)(Q)A)B = ((A® N)*Oé)(A’B) = Q(A,NB) = (@a)nB

max max

= (N"(@4)) p = (N).8)a) g = ((N)s 0 T)(@)4) .

s0 (T o (AR N)*)(a) = ((N*)s o T) ().

max

(C) Suppose N: C — (' is a f-functor between C*-categories. We wish to show that the

following square commutes.

C*Cat(A® B — C) —— C*Cat(A — C*Cat(B — C))

N*l lN**
CCat(A® B — (') —— C*Cat(A — C*Cat(B — (')

max

So consider some a: F'= F’"in C*Cat(A® B — C). For all A € A and B € B, observe

max

—

(TN)(@)) 5 = (Nuora)p = (Nuer) a5y = Nagap) = N((@a)s) = (NuT)(@)4) .
so (TN,)(@) = (N.T)().
With this we conclude our proof. 0
1.2.6 W?*-completion of a C*-category

The following section is a horizontal categorification of the results in [Are51b] and [Are51al
for C*-algebras which we discussed in §1.1.5. As we will build on these facts to construct the
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W*-completion of a C*-2-category in Section §3.2.3, we will provide sketches for some of our
proofs concerning these results.

For a C*-category A, we wish to construct the enveloping W*-category W*(.A) together
with a monic f-functor A < W*(A). As discussed in §1.1.5, one natural candidate to consider

is the double dual of A.

Definition 1.2.6.1 (Double dual of a C*-category). When A is a C*-category, we construct

A** as follows:
(0) objects are the same as in A4,
(1) morphisms are given by A**(A — B) = A(A — B)*;

(o) we define two so-called Arens compositions on A4**, which equip A** with the structure

of a (linear) category.

Remark 1.2.6.2. Notice each A™(A — B) admits a vector space structure and a norm,

namely,

P
o= sp 2N

peA(A—B)* ||<P|| ’

for ® € A™(A — B).

Definition 1.2.6.3 (Arens compositions). For & € A*(A — B) and ¥ € A*(B — C), we

define the left and right Arens compositions o, and o, as follows:

(¢) For p € A*(A — C), we set (Vo ®)(p) = V¥(Pr>¢y) where P> € A(B — C)* is given

by:

(>) For b € A(B — C), we set (P> p)(b) = ®(p<b) where p<b € A(A — B)* is
given by:

(@) For a € A(A — B), we set (p<b)(a) = p(boa).
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(r) For p € A*(A — (), we set (Vo, ®)(p) = (o< V) where p<a¥ € A(A — B)* is

given by:

(€) For a € A(A — B), we set (p<a¥)(a) == ¥(a> ) where a>p € A(B — C)* is

given by:
() For b e A(B — C), we set (a>p)(b) = p(boa).
Definition 1.2.6.4. We define ev: A — A** as follows:
(0) For an object A € A, ev(A) = A,
(1) For x € A(A — B), we define ev(z) = ev, € A™(A — B) by
ev. (@) = ¢(x) for ¢ € A(A — B).
Lemma 1.2.6.5. ev: A — A™ is {-preserving when we equip A** with either Arens compo-
sition.

Definition 1.2.6.6 (). We define a conjugate-linear contravariant map t: A*(A — B) —

A*(B — A) as follows:
(1) For ® € A**(A — B), we define &' € A**(B — A) by
Di(g) == B(pT) for p € A(B — A",
where ¢! € A(A — B)* is given by ¢'(a) = ¢(af) for a € A(A — B).

We now relate the Arens compositions via the following identity, which follows from a

straightforward computation.
Lemma 1.2.6.7. For ® € A*(A — B) and ¥V € A*(B — (),

(o, @) = dfo, Ul
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From our previous result, we see that if the Arens compositions on A** agree then:
o (Vod)l =& oWl where o = o, = o, and
o ev: A — A*™ is a f-functor by 1.2.6.5.

It turns out this is always the case for C*-categories, after which one proves that A** satisfies

the universal property required of the W*-completion of A.

Theorem 1.2.6.8. For a C*-category A, the left and right Arens compositions on A**

coincide. Furthermore, these serve to equip A*™ with the structure of a W*-category.

Proof. Without loss of generality, one assumes A is small since compositions coincide if and

only if they agree on each small subcategory. We first extend the universal representation

T: A — Hilb along ev
A —X— Hilb

1
.
GVJ: g
R
P g

.A**
by declaring that for each ® € A**(A — B), we have

(Y(®)¢,n) = DY -&,n)) for all € € T(A) and 5 € T(B).

In particular, this determines a bounded operator T(®): T(4) — Y(B) with | T(®)| < ||®|.
Since every functional ¢ € A(A — B)* is of the form ¢ = (T - £, n), it follows that ® = 0 if

and only if T(®) = 0. For ® € A*(A — B) and ¥ € A**(B — C), one computes

(T(¥op )&,m) = (T(U)T(®)E,n) = (T(V o, D)E,7)

which implies T(¥ o, ®) = T (¥)Y(®) = T(¥ o, ®), and hence o, = o,.
By Lemma 1.2.6.7 we obtain that A4** is a f-category. Since Hilb is an operator category,
to show A*™ is a C*-category it suffices to show that T is an isometric T-functor. We then
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compute
(T(@N)e, 1) = (T(@)'¢, ),
from which we see that T is T-preserving.
We now verify that | T(®)| = ||®| for ® € A**(A — B). By construction, it is clear that

T: A* — Hilb is weak*-WOT continuous. Let ¢ > 0. As a property of the GNS construction

for A, we know there exist £ € T(A),n € T(B) with |[{(Y-&,n)|| =1 such that

(T(@)E, )] = [®UYL - &, m))| > [|@]| — <.

Since T is weak*-WOT continuous, T(®) € Tm TV =T ¢ Hilb(TA — TB). By the
Kaplansky density theorem, there exist (z)) C A(A — B) with ||z,]| = || T(z))]| < [|[T(D)]|

such that T(z,) — T(®) SOT. Observe
IT@) = flall = (Y (@2)E,m| = [(T(@)E,m)]| > [|®] —e.

Since £ > 0 was arbitrary, ||T(®)|| > [|®||. We conclude that T is isometry, and hence A** is

a W*-category. O

Universal Property 1.2.6.9. For every f-functor F': A — B into a W*-category B, there
exists a unique normal extension F: A* > B making the following triangle commute.

AL B

A
evj 7
A**
Definition 1.2.6.10. For every f-functor F': A — B between C*-categories A and B, there
exists a unique normal extension F**: A** — B** afforded by the universal property of A**,

which makes the following square commute.

A—L 4B



Using the facts shown in the proof of Theorem 1.2.6.8, one proves the following result.

Corollary 1.2.6.11 (Sherman-Takeda for C*-categories). For a small C*-category A, the

T-functor

T: A* — GNS(A)”

constructed in Theorem 1.2.6.8 is an equivalence of W*-categories extending T: A — GNS(A)

as follows:
A —L 5 GNS(A)

T

1.2.7 WH*-tensor product of W*-categories

The following result is a horizontal categorification of the results in [Dau72] for W*-
algebras. As we will adapt all of these results for W*-2-categories in Section 3.2.4, we will

omit the details in this work. We however present the main result here for completeness.

Universal Property 1.2.7.1. For W#*-categories Ay and Az, there is a W*-category A; @ Ay

maxr

equipped with separately normal T-bilinear functor Ay X Ay — A1 ® Ay satisfying the following

max

universal property:

e For every separately normal T-bilinear functor H: Ay X Ay — B into a W*-category B,

there exists a unique normal t-functor H: A, ® Ay — B such that the following triangle

mazr

commutes:
H
Al X AQ —; B

-
-
-
-
=
- H

A1 ®A;

maxr

Remark 1.2.7.2. More specifically, we construct A; ® As as the quotient of (A; ® As)** by

max max

the polar of so-called separately normal functionals on A; ® A,.

max
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Theorem 1.2.7.3 (Hom-Tensor Adjunction). For W*-categories A, B, and C, we have that

the following W*-categories are unitarily naturally equivalent:

W*Cat(AB B — C) = W*Cat(A — W*Cat(B — C)).

mazxr

1.3 Background on operator 2-categories

1.3.1 Algebraic 2-categories

Definition 1.3.1.1. A 2-category consists of the following data:
(0) A collection A of objects of A,
(hom) For A, B € A, a category A(A — B) where:

— The objects of A(A — B) are called 1-morphisms of A with source A and target

B,

— The arrows of A(A — B) will be referred to as 2-morphisms of A with their same
source and target. For X,Y € A(A — B), we will denote the corresponding space

of 2-morphisms by A(X =Y).

(®) For A,B,C € A, a functor ®: A(A — B) x A(B — C) = A(A — C) called 1I-

composition, which we represent in Figure 1.10.

A(A = ©)

/R

A(A = B) A(B— C)

Figure 1.10: 2D string diagram for 1-composition in 2-categories
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(I) For A € A, a functor I4: * - A(A — A) which picks out an identity 1-morphism id4,

represented in Figure 1.11.

A(A — A)

Figure 1.11: 2D string diagram for identities in 2-categories

(a) For A,B,C,D € A, an “associator” natural isomorphism «, which we represent in

Figure 1.12.

A(A = D) A(A— D)

UQ

A(A = BMA(B — C)A(C — D) A(A — B)A(B — C)A(C — D)

Figure 1.12: (24 1)D string diagram for associators in 2-categories

(u) For A, B € A, left and right “unitor” natural isomorphisms A and p, which we represent

in Figure 1.13.
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A(A — B) A(A — B) A(A — B) A(A — B)

and LN

U/y

A(A = B) A(A = B) A(A - B) A(A = B)

Figure 1.13: (2 + 1)D string diagram for left and right unitors in 2-categories

We say a 2-category is strict when 1-composition ® in A is associtive and unital up to
equality and the constraint data a, A, p are identities. We will use the terms 2-category and
“bicategory” interchangeably, specifying whenever they are strict.

Furthermore, we require this data satisfies a 2-dimensional associahedron axiom for each
tuple of 5 objects in A (non-abelian 3-cocycle condition) and an axiom for each triple of
objects in A relating the left and right unitors with the associator (normalized cocycle

condition). In particular,

(r) For A,B,C, D, E € A, the pentagon in Figure 1.14 commutes.

Figure 1.14: Associativity pentagon axiom for 2-categories
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(coh) For A, B,C € A, the triangle in Figure 1.15 commutes.

Figure 1.15: Middle unitality triangle axiom for 2-categories

Remark 1.3.1.2. At this category level, it is a coincidence that the triangles in Figure 1.16

automatically commute in any 2-category.

Figure 1.16: Commutative left and right unitality triangles in 2-categories

Thinking of o _ _ as a 3-cocycle, these commutative triangles witness the fact that o is

normalized on the left, middle, and right entries respectively.
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Remark 1.3.1.3. As our coherence results will heavily involve 2-categories of 2-functors
between 2-categories, we will mainly use the convention that both 1-composition ©® and
2-composition o are contravariant. It is however more common in the literature to have
covariant 1-composition and contravariant 2-composition—where 1-composition is denoted by
®. Since we will also build serveral tensor products of operator 2-categories (as we have done
for operator categories) we have opted for this less common notation ® for the 1-composition
inside a 2-category. We will however use ® for the opposite convention of © whenever it is

convenient.

Definition 1.3.1.4. A 2-functor F': A — A’ between 2-categories consists of the following

data:
(0) A function from objects of A to objects of A’;

(hom) For A, B € A, a functor F': A(A, B) — A'(F A, FB), which we represent diagrammati-

cally in Figure 1.17.

A'(FA,FB)

A(A, B)

Figure 1.17: 2D string diagram for the action of 2-functors on hom-categories

(®) For A, B,C € A, a tensorator/compositor natural isomorphism F? represented in

Figure 1.18.
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A/(FA, FC) A/(FA, FC)

Z,

A(A, BYA(B, C) A(A, BYA(B, C)

Figure 1.18: (24 1)D string diagram for tensorators/compositors of 2-functors

(I) For A € A, a unitor natural isomorphism F° represented in Figure 1.19.

A/(FA — FA) A/(FA = FA)

Figure 1.19: (2 + 1)D string diagram for unitors of 2-functors

FO

Furthermore, we require this data satisfies an associativity axiom and two unitality axioms.

In particular,

(a) For A, B,C € A, the hexagon in Figure 1.20 commutes.
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Figure 1.20: Associativity (hexagon) axiom for 2-functors

(u) For A, B € A, the squares in Figure 1.21 commute.

Figure 1.21: Left and right unitality axioms for 2-functors

Definition 1.3.1.5. A 2-natural transformation 6: F' = I’ between 2-functors F, F': A —

A’ consists of the following data:
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(0) A family of 1-morphisms 64 € A'(FA — F'A) indexed by the objects of A, which we

represent diagrammatically in Figure 1.22.

A (FA,F'A)

Figure 1.22: 2D string diagram for components of 2-natural transformations

(hom) For A, B € A, a naturator natural isomorphism 6 represented in Figure 1.23.

A'(FA,F'B) A'(FA, F'B)

=

A(A, B) A(A, B)

Figure 1.23: (2 4 1)D string diagram for naturators of 2-natural transformations

Furthermore, we require this data satisfy a monoidality /composability axiom and a unitality

axiom. In particular,

(®) For A, B,C, D € A, the octagon in Figure 1.24 commutes.

o1



Figure 1.24: Monoidality axiom for 2-natural transformations

(I) For A, B € A, the pentagon in Figure 1.25 commutes.
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Figure 1.25: Unitality axiom for 2-natural transformations
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Definition 1.3.1.6. A modification m: 6 = 6’ between 2-natural transformations 6,6 : ' =

F”" consists of the following data:

(0) A family of 2-morphisms 04 € A'(64=-0',) indexed by the objects of A, which we

represent diagrammatically in Figure 1.26.

A/(FA, F'A) A/(FA,F'A)
n G

Figure 1.26: (2 4+ 1)D string diagram for components of modifications

Furthermore, we require that this data satisfies the obvious compatibility axiom with the

higher data for  and ¢'. In particular,

(hom) For A, B € A, the square in Figure 1.27 commutes.

Figure 1.27: Naturality axiom for modifications
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Definition 1.3.1.7. We denote the different operations for 2-natural transformations and

modifications as follows:

e For 2-natural transformations #: F = F’ and 0: G = G’, we denote their 1-composition

by c®60: Go F=G o}’

e For 2-natural transformations #: F' = F’ and 0': F' = F"” we denote their 2-composition

by 0/ ©60: F= F";

e For modifications m: # = 0 and n: 0 = ¢’ between natural transformations ,60": F = I’

and o0,0’: G = G', we denote their 1-composition by n@m: c ©@0=0¢"©¢;

e For modifications m: 0 = 6’ and n: 0 = ¢’ between natural transformations 0, 0": F = F’

and o,0’: F'= F", we denote their 2-composition by n©@m: c ®0 =0 ©¢;

e For modifications m: 6= 6" and n: 8’ = 60", we denote their 3-composition by n o

m: 0=-0". In the linear case, we may further take linear combinations of modifications.

Using these operations, we say

e m: 0= 0"1is an invertible modification when it admits an inverse with respect to o;

e . FF= (G is an equivalence if there exists #: G = F and invertible modifications

e:0©0=idp and n: idg=000;

0 = (0,0, e,m) is an adjoint equivalence if € and 7 satisfy the zigzag/snake equations;

F: A — B is an equivalence if there exists F": B — A and equivalences F" o F' = id4
and idg = F' o F". One may inductively define the notion of adjoint equivalences for

2-functors.
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1.3.2 Operator 2-categories

We will follow [CHPJP22] in the following treatment of operator algebraic bicategories,

except that we do not assume such 2-categories are unitarily Cauchy complete.

Definition 1.3.2.1. A C*-2-category consists of a (linear, weak) 2-category (A, ®, 1, a, A, p)

together with:

(1) a dagger structure, i.e. an involutive contravariant conjugate-linear 2-functor t: A" —
A, which is the identity on objects and 1-morphisms, such that the associator, left

unitor, and right unitor

axyz: XOp(Yo0cZ)=(X0opY)oc Z,
)\X: idAQAX:>X,

pPx: X oOpidg=X

are unitary (u' = u~!) for composable 1-morphisms A 5 BYL 0% Din Aand the

composition ® of 1I-morphisms in A is f-preserving,
(C*) the hom-category A(A — B) is a C*-category for every pair of objects A, B € A.
Furthermore, we say that a C*-2-category is a W*-2-category when:
(W*1) every hom-category A(A — B) is a W*-category,
(W*2) 1-composition ® is separately normal (weak*-continuous).
In [CHPJP22] it is shown that (W*2) is equivalent to the following condition:

(W*2') For every object A € A, the pre-composition and post-composition maps id4 ®4 — and
— ®41dy are normal.
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We will use the terms operator algebraic bicategory or operator 2-category to refer to C*/W*-
2-categories. Moreover, we say that an operator 2-category A is strict if the underlying
2-category is strict, recalling that we use the terms 2-category and bicategory interchangeably,

specifying whenever they are strict.

Example 1.3.2.2. Given an operator 2-category A, we may produce related operator 2-
categories A®" and A given by reversing the direction of 1-morphisms and 2-morphisms

respectively.

Definition 1.3.2.3. A {-2-functor F': A — A’ between C*-2-categories is a (linear) 2-functor

(F, F?, F%) such that
(1) F is dagger-preserving, i.e F(z") = F(x)' for every 2-morphism x in A,
(coh) the compositor and unitor

F;Y : F(X)oOpp) FY)=F(X oY),

FY: idpay = F(id ),
are unitary for A 5BL Cin A
Furthermore, we say that a {-2-functor F': A — A’ between W*-2-categories is normal when
(W*) it is normal (weak*-continuous) on hom-spaces A(X =Y) - A (F(X)= F(Y)).
Moreover, we say that a (normal) f-2-functor is strict if the underlying 2-functor is strict.

Definition 1.3.2.4. A f-2-natural transformation o: F'= G between (normal) f-2-functors

is a 2-natural transformation « such that
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(coh) The naturator component
ax: F(X)Opm) ap=asOgu) G(X)
is unitary for every 1-morphism A X Bin A

Definition 1.3.2.5. A uniformly bounded modification m: a= [ between f-2-natural

transformations is a modification m = (ma: a4 = Sa)aca such that
[|[m|| = sup [[malla < oc.
AcA

Example 1.3.2.6. We denote the strict C*-2-category of C*-categories, f-functors, and
uniformly bounded natural transformations by C*Cat. Similarly, we denote the W*-2-category

of W*-categories, normal {-functors and uniformly bounded natural transformation by W*Cat.

Example 1.3.2.7. One may modify these definitions to obtain the notion of a C*-®-category
A, t-®-functors, and uniformly bounded ®-natural transformations. In particular, one may
think of a C*-®-category as a C*-2-category with a single object e, which we will simply
omit reference to and instead denote ® by ® and idy by 14. A T-®-functor F': A — A’ is
simply a {-2-functor. In contrast, a uniformly bounded ®-natural transformation 6: F = G
consists of a uniformly bounded natural transformation 6 between the maps from F and G
on hom-categories, satisfying monoidality /composability and unitality axioms.

These assemble into a C*-2-category, which we will denote by C*®Cat. There is an

analogous notion of W*-®-categories.

Example 1.3.2.8. In Proposition 2.13 of [CP22], it is shown that for C*-2-categories A
and B, there is a C*-2-category C*2Cat(A — B) of {-2-functors from A to B, {-2-natural
transformations, and uniformly bounded modifications. Moreover, C*2Cat(A — B) is strict
whenever B is strict. There is an analogous W*-2-category W*2Cat(A — B) of normal
T-2-functors between W*-2-categories A and B.
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Definition 1.3.2.9. Let 6 = (6,60, ¢,1) be an adjoint equivalence where 6 is a f-2-natural
transformation in C*2Cat(A — B). We say 6 is a unitary adjoint equivalence whenever e and
71 are unitary modifications. One may inductively extend this notion to talk about unitary

adjoint equivalences between C*-2-categories.

Fact 1.3.2.10 (Whitehead theorem for operator 2-categories). Let F': A — B be a 1-2-functor
between C*-2-categories. Then F is an equivalence of the underlying 2-categories if and only
if it forms part of a unitary adjoint equivalence. Moreover, if A and B are W*, then F is

automatically normal.
1.3.3 Serre—Swan duality revisited

Swan’s theorem [Swa62, p.267] states the construction I' taking a bundle E to its space of
sections I'( F) is an equivalence of suitable categories. Each category carries a monoidal product
— the tensor product of bundles and the relative tensor product of modules, respectively —
and so we will give a proof that the equivalence guaranteed by Swan’s theorem is, in fact, a
monoidal f-equivalence. This result is already known to experts; section 7.5 of [Con08| gives
a proof of this monoidal equivalence for the smooth version of the Serre-Swan Theorem for
differentiable manifolds. Our proof for Swan’s theorem is essentially a modified proof of the
one found in [Con08].

Returning to vector bundles, notice the rank n trivial bundle 7" x C™ — T yields the free

n-dimensional C'(7")-module
N(TxC") =C(T) ®c C".

Of course, every free C(T)-module arises in this way, and each map of free modules C(7T") ®¢

C" — C(T) ®c C™ is uniquely determined by a map C* — C™ which in turn induces a
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corresponding bundle map 7' x C* — T x C™. In general, every finite rank bundle can be

witnessed inside one of these trivial bundles:

Lemma 1.3.3.1. Let E be a bundle over T. Then there is a bundle E+ with the property

that E @& E* is a trivial bundle over T.

As a direct consequence, I'(F) is a finitely generated projective C'(T')-module. The content
of Swan’s theorem is that every finitely generated projective module arises in this way, so
that the categories of finite rank vector bundles over T and finitely generated projective
modules over C'(T') are equivalent.

However, in this note we are interested in Hilbert C*-modules over C(T"). It is well-known
that the data of a C'(T')-valued inner product on the space of sections I'(E) is precisely the
same data as a Hermitian metric on E. More specifically, I': Hilbgg(7") — Hilbgg,(C(T')) is an
equivalence of categories where Hilbg(T') is the category of finite-dimensional vector bundles
over 1" and Hilbg,(C(T")) is the category of finitely generated projective C(T")-modules. We
remark here that I' is a f-functor, described precisely in the following lemma. The proof is

immediate from the definition of the C'(T')-valued inner product on I'(E).

Lemma 1.3.3.2. Let E and F be vector bundles with Hermitian metrics (-|-)g and (:|-) .
If o: E — F s an adjointable map of bundles in the sense that there is a bundle map

ol: F'— E such that (o(e)|f)r = (e|ot(f)) g, then T'(o)T = T(co7).

However, both Hilbg(7) and Hilbegy(C(7)) admit monoidal structures ®¢ and ®c(r)

respectively. It remains to show this equivalence is monoidal; that is, we will exhibit a unitary
n: C(T) ey — (T x C)
and, for each pair of vector bundles £ and F', a unitary

per: I'(E) @cq I'(F) = T(E @r F)
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subject to the following coherences:

e For any bundles F, F', and G, the following associativity hexagon commutes:

(I'(E) @cr) I'(F)) ®@cr) T(G) —— D(E) ®@cr) (T'(F) @cr) ['(G))
I'(F @r F) @c(r) T(G) I'(E) ®@c@ D(F @7 G) (L.1)

ME®F,G\L lﬂE,F@G

I'(EF®r F)orG) » I'(E @r (F @r Q))

I'(@)

e For any bundle E, the following two unitality squares commute (corresponding to left
and right unitors, respectively):
C(T) @¢iy T(E) 2% T(T x C) ®@¢r) T'(E)
)\F(E)l lﬂ(TXC),E (12)

I'(E) N v — I'(T xC)®r E)

T(E) ®ciry C(T) —2% T(E) @ T(T x C)
pF(E)l lﬂE,(TxC) (13)

I'(E) N — I'(E ®r (T x C))

Definition 1.3.3.3. Let £ and F' be vector bundles over the compact Hausdorff space T'.

Define the linear function pp p: I'(E) @cq I'(F) = T'(E @7 F) by
per(f®cmg)=f®rg for f €l(E), g€ I'(F).
Also, define : C(T') — I'(T x C) to be
n(h)(t) = (t,h(t)) for h € C(T).

It is almost a tautology that 7 is a unitary isomorphism of C'(7T')-modules. Seeing that

(g, p is unitary is more subtle. We will break this proof into multiple parts.
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Proposition 1.3.3.4. If E and F are trivial bundles equipped with Hermitian metrics (-|-)g

and (-|-)r, then ug p is a unitary isomorphism.

Proof. Choose (orthogonal) global sections {fi, fa,..., fu} of E and {g1,92,...,gm} of I’
that trivialize their respective bundles. These form bases for I'(F) and I'(F'), respectively.

Now, note that the set
m)

(nv
{fi ®c) gj}(i,j):(l,l)

has dense C(T)-span in I'(E) ®c(ry I'(F'). However, observe that
' ' (n,m)
{fi®r g]}(i,j):(l,l)

is a set of (orthogonal) global sections of £ ®7 F' that trivializes the bundle. Since pp g
carries the first set to the second, we see that j1p  must be surjective. It is clear that pg
has a set-theoretic inverse. To show that ,ug = /LE}F, we have, for all 1 <14,k < n and

1< 5,1 <m,

(p,p(fi @ow) 9)|fe @1 90 (8) = (i @1 9;) D (fx @1 9) (1)) Bor
= (fi®)1fx())£(g;(t)]9:(t)) r
= (g OISOk () 29 (8))
= (g OISl fe) > 90 (1)) F
= (g5 (il fi) > g1) ()

= (fi ®r gilup.p(fr @cery 9) (1)
This shows that pg r is adjointable and, in particular, is unitary. O

Lemma 1.3.3.5. Let E and F' be vector bundles over T'. Define the maps

itE—>FE®F i(v) = (v,0)
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and

p: E®&F = FE p(v,w) = v.
Then I'(p) o I'(i) = idpg). Furthermore, if E and F have Hermitian metrics (-|-)g and
(-], then T(p) and T'(i) are adjointable with T'(p)" = I'(i) when E & F is equipped with the
Hermitian metric (:|")par = (Ve ® (:|")F.
Proof. 1t is clear that I'(p) o I'(é) = idr(g), because p o i = id, and I' is functorial. It is also

routine to see that pf =i, as

(o(f1,9)f2)e = (filf2)e = (1, 9)1(f2,0)) er = ((f1, 9)|i(f2)) per-
Because I is a {-functor by Lemma 1.3.3.2, we conclude that I'(p)" = T'(4). O

Lemma 1.3.3.6. If E and F are any vector bundles equipped with Hermitian metrics, then

e F 1S a unitary isomorphism.

Proof. Using Lemma 1.3.3.1, it is clear that £ ® F' is a direct summand of the trivial bundle
(E® EY) @7 (F @ F1). Consider the diagram

I(E® EY) @r (Fo Fh) «+— T(E® EY) ®@cry T'(F @ F*)
r(i)T TF(@')@F(@‘) (1.4)
F(E T F) < F(E) Qc(1) F(F),

HEF

where y is the unitary isomorphism for (£ & E+) and (F & F1) in Proposition 1.3.3.4. Note

that, by Lemma 1.3.3.5, I'(4) is injective. Furthermore,
(T'(p) @cqr) T(p)) o (T'(i) @ciry I'(2)) = T'(id) @c(r) T'(id)

and so I'(7) ® I'(¢) is injective. Thus pp p must be injective. Similarly, we have
I(E®EY) @r (Fo FY) «+— T(E® BY) @cry T'(F @ F*)
)| |rwsre (1.5)
F(E T F) < F(E) Qc(T) F(F),

KE,F
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and so I'(p) and I'(p) @ I'(p) are both surjective. This guarantees that g p is surjective as
well. What remains to show is that pg p is adjointable (and unitary), but this follows from

our earlier work. Observe that Diagram (1.4) says that
I'(i) o ppr = po (I'(7) @cer) (i),
which implies
pep =1(p) o T'(i) o ppr =T(p) o po (I'(d) ®cer) I'(i))
and so ug p is a composition of adjointable maps and is therefore itself adjointable (noting
that the Hermitian metrics on £ ® E+, F & F+4, and (E @ EY) @7 (F @ F+) may be chosen

to be compatible with Proposition 1.3.3.4 so that y is unitary). To verify that ug r is unitary,

we have

But, Diagram (1.5) says that

ppe o T(p) = (L(p) ®c) T(p) o,
and so precomposing with I'(7) yields

pp'e = e 0 T(p) o T(4) = (D(p) @cir) L(p)) ot o D(i) = ply p

which proves that pp p is unitary. O]

Theorem 1.3.3.7. The space of sections construction E +— T'(E) assembles into a monoidal
equivalence of C*-®-categories
I Hllbfd(T) — H||bfng(T)
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Proof. We saw in Lemma 1.3.3.2 that I' is a j-functor. We also know that n and pug r are
unitary isomorphisms from Lemma 1.3.3.6. We only need to verify the coherences for a
monoidal functor. It is clear from the construction of pip r and the fact that associators o are
determined by reparenthesizing simple tensors that the associativity diagram (1.1) commutes.
Indeed, for e € I'(E), f € I'(F), and g € I'(G), observe

(e ®c f) ®cm) 9 —— e @cr) (f ®cr) 9)
#E,F@id:[ :[id(g),ufF,G
(e®r f) ®c(r) g e ®cry (f @r g)

NE@F,G:[ :[ME,F@)G

(e®r f)®rg T e ®r (f ®rg)

We next need to check Diagrams (1.2) and (1.3) for unitality. For h € C(T") and e € I'(E),

observe
h(t) @cqry e(t) == (&, h(t)) @cqr) e(t)
AF(E):I; :I;#(TX(C),E
h(t)e(t) 5 (6 0(1)) @7 e(t)
elt) ®ccry h{t) == e(t) ©cer) (1, h(1))
PI‘(E):[ :[FLE,(TXC)
() o elt) @r (1, h(t))
Thus, I' is a monoidal f-equivalence Hilbg(T") — Hilbeg, (C(T)) O

1.3.4 Coherence and concreteness for operator 2-categories
Definition 1.3.4.1. For a C*-2-category A, the Yoneda embedding

X : A — C"2Cat(A®® — C*Cat)
is the 7-2-functor given by:

(0) For an object A € A, we define the {-2-functor & 4 : A — C*Cat by:
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For an object B € A, we set the C*-category & 4(B) = A(B — A),

e For a morphism gX¢ in A, we set the f-functor X 4,(pX¢) = — O X¢,

For a 2-morphism z: pX¢ — pX(., we set the uniformly bounded natural trans-

formation X 4(z) = — ®p x. Notice |k (z)|| < ||z|.

We define the tensorator component
(K )% x o FaX) Ok ) FalX) = £ (X G0 X)

for two composable morphisms p X and ¢ X}, in A to be the natural unitary
(*A)%{,X’ = O{77X/7X'

e We define the unitor component (& 4)' :idy | 5y = & 4(idp) for an object B € A

to be the natural unitary (& 4)% = p'.

(1) For a morphism /Y, in A, we define the {-2-natural transformation &y : X 4 = K 4
by:
e For an object B € A, we set the f-functor (&ky)p = 4Y ©4 —.

e For a morphism pX¢ in A, we set the uniformly bounded natural transformation
(Jiy)X = Cky7_,X.
(2) For a 2-morphism y: 4Ys = 4Y}, we define the uniformly bounded modification

X, Xy = Xy by:

e For an object B € A, we set the uniformly bounded natural transformation

(J:y)B =Y ®A -

®) We define the compositor component X ky 0ky = Xyiny for two composable
Yy "Ry Y Yoy
morphisms 4+Y}, and 4/Y4 in A to be J:?,/,Y = ayy._,
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(I) We define the unitor component 42}4 Didy , = X' for an object A € A to be J:z = Al

Remark 1.3.4.2. When A is a strict C*-2-category, it is clear from construction that the

Yoneda embedding for A is a strict {-2-functor which lands in C*2Catg(A“* — C*Cat).
Theorem 1.3.4.3. For a C*-2-category A, the Yoneda embedding
¥ : A — C2Cat(A®® — C*Cat)
is fully faithful. Hence, every C*-2-category is equivalent to a strict one.
Proof. This follows by the Yoneda embedding theorem for ordinary 2-categories. m

Theorem 1.3.4.4. For a C*-2-category A, the universal representation

kyp € C2Cat(A™ — C*Cat) given by &y =[] &4
AeA

is monic. Thus, every C*-2-category can be realized as a norm closed t-2-subcategory of

C*Cat. Moreover
e when A is a strict, Xy € C*2Cat(A°» — C*Cat) is a strict t-2-functor; and
e when A is small, we have that Xy € C*2Cat(A®" — C*Catgman)-

Proof. To see that Xy is injective, suppose K(A) = Ky(B) for A, B € A. Then idy €
X u(B), which occurs only when A = B. To see F is injective on l-morphisms, suppose

Fn(aXp) = &(aX}) and observe
AXp = X4 Xp)(ida) = X(aX5)(ida) = 4Y5.

An identical argument yields that J; is injective at level of 2-morphisms. Furthermore, when

A is strict, X is a strict {-2-functor, hence &Xy; is strict as well. Finally, when A is small, the
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objects B € A form a set and each hom C*-category A(A — B) is small, so

u(B) = [[ AB = A)
AeA

is a small C*-category for every A € A. ]

Definition 1.3.4.5. Recall that, for a small C*-category B, there exists a universal represen-

tation

B 5 GNS(B) — GNS(B)”

where T : B = GNS(B)” is an isomorphism by Corollary 1.2.6.11. We may upgrade this

construction to a -2-functor
GNS”: C*Catgman — Hilb"™"
as follows:
(0) On a small C*-category B, GNS”(B) = GNS(B)".
(1) For a f{-functor F': By — By between small C*-categories, we define the normal f-functor
GNS"(F): GNS(B;)"” — GNS(B,)”
as follows:
(FO) On a Hilbert space TB € GNS(B;)"” where B € B, we set
GNS"(F)(YB) :== T(FB) € GNS(B,)".

(F1) On an operator S € GNS(B,)"(YB — YB'), consider Y15 € Bi*(B — B'). As
seen in Definition 1.2.6.10, consider the morphism F**T1S € B;*(FB — FB').

We then define the morphism GNS”(F)(S) € GNS(B,)"(TFB — TFB’') by

GNS"(F)(S) = TF*YT'5.
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Notice GNS"(F') is a normal {-functor since T and F** are normal T-functors. Moreover,

GNS” is strictly 1-composition-preserving since (—)** is strict.

(2) For a uniformly bounded natural transformation o € C*Cateman(s, F, = 5,Gs,), we

define the uniformly bounded natural transformation
GNS"(a): GNS"(F) = GNS"(G)
as follows:

(0) On a Hilbert space TB € GNS(B;)” where B € By, we define the component
GNS"(a)yp: T(FB) — Y(GB)

in GNS(B,)" by

GNSN(OJ)TB = T(OéB) = T(evaB).
Lemma 1.3.4.6. GNS”: C*Catgpay — HilbWV" is monic.

Proof. Quite pedantically, it is clear that GNS” is injective on objects. Now consider {-functors
F,G: By — By between small C*-categories such that GNS”(F) = GNS"(G). Then, for every
B € By, we have T(FB) = T(GB), which implies F'B = GB since T: By — Hilb is a monic

t-functor. For b € By (B — B'), consider T(ev,) € GNS(B,)"(TB — TB') and observe
TF(b) = YF* ev, = GNS"(F)(T(ev)) = GNS"(G)(T(ev,)) = TG(b).

Thus F' = G and we conclude GNS” is injective on 1-morphisms. Finally, consider o €
C*Catgman(F' = G) between arbitrary f-functors F, G such that GNS”(a) = 0. For B € B,
observe

T(OJB) = GNSH(OJ)TB = O,
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hence ag = 0 since T : By — Hilb is a monic f-functor. Therefore o = 0 and we conclude

that GNS” is injective on 2-morphisms. O

Theorem 1.3.4.7 (Gelfand-Naimark for C*-2-categories). For a small C*-2-category A, the
universal representation

Ty: A — HilbW"

given by Yo = GNS” ok is monic. Thus, every C*-2-category A can be realized as a
norm-closed 1-2-category GNSo(A) = Im Yy of weakly closed T-categories of Hilbert spaces

and operators. Moreover, if A is strict, then Yo is a strict t-2-functor.

Proof. Both {-functors A C*Catgman and GNS”: C*Catgman — Hilb™V" are monic, so
T, is monic. Recall that GNS” is always strict, whereas %" is strict whenever A is. Therefore

T, is a strict {-2-functor if A is a strict C*-2-category. O]
1.3.5 Cofibrant replacement for operator 2-categories

Proposition 1.3.5.1. For every C*-2-category A, there exists a strict C*-2-category A
together with an epic 2-equivalence ev 4: A= A Moreover, when A is a W*-2-category we

have that A is a W*-2-category and hence ev 4 is automatically normal.

Proof. We provide the construction in [Gurl3, §2.2.3], noting that all the relevant data is
compatible with dagger structures.

Let A be a C*-2-category. We define the C*-2-category A to have the same objects as A,
and free paths of 1-morphisms in A as 1-morphisms. More specifically, X € ./Zl\(A — A') is
some finite tuple

(A 2 A, Ay 25 Ay A 2Y 4)

of composable 1-morphisms in A starting on A and ending on A’. We note that for every
object A € A there is an empty string @4 € A\(A — A). Composition ® of 1-morphisms in
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A is given by concatenation, which is strictly associative and unital with @ 4 acting as the
identity on A.
Before we define what 2-morphisms are in .»Zl\, we define ev 4 on objects to act as the

identity. For X € A(A — A') we define
eva(X) = (- (Xo© X1) © X)) O Xy,

that is, ev4 acts on a free path by evaluating its left-most parenthesization in A. In
particular, when X = @4, we have that ev4(@4) = ida. We may thus choose the unitor
evl :ide, A(A) = evy(Da) to be idig,. Note that ev 4 is surjective on 1-morphisms since every

l-morphism X, € A(A — A’) forms a path (Xj) of length 1.

For X,Y € .»Zl\(A — A’), we now define the space of 2-morphisms from X to Y to be

~

AX =Y) = Aleva(X) =eva(Y)).

Notice that A inherits compositions, linear and dagger structures, and norms from A,
equipping each A(A — A’) with the structure of a C*-category. When A is a W*-2-category,
we further have that each A(A — A’) is a W*-category.

By setting ev 4 to act as the identity on 2-morphisms, we immediately have that ev 4 is
locally a fully-faithful {-functor.

For composable 1-morphisms X = (X,,,..., Xy) and Y = (V,,,...,Y) in A\, we set the

tensorator evi y 1 eva(X) ®@eva(Y) = eva(X @Y) to be the unique coherence unitary

((+(X00X1) - )0Xn)O(( (YoOY1) ) OYm) = (- (- (X0®X1) ) OXn)OYp) ®Y1) -+ ) ® Y,

given by coherence for 2-categories. The 1-composition ® of composable 2-morphisms

a € AX=Y)and d € AX'=Y’) is given by the unique 2-morphisms in a®a’ €
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A((X © X')=(Y oY’)) such that the following square commutes

ev?
evaA(X) @evy(Y) —5 evy (X OY)
a@a’l \Laéa’
evA(X’)G)eVA(Y’) — eV_A(X/@Y/)

Xy’
This automatically implies that the tensorator evﬁ(’y is natural in X and Y. By coherence for
2-categories it follows that ev 4 satisfies all coherence axioms for f-2-functors and A satisfies
all coherence axioms for C*-2-categories. Finally, when A is a W*-2-category, we see that
® is separately normal since both o and ® are separately normal in A. In this case we

conclude that A is also a W*-2-category and that ev 4 : A= Ais automatically normal as

an equivalence between W*-2-categories. O]

Proposition 1.3.5.2. For each t-2-functor F': A — B between C*-2-categories, there exists

a strict 1-2-functor F:A—Banda unitary icon u® as follows:

Moreover, when F is a normal T-2-functor between W*-2-categories, then F is also normal.

Proof. We provide the construction in [Gurl3, §2.3.3], noting that all the relevant data is
compatible with dagger structures. Let F': A — B be a {-2-functor between C*-2-categories.
We define F' to act as F' on objects, and on 1-morphisms by

F(A 25 Ay, o Ay 25 A AL 2% A) = (FA EX FA,, . FA 255 FAL FA 2259 FA)
In particular F (D4) = Dpa, so F is strictly unital. From construction it is clear that Fis
also strictly ®-preserving. For a 2-morphism a € A\(X =Y) we define F (a) € l?(ﬁ X=F Y)

to be the unique 2-morphism in A such that the following square commutes.

F(((Xo@Xl))@Xn) AN ("'(FXOQFXl)"')QFXn

|
Fal :ﬁa
\|,

F((+ (YooY1) )oYy —=— (- (FY 0 FY1) ) O FY,
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Here the horizontal morphisms are the unique constraint unitaries provided by the coherence
theorem for 2-functors [Gurl3, §2.3]. By this uniqueness it follows that F satisfies the
coherence axioms for a strict 2-functor. Moreover, Fis T-preserving since F' is f-preserving
and the constraints for F' are unitary. From our definition of F on 2-morphisms, it is also
clear that F is linear. When F is a normal T-2-functor between W*-2-categories, it follows
that F is normal since F is and 2-composition o is separately normal.

Notice that evg oF and ev 4 0oF both act like F' on objects, so they agree at the level of

objects. For X = (X, ..., Xo) € A(A — A’), we define the unitary
ul € B(ev(FX,,...,FXo)=F(ev(X,,...,Xp)))

to be the unique constraint unitary provided by the coherence theorem for 2-functors. Note
that u% is natural in X since constraints are natural, and u’" satisfies the axioms of a unitary

icon due to uniqueness of constraints. O

Proposition 1.3.5.3. For C*-2-categories A, and As, there exists a cubical 1-2-functor

C: A\1®A\2 %A@g

mazr mazr

which is the identity on objects, and a unitary icon u as follows:

A@z

mazxr

71N

«21\1 ®./Zl\2 R —— A1 ® Ay

maz maz mazr

Moreover, when Ay and Ay are W*-2-categories, we may upgrade C' to a separately normal
cubical T-2-functor

6: .A\lgjg — A@2

mazr mazr
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and u to a unitary icon uw as follows:

o —

A1 ® Ay

mazr

c /| ov
wev

A@A; —— AiRA
max evm%zev maz

Proof. We adapt [Gurl3, §8.1, Prop. 8.5]. To define C, we will provide the equivalent data

seen in Proposition 3.2.2.2. For objects A; € A; and Ay € Ay we define
Ca,(Az) = (A1, Az) = Cyu, (A1)

Recall that we denote the identity of A in A; by id4, and its identity in .,/4\1 by @4,. For

X = (Xn,...,Xo) € Ay(Ay — A)), we define
Ca, (X) = ((ida,, Xn), - - -, (ida,, Xo)).

In particular Cy, (@4,) = D(a,,44), 50 Ca, is strictly unital. It is clear from definition that

Cl, is also strictly ®-preserving. For k > 0, let E¥ be the 1-morphism in A; given by

EY = ev,(idy,, .. .,ida,).
N e’

k times
For a € Ay(X = Y) where X = (X,,...,Xo) and Y = (Y,,,...,Yy), we define the 2-
morphism

Cy,(a) € AL ® Ay (Cay(X)=Cu,(Y))

max

as follows. First note that C 4, (a) must be a 2-morphism in A; ® A, with source (E7™, ev 4, (X))

max

and target (E7"™ ev 4, (Y)). We may then define

Ca,(a) = Ynp1me1 ® @
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where Y1 1m11 € A(EPT = E"™) is the unique constraint unitary given by coherence
for 2-categories. From this definition, it is immediate that C4, is linear. Since U;[L lmil =
v;ilym 41 = Um+in41 Dy uniqueness of constraints, we conclude that Cj4, is a strict 7-2-

functor. When A;, As, B are W*-2-categories and C' is normal, we may identically define

Oy, Ay — AL ® Ay, which is normal since ® is separately normal in A; ® As.

One defines the (normal) strict {-2-functor F4, in a similar fashion. We now define the

unitary Sy .y for 1-morphisms X = (X,,...,Xg) € Aj(4 — A)) and YV = (V,,,...,Y) €

-~

Az (Ay — Al) as follows.

Ca, (Y) .
(Ar, Ag) — (A, Ay)
=
CA2(X) Yxy CA/2(X)
/
(A/lvAQ) W (AllaA/Q)

First note that ¥ xy must be a 2-morphism in 4; ® A, with source

max

VA ® Ay ((Xm ldA’Q)a S (XU> ldA'Q)v (idAUYm)? R (1dA17%))

max

and target

EVA © Ay ((ldA’17 Ym)v SO (ldA'1> Yvﬂ)? (Xna idAQ)? SRR (X07 ldAz))

max

We may then define ¥ xy to be the unique constraint unitary in A; ® A, given by coherence

max

for 2-categories. Note that (3;) follows by naturality of constraints, while (33) and (33)

follows from their uniqueness. Hence, this data serves to determine a cubical {-2-functor

C: ./21\1 ®./Zl\2 —)A@Q,

max max

and in the W* case, a separately normal cubical {-2-functor

61 ./21\1 @«2{2 — A@Q

max max
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Note that evo(C and ev®ev act as the identity on objects, so they agree at the level of

max

objects. For a 1-morphism (X,Y) in A, ® Ay where X = (Xpn, ..., Xo) and Y = (Y, ..., Yp)

max

we define the unitary

Uy € (A1 ® o) (ov (Fa, (V) © Fiay (X)) = (ev(X), ev(Y)))

max

as follows. Notice ev (Fa,(Y)® Fa, (X)) = (Ef* ©ev(X),ev(Y)® Ef**') We may then
define ugy == vy @ vy for v; € AL (BT ©ev(X) = ev(X)), vy € As(ev(Y) © B! = ev(X))
to be the unique constraint unitaries given by coherence for 2-categories. We see that u¥ y is
natural in X and Y since constraints are natural, and u satisfies the axioms for unitary icons

by uniqueness of constraints. In the W* case, we define @®" identically to u®". O]

1.4 Background on algebraic 3-categories

1.4.1 Algebraic 3-categories

Definition 1.4.1.1. A 3-category consists of the following data:
(0) A collection A of objects of A,
(hom) For A, B € A, a 2-category A(A — B) where:

e The objects of A(A — B) are called 1-morphisms of A with source A and target

B

Y

e The arrows of A(A — B) will be referred to as 2-morphisms of A with their same

source and target, and

e The 2-morphisms of A(A — B) are called 3-morphisms of A, also with their same

source and target.
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(@) For A,B,C € A, a 2-functor ®: A(A — B) x A(B — C) —» A(A — () called

1-composition, which we represent in Figure 1.28.

A(A - C)

A\

A(A — B) A(B — C)

Figure 1.28: 2D string diagram for 1-composition in 3-categories
(I) For A € A, a 2-functor I4: * — A(A — A) which we represent in Figure 1.29.
A(A — A)
Figure 1.29: 2D string diagram for identities in 3-categories

(a) For A, B,C,D € A, an “associator” adjoint equivalence a = (a,a’, €%, n*) where a is a

2-natural transformation represented in Figure 1.30.
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A(A = D) A(A— D)

ua

A(A = BJA(B — C)A(C — D) A(A = BYA(B — C)A(C — D)

Figure 1.30: (2+1)D string diagram for associators in 3-categories

(u) For A, B € A, left and right “unitor” adjoint equivalences 1 and r where [ and r are

2-natural transformations as in Figure 1.31.

A(A — B) A(A — B) A(A— B) A(A— B)

Uﬁ

= and

A(A — B) A(A — B) A(A — B) A(A — B)

Figure 1.31: (24 1)D string diagrams for left and right unitors in 3-categories

(r) For A,B,C,D,E € A, a “pentagonator” modification as in Figure 1.32.
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Figure 1.32: (2+2)D string diagram for pentagonators in 3-categories

(coh) For A, B,C € A, middle, left, and right unity coheretor modifications as in Figure 1.33.

Figure 1.33: (2+2)D string diagrams for middle, left, and right unity coheretors in 3-categories
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Furthermore, we require this data satisfies a 3-dimensional associahedron axiom for each tuple
of 6 objects in A (non-abelian 4-cocycle condition) and two axioms for each quadruple of
objects in A relating the unity coheretors with the associator and pentagonators (normalized

cocycle conditions). We refer the interested reader to [Gurl3, Definition 4.1].

Remark 1.4.1.2. As our coherence results in Chapter 3 will involve 3-categories of 3-functors
between 3-categories, we will mainly use the convention that 1-composition ©, 2-composition
®, and 3-composition o are contravariant. It is however more common in the literature to
have covariant 1-composition and 2-composition. Due to this, we will also use the notation

X for the opposite convention of ©, and ® for ® respectively whenever it is convenient.

Example 1.4.1.3. Given a topological space X, there is an associated algebraic 3-category
I13(X) of points, paths, homotopies, and homotopies between homotopies in X. In this
3-categories, all 3-morphisms are invertible, 2-morphisms are 2-equivalences, and morphisms
are equivalences; i.e., II3(X) is a 3-groupoid. The homotopy hypothesis states that the data

of any such algebraic 3-groupoid is equivalent to that of a homotopy 3-type.

The previous example motivates defining homotopy groups in an arbitrary algebraic

3-category.
Definition 1.4.1.4. Let A be a 3-category and A € A.
1. m(A) is defined to be the set of objects in A up up to equivalence.
2. m (A, A) is the group of invertible 1-morphisms A — A up 2-equivalence.
3. ma(A, A) is the group of invertible 2-morphisms id4 = id4 up to 3-isomorphism.
4. m3(A, A) is the group of invertible 3-morphisms idiq, = idqa,, .
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Definition 1.4.1.5. A 3-functor F': A — A’ between 3-categories consists of the following

data:
(0) A function from objects of A to objects of A’;

(hom) For A, B € A, a 2-functor F': A(A, B) - A(FA, FB), which we represent diagram-

matically in Figure 1.34.
A/(FA, FB)

A(A, B)

Figure 1.34: 2D string diagram for the action of 3-functors on hom-2-categories

(®) A “tensorator” adjoint equivalence F? where F? is a 2-natural transformation as in

Figure 1.35.

A (FA,FC) A (FA,FC)
LN
A(A, BYA(B, C) A(A, BYA(B, C)

Figure 1.35: (2 4 1)D string diagram for tensorators of 3-functors

(I) A “unitor” adjoint equivalence F® where F° is a 2-natural transformation as in Figure

1.36

81



A'(FA— FA) A (FA — FA)

Figure 1.36: (2 + 1)D string diagram for unitors of 3-functors

FO

(a) An invertible “associator” modification F* as in Figure 1.37.

Figure 1.37: (2 4 2)D string diagram for associators (hexagonators) of 3-functors

(u) Invertible “left unitor” and “right unitor” modifications F' and F" as in Figure 1.38.
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Figure 1.38: (2 + 2)D string diagrams for left and right unitors of 3-functors

Furthermore, we require this data satisfies a higher associativity (or “pentagonity”) axiom
relating the pentagonators in A and A’, and a unitality axiom relating the middle unity

coheretors in A and A’. We refer the interested reader to [Gurl3, Definition 4.10].

Definition 1.4.1.6. A 3-natural transformation 8: F = F’ between 3-functors F, F': A — A’

consists of the following data:
(0) A family of 1-morphisms 64 € A'(FA — F'A) indexed by the objects of A, which we

represent diagrammatically in Diagram 1.39.

A'(FA,F'A)

Figure 1.39: 2D string diagram for components of 3-natural transformations

(hom) For A, B € A, an adjoint equivalence @ where # is a 2-natural transformation as in

Figure 1.40.
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A'(FA,F'B) A'(FA, F'B)

A(A, B) A(A, B)

Figure 1.40: (24 1)D string diagram for naturators of 3-natural transformations

(®) An invertible “tensorator” modification #* as in Figure 1.41

Figure 1.41: (2 + 2)D string diagram for tensorators of 3-natural transformations
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(I) An invertible “unitor” modification 6° as in Figure 1.42.

Figure 1.42: (2 + 2)D string diagram for unitors of 3-natural transformations

Furthermore, we require this data satisfies an associativity axiom relating F* and (F")*, and
two unitality axiom relating F', (F')! and F", (F')" respectively. We refer the interested

reader to [Gurl3, Definition 4.16].

Definition 1.4.1.7. A 3-modification m: # = 0’ between 3-natural transformations 6,6’ : F' = F’

consists of the following data:

(0) A family of 2-morphisms my € A'(04=-0,) indexed by the objects of A, which we

represent diagrammatically as in Figure 1.43.
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A(FA,F'A) A(FA,F'A)

E_A> 04

Figure 1.43: 2D string diagram for components of 3-modifications

(hom) For A, B € A, an invertible “naturator” modification m as in Figure 1.44.

Figure 1.44: (2 + 2)D string diagram for naturators of 3-modifications

Furthermore, we require this data satisfies a monoidality /composability axiom and a unitality

axiom. We refer the interested reader to [Gurl3, Definition 4.18].

Definition 1.4.1.8. A perturbation o:m s m’ between 3-modifications consists of a
family of 3-morphisms o4 € A'(m, = n,) indexed by objects in A, satisfying the obvious
compatibility axiom with the higher data for m and n. We refer the interested reader to

[Gur13, Definition 4.21].

We may summarize this subsection through the following tables.
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L8

3-category 3-functor 3-nat. trans. | 3-modification | perturbation
A F 0 m o
hom 2-category | map of homs | naturator naturator naturality
A(A — B) F 7 0 axiom
1-composition tensorator compositor | composability coherence
©) F? 62 axiom theorem
associator associator assoclativity coherence coherence
a F* axiom theorem theorem
pentagonator pentagonity coherence coherence coherence
T axiom theorem theorem theorem
3D associahedron | coherence coherence coherence coherence
axiom theorem theorem theorem theorem
3-category 3-functor 3-nat. trans. 3-modification | perturbation
A F 0 m o
unit unitor unitor unitality coherence
I, F° 60 axiom theorem
left unitor right unitor left unitor right unitor left unit. | right unit. | coh. coh.
l r F! Fr axiom axiom thm. | thm.
left unitor | middle unitor | right unitor |left unital | mid. unital | right unital | coh. | coh. | coh.
A i p (c. thm.) axiom (c. thm.) |thm.|thm. | thm.
far left mld: left mld.rlght far right c. thm. | c. thm. | c. thm. | c. thm.
(c. thm.)| axiom | axiom |(c. thm.)

Table 1.1: Data and axioms of three-dimensional category theory
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2-category 2-functor 2-nat. trans. | modification
A F 0 m
hom category map of homs naturator naturality
A(A — B) F 6 axiom
1-composition compositor | composability | coherence
® F? axiom theorem
associator associativity coherence coherence
Q@ axiom theorem theorem
pentagon coherence coherence coherence
axiom theorem theorem theorem
3D associahedron | coherence coherence coherence
(coh. thm.) theorem theorem theorem
2-category 2-functor 2-nat. trans. modification
A F 6 m
unit unitor unitality coherence
I FO° axiom theorem
left unitor right unitor left unit. | right unit. coh. coh.
l r axiom axiom thm. thm.
left unital | mid. unital right unital coh. | coh. coh.
(c. thm.) axiom (c. thm.) thm. | thm. | thm.
far left | mid left | mid right | far right
(c. thm.) | (c. thm.) | (c. thm.) | (c. thm.)

Table 1.2: Data and axioms of two-dimensional category theory
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1-category 1-functor nat. trans.
A F 0
hom set map of homs | naturality
A(A — B) F axiom
composition composability | coherence
o axiom theorem
assoclativity coherence coherence
axiom theorem theorem
pentagon coherence coherence
(coh. thm.) theorem theorem
3D associahedron coherence coherence
(coh. thm.) theorem theorem
1-category 1-functor nat. trans.
A F 0
unit unitality coherence
I, axiom theorem
left unit. right unit. coherence | coherence
axiom axiom theorem | theorem
left unital | mid. unital right unital
(c. thm.) | (c. thm.) (c. thm.)
far left | mid left | mid right | far right
(c. thm.) | (c. thm.) | (c. thm.) | (c. thm.)

Table 1.3: Data and axioms of one-dimensional category theory




1.4.2 Gray-categories

In this section we discuss the strictest version of algebraic 3-categories which still capture

all examples (up to equivalence). Indeed, there are four levels of strictness for 3-categories:

e In a generic algebraic 3-category, each hom 2-category A(A — B) need not be a strict
2-category. Moreover, the composition and unit 2-functors need not be strict 2-functors,

and the associators, unitors, pentagonators, and unity coheretors need not be trivial.

e We say an algebraic 3-category is cubical if the hom 2-categories are strict, the unit
2-functors I, are strict and 1-composition © is cubical, i.e. each A®—, —@ A is a
strict 2-functor and the components of the tensorator for © are completely determined

by 3-isomorphisms of the form:
Yxy: (Yoid)olide X) = (ide X) oY @id).

These so-called interchangers Y x y are stricly unital and monoidal in X and Y. The
associators, unitors, pentagonators, and unity coheretors need not be trivial in a cubical

category.

e Gray-categories, as we will define below, have strict hom 2-categories, strict units I4,
cubical 1-composition ©, and furthermore the associators, unitors, pentagonators, and
unity coheretors are trivial. It is a result from Gordon, Powell, and Street that every

algebraic 3-category is equivalent to a Gray-category [GPS95].

e An algebraic 3-category is called strict if each hom 2-category A(A — B) is strict
2-category, the unit functors are strict, 1-composition © is cubical, and the associators,

unitors, pentagonators, and unity coheretors are trivial. Not every algebraic 3-category
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is equivalent to a strict one. For example, any braided category which is not symmetric

gives rise to an algebraic 3-category that cannot be strictified.

We summarize this discussion in the following table.

algebraic 3-cats | cubical 3-cats | Gray-cats | strict 3-cats
hom 2-cats weak strict strict strict
units weak strict strict strict
composition weak cubical cubical strict
constraints nontrivial nontrivial trivial trivial

Table 1.4: Degrees of strictness for 3-categories

Let 2Cat be the category of strict 2-categories and strict 2-functors. The symmetric
monoidal category Gray is the category 2Cat equipped with the Gray monoidal structure
[Gurl3]. A Gray-category is then a category enriched in Gray in the sense of [Kel05]. We
denote the 1-category of Gray-categories and Gray-functors by GrayCat.

We will concretely present the data and axioms of a Gray-category in order to fix notation
for §1.4.3 and §1.4.4, using the covariant conventions X and ® for 1-composition and 2-

composition respectively.

Notation 1.4.2.1. A Gray-category C consists of the following data:
(DO0) a collection of objects Cy, denoted by lower case letters a, b, ¢

(D1) for a,b € Cy, a strict 2-category C(a,b) where we write f: a — b whenever f € C(a,b),
composition of 1-morphisms (called 2-morphisms in C) is denoted by ®, and composition

of 2-morphisms (called 3-morphisms in C) is denoted by o;

(D2) for each a € Cy, an identity id,: a — a;
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(D3) for objects a,b,c,d € Cy and 1-morphisms g : ¢ — d, f: a — b, strict covariant and

contravariant hom-2-functors g, = gX¥ — and f* = - X f:

gs«: C(b,c) = C(b,d) and f*:C(b,c) — C(a,c),

(D4) an interchanger 3-isomorphism X, for each pair of “horizontally composable” 2-

morphisms &: g = ¢’ with g,¢': b — cand v: f = f with f, f':a — b:

Sen: (ERidy) @ (id, B7) = (idy K1) © (€ Ridy)

subject to the following conditions:

(C1) for composable 1-morphisms g : b — c and f: a — b,

gf=fg=9gKf;

(C2) X is strictly unital and associative, i.e., the following hold whenever they make sense:

(idp)« = ide(apy = (ida)”
gufe = (g f)s
frg" = (X f)

91" = 794

(C3) the interchanger ¥ respects identities, i.e., for a 1-morphism f: b — ¢ and 2-morphisms

&, 7, the following hold whenever they make sense:

Eé,idf = idg@f and Eidf,'y = id.fg7
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(C4) the interchanger X respects ®, i.e., for g £ g £ ¢’ and f = [’ X, 1", the following

hold whenever they make sense:

egey = (Zey @ (EX f)) o ('R f)® Zen)

Yeyoy = ((9, D 7/> ® Efﬁ) © (Efﬁ’ ® (g X))

(C5) the interchanger ¥ is natural, i.e., for g,¢': b — ¢, {,&': g = ¢ and =: £ = ¢'; and

HLfra=b v,y f=fand T :v=~"

Ygry O (EX f/) ® idg@v) = (idg’ﬁv ®EXf)) o Yy

Sy 0 (idewp @ (gWT)) = ((¢ WTI) @ idey) 0 B

(C6) the interchanger ¥ respects X, i.e., for 1-morphisms f, g, h and 2-morphisms o, &, 7, the

following hold whenever they make sense:

Ve = B2, Yotgy = Viogity Vogws = Yog M f
1.4.3 Gurski’s Gr construction
We recall [Gurl3, Def. 10.7] specialized to the case of a Gray-category.
Construction 1. The Gray-category Gr A of a Gray-category A is constructed as follows.
(Gr0) Gr A has the same objects as A, i.e. (Gr.A)g = Ap.

(Gr1) For a,b € Ay, the objects in the 2-category (Gr A)(a,b) are (finite) strings {f;} of
composable 1-cells of A (starting at a and ending at b). In particular, such a string

{fi}i, takes order and multiplicity into account, thereby representing a path in A:

0Dy gy By By g ey Sy



For composable lists {g;};2,: b — ¢ and {fi}i2,: a — b, we define {g;} ¥ {fi} to be
their concatenation {f;, g;}, which represents the following path:

fn gn
LN LN A N T

Notice the identity for an object a € Gr A will be the empty string @, starting and

ending in a.

(Gr2) A morphism & in (Gr.A)(a,b) consists of a composable string (@, ..., @) of generator
morphisms @y { fi}i2, — {g;};2, which themselves consist of:
(a) Three numbers k, {1, ly with k < {; such that
e [fm <k, then f,, = gm and
o Ifm >0, then fi,1m = Ge,+m if €ither side ezists. (so ny — €, =ng —ls)
(b) A pair (o,7) where ¢ = (0, D) and T = (7, E) are so-called associations for { f;}:1,
and {g; }52:14: respectively. Since A € GrayCat, the composition X of 1-morphisms

in A is associative, so this data is superfluous and we will not present more detail.
(¢) A 2-morphism between the “evaluated associations” for { i}, and {g; fik In
our case, this amounts to a 2-morphisms a: fo, M-+ X fr = gp, K-+ K gg in A.
The composition @ of 1-morphisms in (GrT)(a,b) is given by concatenation, so the
empty 1-morphism @,y is the identity on {f;}.
For a basic 2-morphism @ and a 1-morphism {hy.};2, in Gr A we define their composites
al {hy}: {he, fi} = {h, g;} and {hi} Ra: {f;, e} = {g;, hx} (whenever they make
sense) by
a®{hy} = (k+ng, 0, +ns,lo+ ns, 0,7, ).
{hp} R = (k, 01, ls, 0,7, ).
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(Gr3)

We extend X for arbitrary 2-morphisms @ = (Qy, ..., a1) by

al{h,} = (@, X {h},..., 00 X {h}),

With the data presented thus far, Gr A forms a sesquicategory which is free on a computad.
Once we finish constructing the Gray-category Gr A, [Lac11, Corollary 9.4] will yield

that Gr A is cofibrant.

For generator 1-morphisms @, 3 in (Gr.A)(a,b), a 2-morphism T': @ = 3 in (Gr A)(a, b)
is simply a 3-morphism I': [a] = [B] in A where [a],[B]: fo, K- R f1 = ¢, X--- K gy

are given by

[04] =f, XK Kol fr g M- X f,

[5] ::gng&"'ggég—&-l&B&gk—lg'”&gl-

For general 1-morphisms @ = @, @ --- @@, and B = B,, ® --- ® B, in Gr A(a,b);,

I:a= fis simply a 3-morphism T': [, @ --- @ [a1] = [Bu] @ -+ @ [B1] in A.

The vertical composition o of 2-morphisms in (Gr.A)(a,b) is inherited from A and is
thus strictly associative and unital. The horizontal composition @ of 2-morphisms in
(GrA)(a,b) is also inherited from T, so this composition satisfies the interchange law

and is strictly associative. Thus GrT(a,b) is actually a strict 2-category.

For a 1-morphism {h;} in Gr A we define {hy} XT: {h} Ra = {h,} X3 (whenever
it makes sense) by

(R hy)XT

(Rihi) B ([on] © - - @ |an]) == (Bh) B ([Bw] © - - @ [Bi]).

We similarly define T' X {hy}.
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(Gr¥) For basic 2-morphisms @ and B in Gr A we may define the interchanger Y457 (whenever
it makes sense) to be the interchanger X5 in A. One then extends X to general

2-morphisms in Gr A by the same formula in (C4).

By [Gur13, Thm. 10.8], this data serves to equip Gr A with the structure of a Gray-category.

We continue recalling [Gurl3, Def. 10.7] and [Gurl3, Thm. 10.9]:
Construction 2. We define the Gray-functor evy: Gr A — A as
(ev0) On objects, ev 4 is the identity.
(evl) On 1-morphisms,
ev({fi}) =[fil =fua®---Hfi
where [ | = I, for the empty 1-cell B,: a — a. We will also use the notation

[0, ai] = [b;] B [ay].

(ev2) For a basic 2-morphism @: {f;} = {g;}, we define ev4(@) = [o] where we are using
the same notation as in Construction 1. We then extend ev 4 to general 2-morphisms

in A by

ev(@, ® - @a) =ev(@,) ®- - Qev(ay).
and set ev(Dyy,y) = id.
(ev3) On 3-morphisms, ev 4 is the identity.

Remark 1.4.3.1. By construction ev 4 is surjective at all levels and (fully) faithful at the top
level, i.e., ev 4 is a trivial fibration in Lack’s model structure for GrayCat. So Gr A =2 A is

indeed a cofibrant replacement for A in GrayCat.

We now recall [Gurl3, §10.6].
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Construction 3. For a weak 3-functor F: A — B between Gray-categories, we define the

Gray-functor Gr F': Gr A — Gr B together with an equivalence pseudo-icon (¢, M,11) where

(Gr F0)

(GrF'1)

(¢1)

(Gr F'2)

GrA —Sf 4 GrB

ev Al © U/ levB

A——F7>— B
Gr F(s) = F(s) for every object s € S.
GrF({f:}) ={Ff:} for a string {f;} € GrS.

Let {fi}, be a 1-morphism in Gr A. If n = 0, so that {f;} = @, we define the
equivalence @(sy: Ip@) = F(@,) to be the unitor ¢(sy == F) of F. Whenn =1, we

define @,y : F(fi) = F(f1) to be the identity ¢g,y = idpp). When n > 2, we define

oy FLR--REf = F(fn X... X fl) to be the leftmost composition of tensorators

F? of F tensored with identities
Figsp, @ @ (Frgp gy W F fas® - REf)®(FF ; BFf, o&- - KEf).

We also choose the obuvious adjoint ©°, unit, and counit. For simplicity, we will continue

to denote this n-fold tensor by -], so that
ey [Ffil = FIfi.
For a basic & = (k,l1,0s, (0, D), (1, E),«), we define
Gr F(a) = (k, 01,03, (0, FD), (1, FE),Gr Fa).

where we recall the data of (o, FD) and (1, FE) is superfluous and define Gr Fav so that

the following diagram commutes.
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Gr Fa
[Ffi] [Fgj]
[S"{félzizk}]ﬂ ﬂ[@'{%azw}

[ fises Flfozizt] Ffisi] =5 [F9i0: Flgaziil Foisjl

We extend this for general 2-morphisms by Gr F(@, ® ...®@ay) = GrF(a,) ® ... ®

Gr F(&l)

(p2) For a basic 2-morphism @ in Gr A, we again denote f,, K- K f, RaX fr_1 K- K f;
by [a]. We then define the naturality isomorphism g to be the following composite of

adjoint equivalence data from F

(o150, 5imnH)

[F'fi] [ fisers Flfoy>izk), F frsi]

= /

Pk Pl im0l foy>i>kbfe>i}

F[fi] / o

[Fa]

[F'gistys F90,252k], F gr>]

/ ]

Flo] PlIj>09:[909> > k]98> } = [(’D{QZQZjZk}

Ploj) Fg;]
We then extend this to general 2-morphisms in Gr A as usual.
(M) For every object a € Gr Ay = Ay, we define the invertible 3-cell M,

idFa _ idFa

Malu' “Sﬂga

idpa T F(@a)

to be the identity idgo.

(IT) We define the modification 11 to be the unique coherence isomorphism given by F. In

particular, 11 has component invertible 3-cells Iy (4.3 for a ﬂ b ﬂ cin GrA
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[Fg;] ®Ffi] ——== [F'}:, F'y;]

W{gj}m{fi}H Mgy “ng}&{m
Flg;] W Ffi] — F[fi, g5]

(Gr F'3) For a 3-morphism T': @ = B in Gr A we define Gr F(I'): Gr F(a) = Gr F(j) so that
the following diagram commutes

. GrE@I) . |
[‘p{f[ﬁjz,@}] ® [Fa] ® [Qp{felzizk}] — [Qo{f%zjz,c}] ® [FAl® [(p{lezizk}]

ol I

Ploy @ Flo] ® o dermad " Plan @ FlBl @ wisy

where the 3-isomorphisms ¢z and ¢3 are similar to pg and v3 in (p2).
Properties 1. We now review the properties outlined in Proposition 2.2.0.1.

(1) The fact that (¢, M,II) forms a pseudo-icon follows from the coherence theorem for

weak 3-functors. We refer the interested reader to [Gurl3, Thm. 10.13] and its corollary

[Gur13, Cor. 10.15].

(2) When F is Gray, F is strict so for every 1-morphism {f;} in GrA, oy = id by

construction. Now consider a generator 2-morphism @ = (k,l1,0s, (0, D), (1, E), a)

from {fi} to {g;},

Gr F(a@) = (k, 1,0, (0, FD), (1, FE), Fa).

Therefore, the following diagram strictly commutes

evi o Gr F{f;} 2222 ovp o Gr F{g;) (Ff] =22 [Fg,]
o [ |
Foevy{f} NG Foeva{g;} F[fi] B g Flgi]
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In other words, evgo Gr F(a) = F o evy(@) and since both functors are strict, this
equality holds for gemeral 2-morphisms. Finally, since GrF' and ev4 are uniquely
determined on 3-morphisms by coherence, it is immediate that evgo Gr F'= F oev 4 at

the level of 3-morphisms.
(3) Since idy is Gray, the result is immediate from our discussion in (2).

(4) From our discussion in (1) we see that

GrA —SE 4 GrB
ev g QOF U/ evp
. - L, evs
A - > B < GrB
oA GF gl =Y ac
GI’A QOGF/ C (T GrC
Gr(GF) eve
GrC

Therefore,

GrA ﬂ GrC

~ Gr A S AT B 028 Gre

GrF GrG

~ Gr A Z4 A4 Gr A Gr B 2% B 25, Gr B &% Gre 29 ¢ 29 Gre

~GrA & 6rB &9 Gre,

where ev’y, evy, evy are pseudo-inverse to ev 4, evg,eve respectively.
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(5) Notice that Gr(G o F) and GrG o Gr F' always agree on objects and 1-morphisms in
Gr A. We now suppose F is a Gray-functor. Consider a generator 2-morphism & =
(k, 1, b, (0, F),(1,E),a) in Gr A. We must show Gr(G) Gr(F)a = Gr(G o F)a. As we

saw in (2), Gr(F)a = (k, 0y, ls, (0, FD), (1, FE), Fa) and
Gr(G) Gr(F)a = () {pg, . 0y @ GFa @ @lrg, o0y
This agrees with
Gr(Go F)a = <90GF):{gz22jzk} ® GFa ® ¢{Gf€12i2k}‘

because in this case the constraint data for GF' is simply that of G restricted to the
image of F. Since Gr(G) o Gr(F) and Gr(G o F) are strict, we conclude that these
functors agree on general 2-morphisms in Gr A. We conclude by a similar argument

that these functors agree on 3-morphisms as well. Thus Gr(G o F') = Gr(G) o Gr(F).

Now suppose G is Gray. We must again show Gr(F)Gr(G)a = Gr(G o F)a for a

generator 2-morphism @ in Gr A. Recall that

Gr(F)a = (¢") } @ Fa® oy, o0y

{9Z2 >i>k
Thus

GF(G) GI’(F)OZ = G(SDF).{QZQZjZk} X GFa X Ggoffélzizk}'

This agrees with

Gr(G o F)a = (¢°7); }®@GFa® ‘P?fizek}'

{90y>5>k
because in this case, the constraint data for GF is that of F' pushed through the functor G.
We then conclude that Gr(G o F') and Gr(G) o Gr(F') agree on arbitrary 2-morphisms in
Gr A as usual. A similar argument reveals that these functors also agree on 3-morphisms,
and we again conclude Gr(G o F') = Gr(G) o Gr(F).
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1.4.4 Lack’s path object construction

To show (P1), we recall [Lacl1, Prop. 4.1] and include details which were originally left

to the reader.
Construction 4. The path Gray-category PB of a Gray-category B is constructed as follows.
(P0) An object a € PB is a biequivalence @: Sa — Ta in B.

(P1) A 1-morphism f: a — b in PB consists a tuple f = (Sf,Tf, f) where Sf: Sa — Sb
and Tf: Ta — Tb are 1-morphisms in B, and f is an equivalence in B with:

Sa —21 5 sp

al Uf J/E
TaT—f>Tb

(P2) A 2-morphism 6: f = g in PB consists of a tuple (S@,TG,g) where SO: Sf = Sg and

T0:Tf = Tgqg are 2-morphisms in B, and 0 is an invertible 3-morphisms in B with:

Sf
T
56 S
SaS—g>Sb Sa ———— Sb
| ] |
L 7
a - b a r bo
LYoo= “Tf i
TaT>Tb Ta ————Tb
Tg

(P3) A 8-morphism I': 0 = o in PB consists of a tuple (ST, TT) where ST': S = So and

TT:TO0 = To are 3-morphisms in B that commute with 0 and & in the obvious way:

Fo (RS — (TORA) ® f

g®(§®sr)l l(TF&d‘)@ f



There is an organic way of equipping PB with the structure of a Gray-category by inheriting
composites and interchangers from the Gray-category B. We now define the “source” and

“target” Gray-functors S,T: PB — B.

(ST0) For an object a € PB, we set S(a) = Sa and T(a) = Ta,
(ST1) For a 1-morphism f € PB;, we set S(f) == Sf and T(f) =T,
(ST2) For a 2-morphism 0 € PB,y, we set S(0) := S0 and T'(0) := T80,
(ST3) For a 3-morphism I' € PBs, we set S(I') := ST and T(I") =TT

The fact that S and T are Gray-functors is due to the fact that composites in PB are inherited

from those in B. We now define the “constant” Gray-functor C': B — PB.

(CO) For an object b € By, we set C(b) to be the trivial biequivalence of b with itself, i.e.

C(b) = idy,
(C1) For a 1-morphism f € By, we set C(f) = (f, f,idy),
(C2) For a 2-morphism 0 € By, we set C(0) = (0,0,idy),
(C8) For a 3-morphism I' € Bs, we set C(I') == (I',T").

The fact that C': B — PB is a Gray-functor is also due to the fact that composites in PB
are inherited from those in B. Furthermore, we have S o C' =T o C' =1idg by construction.

From this we also see that S and T' are surjective on objects and full at all levels. To show
that S and T are trivial fibrations, it thus suffices to show these are faithful on 3-morphisms.
Consider when ST = ST or TT =TT for 8-morphisms U',T" : 0 = o : f = g:a — b in PB.

Using the fact that é: o are invertible, ﬁg are equivalences, and a, b are bi-equivalences in B,
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the axiom which 3-morphisms in PB must satisfy reveals that I' =T". Hence S and T are
trivial fibrations and, by the 2-out-of-3 property, it follows that C' is a weak equivalence.
The fact that (;) B! — B x B is a fibration follows from a simple characterization
of isomorphisms, equivalences, and bi-equivalences in BY. As we have not provided much
treatment for fibrations in Lack’s model structure, we refer the interested reader to [Lac11]

for more details.

Remark 1.4.4.1. Tt is easy to show (P2) from our previous construction. Indeed, for a
Gray-functor F': By — By, notice there is an organic Gray-functor PF': PB; — PB, which is

obtained by passing the data of a k-morphism (0 < k£ < 3) in PB; through F.

Remark 1.4.4.2. When F,G: A — B are pseudo-naturally equivalent Gray-functors, there

exists a tritransformation o: F' — G consisting of:
(a0) for each object a € A, a biequivalence o, : Fa — Ga and a 3-isomorphism
M,: aiq, = id,,
in B, where

(al) for each 1-morphism f € A these is an equivalence ay: a, K Ff = Gf M, in B and

for each composable pair f, g of 1-morphisms, a 3-isomorphism
g (GgWap)(ag W Ff) = ogry
in B, and
(a2) for each 2-morphism 0: f = g with f,g: a — b, a 3-isomorphism
ag: oy @ (o, X FO) = (GOX ) ® ay

in B.
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This data is subject to various axioms, including naturality conditions for «, M, and II; an
associativity condition II; and left and right unitality conditions relating M and II. We refer

the interested reader to [Gurl3, Def. 4.16] for more details. We now prove (P3).

Construction 5. Suppose F,G: A — B are pseudo-naturally equivalent Gray-functors, so
that we have data as in Remark 1.4.4.2. We define the weak 3-functor (F,G): A — PB as

follows.
(0) For objects a € A, we set (F,G)(a) = (Fa =% Ga),
(1) For I-morphisms f € A, we set (F,G)(f) = (Ff, Fg,ay),
(2) For 2-morphisms 6 € A, we set (F,G)(0) = (F8,G0, ap),
(3) For 3-morphism I' € A, we set (F,G)(I') .= (FT', GT").

For a 8-morphism ' : 0 = o : f = g:a— b in B, the fact that (F,G)(I") is a 3-morphism
in PB follows by the naturality axiom « satisfies, i.e. the following diagram commutes:

a, @ (R FO) —— (GIR a,) ® af
oag®(o¢b®FF)l l(GFIZloza)(@af

g ® (W Fo) —— (Go R a,) ® oy

We now equip this map with the structure of a weak 3-functor.

(x) Fora LvScin A, we define an adjoint equivalence (Xg, X1+ €xyrs Txgy) Where

by xgr = (id,id, ), x;; = (id,id, Hg_fl), and €y, = 1y, = (id,id). Notice ¢, , and
N,y immediately satisfy the axioms for -morphisms in PB.

f g
For a \UG){ b \l_}a){ ¢ in A, we define the invertible 3-morphisms
f/ /

g
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(F,G)(9) ®(F,G)(f) == (F,G)(g R f)
(F,G)(a)&(F,G)(G)ﬂ MXoo ﬂ(F,Gxaxe)
(F,G) (¢ ) WA(F,G)([') = (F,G)(¢' ¥ f")

(F.G) g% f) =2 (F.G)(9) B (F,G)(/)
<F,G>(U®9)ﬂ MXoo H<F7G>(U)@(F7G)(9)
(RO B ) == (F.G)(g) B (FG)f)

simply by Xo0 = X, = (id,id). The fact that x,o and X, satisfy the azioms for

3-morphisms in PB follows from the naturality of I1.

(1) For each object a € A, we define an adjoint equivalence (i, L, €,,,1,,) Wwhere
la - id<F7g>(a) = <F, G>(ida),

by 1o = (id,id, M 1), v, == (id,id, M,), and €, = n,, = (id,id). Notice €¢,, and 1,

immediately satisfy the axioms for 3-morphisms in PB. We must also choose invertible

3-morphisms

lid, - la ® idid(ﬂg)(a) 3 <F7 G> (idida) ® la

Lid, * Lo ® (F, G)(idiq,) = idid, gy, ® L

which we will simply take to be vq, = (id,id) and ¢y, = (id,id). The fact that tiq, and

L, are 3-isomorphisms in PB follows from the naturality condition M satisfies.

(w) Fora LvL el am A, we define the invertible 3-morphism

(F,G)(h) B (F,G)(g) B (F,G)(f) 22222 (7, G)(h K g) B (F, G)(f)

remEy| &hgs Jns
(F,G)(h) W (F.G)(g X [) (F,G)(hK g X [)

Xh,gf
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simply by wpyr = (id,id). In this case, the axiom for 3-morphisms in PB translates to

the associativity of I1.

(v) Fora RNy A, we define the invertible 3-morphism

wX(F,G) (f)

id gy B (F, G)(f) (F,G)(idy) B (F, G)(f)

\ Yr %

(F,G)(f)

simply by v¢ = (id,id). In this case, the axiom for 3-morphisms in PB translates to the

left unitality axiom relating 11 and M.

(6) Fora ENy A, we define the invertible 3-morphism 0y : id(ray(s) % X fida

(FG) (N e

(F, G)(f) Wid(pc)a) (F, G)(f) RA(F, G)(ida)

\ nos %

(F,G)(f)

by 05 = (id,id). In this case, the axziom for 3-morphisms in PB translates to the right

unitality axiom relating 11 and M.

These collections of morphisms in PB assemble themselves into pseudonatural transformations
or modifications due to the naturality conditions 11 and M satisfy. Furthermore, these
pseudonatural transformations and modifications trivially satisfy the two axioms of weak 3-

functors. Thus (F,G) is a weak 3-functor and it is clear that So(F,G) = F and To(F,G) = G

by construction.
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Chapter 2: Gray-categories model algebraic tricategories

The content of this chapter is based on [Fer22|. The author would like to thank David
Penneys for his guidance in this project and for many helpful conversations. The author
would also like to thank Nick Gurski, Niles Johnson, and David Reutter for useful suggestions.

Lack described a Quillen model structure on the category GrayCat of Gray-categories and
Gray-functors, for which the weak equivalences are the weak 3-equivalences. Restricted to
Gray-groupoids, the resulting homotopy category is equivalent to the homotopy category
of 3-types. In this chapter, we adapt the technique of Gurski, Johnson, and Osorno to
show the localization of GrayCat at the weak equivalences is equivalent to the category of
algebraic tricategories and pseudo-natural equivalence classes of weak 3-functors. This finishes

establishing the homotopy hypothesis for algebraic trigroupoids.

2.1 Introduction

We first discuss the model category structure on GrayCat from [Lacl1].
Definition 2.1.0.1. A Gray-functor F': A — B between Gray-categories is called:
e a weak equivalence if it is a weak 3-equivalence of A and B as weak 3-categories,

e a fibration if it is a fibration on each hom-2-category and satisfies a so-called biadjoint-

biequivalence-lifting property (from which one sees all Gray-categories are fibrant),
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e in particular, a trivial fibration if it is surjective on objects, full at all levels, and faithful

at the top level,

e a cofibration if it has the left lifting property against trivial fibrations. More specifically,
F: A — B is a cofibration if and only if for every trivial fibration F’: A" — B’ and

Gray-functors a: A — A’ and b: B — B’ such that the following square commutes,

there exists a Gray-functor lift ¢ : B — A’ such that the two triangles commute.

Definition 2.1.0.2. We denote by W the collection of weak equivalences in GrayCat. The
category GrayCat[W™!] is the localization of GrayCat at the weak equivalences, which is

determined (up to unique isomorphism) by the following universal property [GZ67]:

e For any functor F' : GrayCat — D of categories which maps weak equivalences to
isomorphisms, F' uniquely factors through GrayCat[W™!], i.e., there exists a unique

®: GrayCat[W™!] — D such that the following diagram commutes on the nose:

GrayCat £ .

-

.
.
™ -7
l e
.

GrayCatW™1]

Remark 2.1.0.3. In [GZ67], an explicit construction is provided in which an object of
GrayCatWW~!] is simply a Gray-category and a morphism from A — B in GrayCat[W™!]

4

is a “zigzag”, i.e. a finite chain of Gray-categories and Gray-functors

109



where the <— and — alternate and each morphism w; “in the wrong direction” is a weak
equivalence. These zigzags are considered equal up to a certain equivalence relation. We refer

the reader to the previous citation for more details.

Definition 2.1.0.4. We denote by hoTriCat the 1-category whose objects are Gray-categories
and morphisms are pseudo-natural equivalence classes of weak 3-functors. More specifically,
we say two weak 3-functors F,G: A — B are pseudo-naturally equivalent and write F' = G
if they are (internally) biequivalent in the weak 3-category TriCat(.A, B) of weak 3-functors.
Since each weak 3-category (algebraic tricategory) is triequivalent to a Gray-category [Gurl3,
§10.4], hoTriCat is equivalent to the 1l-category of weak 3-categories and pseudo-natural

equivalence classes of weak 3-functors.

The main result of this note shows that Lack’s model structure models algebraic tricate-

gories in the following sense.

Theorem 2.1.0.5 (Theorem 2.3.0.3). The categories GrayCat[W™'| and hoTriCat are iso-

morphic.

The proof is a straightforward adaptation of [GO19, Prop. 3.31] using cofibrant replacement
and path objects. When restricted to Gray-groupoids, we obtain the following consequence of

[Lacll, Thm. 5.4].

Corollary 2.1.0.6 (Homotopy hypothesis for algebraic trigroupoids). The 1-category of
algebraic trigroupoids and natural equivalence classes of weak 3-functors is equivalent to the

category of homotopy 3-types and homotopy classes of continuous maps.
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2.2 Constructions for Gray-categories

In this section we provide the two necessary constructions needed to adapt the technique

of [GO19, Prop. 3.31] to show Theorem 2.3.0.3.

Proposition 2.2.0.1 (Cofibrant replacement in GrayCat). For every D € GrayCat, there
18 a cofibrant De GrayCat together with an “evaluation” Gray-functor evp: D — D which
is a trivial fibration. For every A, B € GrayCat and weak 3-functor F: A — B, there is a

Gray-functor F: A — B which satisfies the following properties:

R R
(1) For every weak 3-functor F: A — B, the diagram eVAl levB weakly commutes.

(§) When F: A — B is a Gray-functor, the diagram in (T) strictly commutes.

—

(3) ids = id .
(4) If F: A— B and G: B— D are weak 3-functors, then GoF=~GoF.
(3) In (Z), if either I or G is a Gray-functor, then GoF=GoF.

Proof. Gurski’s Gr construction in [Gurl3, §10.4] satisfies the properties required of ~. We

recall this construction and go over its desired properties in §1.4.3. O

Proposition 2.2.0.2 (Path objects exist in GrayCat). For every B € GrayCat, there exists a

path object B! € GrayCat in the sense of [Qui67, Ch. 1, Def. 4] such that:

S
(P1) There exist Gray-functors B —c - B! 2 B where C is a weak equivalence and
~T

(75:) B! — B x B is a fibration such that SoC =T o C = idg.
(P2) If F: By — By is a Gray-functor, then there exists a Gray-functor F': Bl — Bl which

makes the corresponding C', S, and T' squares commute:
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[31 —C— B{ Bl

Fl Ffl lF
— 8~

BQ—C—> Bg 82

(P3) Moreover, B! satisfies the property that for every two pseudo-naturally equivalent
Gray-functors F,G: A — B, there is a weak 3-functor (F,G): A — B! such that

So(F,G)=F and T o (F,G) =G.

Proof. Lack’s path space construction PB for B € GrayCat in [Lacll, Prop. 4.1] satisfies the
desired properties. As [GO19] note in their Remark 3.33, there have been some mistakes in
the literature regarding path objects and transferred model structures. We provide a careful

treatment of this by recalling Lack’s construction and showing it satisfies the properties of

B! in §1.4.4. O

Remark 2.2.0.3. We note that the existence of such path objects in GrayCat satisfying (P3) is
crucial in proving our main result, as it relates (right) homotopies in the model theoretic

sense with pseudo-natural equivalences.

2.3 The main theorem

In this section we implement the technique of [GO19]. There is an obvious functor
@ : GrayCat — hoTriCat which maps each Gray-category to itself and maps F': A — B to its
equivalence class [F] in hoTriCat. Clearly this functor maps equivalences to isomorphisms,
and thus uniquely factors through GrayCat[WW~!]. We will denote this factorization by

®: GrayCat[W™!] — hoTriCat.
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Definition 2.3.0.1. Define ¥: hoTriCat — GrayCat[WW™!] to be the identity on objects and,

for a weak 3-functor F': A — B, define

Lemma 2.3.0.2. V is a well-defined functor.

Proof. Suppose F,G: A — B are pseudo-naturally equivalent. Then

_ A eva le\ So(F,G) B evp B (PS)
— A& 259, 1 5 g s, g 9
_ g 1 EG)L G sl pr S p 2)
_ A &A FEO, B sl gl O Ol S

_A&A G, B el g O g Copl T (P1)
o A /eVA le\ <F7G>\ k\] evB[\ BI 1> B

_ A& 3O, BT e, g @
_ \eVA ,/Zl\ To(F,G) B evp B (/5\)
— AL RSB B y(a) ik

Hence ¥ is well-defined. Observe

U([idy)) = A &4 3 94, 3 oA, »

— A& LA QoA g 3)

ev T ev
AL ATS A

:.Ald—A>.A:1d\p(A)
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Since V¥ is well-defined and for composable weak 3-functors A L B 5 D we have [@ oF | =

[G/CFW |, it follows

—

ALBED=AS2E A D55 D= y([Go F)) (4)
(2) ~ ==
—Y([GoF))=AcA AL D2 D (D)
:A\ GoF ,ZS

Hence
V(G o W(F) =AEA AL BEE BEEBS D 5D
—A&A AL BED YD
= AEL LS5 D S D = W([Go F)),
and we conclude V¥ is a functor. O

We are now ready to prove the main result of this note.
Theorem 2.3.0.3. The functors ® and V exhibit an isomorphism of categories.

Proof. Since both functors are the identity on objects, it suffices to show that & and U are
mutual inverses on hom sets. The fact that ® is surjective on hom sets follows from (T) We
now show (Vo ®)([F]) = [F] and conclude ® is an isomorphism with inverse ¥. Indeed,
consider the following diagram:
GrayCat L>/hoTriCat
| ]

GrayCat[W~!] — GrayCat[W™']

P )4
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whose left triangle commutes by the universal property of GrayCat[WW~!]. Note that for every

Gray-functor F': A — B,

(WoQ)(F)=U(F]) = A&A A5 Bos g 3)
—AEE A AL B AL B=r(F).

Thus Wod o = Wo @ = 7. By the uniqueness of factorizations through GrayCat[W™!], it is

easy to see that 7 is epic. From this we conclude ¥ o & = id. [

2.4 Corollaries

We obtain the following two corollaries which correspond to the surjectivity and injectivity

/well-definedness respectively of the above bijection induced by ®.

Corollary 2.4.0.1. If A is a cofibrant Gray-category and F: A — B is a weak 3-functor,

then F' is pseudonaturally equivalent to a Gray-functor.

Proof. Since ev 4: A — Ais a trivial fibration, if @ — A is a cofibration, then there exists a
Gray-functor lift ¢: A — A which makes the following triangles commute

g5 A

R
!l a leVA

Thus ¢ is a section of evy and ' = Foev ol = evg oF o ¢, a Gray-functor. O
©)

Corollary 2.4.0.2. Suppose A is a cofibrant Gray-category and F,G: A — B are Gray-
functors. Then F is pseudonaturally equivalent to G if and only if F' and G are homotopic

in Lack’s model structure.
Proof. First suppose F is pseudo-natually equivalent to G, i.e. ®(F) = [F] = [G] = ®(G).

By the injectivity of ®, F' = G in GrayCat[W™!]. Since evy,evsg € W, it follows by (§)
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that F = G in GrayCat)W~!]. By the general theory of model categories, GrayCat[W™!]
is equivalent to the category of fibrant-cofibrant Gray-categories together with homotopy
classes of Gray-functors (see [Hir03, Thm. 8.3.9]). Through this equivalence we obtain that
Fis homotopic to G since A and B are fibrant-cofibrant. More specifically, there exists a
Gray-functor H: A — B! such that So H = F and To H = G.

By (P2), there exists a map evh: B! — B! such that the following diagrams commute.

Bl 54 B Bl L, B
evél levB evél levB
BI T> B BI T> B

As before, since A is cofibrant, there exists a Gray-functor section ¢: A — A for ev 4. By

defining the Gray-functor H': A — B! by H' := evk oH o { we see that

and similarly T'o H' = G. Thus F, G are homotopic. Conversely, suppose F, G are homotopic
so there exists a Gray-functor H: A — B! with SoH = F and ToH = G. By (P1), (C: B —
B') € W with SoC' =ToC,so S =T in GrayCat[/W!]. This implies F = SoH =ToH =G
in GrayCat[WW™!] and by the well-definedness of ® we have that [F| = ®(F) = ®(G) = [G].

Thus F' is pseudo-naturally equivalent to G. O
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Chapter 3: Foundations for operator algebraic tricategories

The content of this chapter is based on [Fer24|. The author would like to thank David
Penneys and Corey Jones for many useful conversations. This work was supported by NSF
DMS grants 1654159 and 21543809.

An operator algebraic tricategory is a higher categorical analogue of an operator algebra.
For algebraic tricategories, Gordon, Power, and Street proved that every algebraic tricategory
is equivalent to a Gray-category, a result later refined by Gurski. In this chapter, we adapt this
result to the context of functional analysis, showing that every operator algebraic tricategory
is equivalent to an operator Gray-category. We then categorify the Gelfand-Naimark theorem
for operator algebras, inductively proving that every (small) operator algebraic tricategory is
equivalent to a concrete operator Gray-category. We also provide several examples of interest

for operator algebraic tricategories.

3.1 Introduction

Operator algebras were first conceived in the context of quantum mechanics emerging
as concretely C*-algebras and von Neumann algebras of operators acting on a Hilbert
space [GN43| [Segd7] [MvN36]. We have since seen a movement throughout mathematics
of categorifying structures and their results. Higher operator algebraic categories arise in

the study of subfactor theory where, in particular, operator algebras with their bimodules
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and intertwiners form an operator 2-category. Picking a particular operator algebra A, i.e
a C*/W*-algebra, functors from a unitary tensor category C into End(A) in this operator
2-category are then quantum categorical /non-invertible symmetries.

Recently, even higher (braided) operator algebraic categories have emerged as invariants
of operator algebraic objects, like that of the categorified Connes’ x (M) [CJP21]. Moreover,
operator algebraic 2-categories are expected to form an operator algebraic 3-category [CP22].
Higher operator algebraic categories have also seen important applications in topological
order. Starting in a 241D topological order, that is a unitary modular tensor category C,
the topological domain walls for C are classified by the fusion 2-category Mod(C) [KK12].
Condensed matter physics is manifestly unitary, where time reversal symmetry is taking the
Hermitian adjoint. We thus desire a definition of unitarity for a fusion 2-category, which can
also be viewed as a 3-category with 1 object. Furthermore, physicists want to go even higher

— 3-+1D topological order is expected to be described by a unitary modular fusion 2-category,
for which there is not yet a formal definition in the literature [JF22].

Algebraic models for higher categories do, however, pose difficulties due to their large
amount of constraint data. Coherence theorems allow us to consider semi-strictified models
of algebraic higher categories while retaining full generality. These semistrictified models
are then easier to work with as they require less data. Notably, Gordon, Power, and Street
proved that every algebraic tricategory is equivalent to a Gray-category, the strictest model
of a general algebraic tricategory [GPS95]. The definition of an algebraic category together
with this theorem were later refined by Gurski [Gurl3].

Operator algebraic tricategories are tricategorical analogues of operator algebras, for
which one would desire an analoguous coherence theorem. However, constructions from

ordinary category theory may fail the principle of equivalence [nLa25] for f-categories, as
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noted in [Pen20] for dual functors on a unitary multifusion category. Moreover, classical
results may run into complications when equipping algebraic objects with topologies. For
example, the algebraic tensor product of C*-algebras may be equipped with many possible
norms, including the maximal and minimal tensor product norms. Out of these only the
maximal tensor product satisfies hom-tensor adjunction, while the minimal tensor product is
more concrete and proves to be useful in practice.

In this article, we present a definition for operator algebraic tricategories and operator
Gray-categories, as well as provide examples of interest. This requires us to construct an
operator algebraic Gray tensor product, which uses substantial functional analysis, e.g., the
notion of biduals for C*-algebras, and its categorification to C*-categories and C*-2-categories.
We then adapt the coherence theorem for algebraic tricategories to the context of functional

analysis, obtaining our following main result.
Theorem A. FEvery operator algebraic tricategory is equivalent to an operator Gray-category.

Operator categories, and in particular operator algebras, are said to be concrete when
they are made up of Hilbert spaces and operators between them. We inductively extend this
notion to higher operator categories, saying that an operator n-category is concrete when it
is made up of concrete operator (n — 1)-categories and higher operators between them. As a
corollary of our main result, we provide the following categorification of the Gelfand-Naimark

theorem.

Theorem B. Fvery (small) operator algebtraic tricategory is equivalent to a concrete operator

G'ray-category.

This articles also provides a first stepping stone for future projects in 3-categorical unitary
linear algebra. In particular, there is relevant interest in a theory of higher Hilbert spaces and
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manifestly unitary higher condensation, as well as a definition and classification of unitary
dual 2-functors on a unitary multifusion 2-category.

The structure of this article is as follows. In Section §3.2, we construct the operator
algebraic versions of the Gray-tensor product. In Section §3.3, we define operator 3-categories,
operator Gray-categories, and state our main result. We provide background needed for
Section §3.2 in §1.2, as well as defer some details from this section to §1.3. We then construct
in detail the operator algebraic Morita 3-categories AbC*Alg and AbW*Alg in §3.5. Finally, we
provide a detailed account of the Yoneda embedding for so-called cubical operator algebraic

3-categories in §3.4.

3.2 2-categorical results

3.2.1 Local tensor product for operator algebraic bicategories

In this section, we use the tensor product of operator categories to obtain a local tensor

product of operator 2-categories.

Definition 3.2.1.1. Given C*-2-categories A; and A,, we define the C*-local tensor product

A ® As by:

max

(0) Objects are tuples of objects (Aj, As) € A; x Ay;
(hom) Hom-spaces are given by:

A ®~A2((A1,A2) — (A, B2)) = A1 (A1 = B1) ® Ay (Ay — By),

max max

where we are using the maximal tensor product of C*-categories (see §1.2.5).

(®) Composition ® of 1-morphisms is given pointwise and 1-composition ® of 2-morphisms

is determined using the universal property of ®. In particular

max

ey o ey)=(@or)e Yoy,
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whenever it makes sense.
(o) Composition o of 2-morphism is defined similarly.

(coh) Constraint data is given by simple tensors of constraint data in .A4; and As. These are

indeed natural by the bilinearity and bicontinuity of ® and o.

Similarly, when A; and A, are W*-2-categories, we define the W*-2-category A; ® A, by

max

replacing ® with W*-tensor product ® (see Appendix 1.2.7).

max max

Remark 3.2.1.2. When A; and A, are strict operator 2-categories, their local tensor product

is also strict.
3.2.2 C*-Gray tensor product

In this section, we adapt [Gurl3, §3] to the operator algebraic setting.

Definition 3.2.2.1. Let A, A, and B be strict C*-2-categories. A -2-functor F': A; ® Ay —

max

B is cubical if it is strictly identity-preserving and the following condition holds:

@) If (X, X3) and (Y}, Y3) are composable 1-morphisms in 4; ® Ay such that Y or X7 is

max

an identity, then the compositor 2-morphism

F(X1,X5) 0 F(Y1,Ys) = F((Xl,Xg) @(Yl,Yg)).
is an identity.

When Ay, Ay, B are W*, we say that a {-2-functor F': A1 ® Ay — B is a separately

max

normal cubical functor if it is both normal and cubical. In particular, a cubical functor

F: Ay ® Ay — B extends to a separately normal cubical functor only when o — a; weak*

max

in A; for i = 1,2 implies

F(a} ® ag) = F(a; ® ag) and F(a; ® ay) — F(a; ® ay) weak™ in B.
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Proposition 3.2.2.2. The data of a (separately normal) cubical T-2-functor F': Ay ® Ay — B

mazr

15 determined uniquely by:

(1) For each object Ay € Ay, a strict (normal) t-2-functor Fa,: Ay — B;

(2) For each object Ay € Ay, a strict (normal) t-2-functor Fa,: Ay — B;

such that

FA1 (Ag) = FAz(Al) = F(Al,Ag);

(3) For each pair of 1-morphisms X;: A; — Al in A; fori = 1,2, an “interchanger” unitary
2-morphism

Fa, (X2

F(A, Ay) 2% pra, ay)

7
Fa,(X1) Yxq,Xo FA’2(X1)
/

(AL, Ay) o F(A, Ay)

F (X2

which is an identity 2-morphism whenever X, or Xy is an identity 1-morphism;

satisfying the following three axioms:

(31) Naturality: For each pair of 2-morphisms aq,ag in Ay and As respectively

[l
Fa,az

F(A1, A)) —— F(A, A F(Ap, Ay) ——s F(A;, A})

FA’ a9
v
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(32) Composability in the first entry:

F(Al,AQ) E— F(Al,A,Q) F(Al,AQ) _— F(A17Al2)

2 / 4 <4 <

7

by

7~

(333) Composability in the second entry:

F(Al,Ag) — F(Al,AIZ) — F(Al,Ag) F(Al,Ag) — F(Al,Alz) — F(ADA,Q/)
>

l//l//l l // l

Proof. First suppose we have a (separately normal) cubical -2-functor F'. For an object

A, € Ay we define

Fa(As) = F(A1, Ay),
FA1<X) = F(idAl,X),

Py, (a) = F(idia,, ® a).
Then Fy,: Ay — B strictly preserves identity 1-morphisms since F' does. Moreover,

Fa(Y1OYz) = F(ida,, Y10 Y2) @ Fida,, Y1) © F(ida,, Y2) = Fa, (Y1) © Fa, (Y2),
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so Fly, is a (normal) strict {-2-functor. We define Fl,: A; — B similarly for an object

Ay € Ay. We define the unitary X as follows:

F X i
F(A1, Ay) 2% pay, an) F(A, Ay) Y045 poa, A
\ Vi
F2
Fa,(X1) Yx,, X Fa (X1) = F(X1,id) F(;(l,)%g) F(X1,id)
/ F2
/4
F(id, X
F(AL As) 0% poa, A
Va
F2
= o F(X1,id)
(D) F(X1,X2) b
F(A}, AY)

which is an identity 2-morphism when X; or X is an identity by the cubicality (@9) of F’
again. Axiom (X1) follows by the naturality of the compositor F?, and axioms (32) and (23)
follow by the associativity axiom F? satisfies.

Conversely, suppose we are given such collections of (normal) {-2-functors and unitaries

Y. We construct F': A ® Ay — B as follows.

max

(0) For objects, F(A1, Ay) = Fu,(As) = Fa,(A);
(hom) We first define Fom : A; (A1 = A}) x Ax(Ay — Ab) — B((F(A1, Ay) — F(A}, A})) by
F(Xy1, X3) = Fa,(X1) © Fay (X2)
Flog @ ag) = Fa,(o1) © Far ().

Since Fhom is (separately normal) f-bilinear and B((F(A1, As) — F(A}, A})) is C¥/W*,

we may uniquely extend Fiom to

Ai(A; = A @ Ay (Ar — A)) = Ay ®A2((A1, Ay) — (AlpAlz))

max max
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by the universal property of the maximal C*-tensor product ® (see §1.2.5).

max

We set the unitor F° to be identity and define the compositor component

F2: F(Xy, X2) © F(X), X1) = F(X, 0 X!, Xo 0 X3)
for A, 2% A 25 A7 in A, to be

Oy, y ©id
_

Fa,(X1) © Fa; (X2) © Fay (X7) © Fay(X5) Fa,(X1) © Fa,(X1) © Fap(Xa) © Fay (X3).

The naturality of F? is guaranteed by (X1) and the associativity axiom is given by (32)

and (¥3). Finally, F is cubical since Xy, x; is trivial whenever X; or Xj is the identity. [

We now explicitly construct the Gray tensor product for strict C*-2-categories.

Definition 3.2.2.3. The algebraic Gray tensor product A X B of strict C*-2-categories A
and B is composed of tuples of objects (A, B) € A x B. The 1-morphisms of AX B are

produced by two kinds of generators:
e (X,idg):(A,B) - (A,B) for X: A— A" in A,
e (ida,Y):(A,B)— (A, B)forY:B— B in B.

The 1-morphisms in A X B are equivalence classes of composable strings of generators. The

equivalence relation is the smallest such that:
o (X,idp)(X' idg) ~ (X ® X",idp) for A 5 A’ X5 A" in X and B € B,
o (ida,V)(id4,Y") ~ (ids, Y @Y") for A€ X and B 5 B 5 B in Y,
o If W~ W' then WV ~ W'V and VW ~ VW whenever they make sense.

We define the composition @ of 1-morphisms to be string concatenation. Notice W ~ W’

only when W, W’ have the same source and target, and (id4,idp) = id(a, p).

The 2-morphisms of A X B are generated by three kinds of 2-morphisms:
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o r®idy, : (X,idg) = (X',idg) for x : X = X" in A and B € B,
o idjg, ®y:(ida,Y) = (ida,Y)for Ac Aand y: Y = Y’ in B,

e Yxy: (X,idp)®(ids,Y) = (ida,Y) ®(X,idp) for I-morphisms X: A — A’ in A and

Y:B— B'in Y, such that ZidA,Y = id(idA,Y) and EX,idB = id(X,idB)-

We will omit the subscripts on id’s for simplicity. The 2-morphisms in A X B include
equivalence classes of strings of formal ®-composites of generators. The equivalence relation
is first defined horizontally (in terms of ®-composites), then vertically (as strings). We first

define ~ as the smallest equivalence relation such that
e (2 ®id)O(r ®id) ~ (x®2')®id and (Id®y) O(Id®y) ~id @ (y©O '),
o If s~ s then s@©t ~ s @t and t ©®s ~t©® s whenever they make sense.

Notice s ~ s’ only when s and s’ have the same source and target morphisms. In what follows,
we will denote the equivalence class of s by [s]. A 2-morphism in AKX B is then an equivalence
class of formal linear combinations of vertically composable strings >, Ag[wi k] - - [wn k),

where the equivalence relation is the smallest such that:
e \r®id]+ [Z®id] ~ [(M+7) ®id] and A[ild®y] + [i[d®@7] ~ [id® (A\y +7)] for A € C,
o [r®id|[r' ®id] ~ [(z02') ®id], and [id ® y][id ® ¥'] ~ [id @ (y o )]

(21) [(d@y)olr@id)][Exy] ~ [Ex ]z @id) od @ y)]

(£2) [([dyx ®id) © Exy][Exy O(idx ®id)] ~ [Ex o x7v]

(23) [Exy 01d®idy)][(i[d®idy) ©Xxy] ~ [Exy ey
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e For general 2-morphisms w, v, (w + w)v ~ wv + wv, and v(w + W) ~ vw + vw whenever

they make sense, and similar relations for ®; and

o if w~ w, then wv ~ w'v, vw ~ vw', and Aw + v ~ Aw’ + v for A € C whenever they

make sense.

Vertical composition o of 2-morphisms is given by the bilinear extension of concatenation of
strings. For horizontal composition of strings w, v, we can always express w and w’ by the
sum of strings [wi g - - - [wnx] and [vyg] - - - [Unx] of the same length (by adding identities) and

then define

wCM“ZE:WmMDMA”‘WMMDWA'
o,

We define 1 on generator 2-morphisms as follows:
e (z®id)l =2 ®id,
e (id®y)=id® 1y,
° ZTX,Y = Z;(}Y'
We then extend { to sums, tensors, and composites by:
o (32 Me[wi])T = 32 Aelwn]!
e (wov) =vlow'
° (w@v)T =wl ool

We then define the C*-Gray tensor product A; X A, to be the completion of A; X Ay on

max

each hom-space with respect to the following maximal C*-norm
|lwll, = sup{||F(w)| | F: AKB — C*Cat is a f-2-functor},

after quotienting out by 2-morphisms w such that [|w||, = 0.
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Remark 3.2.2.4. There indeed exists a {-2-functor

F: AX B — C*Cat.

For example, we may use the universal representations J:i: A — C*Cat and J:g: B — C*Cat

in Theorem 1.3.4.4 to determine a strict {-2-functor

(0) on objects by

(A, B) = X4(A) ® X 5(B);

max

(1) on l-morphisms by

(X,id) — X4 (X) ®id,

max

(id,Y) — id® X p(Y);

(2) on 2-morphisms by

r®id — J:i(:z:) ®id,

max

d®y— id®J:g(y),

max

Dxy = idpn iy @ x0eyy-

max

Remark 3.2.2.5. We expect there to exist a “minimal” Gray-tensor product A X B of strict

min

C*-2-categories A and B, given by completing A X B via a monic -2-functor
AN B — C*Cat.

The existence of such a monic representation would imply that there do not exist negligible
2-morphisms in A X B. However, this will not be necessary for our main coherence and

concreteness results.
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Remark 3.2.2.6. For each object B € B, there is an organic strict -2-functor
—-XB: A— AKXB
given by

A (A, B),
X — (X, idp),

T = T ®idia,,

on objects, 1-morphisms, and 2-morphisms in C respectively. Similarly, each object A € A
induces a strict {-2-functor

AKX —: B —- AXB.

Proposition 3.2.2.7. For strict C*-2-categories A and B, |- ||, is a norm on each hom-space

of AR B. Furthermore, AKB is a strict C*-2-category.

mazxr

Proof. A simple verification reveals that | - ||, is a C*-norm, possibly taking value co. For

example,
lwll,. = sup [ F(w)]} = sup 1F (w) F (w)T]|"/* = Sup 1F (ww")|[? = [fww']]/?

for every 2-morphism w in A X B. Furthermore, || - ||, is sub-cross by the naturality and

unitality of compositors. Indeed, if o: 4 Xp — 4Yp and o’: p X, — Y/, then
lo @0l = sup |[F(o @)l = sup |F*(Fo © Fo')F*|| < sup||Fo © Fo'|
< sup [|[Foll[Fo’l| < llofullo”ll
Thus, to prove || - ||, < oo on each hom-set, it suffices to verify that this is the case for

generator 2-morphisms o ® id, id ® 8, and Xy 4. First observe that, for every object B € B

129



and 2-morphism « in A, we have
| F(a®idig, )| = ||F o (=X B)(a)]] < ||laf for every F': AK B — C*Cat.

Therefore || ®1id||,, < ||e||. Similarly, one shows ||id ® §||, < ||#]|. Finally, each ||X;,]/, =1
since ¥, is unitary and f-2-functors preserve unitaries. Therefore || - ||, is a norm on each

hom-space. It remains to show that each hom-category

5 = AR B((A1, As) = (B1, By))

satisfies the positivity condition required of C*-categories (see §1.2.2). We already know
that each endomorphism algebra in ) is a C*-algebra. So for any morphism 7 in $) (which

is a 2-morphism in AKX B), 7% o 7 is contained in such an endomorphism C*-algebra £. So

max

there exists a positive o € € such that ¢* = 7* o7 0 7* o 7. We claim that 02 = 7* o 7. Let

F: Ay X Ay — C*Cat be a {-2-functor, which we may extend to a representation of A; X A,

max

by continuity. The fact that ¢ > 0 implies that F(¢?) > 0. Now notice F'(0?)* = F(7%1)%
Since C*Cat is a C*-2-category, F(7*1) = F(7)*F(7) > 0. Since F¢& is a C*-algebra, the

uniqueness of positive square roots yields F(6?) = F(7*7). Since F was arbitrary, we conclude

0% = 7*1. Therefore § is a C*-category and we conclude that A; X A, is a C*-2-category. [

max

Universal Property 3.2.2.8. For strict C*-2-categories A, and As, there is a natural

cubical T-2-functor

A1®A2 — AllgAQ.

maz maz

For any cubical functor F : A1 ® Ay — B into a strict C*-2-category B, there exists a unique

strict 1-2-functor
A1 ® A 5B

max R
l /////F
A XA,

mazr
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Verification. We provide the data of the cubical functor C' : A, ® Ay, — A; X A, using

max max

Proposition 3.2.2.2. For objects A; € A; and Ay € A,, we define the strict -2-functors

CA22 .Al —>¢41g~/42

max

CAIZ A2—>A1&A2

max

to be — X A, and A; X — as in Remark 3.2.2.6. For a pair 1-morphisms X; and X5 in A;

and A, respectively, the unitary 2-morphism Xy, x, in A; K Ay serves the role of Xy, x,

max

in Proposition 3.2.2.2. This data satisfies all of the desired axioms by construction of the

algebraic Gray tensor product. So we have successfully defined C: A; ® Ay — A; X A,.

max max

Let F': Ay ® A3 — B be a cubical {-2-functor, with data of F' as in Proposition 3.2.2.2. In

max

what follows, we denote the interchanger of I’ by ¥, We first determine a strict {-2-functor

F: A XA — B:

(0) on objects,
F(Alv A2) = FA1 (A2) - FAz(A1>;

(1) on generator 1-morphisms,

F(X, idAz) = FAQ(X),

F<idx41 ) Y) = FAI (Y>a

(2) on generator 2-morphisms by

F(r ®@idia,,) = Fa,(z)
F<ididA1 ® y) = Fa, (y)

F(Xxy) = zgy.
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We extend F to all of A; KA, as a strict {-2-functor, which is well-defined by construc-

tion.

Now consider some arbitrary 2-morphism w in A; X Ay. Let X". B = C*Cat be the universal
representation on 3, which is faithful on all levels. Notice that & T is isometric on 2-morphisms
by the C*-identity and the fact that injective maps between (endomorphism) C*-algebras are
isometric. Since X' o F': A X Ay, — C*Cat is a {-2-functor, we obtain

I

[E(w)l] = [[(&™ o F)(w)]| < [[w]],.

Therefore, we may uniquely extend F to A; X A, by continuity. O

Proposition 3.2.2.9 (Unitary hom-tensor Adjunction). For strict C*-2-categories Ay, As,

and B, we have that the following strict C*-2-categories are unitarily naturally equivalent:

C*2Caty(C — B) = B,

C*2Catg (A1 X Ay — B) = C*2Catq (A; — C*2Caty (A — B)).

mazx

Proof. We will merely sketch the assignments at the level of objects for both isomorphisms.
For the first isomorphism, note that we are viewing C = B?C as a C*-2-category with one

object e, a single 1-morphism id,, with
C(ide = id,) = C.

Composition is given by multiplication and f is given by conjugation. From this it is easy to
see that the assignment

(F:C— B)— F(e)
extends to a strict {-2-functor which is bijective on all levels. For the latter isomorphism, one

uses Proposition 3.2.2.2 to produce a bijective correspondence

(FIAlg.AQ—)B)P—)(AlEAlP—)(FAlIA2—>B)).

max
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Here we have omitted the assignment of 1-morphisms and 2-morphisms. We do however note
that the interchanger ¥ is used to form part of the naturator unitary for the {-2-natural
transformation corresponding to a 1-morphism X; in 4;. The naturality axiom for this
T-2-natural transformation follows by (X1) and (33), while the strictness of this {-2-functor
follows by cubicality and (X2). For 2-morphisms in A;, the obviously assigned uniformly
bounded modification in C*2Catg (A — B) satisfies the modification axiom by (31) as

well. 0

We obtain the following result as a corollary of [EK66, §11.3,4].

Corollary 3.2.2.10. C*Gray = (C*2Caty,X) forms a closed symmetric monoidal category.

maz

3.2.3 W*-completion of a C*-2-category

For a C*-2-category A, we wish to construct the enveloping W*-2-category W*(.A) together

with a monic {-2-functor A < W*(A), which satisfies the following universal property:

e For every -2-functor F': A — B into a W*-2-category B, there exists a unique normal
extension making the following diagram commute:

A—L B

R
j -7 3IF

W=(A)

Consider the C*-category enriched graph A** with vertices Ob A and edges
A (A — B) = A(A — B)*™ for A, B € A.

Here A(A — B)** is the enveloping W*-category described in §1.2.6. We define two Arens

1-compositions on A**, which serve to equip A** with the structure of a f-2-category.
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Definition 3.2.3.1. For 1-morphisms in A**, we define the left and right Arens 1-compositions
®¢ and ®, to act as 1-composition ® on A.

For 1-composable 2-morphisms ® € A*(4Xp=4Yg) and ¥ € A*(pX'c=5Y), we
define

POV, PO, Ve A (WX O Xeo=4Y OpYh)
(0) For p € A4 X O Xe=4Y OY ), we set (PO, V)(p) = ®(p < V) where
04V € A4 Xp= 4YB)"
is given by:
(<) For a € A(uXp= aY5), we set (p<V)(a) = ¥Y(a>yp) where
avyp € A(pXc=pY0e)"

is given by:

(>) For b € A(pX'c=5Y'c), we set (ar>p)(b) == p(a®b).
More succinctly, ® ®, ¥ is given by the following formula:

@@g\P:goi—)q)<go<l‘If),
:g0»—>(1><al—>\lf(a><p)>,

:<p>—>(I><a>—>\I’(ng0(a®b))>.
(r) For o € A(uX © Xe= Y OY)", weset (PO, V)(p) = V(P> ) where
(I)DQDEA(BX/C:>BY/C)*

is given by:
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(>) For b e A(pX'c=pY'c), we set (P> p)(b) = (v <b) where
p<db € A(4Xp= aYB)"
is given by:
(<) Fora € A(4Xp= 4Y3p), we set (p<b)(a) = p(a®b).

More succinctly, ® ©, ¥ is given by the following formula:

(I)@r\If:gOI—>\IJ<(I)I>g0>,
— = W(b 0(pab)),

=@ \I/<b — @ (a— go(a@b))).
Proposition 3.2.3.2. For a C*-2-category A, the left and right Arens 1-compositions on
A** coincide and serve to equip A** with the structure of a W*-2-category.
Proof. Notice the following facts about A;* = (A**, ®,) and A = (A*, ©,).

e ev, Orevy, = ev,ep = ev, O, evy for 1-composable 2-morphisms a, b in A. Therefore, we
may upgrade ev into {-2-functors A — A7;* and A — A** which act as the identity on

objects, and as the {-functor ev on hom W*-categories.

o A;* and A;* inherit associators ev,,, , which are natural since Imev is dense in A**
and 2-composition is weak*-continuous in each hom W*-category of A**. Similarly,

units id4 and unitors evy,, ev,, are inherited from A.

Therefore A;* and A** are C*-2-categories. It remains to show that ®, and ®, are separately

normal. It is clear that — ®, ¥ and ® ®, — are normal for 2-morphisms ®, ¥ in A**.
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We will now show condition (W*2'), that is —®geviq,, and evig, ©; — are separately

normal for I-morphisms X, X’ in A**. For &), — ® in the weak topology, we have

(@r Orevia,, ) (¢) = Palpevig,,) = P(p<evig,,) = (P Orevia,, ) (©).

Hence @) ®Oevig,, — ® ©reviq,, weakly. Moreover, for ¥, — W in the weak topology,

observe

(eviay © Wa)(p) = eviay (p 1 V)
= V(b p(idx ®Db))

= (eviay © Uy) ().

Hence eviq, ® ¥\ — evig, © U weakly. Therefore ©, is separately normal, and one similarly
shows ©, is separately normal. Finally, since Imev is dense at the level of two morphisms,

®¢ and ©, are separately normal, and they agree on Imev, we conclude that ©, = ©, on

Universal Property 3.2.3.3. For every t-2-functor F: A — B into a W*-2-category B,
there exists a unique normal T-2-functor F: A5 B making the following diagram commute.

A—L B

R
ev\[ // _
L2 AR

A
Verification. First note that F must acts on objects as F'. Then, for every hom C*-category
A(A — B), we may extend F' to A™(A — B) by the universal property of W*-envelopes or
C*-categories. This yields a map F : A* — B** which is locally a normal {-functor. Then
observe that the tensorator and unitor of £’ equips F with the structure of a T-2-functor since
® and o are separately weak™-continuous and Im ev is weak*-dense in A**. O]
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As a corollary, we obtain another proof of the concreteness theorem for C*-2-categories.

Theorem 3.2.3.4 (Gelfand-Naimark for C*-2-categories). For a small C*-2-category A, the
universal representation

Ty: A — HilbVY'

1T
given by A = A 25 WrCat 5 HilbW" is monic. Thus, every C*-2-category A can be
realized as a norm-closed strict 1-2-category GNSo(A) = Im Yy of W*-categories of Hilbert

spaces and operators. Moreover, if A is strict, Yo is a strict t-2-functor.

Remark 3.2.3.5. We expect a Sherman-Takeda theorem to hold for C*-2-categories. Namely,

for a small C*-2-category A, the {-2-functor
Ty: A — GNS,(A)”

given by the universal property of the W*-envelope of a C*-2-category is an equivalence of

W*-2-categories extending To: A — GNSy(A).

A —X2 5 GNS,(A)

j [

A** T> GNSQ(A)”

3.2.4 WH*-Gray tensor product

For strict W*-2-categories A; and Ay, we wish to construct a W*-2-category 4; X A,

max

together with a separately normal cubical f-2-functor A; x Ay — A; X A, satisfying the

max

following universal property:

e For every separately normal cubical {-2-functor H: A; ® Ay — B into a strict W*-2-

max

category B, there exists a unique normal t-2-functor H: A; X A, — B such that the

max
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following diagram commutes:

A1 ® Ay 7, B

max 1
s

s
s
s
-,
.. H
s
s

A XA,

max

Definition 3.2.4.1. For strict W*-2-categories A;, As, and composible 1-morphisms X;,Y; €

A; for i = 1,2, we define

(A1 B A) (X1, Xo) = (V1,Y2)), C (A1 B A) (X7, Xo) = (X1, X))

max max

as follows. First, let SN ((Xi, X2) — (Y1,Y2)) be the closed subspace consisting of all

functionals which are separately normal, i.e. the functionals ¢ € (A, &Ag)((Xl, X3) —

max

(Y7, YQ)) " such that

po (ididAl & —) S AQ(XQ — }/2)*, for every A, € ./41, and

po(—® ididA2) € A1 (X7 — Xy)., forevery As € As.

We then define (A; X Ay), to be the largest closed subspace of SN invariant under the four

max

actions of A; K Ay on (A; X .A,)* given by precomposing and postcomposing the argument

max max

of ¢ € SN horizontally (1-composition ®) and vertically (2-composition o).

Remark 3.2.4.2. We are using the suggestive notation (A; M Ay) (X1, X3) — (V1,Y2)), even

though we have not yet defined the W*-category 4, X A,. However, once we do construct

max

this W*-Gray tensor product, we will see that this Banach space is indeed the predual of the

hom space (A; B Ay) (X1, X5) — (Y3, Y2)).

max

The following result will serve as motivation for the definition of the W*-Gray tensor

product X.

max
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Proposition 3.2.4.3. For objects X,Y € B in a strict W*-2-category B, consider the polar
BX=Y)r ={0cB*(X=Y)|®(p)=0 foralpc B(X=Y).}.

Then BX C B** is closed under pre- and post- 1-composition and 2-composition of 2-morphisms
in B**, so that B** /B is a (strict) W*-2-category. Moreover, if m: B** — B**/BL is the
natural quotient t-2-functor, then the composite
B B L BB

is an equivalence of (strict) W*-2-categories.

Proof. Let us first show that B} is closed under both pre-compositions and post-compositions
with 2-morphisms in B**. First note that normal functionals on hom spaces of B are closed
under the four actions of B since l-composition and 2-composition of 2-morphisms are
separately normal in a W*-2-category. One can then use the fact that left and right Arens
1-compositions and 2-compositions agree respectively to show that B is closed under pre-
and post- 1-composing and 2-composing 2-morphisms in B**. Indeed, if ® € B(X = Y)} and
U € B*(Y = Z) for parallel 1-morphisms X,Y, Z in B, there exists some ev,, — U weak™® in

B**. So for ¢ € B(X = Z). we have {p <x,} C B(X=Y), and hence
(T od)(p) = lijf\n(evgcA 0,®)(p) = li}\n O(paxy) =0.

Therefore ¥ o ® € B(X = Z)1, and one similarly shows our three other claims. Therefore

B** /Bt is a C*-2-category. For Banach spaces £ C F, it is an elementary fact that
F*/E* = E*
via the map [®] — @|g for & € F*. In particular, we have

(B /B) (X =Y). = BX=Y),,
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ie. (B*/BH)(X=Y)2B(X=Y) 2 B(X=Y). We then conclude B**/B; is a W*-2-
category.

It is now easy to see that moev: B — B**/BL is an isomorphism of W*-2-categories.
Indeed, when viewing B(X =Y). C B(X =Y)* as the subspace of normal functionals on
B(X =Y), the isomorphism

B(X=Y)—-BX=Y);
is given by & — ev, [g(x = v).. On the other hand, the isomorphism
(B*/BH(X=Y) = B(X=Y):

is given by [®] = ®|px=v).. Hence, the map 7o ev given by x — [ev,] is an isomorphism
on each hom-space. Since both 7 and ev act as the identity on objects and 1-morphisms, we

conclude that 7 o ev is an (automatically normal) equivalence of W*-2-categories. O

Definition 3.2.4.4. For strict W*-2-categories A, Ay, we define their W*-Gray tensor

product to be

.Al g.AQ = (-Al IEAQ)**/(Al gAg)i'

max max max

Lemma 3.2.4.5. The W*-Gray tensor product A, X A, is a (strict) W*-2-category.

maz

Proof. Since (A; X Ay C (A; X Ay)** is closed under pre- and post- 1-composition and

max max

2-composition of 2-morphisms in A; ® A, by definition, it follows that A; ® A, is indeed

max max

a well-defined C*-2-category. As before, it is an elementary fact that the predual of each

hom-space is the previously-defined (A; X Ay),. Hence ® is separately normal on A4; X A,

max max

as it is separately normal on (A; X .A45)**, and we conclude that A; X A, is indeed a W*-2-

max max

category. O

For the remaining portion of this section, we shall fix W*-2-categories A;, Ay, B and a

separately normal cubical T-2-functor H: A; ® Ay — B.

max
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Lemma 3.2.4.6. Consider the induced 1-2-functor H: A/R Ay — B on the C*-Gray tensor

mazr

product. For parallel 1-morphisms X;,Y; in A; where i = 1,2 and ¢ € B(ﬁ(Xl,Xg) —

H(Y1,Y3)),, we may define

H € (AR A) (X1, Xo) — (Y1, Y2))" by (H™Y)(t) = o (Ht).

maz

Then H*) € (A1 X A) (X1, X2) = (X1, X2)),. We will denote this by

mazx

H*B, C (A4, K A,),

mazx

for simplicity.

Proof. Let A, € A; and suppose a3 — as weak™ in Ay(Ay — By). Since H is separately

normal, H(idia,, ® a3) = H(idia,, ® az) 0-WOT. Since ¢ is normal, we conclude
(H*)(idia,, ® a3) = ¥(H(idia,, ® a3)) = ¥(H(idig,, ® a2)) = (H*9)(idia,, ® a).

A similar argument reveals (H*¢)(a} ® idia,,) — (H*)(a; ® idiq,,, ) when aj — a; weak*® in
A;. Therefore H *1) is a separately normal functional. Moreover, since H is a {-2-functor and

both 1-composition and 2-composition of 2-morphisms in B is separately normal, it is easy to

see that H*)p € (A K Ay),. O

max

Note that the cubical t-2-functor A; ® Ay — A; X A, given by

max max

.Al ®A2 — Al&AQ e_v) (.Alg.Ag)** 1) Alg.AQ

max max max max

is separately normal since (A; X A,), consists of functionals on A; ® Ay which are separately

max max

normal.

Universal Property 3.2.4.7. For strict W*-2-categories Ay and Ay, if H: A, @ Ay — B

mazr

is a separately normal cubical t-2-functor into a strict W*-2-category B, then there exists a
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unique normal t-2-functor H: A1 X Ay — B such that the following diagram commutes:

mazr

AoA 25 B

max /;’(
L
A XA,

mazr

Proof. By Lemma 3.2.4.6, H*B, C (A; K As,),, so (A; K Ay)L C (H*B)L and H** (A, K A,)- C

max max max

BL. We then obtain a morphism of short exact sequences:

0 —— (.AlgAQ)*J' — (Al IEAQ)** L) AlEAQ — 0

l ﬁ**l i[ﬁ**]
0 > B- y B —— B*/Bf —— 0

We now define the normal functor -2-functor H: A; XA, — B to be

max

—_ — H** moev) 1
H=ARA 2 g/pt

max

B.

The desired triangle commutes by the commutativity of the following diagram:

A1®A2 L) B

max

~

AXA —a— B
max
ev ev

~ v

(AlIEAz)** —ITI**—> B**

max

™
™

To see that H is unique, suppose K: A; X Ay — B is a normal {-2-functor making the

max

following diagram commute:
A®A, > B

1 A
A5 A,

max
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By the universal property of the C*-Gray tensor product, we have

H=A4KRA S (A RA)™ D A4KA S B

max max max

We also know evoH = H* o ev, so by the universal property of W*-completion, we have

H™ = (A RA)™ 5 4K A S B B

max max

Finally, we know 7 o H* = [ﬁ ] o, so the surjectivity of = implies

(A= 4 RA, 5 B2 B 5 B/BL

max

From this we conclude that X = H and hence H is unique. O

Definition 3.2.4.8. Let F;: A; — A be normal {-2-functors between strict W*-2-categories

A; for i = 1,2. We define F; X F, to be the normal t-2-functor induced by the universal

max

property of X as follows:

Fi @ Fy
Al ®@ Ay — A&@A/Q

max max

! !

A1g¢42 """ Z .A/lg.A/Q

max Fl @ F max
Remark 3.2.4.9. Due to the uniqueness of normal f-2-functors induced by the universal
property of I, it is easy to see that X: W*2Caty, x W*2Caty — W*2Caty, is a functor when

max

viewing X as a 1-category of strict W*-2-categories and normal f-2-functors.

max

Theorem 3.2.4.10 (Unitary hom-Tensor Adjunction). For strict W*-2-categories Ay, As,

and B, we have that the following W*-2-categories are unitarily naturally isomorphic:

W*2Cat,(C — B) = B,

W*2Cate (A KAy — B) = W*2Catq (A, — W*2Catq(Ay — B)).

mazxr
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Proof. This follows from an identical proof to that of Proposition 3.2.2.9, using the fact
that X represents separately normal cubical functors to obtain normal strict t-2-functors as

expected. O
As in the C* case, we obtain the following as a corollary of [EK66, §11.3,4].

Corollary 3.2.4.11. W*Gray := (W*2Catg,X) forms a closed symmetric monoidal category.

maz

3.2.5 Cofibrant replacement for operator 2-categories

In the following section, we provide cofibrant replacement results for operator 2-categories,
(normal) f-functors, as well as a tensorator for this replacement. This section follows the

treatment in [Gurl3, §2.2] closely, so we have provided the details in §1.3.5.

Proposition 3.2.5.1. For every C*-2-category A, there exists a strict C*-2-category A
together with an epic 2-equivalence ev 4: A= A Moreover, when A is a W*-2-category we

have that A is a WH*-2-category and hence ev 4 is automatically normal.

Proposition 3.2.5.2. For each {-2-functor F: A — B between C*-2-categories, there exists

a strict 1-2-functor F:A—Banda unitary icon® uf" as follows:

-~ ’\ ~

A—— B
ST
Al —— Ay

Moreover, when F' is a normal T-2-functor between W*-2-categories, then F s also normal.

Proposition 3.2.5.3. For C*-2-categories Ay and As, there exists a cubical t-2-functor

C: A\1®A\2 %A@Q

maxr mazxr

8By an icon, we mean a strictified version of a 2-natural transformation between 2-functors that agree on
objects [Lac08].
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which s the identity on objects, and a unitary icon u as follows:

A@2

mazr

71N

./zl\1 ®./Zl\2 T@ev) .A1®.A2

maxr max max

Moreover, when Ay and Ay are W*-2-categories, we may upgrade C' to a separately normal

cubical t-2-functor

62 ./Zl\1®.21\2 — A@Q

maxr mazxr

and u to a unitary icon w as follows:

A@z

mazxr

c ev
uev

A®A; ——— A®A
max evw(?;zev max

3.3 3-categorical results

3.3.1 Operator 3-categories

We now provide the functional analytic versions of algebraic 3-categories, 3-functors,

3-natural transformations, 3-modifications, and perturbations as seen in Section §1.4.1.

Definition 3.3.1.1. A C*-3-category A consists of an algebraic tricategory in the sense
of [Gurl3], equipped with a C*-2-category structure on each hom 2-category A(A — B),
such that the underlying coherence 2-functors, 2-natural transformations, and modifications
are f-2-functors, t-2-natural transformations, and unitary modifications respectively. More

specifically, we have

(0) A collection T of objects, or 0-cells, of A;
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(hom) For A, B € T, a C*-2-category A(A — B) where:

e The objects of A(A — B) are called I-cells of A with source A and target B,

e The arrows of A(A — B) will be referred to as 2-cells of A with their same source

and target, and

e The 2-morphisms of A(A — B) are called 3-cells of A, also with their same source

and target.

As [Gurl3], we will denote A(Ag — A1) ®---® A(An,—1 — A,) by the abbreviation

max max

A" (Ag — - — Ay).

(®) For A, B,C € A, a t-2-functor ®: A?*(A — B — C) — A(A — C) called 1-composition.
(I) For A € A, a f-2-functor I,: C — A(A — A)

(a) For A, B,C, D € A, an “associator” unitary adjoint equivalence a = (a, a’, €*,n%) where

a is a 7-2-natural transformation in C*2Cat(A*(A - B — C — D) — A(A — D));

(u) For A, B € A, left and right “unitor” unitary adjoint equivalences 1 and r where [ and

r are t-2-natural transformations in C*2Cat(A(A — B) — A(A — B));

(r) For A,B,C,D,E € A, a “pentagonator” unitary modification 7= € C*2Cat(A*(A —

B—C—D—=E)— AA— E)).

(coh) For A, B,C € A, middle, left, and right unity coheretor unitary modifications u, A, p €

C*2Cat(A*(A— B — C) = A(A — 0)).
Definition 3.3.1.2. A W*-3-category A is a C*-3-category such that:

e Fach A(A — B) is a W*-2-category;
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e The 1-composition f-2-functor © is separately normal, hence extending to a normal

T-2-functor

©: A(A—= B)@AB - C) — A(A— C).

Note that the unit f-2-functor 74: A(A — A) is automatically normal. Using the fact that

2-composition ® and 3-composition o are separately normal on each hom-W*-2-category, we

may extend the constraint unitary adjoint equivalences so that they all occur in (W*2Cat, ®).

max

Definition 3.3.1.3. A {-3-functor F': A — A’ between C*-3-categories consists of an under-
lying 3-functor in the sense of [Gurl3], such that F' is locally a f-2-functor and the underlying
coherence 2-natural transformations and modifications are {-natural transformations and

unitary modifications respectively. More specifically, we have
(0) A function from objects of A to objects of A’;
(hom) For A, B € A, a {-2-functor F': A(A,B) — A (FA, FB)

(®) A unitary adjoint equivalence F? where ' is a {-2-natural transformation in C*2Cat(C —

A(FA— FA)).

(a) For A,B,C,D € A, a unitary modification F* € C*2Cat(A(A - B - C — D) —

A(FA — FD)).
(u) For A, B € A, unitary modifications F', F" € C*2Cat(A(A — B) - A(FA — FB)).

Definition 3.3.1.4. A {-3-natural transformation 6: F' = F’ between t-3-functors F, F': A —
A’ consists of an underlying 3-natural transformation in the sense of [Gurl3] such that the
underlying coherence 2-natural transformations and modifications are {-2-natural transforma-

tions and unitary modifications respectively. More specifically, we have
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(0) A family of 1-morphisms 64 € A'(FA — F'A) indexed by the objects of A

(hom) For A, B € A, a unitary adjoint equivalence @ where 0 is a {-2-natural transformation

in C*2Cat(A(A, B) — A(FA, F'B)).

©@) For A, B,C € A, a unitary modification € at — b = — —
For A,B,C € A dification #? € C*2Cat(A(A B C A (FA

F'B)).
(I) For A € A, a unitary modification §° € C*2Cat(C — A'(FA — F'A)).

Definition 3.3.1.5. A f-3-modification m: 6 = ¢ between t{-3-natural transformations
0,0": F'= F' consists of an underlying 3-modification in the sense of [Gurl3] such that

the underlying coherence modifications are unitary. More specifically, we have
(0) A family of 2-morphisms my € A'(04 = 6',) indexed by the objects of A
(hom) For A, B € A, a unitary modification m € C*2Cat(A(A — B) - A (FA — F'B)).

Definition 3.3.1.6. A uniformly bounded perturbation o: m & m’ between {-3-modifications
consists of a family of 3-morphisms o4 € A’(m, = n,) indexed by objects in A, satisfying

the obvious compatibility axiom with the higher data for m and n, and
llo|| = sup |loa]| < oc.
AcA
We refer the curious reader to [Gurl3, Definition 4.21].

Example 3.3.1.7. From [CP22] we see that C*2Cat forms a C*-3-category. Hence, the
sub-1-3-category C*2Catgyice Of strict C*-2-categories, strict f-2-functors, all {-2-natural
transformations, and uniformly bounded modifications forms a C*-3-category.

Analogously, W*2Cat forms a W*-3-category and there is a sub-W*-3-category W*2Catgict
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of strict W*-2-categories, strict normal f-2-functors, all {-2-natural transformations, and
uniformly bounded modifications.

Moreover, there are full sub-W*-3-categories of W*2Cat, denoted by Hilb""? and FSSU2C,
whose objects are concrete W*-2-categories and finitely semisimple unitary 2-categories

respectively.

Example 3.3.1.8. A monoidal C*-2-category can be viewed as a C*-3-category with a single
object. Similarly, a braided C*-category can be viewed as a C*-3-category with a single
object, and a single (identity) 1-morphism. In particular, every unitary braided multifusion

category can be viewed as a W*-3-category.

The following examples are appropriate operator-algebraic analogues for Morita 2-

categories. We refer the reader to [CHPJP22] for a detailed exposition.
Example 3.3.1.9. There is a C*-3-category AbC"Alg whose:

(0) objects are compact Hausdorff spaces;

(1) 1-morphisms A: X — Y are C*-algebras A equipped with #-homomorphisms C'(X) —

Z(A) and C(Y) — Z(A);

(2) 2-morphisms H: A=- B are A-B C*-correspondences compatible with the C'(X) and

C(Y) actions,
(3) 3-morphisms are adjointable intertwiners.
One similarly defines an analogous W*-3-category AbW"Alg whose:
e objects are commutative W*-algebras ;

e l-morphisms are W*-algebras A equipped with normal x-homomorphisms into Z(A);
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e 2-morphisms H: A= B are A-B W*-correspondences compatible with the central

actions,
e 3-morphisms are adjointable normal intertwiners.

We verify the details of this example in Section §3.5 as it will be our main object of study

in Chapter 4.

Remark 3.3.1. We note that if X: A = B is an invertible 2-morphism in AbC*Alg, then X is

actually an A-B imprimitivity bimodule (and so is its inverse) by Lemma 2.4 in [EKQRO06].

In the following examples, we make reference to the theory of higher Hilbert spaces
established in joint work with Chen, Hungar, Penneys, and Sanford. As we will not dive

deeper into the relevant results, we omit the details and refer the interested reader to

[CFH*26).
Example 3.3.1.10. There is a W*-3-category H*mFC whose:
(0) objects are H*-multifusion categories (C, V,¥);

(1) 1-morphisms M: C — D are finitely semisimple unitary C-D bimodule categories

(¢Mp, Tr) equipped with bimodule traces Tr;
(2) 2-morphisms F': M = N are C-D bimodule f-functors;

(3) 3-morphisms #: F'= G are C-D bimodule f-natural transformations (which are automat-

ically uniformly bounded).
Example 3.3.1.11. There is a W*-3-category 3Hilb whose:

(0) objects are 3-Hilbert spaces (X, V, V);
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(1) 1-morphisms F': X — 9) are V-preserving t-2-functors;
(2) 2-morphisms ¢: F' = G are -2-natural transformations;
(3) 3-morphisms m: § = o are modifications (which are automatically uniformly bounded).

Theorem 3.3.1.12 ([CFH"26]). There exists an equivalence of W*-3-categories
Mod': H*mFC — 3Hilb
given by sending an H*-multifusion category C to its (W*-2-)category of modules Mod'(C).

The following example is an operator-algebraic analogue of a hom 3-category in the

speculated Morita 4-category UBmFC of unitary braided multifusion categories.

Example 3.3.1.13. For unitary braided multifusion categories A and B, there is a W*-3-

category UBmFC(A — B) whose:

(0) Objects are unitary multifusion categories C equipped with unitary braided functors

A= Z(C) + B,

(1) 1-morphisms M : C — D are unitary C-D bimodule categories together with compatibility

data;

(2) 2-morphisms F': M = N are unitary C-D bimodule functors satisfying compatibility

conditions;
(3) 3-morphisms 7: F'= G are C-D bimodule natural transformations.

Notice UBFC(C — C) = UmFC.
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3.3.2 Transport and change of structure

In this section, we provide three results which will allow us to locally strictify an operator
3-category, into what will be known as a “cubical” operator 3-category. In particular, these
three results will allow us to strictify hom-2-categories, composition of objects, and units

respectively in a compatible way.

Lemma 3.3.2.1 (Transport of structure). Let A be a C*-3-category and let

{A(A, B) S C*2Cat}AyB€A
be a collection of C*-2-categories indexed by pairs of objects in A with 1-2-equivalences
Fap: A(A,B) = A(A, B) for every A, B € A.

Then we may upgrade this data to a C*-3-category A and a T-3-functor F: A — A such that

o« A=A,
. .Z(A, B) is the hom-C*-2-category from A to B in A,

e Choosing biadjoint t-2-equivalences (Fap, Fiyg,n" 48, e548) for each Fap, 1-composition

® in A is then defined by

Fap ® Fpc

A(A—-B—(C) ——— A*(A— B— ()

I
B ®
1

A(A—=C) « . A(A— C)

FAC

o F is a t-3-equivalence which acts as the identity on objects and as Fa g on hom-C*-2-

categories.

Moreover, if A is a W*-3-category, each .%T(A, B) is a W*-2-category, and each Fy g a normal
T-2-equivalence, then Aisa WH*-3-category.
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Proof. The structure equipped on the 3-category A and the 3-functor F are built using the
units and counits of the biadjoint {-2-equivalences (which are unitaries) and the constraint
data on A. From this it is quite easy to see that Ais a C*-3-category and F' is a f-3-functor.
Furthermore, from the definition of ® we see that 1-composition is separately normal in A the
WH-case, and F' is automatically normal as a -3-equivalence. We refer the reader to [Gurl3,

§7.4, Theorem 7.22] for the details of this construction for non-linear 3-categories. m

We will state the next two lemmas without proof, as they are similar in spirit to Lemma

3.3.2.1, and refer the interested reader to [Gurl3, §7.4, Theorems 7.23, 7.24] for details.
Lemma 3.3.2.2 (Change of composition). Let A be a C*-3-category and let
{©: A*(A— B —=C)—= AA— O)}apcea
be a collection of T-2-functors indexed by triples of objects in A with T-2-natural equivalences
F?. ©@=0® for every A,B,C € A.
Then we may upgrade this data to a C*-3-category A and a T-3-functor F: A — A such that

e A=A,

o A(A— B)=A(A — B) as C*-2-categories,

A has the same units 14 as A,

1-composition n A is given by @,

F' is a 1-3-equivalence which as a map acts as the identity, and

Choosing unitary adjoint equivalences for F?, we obtain the 1-tensorator unitary adjoint

equivalences for F'.
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Furthermore, when A is a W*-3-category and each ® is separately normal, it is immediate

that A is a W*-3-category.
Lemma 3.3.2.3 (Change of units). Let A be a C*-3-category and let
{T4: C— A(A A)} sea
be a collection of T-2-functors indexed by the objects in A with t-2-natural equivalences
F':Iy=14 for every A€ A.
Then we may upgrade this data to a C*-3-category A and a T-3-functor F: A — A such that

o A=A,

o A(A— B)=A(A — B) as C*-2-categories,

Units in A are given by TA,

A has the same 1-composition © as A,

F is a T-3-equivalence which as a map acts as the identity, and

Choosing unitary adjoint equivalences for F', we obtain the 1-unitor unitary adjoint

equivalences for F.
When A is a W*-3-category, it is automatic that A is a W*-3-category.
3.3.3 Operator cubical categories

In this section, we provide an intermediate strictification step for our main coherence

result.
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Definition 3.3.3.1. We say that a C*-3-category A (resp. W*-3-category) if its underlying

3-category is cubical, i.e. for all objects A, B, C' € A we have
(hom) each A(A — B) is strict C*-2-category (resp. W*-2-category);

(@) composition ©: A*(A — B — C) — A(A — () is a (resp. separately normal) cubical

T-2-functor;
(I) the unit f-2-functor I,: A(A — A) is strict.

Theorem 3.3.3.2. Every C*-3-category A is equivalent to a cubical C*-3-category A®.

Furthermore, if A is a W*-3-category, then A% is a cubical W*-3-category.

Proof. For a C*-3-category A, we define A% as follows:

—

o AP(A— B)= A(A — B) for every A, B € A.

Using transport of structure, we obtain a C*-3-category equivalent to A with strict hom-C*-
2-categories and 1-composition given by

— o ev ® ev . —
A(A-5 B)®AB = C) —22 45 A2(A— B—C) 2 A(A— C) 25 A(A = C),

max

where we are choosing unitary adjoint equivalences (ev,ev’,n®, e®) for ev. Observe, by

Propositions 3.2.5.2 and 3.2.5.3 we have the following f-2-natural equivalence

A2 L q
¢ e{/ ev u©// ev ) id
y l y l nev/
/ Y
1T\2 . A2 N N
(A ) [4 A [4 A 4 A
ev ® ev © ev’



between the cubical t-2-functor ® o C' and the previously mentioned 1-composition. Using
change of composition, we obtain a C*-3-category with strict hom-C*-2-categories and cubical
1-composition. Finally, by using change of units to replace each [4 with its strictification,
we obtain the desired equivalent cubical C*-3-category A%. In the case when A is a W*-3-
category, we use the corresponding results to conclude that A® is a W*-3-category. O]
3.3.4 Coherence and concreteness for operator algebraic tricate-
gories

Definition 3.3.4.1. A C*Gray-category is a category enriched in C*Gray in the sense of
[Kel05]. A functor of C*Gray-categories is then just a strict {-3-functor. We denote the
category of C*Gray-categories and strict t-3-functors by C*GrayCat.

Similarly, a W*Gray-category is a category enriched in W*Gray. A functor of W*Gray-categories
is then just a strict normal t-3-functor. We denote the category of W*Gray-categories and

strict normal t-3-functors by W*GrayCat.

In what remains, we consider the Yoneda embedding for cubical operator 3-categories,

referring the interested reader to §3.4 for the details of this construction.

Proposition 3.3.4.2. For A a C*-3-category and B a C*Gray-category, C*3Cat(A — B)

forms a C*Gray-category of
(0) t-3-functors from A to B,
(hom) Hom-C*-2-categories C*3Cat(4Fz = 4Gp) as in §5.4 Lemma 3.4.0.1,
(©) Cubical 1-composition ® as in §3.4 Lemma 3.4.0.2

Moreover, when A is a W*-3-category and B is a W*Gray-category, we have that W*3Cat(A —
B) forms a W*Gray-category of normal t-3-functors from A to B.
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Theorem 3.3.4.3. The Yoneda embedding for a cubical C*-3-category B, given on objects by
B+~ B(— — B),
can be equipped with the structure of monic t-3-functor
& : B — C*3Cat(B®* — C*2Catgyict),

which is locally a 2-equivalence. When B is a W*-3-category, we obtain a monic normal
T-3-functor

& : B — W*3Cat(B° — W*2Catgyict)-

Theorem 3.3.4.4 (Coherence for operator 3-categories). Every C*-3-category is 3-equivalent

to a C*Gray-category, and every W*-3-category is 3-equivalent to a W*Gray-category.
Proof. By Theorem 3.3.3.2 and Theorem 3.3.4.3
A S AZ S5 C3Cat ((AP)™ — C*2Catyic)
where the latter is a C*Gray-category by Proposition 3.3.4.2. O

Theorem 3.3.4.5 (Gelfand-Naimark for operator 3-categories). FEvery small C*-3-category
is 3-equivalent to a sub-C*Gray-category of Hilb""2.

Proof. Notice there is a monic {-3-functor A C*2Catgmay given on objects by

£7(B) =[] A(A - B).
AeA

By extending the GNS construction for C*-2-categories into a monic {-3-functor
GNS: C*2Catymar — Hilb"V™2,

the image of the composition

11
A S 0*2Caty, ) S HilpW™2

is equivalent to A. H
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3.4 Yoneda for operator algebraic tricategories
We will now construct the Yoneda embedding for a cubical C*-3-category B
X : B — C*3Cat(B°® — C*Gray),
and a corresponding normal version
X : B — W*3Cat(B°” — W*Gray),
when B is a W*-3-category. We begin by constructing the targets of these t-3-functors.

Lemma 3.4.0.1. For C*-3-categories A and B, and T-3-functors F,G: A — B, there exists

an organic C*-2-category structure on C*3Cat(4Fp = 4Gp), the 2-category of
(0) t-3-natural transformations from F to G,
(1) t-3-modifications, and
(2) uniformly bounded perturbations.

which is strict whenever B is locally strict.
Moreover, when A and B are W*-3-categories and F,G are normal 1-3-functors, we have

that W*3Cat(F = G) forms a W*-2-category.

Proof. By [Gurl3, §9.1, Theorem 9.1] we know that all 3-natural transformations from F’
to G, together with all 3-modifications and perturbations between them form a 2-category
3Cat(F = @) where the components for the associators and unitors are given by the associators
and unitors of the components in B respectively. First note that composites of unitary
constraints for 3-natural transformations and 3-modifications are also unitary, so that {-3-
natural transformations, -3-modifications, and all perturbations form a 2-subcategory of
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3Cat(F = @). Since linear combinations and compositions occur componentwise, it is clear
that C*3Cat(F = G) (resp. W*3Cat(F' = ()) forms a (linear) 2-subcategory of 3Cat(F = G).
By defining 1 to act componentwise on uniformly bounded perturbations, this yields a
C*-2-category structure on C*3Cat(F' = G) (resp. W*3Cat(F = G)).

In the W* case, one then uses the Kaplansky density theorem together with [CP22,
Lemma 2.13] to show that W*3Cat(F = G) is locally a W*-category and that © is separately

normal. O

Lemma 3.4.0.2. Let A be a C*-3-category, B a C*Gray-category, and F.G,H: A — B

T-3-functors. Then I1-composition forms cubical t-2-functor

©: C*3Cat(F = G)®C*3Cat(G= H) — C*3Cat(F = H).

Moreover, when A is a W*-3-category, B a W*Gray-category, and F,G, H are normal {-3-

functors, we have that © is separately normal.

Proof. One easily verifies that the underlying composite of f-3-natural transformations,
T-3-modifications, and uniformly bounded perturbations is again of the respective type.
By [Gurl3, Thm. 9.3], we then know that © assembles into a cubical 2-functor of the
underlying 2-categories. It is also easy to see that © is f-bilinear since linear combinations of
perturbations are obtained componentwise, and that the interchanger ¥ for © is unitary as
it arises from the C*Gray-category B on each component of the relevant {-3-modifications.
Therefore © forms a cubical -2-functor.

In the W* case, since ® is separately normal in B, the Kaplansky density theorem together

with [CP22, Lemma 2.13] yields that ® is separately normal. O

Corollary 3.4.0.3. For A a C*-8-category and B a C*Gray-category, C*3Cat(A — B) forms
a C*Gray-category of
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(0) t-3-functors from A to B,
(hom) Hom-C*-2-categories C*3Cat(4Fp = 4Gp) as in Lemma 3.4.0.1,
(@) Cubical 1-composition ® as in Lemma 3.4.0.2

Moreover, when A is a W*-8-category and B is a W*Gray-category, W*3Cat(A — B) forms

a W*Gray-category of normal 1-3-functors from A to B.
We now begin constructing the actual embedding.

Lemma 3.4.0.4. For a cubical C*-3-category B and an object B € B, there is an organic

contravariant hom-1-3-functor
K g B — C"2Catgyict.

When B is a cubical W*-3-category, this construction yields a normal t-3-functor
X 5: B — W*2Catgict.

Proof. Let B be a C*-3-category (resp. W*-3-category). We will present the definition for the
underlying Yoneda embedding for 3-categories seen in [Gurl3], noting that all the relevant

data is compatible with dagger structures.
(0) On an object B' € B, we set
X 5(B') = B(B"— B),
which is a strict C*-2-category (resp. W*-2-category) since B is cubical.
(1) On a l-morphism Y € B(B” — B’), we define the strict (normal) {-2-functor
Fp(Y): &p(B) = £p(B")

as follows:
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(1.0) For an object X € kp(B’) = B(B' — B), which is a 1-morphism in B, we set
Fp(Y)(X) = pYop Xp.
(1.1) For a 1-morphism b in & g(B’), which is a 2-morphism in B, we set
X5(Y)(b) =idy @p b.
(1.2) Similarly, for a 2-morphism g in X z(B’), which is a 3-morphism in B, we set
Fp(Y)(B) = idia, @p B.

Notice & 5(Y) is linear, f-preserving, and preserves 3-composition o and identities at
the level of 2-morphisms in X z(B’) (which are 3-morphisms in B). Moreover, & p(Y)

is strict since © is cubical.

In the W* case, since ©® is separately normal in B, the Kaplansky density theorem

together with [CP22, Lemma 2.13] yields that X z(Y) is normal.

For a 2-morphism b € B(p/Yp = p+Y'p/), we define the -2-natural transformation
Fp(): &p(Y)=kp(Y’).

as follows:

(2.0) For an object X € X z(B’), we define the component

Fpb)x: £u(Y)(X) = Xp()(X)

Vv VvV
YoX Y'eoX

to be X z(b)x = b®idy.

(2.1) For a 1-morphism a in & 3(B’), we define the component unitary X z(b), to be

ZT

a,b?

in B.

which comes from the unitary interchanger for the cubical 1-composition ©
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(3) On a 3-morphism § € B(b=1¥'), we define the uniformly bounded modification
Fp(8): p(b)= &)
as follows:

. or an object € we define the component
(3 O) F bj X J:B(B’), defi h p

p(B)x: £pb)x= J:B(b/)X
b®idx ¥ @idy

to be X5(0)x = f@idigy-
Notice || & g(8)| = supx [|f @ idiay || < ||B]], so & (B) is indeed uniformly bounded.

From this definition it is clear that X 5 is linear, f-preserving, and preserves 3-composition o
and identities at the level of 3-morphisms.

In the W* case, since ® is separately normal in B, the Kaplansky density theorem together
with [CP22, Lemma 2.13] yields that X 5 is normal.

Using cubicality, one can further check that X p is locally a strict (normal) f-2-functor
between strict C*-2-categories (resp. W*-2-categories). We now recall the construction for

the constraint unitary adjoint equivalences J:QB and J:OB for the {-3-functor X 5:

(J:i) For composable 1-morphisms g Y'gr, g Yp: in B, we provide a tensorator -2-natural

transformation

(J:QB)Y’,Y K p(YNekg(Y)=kp(Y op Y.
as follows:

(J:QB.O) On an object X € X z(B’), we define the component

(E)vw)xs (E5(7) @ % 500)(X) = (X507 @5 Y))(X),

~
Y opgn(Y©g X) Y'epnY)og X
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to be ((J:QB)Y/,Y)X =ayy,x.
(J:?B.l) For a 1-morphism b in & z(B’), we define the unitary

2
((J: B)Y’,Y)b = Qidy,,idy ,b-

One continues by defining the unitary adjoint equivalence for J:?B to be the unitary

adjoint equivalence for a with the first two variables held constant.
(JiOB) For an object B’ € B, we provide a unitor {-2-natural transformation
(5)prt idy ) = & plidp),
as follows:

(J:OB.O) On an object g Xp € X 5(B’), we define the component

((J:OB)B/)XZ X:idB/@X,

to be ((J:%) p)x = Ty. One continues defining the unitary adjoint equivalence for

X%, similarly to 2.

We now provide the associativity and unitality constraint unitaries J:%, ;2, and Ji% for the

T-3-functor X g:

(&%) We define the associator unitary X% to be the following mate of 7, the pentagonator

for B.

a(a®1)

(1®@a)a a
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Indeed, X% is unitary as 7 is unitary, and the unit and counit for the unitary adjoint

equivalence a are unitaries.
(Jig) The left unitor unitary J:)E} is given by a mate of p.
(&%) The right unitor unitary c]:; is given by a mate of .

We refer the interested reader to [Gurl3] for the proof that X p satisfies both constraint

axioms for a 3-functor. O

Lemma 3.4.0.5. For a cubical C*-3-category B and a 1-morphism X € B(B — B’), there

is an organic t-3-natural transformation
J:X : J: B = J: B’

Proof. We will present the definition found in [Gurl3, Lemma 9.8], noting that all the relevant

data is compatible with dagger structures.

(0) For an object A € B, we define the component

(Ex)a:r &p(A) = Fp(A),
—— ——
B(AsB)  B(A—B')

to be the (normal) strict {-2-functor given by:

(0.0) For an object 4Y5 € X 5(A),
(kx)aY) = aYop Xp.
(0.1) For a I-morphism b in & (A),
(& x)a(b) = boidy.
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(0.2) For a 2-morphism S in X z(A),
(Fx)a(b) = B @idiay-

(1) For a 1-morphism Y € B(A — A’), we provide a unitary adjoint equivalence for (& x)y,

where (X x)y is a f-2-natural transformation given by:

(1.0) On an object 4Zp € & g(A), we define the component

((Ex)v)z): EJ:X)A' © J:B(Y)(Z>1$§:B’(Y) @(J:X)A(ZZ

-~

~
(A/Y@AZ)@BXB/ A/Y@A(Z@B XB/)

to be (£ x)v)z) = ay x-

(1.1) On a l-morphism ¢ in X z(A), we set (((&x)y)e:

= aldy JCidx *

One continues by defining the unitary adjoint equivalence for (X x)y using the unitary
adjoint equivalence for a with the first and last variables held constant. We now provide

the tensorator and unitality constraint unitaries J:?X and J:g(.

(Jii) We define the unitary tensorator modification J:i( to be the following mate of 7,

coming from the pentagonator of B.

a (a®1)

a(lea)a
Indeed, J:i is unitary since 7 is unitary and the unit and counit for the adjoint

equivalence a are unitaries.

(J:g() We define the unitary unitor modification 422( to be the following mate of p.
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Indeed, J:i is unitary since p is unitary and the unit and counit for the adjoint

equivalence r are unitaries

We refer the interested reader to [Gurl3] for the proof that X x satisfies the three constraint

axioms for a 3-natural transformation. O]

Lemma 3.4.0.6. For a cubical C*-3-category B and a 2-morphism b € B(X = X'), there is
an organic t-3-modification

ckbi J:)(?ckxl-

Proof. We will present the definition found in [Gurl3, Lemma 9.9], noting that all the relevant

data is compatible with dagger structures.

(0) For an object A € B, we define the component

(Fp)a: (Fx)a=(Fx)a
to be the {-2-natural transformation given by:

(0.0) On an object 4Yp, we define the component

((kp)a)y: (&x)alY)= (Ex)alY)

J -

v~ v
YoX YoX'

to be (((£3)a)y == idy ®b.
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(0.1) On a l-morphism a, we define the naturality unitary constraint ((&;)a)s to be
(Xp)a)e = Z;a, which comes from the unitary interchanger for the cubical

1-composition ©® in B.

(1) For a 1-morphism Z € B(A — A’), we define the naturality constraint unitary (&;)z

to be the unitary modification given by:

(1.0) On an object Y € B, we define the component ((&,)z)y = ai,, ja, 5
We refer the interested reader to [Gurl3] for the proof that J, satisfies the two constraint
axioms for a 3-modification. O

Lemma 3.4.0.7. For a cubical C*-3-category B and a 3-morphism 5 € B(b=-1), there is
an organic uniformly bounded perturbation

J:BI cl:b = cl:b/.

This assignment is linear and T-preserving in 3. Furthermore, when B is a cubical W*-3-

category, we have that this assignment is normal.

Proof. We will present the definition found in [Gurl3, Lemma 9.10], noting that all the

relevant data is compatible with dagger structures.

(0) For an object A € B, we define the component
(Fp)at (Kp)a=(Fy)a

to be the uniformly bounded modification given by:

(0.0) For an object 4Yg, we define the component

(Fpa)y: (Kp)a)y = ((Fy)a)y
idy ®b idy @b

to be ((J:B)A)Y = ididy @ﬁ
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From this definition it is clear that the assignment 3 + X4 is linear, {-preserving, and
preserves 3-composition o and identities at the level of 3-morphisms. Furthermore, this
assignment is normal when B is W* by our usual argument using [CP22, Lemma 2.13]. We
refer the interested reader to [Gurl3] for the proof that X ; satisfies the constraint axiom for

perturbations. O
Theorem 3.4.0.8. We may upgrade the previous data to a monic T-3-functor
X B — C"3Cat(B°® — C*2Catgyict),

which is locally a 2-equivalence. When B is a W*-3-category, we obtain a monic normal
T-3-functor

& B — W*3Cat(B° — W*2Catgyict)-

Proof. We provide the constraint unitary adjoint equivalences % and X" for the T-3-functor

& g found in [Gurl3, Theorem 9.12].
(J:Q) For composable 1-morphisms g Xz and g Ypr in ¢B, we define the component
Fiy Ex0ky S kxoy
to be the {-3-modification given by:
(Jiz.()) On an object A € A, we define the component
(Fxy)at (Ex @Fy)a=(Fxov)a

to be the {-2-natural transformation given by:

(322.0.0) For an object 4Zp € Xk 5(A),

(Kxy)a)z: (Ex@&y)a(Z2)= (FExov)al2),

(ZeoX)oY Z@(}@Y)
2 .
to be ((C):X,Y)A)Z =Aazxy-
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(312.0.1) For a 1-morphism z in X g(A), we then define

2 .
((& X,Y)A)Z =0y idyidy

(k%.1) On a 1-morphism 4V, we define the naturator (& ?(,Y)V to be the unitary modifi-

cation given by:

(312.1.0) On an object 4 Wp, we define the component ((Ji?x,y)v)w to be the following

mate of m, the unitary pentagonator of B.

(1®a)a(a"®1)

a a
One continues by defining the unitary adjoint equivalence for J:;Y using the

unitary adjoint equivalence for a with the last two entries fixed, and a mate of .

Then one defines the naturality constraints for X ? using the unitary adjoint equivalence

for a, with the first entry fixed.

(J:O) We define the unitor adjoint equivalence x° similarly to J:Q, using ¢ instead of a’, and

the following mate of Af.

(1ee)

We also define unitary perturbation (J:O). to be the identity.
We now provide the constraint unitaries &, Jik, and X" for the -3-functor X 5.
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(J:a) For composable 1-morphisms pXp/, g Ypr, pnZpn in B, we define the components
((£ %y 2)a) awy of the unitary modification (& %y-,)4 for the unitary perturbation &%y,
using the following mate of the pentagonator my xyz.

a'(a®1)

(1l®@a)a a

(J:/\) Similarly, for a 1I-morphism X in B we use the following mate of the left unitor A to

define the unitary perturbation (Ji/\) X-

1@l a ¢
(") Finally, for a I-morphism X in B we use the following mate of the middle unitor jx to

define the unitary perturbation (&”)x.

a(Col)

(1er)
We refer the interested reader to [Gurl3] for the proof that & satisfies both constraint axioms

for 3-functors and locally a biequivalence. Quite pedantically, it is also clear that X is

injective on every level. O]

Theorem 3.4.0.9 (Gelfand-Naimark for operator 3-categories). FEvery small C*-3-category
B is 3-equivalent to a sub-C*Gray-category of HilbV™2.
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Proof. When B is a small C*Gray-category, notice

J:HI B — C*2catstrict,small

B+~ [] B(B'— B)
B'eB

is a monic f-3-functor. Hence, we need only extend the Gelfand-Naimark-Segal construction

for C*-2-categories into a monic f-3-functor

GNSg C*2Catstrict,sma” — HI”T)VW2

C — Y5(C).

This is done analogously to how one extends the Gelfand-Naimark-Segal construction for

C*-1-categories into a monic f-2-functor

GNS”: C*Catgpan — Hilb™".

D — Y (D).

We will provide the details for how to define GNS}(F): To(C) — T5(C’) for a strict 1-2-functor
F': C — C’ between strict, small C*-2-categories, and leave the remaining details to the reader.
The strict -2-functor GNS,(F) maps an object in Y5(C) given by

GNS (]_[ c(C — C)) =~ J] GNs(c(c’ - €))"

crec crec
to the following object in T5(C’)
"
GNS ( [T cwe - F(J)) ~ ] GNs(C'(C" — FC))".
crec crec
On 1-morphisms and 2-morphisms in T(C), the action of GNS3(F') is then given by the
universal completion of post-composition in each coproduct component. Notice this -2-

functor is indeed strict since C’ is a strict C*-2-category and F is a strict {-2-functor. m

171



3.5 The Morita operator 3-category of abelian C*-algebras

In this section, we will revisit correspondences between operator algebras (see Section
§1.1.8). To ease our notation throughout the following computations, we will drop the
subscript for the operator algebra valued inner products and simplify both left and right

actions >, < to -.
Example 3.5.0.1. We define AbC"Alg to be the following C*-3-category:
(0) Objects are compact Hausdorff spaces 7', or equivalently, abelian C*-algebras C(T);

(1) A morphism A: X — Y is a C*-algebra equipped with *-homomorphisms C'(X) — Z(A)

and C(Y) — Z(A);

(2) A 2-morphism H: A= B is an A-B C*-correspondence, i.e. a right B-Hilbert module

H together with a left A-action A — Lp(H), such that
ay-h-b=a-h-yb foraec A,ye C(Y),h€ H,b€ B,

and a similar compatibility axiom for the C'(X)-action. Here L5(H) is the C*-algebra

of adjointable B-intertwiner

(3) A 3-morphism ¢: H — K is an adjointable intertwiner, and define ¢! to be its adjoint.

(o) The composition o of 3-morphisms is given by composition of maps, which is clearly

linear and f-preserving.

(®) The composition ® of 2-morphisms H: A= B and K: B=-Cis given by the right

C-Hilbert module

HeopK =H®K/span(hb®@k —h®bk:he H,be B,k € K)
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with C-valued inner product determined by

(h@ kW @K) = (k, (h})-K) for h, W € H and k, ¥ € K.

We determine the left action of A on H ®p K by

a-(h®@k)=(a-h)®k,

which is well-defined since the action of A on H is given by right B-module homomor-

phisms. We define the right C-action on H ®g K similarly. Furthermore, notice

ay-(h&@k)-c=(ay-h) & (k-c)
—(a-h-y) @ (k-c)
—(a-h)@y-k-c
=(a-h)® (k- yc)

=a-(h®k)-yc,

and a similar argument shows the compatibility axiom for the C'(X)-action. Hence
H &p K satisfies the property required of 2-morphisms. The composition © of 3-

morphisms ¢: sHgp= 4H'p and ¢: gKc = gK'p is determined by

(pOpY)(h®k)=wh)@Y(k) forhe H ke K.

This is well-defined on H ®p K since

(p OB ) (hb @ k) = p(h)b @ ¢ (k) = (h) @ bib(k) = (p O ¥)(h @ D).
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One similarly shows that ¢ ®p is intertwiner. To see that it is also adjointable,

observe

((popY)(h@ k), W @K) = (V(k), (p(h), 1) - k)
= (k, (h, ¢" (1)) - 07 (k"))

= (h®k (¢ @5 v (W @ K))
Hence (¢ ©p )" = ¢ ©®p T, Tt is clear that ® is bilinear from this definition.

We define the composition ® of 1-morphisms A: X — Y and B: Y — Z to be

Ay B=(A®B)/span(ay @b—a®yb:ac A,y € C(Y),b € B),

max

where we note that span(ay ® b —a®yb:a € A,y € C(Y),b € B) is a (norm-closed)

two-sided ideal in A ® B since

(d@V)(ay®@b—a®yb)=day@bb—daxbyb=day@bb—daxybb

(ay@b—a®@yb)(d @) =aya @b — ad' @ ybb' = aa'y @ bV — aa’ @ ybb'.

In fact, A®@y B is the coequalizer of C(Y) - A - A®Band C(Y) - B — A®B

given by

Aoy B=(A®B)/(y@1lg—1a@y:y € C(Y)).

We determine the maps C(X) - Z(A®y B) and C(Y) - Z(AGy B) by z — 2 ® 1

and y — 14 ® y respectively, which are clearly x-homomorphisms.

We define the composition © of 2-morphisms H: xAy = xA'y and K: yBz =y B’ to

be the (A©y B)-(A’ ©y B’) C*-correspondence with right (A’ ©y B’)-Hilbert module
Hoy K =H®K/span(hy®k —h®yk:he HyecCY), ke K).
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Indeed, we equip H ©y K with the (A’ ©y B’)-valued inner product determined by
(h@k,h QK)=(hN)2 (kK.
Notice this is well-defined since
(hy @ k,h' @ k') = (hy, ") @ (k, k") = (h, b )y* @ (k, k')
= (h, by @ y*(k, k') = (b, 1) @ (k, K')y"

= (h,h) @ (ky, k') = (h, 1) @ (yk, k')

= (h@yk,h' @ K').
We then determine the right (A’ ©y B’)-action on H ©y K by
(h®@k) (V) =hd @KU,
which is well-defined since
(h@k)-(dy®V)=hdy@kb =hd @ykd =hd @ kyt = (h®@k) - (a @yt
(hy®k)-(a @b") =hyd @ kb = ha'y @ kb = hd' @ ykt/ = (h@ yk) - (d’ @1').

One determines the left (A ©y B)-action similarly.

Finally, one determines the composition ® of 3-morphisms akin to ® and it is easy to

show © is {-preserving and bilinear.
We now define the tensorator (or interchanger) for ©. In particular, for A, A’, A”: X —
Y,B,B,B":Y - Z and A NN A", B K pr & B”, we define a unitary

Y: (Hoy K)Oweyp(H @y K') = (HoOa H) 0y (K Op K'),

determined by
(h@k)o(Wek)— (heh)e (ke k).
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A simple computation reveals that X is a well-defined intertwiner, clearly admitting
an inverse intertwiner. Hence, to show X is unitary, it suffices to show it is isometric.

Observe

(h@k)o (W oK), (hak) oW k) =MWk (hak hok) - -h ok
= (W @K, ((hh) @ (k, k) - I/ @K
= (W' @K, ((h.h) - ') @ ((k, ) - &)
= (W, (h,h) - W) @ (K, (k, k) - &)
—(h@W hah)Q (koK koK)

—(hoh)@ koK), (heoh)® (ko k)).

On the other hand, the unitor for ©® is defined on components id4 e, p=id4 @y idg
to be the identity unitary interchanger on A ®©y B viewed as a C*-correspondence
over itself. Since the tensorator (interchanger) is morally a swap between the middle
tensorands, it is quite easy to see that these satisfy the associativity and unitalily

axioms for a f-2-functor.

It is well-known that C*-algebras, C*-correspondences, and adjointable intertwiners form
a C*-2-category, which we will denote by C Alg. [CHPJP22] [BLMO04] [Pas73] [Rie74] One
can slightly modify this argument to show that AbC*Alg(X,Y") is a C*-2-category for every

X,Y € AbC Alg.

(I) For an object X € AbC*Alg, we set 14 := C(X) where the maps C(X) — Z(C(X))
are given by the identity map on C'(X). We then extend I4: C — AbC*Alg(X — X)

trivially into a f-2-functor.
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Recall that any (non-degenerate) x-homomorphism ¢: A — B between C*-algebras induces

an A — B C*-correspondence H,, given by:
e The underlying vector space is B with (b, ') = b*V/ for b, b’ € B.

e The left A-action is given by

fora€ Aand b € B.

e The right B-action is given by right multiplication in B.

When ¢ is unitary, there exists an induced unitary adjoint equivalence (H.,, H;,n,€) given

by:
e the B-A C*-correspondence H;, := H,:,
e a unitary intertwiner n: idy — H, ©p H, o defined as follows. Note that
b@a=1-9(¢"(b) ®a=1®¢"(b)- a

in H, Op H:p. Hence every element ) b, ® a; in H, ©p H is of the form 1 ® a, and
it is easy to show there is a unique such a € A. We thus define 7 to be the bijection

a — 1 ® a. Notice 7 is an intertwiner

na)-a=(1®a) -a=1® (aa) = n(aa)

a-na)=a(1®a)=p(a)®@ae=1x ¢*(¢(a))a=1® aa =n(aa),
and an isometry
(Il®al®a) = {(a,(1,1) -a) = (a,(1"1) - a) = (a,a).

Therefore 7 is indeed a unitary intertwiner.
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e One defines the unitary intertwiner e: H, ©p H, — idp similarly by exchanging the

roles of A, B and of ¢, ¢".
A formal calculation reveals that € and n satisfies the zig-zag equations.

(a) For composable 1-morphisms x Ay and y Bz, The universal property of coequalizers
yields an isomorphism ¢,: A®y(B®z C) — (A®y B) ©z C. This map is determined
by a ® (b® ¢) = (a®b) ® ¢, and on easy verifies ¢, is unitary. We thus define the
Ae(B®(C)—(A®B)© C-correspondence ay g ¢ to be H,, and extend it to a unitary

adjoint equivalence as mentioned previously.

We now define the naturality constraint for a. In particular, for X Ay LB z8 W,

xAyv 5 z%w , and C*-correspondences s Hy/, pKp/, cLcr, we define a unitary
agrr: (HO(K®L))®aypc = aapc O(HO®K)® L).

We note that that every element in (H ©(K ©® L)) ® aa pcr can be written as a sum of
elements of the form

(he(ka])® (1y@1p)® 1a).

We then determine aygy to be the map

hR k)@ (lay@1lp)@1le)— (1a®1lp)®@1le) @ (h®k)®1).
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A simple computation reveals that agxy, is a well-defined intertwiner, clearly admitting

an inverse intertwiner. To see that ag g, is unitary, we will show it is isometric. Observe,

(he (ko) (1e)el),(he(kel)®(1e1)@1))
— (1), he ko) he ke (1o1)®1))
= (1@ 1) ®1,((hh) @ (k&) @ (I, 1)
= ((h, 1) @ (k, k) ® (L,])

—(heokoL{(le)el,(1el)e ) (hek)®l))

=(1enel)e(hek) el (1e])el) e ((hek) @l).
It is also clear from construction that agg, is natural in H, K, and L.

Notice Iy ©@x A = C(X)©@x A =2 A for a 1-morphism xAy. Denoting this unitary
by ¢, we define the (Ix ® A) — A C*-correspondence {4 to be H,,, as extend it to a
unitary adjoint equivalence as mentioned previously. One defines the C*-correspondence

TA:H

o, similarly through a map ¢,: A@y Iy — A. For a C*-correspondence 4Hp

between C*-algebras A, B: X — Y, one determines the naturality constraint unitary

interchangers

fxl ([X@H)QEB = €A®H

rx: (Holy)Org = ra©H
respectively by

(lexy®h) @ 1p = 14 @ h,

(h® 1c(y))®13 — 1A®h
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(m) In what follows, we will supress the associators for ®. For composable C*-algebras

A, B,C, D, we determine the natural unitary interchanger

Tapep: (Ida®apep) ©® aapecp ©(aapc ®idp) = aapcep ®tasBoD,
to be the map which sends

(la®((lp®@1le)®1p)) @ (1a®(1p®1c)) ®1p) ® (((a®b) ® c) ® d),

to

(1la®1lp)®@(1le®1p)) @ (((a®@b) ®c) ®d).

(coh) For composable C*-algebras x Ay and y Bz, we define the middle, left, and right unity

coheretor unitary intertwiners

pap: (id, @ 0g) ®aar, pOra@idg) = idaes
)\AB: €A©1d3 = glA@B@aIX,A,B

pap:ida©@rp = aapr, Orass
to be the maps determined by

(1a®(leyy®1B)) @ (1a® lew)) ®1p) @ (a®b) = a® b,
(lexy®a)@b= (lox) @ (14 ®15)) ® ((lex) ® a) @ b),
a®b (1a®1p) ®1loz) @ (a®D).

The associativity condition for ©® compares two 3-morphisms with source

(ida @idp ®acpr)©(ida ©@ap,cp,r) ©(ida ®(apcp ©idE)) ©®aa (Bo)p,E @(aa,Be,p ©idE) ©((aapc ©idp) ©@idE),

and target

aA,.B,0(DE)© @AB,c,DE ® Q(AB)C,D,E-
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A formal calculation reveals that both 3-morphisms are determined by mapping

La(cp)E) @ La(sep)E) @ La(Be)p)E @ La(Be)p)E @ L((ap)c)p)e @ ((a®b) @c)@d) ®@e)

to
Laycwr) ® Lapoy e @ (((a®@b) ®c) @ d) @ e)

where we denote 14 ® (15 ® ((1¢ ® 1p) ® 1g)) by las(cp)yr) and so on.
The two axioms relating the unity coheretors with the associators and pentagonator

compare two 3-morphisms with sources
(ida ©(idp @ f)) ©(ida @ ap,1,.c) ©(ida ©(rp © B)) ® aapc,
aspe ©((ida @ l3) @ide) ©(aar, s @ide) ©((ra @idg) @ide),
and targets
aspc ©idapyc,
idgBo) © aasc

respectively. Another formal calculation reveals that both 3-morphisms are determined by

mapping
Lasr,0) ® Lasiye) ® lase) @ ((a @ b) ® c),
Lupe ® Lagy e @ Lan)pie ® ((a®@b) @ c),
into
Liape ® ((a®b) ® c),
Lasey ® ((a®b) ® c),
respectively.
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Chapter 4: The homotopy 3-type of abelian C*-algebras

The content of this chapter is based on joint work with Gregory Faurot [GF26]. The
authors would like to thank Corey Jones for initially suggesting this problem. We also thank
David Penneys and Nick Gurski for numerous helpful conversations about bimodules and
homotopy types. The authors were partially supported by NSF grant DMS-2154389.

In this chapter, we compute the homotopy groups at each unital abelian C*-algebra
C(T) in the Morita 3-category of abelian C*-algebras, C*-algebras with central maps, C*-
correspondences, and adjointable bimodule maps. We then describe these groups in terms of
the topological data of the underlying compact Hausdorff space T'. Finally, we compute the
actions of the first homotopy group on the second and third homotopy groups in terms of

these topological invariants of 7.

4.1 Introduction

The study of C*-algebras is frequently referred to as “noncommutative topology” since
Gelfand duality describes the correspondence between abelian C*-algebras and compact
Hausdorff spaces. This allows topological properties to be reformulated in the context of a
(generally noncommutative) C*-algebra. The most notable example of this transfer is the

introduction of topological K-theory to the study of C*-algebras, which led to the Elliott
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Classification Program for simple, amenable C*-algebras [CGS™]. In a similar vein, the Serre—
Swan Theorem ([Swa62, p. 267]) gives another correspondence between abelian C*-algebras
and topology; in this case, however, it is between finitely generated projective C(T')-modules
and vector bundles over a compact Hausdorff space T

Categorically, Gelfand duality is a statement at the level of 1-categories, giving an
equivalence between the C*-algebraic and topological categories. The Serre-Swan Theorem,
on the other hand, can be interpreted as a 2-categorical statement. Because the C*-2-category
C*Alg has bimodules as its 1-morphisms, the Serre-Swan Theorem uses topology to describe
the finitely generated projective 1-morphisms from C(7') to itself. In this paper, we explore
a 3-categorical analogue of Gelfand duality and the Serre-Swan Theorem.

To elaborate more on C*-categories, the category C*Alg,, whose objects are C*-algebras
and whose morphisms are x-homomorphisms, is a 1-category. C*-algebras also lie inside of a
2-category C*Alg, where the objects are C*-algebras, the 1-morphisms Hilbert C*-bimodules,
and the 2-morphisms adjointable bimodule maps. Furthermore, C*Alg is actually a C*-2-
category, where the sets of 2-endomorphisms have the structure of C*-algebras. By considering
abelian C*-algebras as Es-algebras in the category of vector spaces Vect, abelian C*-algebras
form a Morita 3-category of Es-algebras called AbC*Alg. This category turns out to be an
example of a C*-3-category and was first investigated by the second-named author in [Fer].

We therefore look to the 3-category AbC*Alg for a 3-categorical correspondence between
topology and abelian C*-algebras. To that end, the homotopy hypothesis of Grothendieck
([Gro]) states that there should be an equivalence between homotopy n-types and (weak)
n-groupoids. Thus, one possible 3-categorical approach would be to compute the homotopy
groups at abelian C*-algebras in the 3-category AbC*Alg, thus describing the homotopy

3-type. Corey Jones suggested that the first homotopy group at a unital abelian C*-algebra
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in AbC*Alg should decompose as a short, exact sequence involving H?(T'; Z) and Homeo(T).
Our first theorem proves this statement; using the Serre-Swan theorem, it also describes the
other homotopy groups in terms of topological invariants of the compact Hausdorff space
T. We emphasize that these are not the traditional homotopy groups of 7" from algebraic

topology.

Theorem 4.1.0.1. Let C(T) be an abelian C*-algebra. Then the homotopy groups at C(T)

in AbC*Alg are as follows:

mo(AbC*Alg) = { Compact Hausdorff Spaces}/ =,

71 (AbC*Alg, C(T)) = H}

tor

(T';Z) x Homeo(T),
ma(AbC*Alg, C(T')) = Pic(T'), and

m3(AbC*Alg, C(T)) = C(T)*.
Furthermore, if T has the homotopy type of a CW-compler,
7o (AbC*Alg, C(T)) = H*(T; 7).

Here, H? (T;7) is the torsion subgroup of the third Cech cohomology group of 7" and Pic(T)
is the Picard group of isomorphism classes of complex line bundles over T'.

However, a homotopy 3-type is classified by more data than just the homotopy groups.
We compute part of this additional information: the actions of m; on the higher homotopy

groups 7y and ;.

Theorem 4.1.0.2. Let C(T') be an abelian C*-algebra with the homotopy groups as de-
scribed in Theorem 4.1.0.1. Then the actions of m (AbC*Alg, C(T)) on the homotopy

groups mo(AbC*Alg, C(T')) and m3(AbC*Alg, C(T')) are described as follows: Given a 3-cocycle

184



we H3

tor

(T;Z), a homeomorphism ® € Homeo(T'), and a line bundle E, we have
(w, @) ~ B = (27)"(E),

where (®~1)*(E) is isomorphic to the pullback bundle along ®~*. When T has the homotopy
type of a CW-complex (and so Pic(T) = H?*(T;Z)), this action corresponds to the pullback

on H*(T;Z) by @~ 1. If we furthermore have a 3-morphism f € C(T)*, we have
(W, @)~ f=fod !

Future applications of this work involve the interplay between quantum symmetries and
C*-algebras. Classical symmetries of C*-algebras arise as group actions. The study of group
actions on C*-algebras has been quite fruitful, such as through the construction of crossed-
product C*-algebras ([Wil07]) or the classification of group actions on simple purely infinite
C*-algebras ([GS24]). From a categorical viewpoint, this is because the x-automorphisms
of a C*-algebra form a l-category. As C*-algebras naturally lie inside the 2-category C*Alg,
quantum symmetries of C*-algebras may be obtained from actions of tensor categories on
C*-algebras, which is a promising active area of research (e.g. [Kit; AKK24; EGPJ]). By
considering abelian C*-algebras inside a 3-category, we may construct actions by monoidal
2-categories to obtain higher quantum symmetries.

The paper is laid out as follows. In Section 1.1, we recount a wide variety of background,
both on C*-algebras and C*-categories. In Section 4.2, we compute the homotopy groups at
C(T), proving Theorem 4.1.0.1. Theorem 4.1.0.2 is proven in Section 4.3. Finally, in order
to compute my in AbC*Alg, we needed to know that the Serre-Swan Theorem is a monoidal
equivalence. As we were unable to locate a reference for this fact, we provide a proof in

§1.3.3.
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4.2 Computing the homotopy groups of AbC*Alg

In this section, we will compute the homotopy groups in AbC*Alg. Some of the arguments
are easier to understand using x-isomorphisms rather than invertible bimodules. The following

lemma justifies using appropriate *-isomorphisms in place of 2-morphisms in AbC*Alg.

Lemma 4.2.0.1. Let yA, and ,B, be 1-morphisms from C(T') — C(S). Suppose there is a
x-isomorphism 7: A — B such that To¢ = p and 7o = v. Then T defines a 2-isomorphism

A= B in AbC*Alg.

Proof. Consider the bimodule 4Bp with the usual B-action (b; < by = b1by) and B-valued

inner product ((by|bs) = biby), and with the left action by A
a>b=r71(a)b.

It is routine to verify that 4Bp is an A-B imprimitivity bimodule, with A-valued inner
product

(b, by) = 771 (bybY).

To see that 4Bg is a 2-morphism in AbC*Alg (and therefore a 2-equivalence), observe that

for f € C(T) and b € B, we have

O(f)pb=(10¢)(f)b=p(f)b=0bapu(f).

We similarly see that the left and right actions by continuous functions on S agree, and so

4Bp is a 2-equivalence in AbC*Alg. O

Remark 4.2.0.2. In general, we cannot replace a 2-equivalence by a x-isomorphism. For
example, My(C) and C are not isomorphic C*-algebras, but are Morita equivalent, and
so produce equivalent 1-morphisms in AbC*Alg (assuming the central maps are chosen
appropriately).
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Our first major goal is the construction of w1 (AbC*Alg, C'(T")). This can be broken into two
parts: describing the structure of the central x-homomorphisms ¢, : C(T) — Z(A) and the
C*-algebraic structure of A. In the following subsection, we will work towards understanding

the central *-homomorphisms. Along the way, we pick up a characterization of mo(AbC*Alg).
4.2.1 Results for ) and m

Proving that the central *-homomorphisms are actually x-isomorphisms is proven using

the faithfulness of the actions on imprimitivity bimodules.

Lemma 4.2.1.1. If ,Ay is a 1-isomorphism C(T) — C(S), both ¢: C(T) — Z(A) and

v: C(S) — Z(A) are x-isomorphisms. In particular, T = S.

Proof. We begin with the case where T' = S and we have a 1-morphism ,,C); that is equivalent
to aC(7T)ia via a 2-isomorphism ¢X¢(r). By Remark 3.3.1, ¢ X¢(r) is an imprimitivity
bimodule. Since ¢ X¢(r) is full as a left Hilbert module, the left action of C' is faithful by
Remark 1.1.8.2.

We first show that 7 is a *-isomorphism onto Z(C'). We begin by showing injectivity.
Suppose f € C(T) satisfies n(f) = 0. For z € X, we have x < f = n(f) >z = 0 since
cXc(r) is a 2-morphism. As the right action of C'(T") is faithful, we conclude that f = 0,
so 7 is injective. To show surjectivity, suppose ¢ € Z(C). Then we may find a function
g € C(Prim (C)) so that F(g) = ¢, where F: C'(Prim (C)) — Z(C) is the isomorphism given
by the Dauns-Hofmann Theorem (Theorem 1.1.7.7). As ¢ X¢(r) is an imprimitivity bimodule,

it induces a Rieffel homeomorphism hyx: T'— Prim (C). We then have, for all z € X
cor=F(g)px=x<(gohy)=n(gohx)>x

by Proposition 1.1.9.3, where we treated the Dauns—Hofmann isomorphism F as the identity
on C(T). Since the left C' action is faithful, we conclude that ¢ = n(g o hx), and so 7 is
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an isomorphism C(7) — Z(C). A similar argument shows that x: C(T) — Z(C) is an
isomorphism as well.

For the general case, suppose ,B, is an inverse of 4A,. Applying the above argument to
the 1-morphism ,C,, = 4(A ®g B), proves that ¢ ® 1p is a *-isomorphism onto Z(A ®g B).
However,

H(C(T))®s1p C Z(A)®s1p C Z(A®s B)
from which we conclude that ¢ is a x-isomorphism C(T") — Z(A) as
Z(A) =2 Z(A)®s C(S) 2 Z(A)®s 15 C Z(A®g B)

Similarly, applying the argument to ,(B ®r A), proves that ¢: C(S) — Z(A) is a *-
isomorphism. We then see that v o ¢: C(T) — C(S) is a *-isomorphism, from which we

conclude that 7'= S by Gelfand duality. [
The characterization of 7y follows immediately from the preceding lemma.
Theorem 4.2.1.2. The collection of equivalence classes of objects in AbC*Alg is given by
7o(AbC*Alg) = mo(CHaus) = {compact Hausdorff spaces}/homeomorphism.

We continue our analysis of the central x-isomorphisms for elements 71 (AbC*Alg, C(T)).
We will often use the following lemma about the center of 1-morphisms. It also gives a

suggestion of the semidirect product decomposition of 7 (AbC*Alg, C(T)).

Proposition 4.2.1.3. Let T' be a compact Hausdorff space and ,2Ay a 1-automorphism of
C(T) Then ¢A¢, = ¢Z(A)¢ KT wAw = 1/;—10¢O(T)id K7 wAw. When A = O(T), we have

¢O(T)w = w*10¢C<T)id-

188



Proof. 1t is routine to see that 4A, and 4Z(A)y ®7 Ay are isomorphic as C*-algebras via
the map a +— 1 ®7 a. It is clear that this x-isomorphism preserves the central maps ¢ and
1. Thus, they are equivalent 1-morphisms in AbC*Alg by Lemma 4.2.0.1. Now, considering
the x-isomorphism t: y-1,4C(T)ia — ¢Z(A)y, We see that this is another isomorphism of
C*-algebras that respects the central maps 1 (resp. ¢) and id (resp. ¢! o ¢). Once again,
Lemma 4.2.0.1 proves they are equivalent 1-morphisms in AbC*Alg. The special case when

A = C(T') immediately follows. O

When A = C(T'), we see that the central x-homomorphisms can be moved to one side of
the 1-morphism. This allows us to construct a map from Homeo(T") to m (AbC*Alg, C(T))).
The following proposition describes how these morphisms compose and proves they form a

subgroup.

Proposition 4.2.1.4 (Arithmetic with Homeomorphisms). Let T be a compact Hausdorff
space, and let ¢ and v be automorphisms of C(T'). Then the 1-automorphisms 4C(T")iq @7
wC(T)ia and poC(T)ia are equivalent. Furthermore, ,C(T)ia and ,C(T)iq are equivalent
if and only if ¢ = 1. Therefore, the map 11: Homeo(T') — m(AbC*Alg, C(T"))) given by
O ¢+C(T)iq is an injective group homomorphism.

Proof. Define a s-isomorphism p: 4C(T")iqg @71 4C(T)ia = 4o C(T)ia given by

ferg—v(f)g.

Note that this respects the central maps, in that po (¢ @r 1) =1 o ¢ and po (1 ®@rid) = id.
Thus these are equivalent 1-morphisms in AbC*Alg by Lemma 4.2.0.1.
Now, suppose ,C(T")iq and ,,C(T)iq are equivalent; that is, there is a C'(7')-C(7") imprimi-

tivity bimodule X satisfying the properties

(a): o(f)pax=x<2¢(f) and (b): id(f)>x =z <id(f)
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for all x € X and f € C(T). Then, in particular,

o(f)vz @ rav(f) Qv

As this holds for all x € X, and X is full, it follows that ¢(f) = ¥ (f), from which we conclude
that ¢ = 1.
To show that IT is a group homomorphism from Homeo(T) to w1 (AbC*Alg, C(T)), let @

and ¥ belong to Homeo(T). Then

II(®) @7 (V) = ¢+ C(T)ia @1 v+C(T)ia
= grooxC(T)ia
= @ow)C(T)ia

=1(Po V).
We conclude that IT is an injective group homomorphism. O]

Having obtained a good handle on the central x-homomorphisms, we now construct a
correspondence between spectra. Because we have maps from C(T") to Z(A) rather than from
T to A, we need to formally understand the connection between A and Z (A). The following
result is well-known, but we will need an explicit description of the restriction map in our

setting.

Lemma 4.2.1.5. Let A € A. Then the x-homomorphism Alzeay + Z(A) = C belongs to Z/(\A),
and the map res: A= Z/(\A) given by \ — )\|Z(A) 1$ a continuous surjection. This map is

injective if and only iffl 1s Hausdorff.

Proof. By Lemma 1.1 in [Nil95], Al is in Z/(\A) Furthermore, the map ker(\) —

ker(A[44)) is a continuous map from Prim A to Prim Z(A) with dense range. Since A
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is unital, Prim A is compact by Proposition 1.1.7.6, so this map is actually onto. Thus,
A ker(A[,4)) is a continuous surjection g of A onto Prim Z(A). As Z(A) is abelian,
ker: Z/(\A) — Prim Z(A) is a homeomorphism, so we have ker *og: A — Z/(\A) is a continu-
ous surjection and, in particular, (ker ™ og)(\) = A| z(a)- The argument is summarized in the

below diagrams.

A 5 7(4) A Az
kerl \q lk I \ I
\ er
Prim A —— Prim Z(A) ker(A) —— ker(A|z(4))

—NZ(A)

If the restriction map is injective, then it is a continuous bijection from a compact space
to a Hausdorff space and is therefore a homeomorphism, from which it follows that Ais
Hausdorff. Conversely, if A is Hausdorff, then ker: A — Prim A must be injective because
the topology on Ais pulled back from the topology on Prim A. But, then ker: A — Prim A
is a homeomorphism, and so Prim A is Hausdorff. Thus, as Prim A is also compact, the
map — N Z(A) is a homeomorphism by Theorem 2.2 of [Nil95]. It follows that res is a

homeomorphism and, in particular, is injective. O

A 1-morphism composed with its inverse will be Morita equivalent to C(T"), so there is
much that can be said about the structure of this composition. In particular, the spectrum
of the relative tensor product A @7 A~ will be homeomorphic to T. We want to use this
fact to construct a homeomorphism of Aand T. As a first step, the following remark relates

the spectrum of A to the spectrum of A @y AL

Remark 4.2.1.6. Let ,Ay and ,B, be two 1-automorphisms of C'(7). Observe that the pairs
(A, p) C A x B satisfying Alzea) 0¥ = ply(p) o p lie in the spectrum of A @7 B. For, we have

an inclusion of A x B into the spectrum of A ®may B by sending (A, p) — A ® p (This map is
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a homeomorphism onto its range in the spectrum of A ®y,;, B by [RW98, Theorem B.45],
and A Quax B surjects onto A @uin B). We then see that the representations A ® p satisfying
Al 2(4) © = p 7(p) © I are precisely the representations of this form that restrict to 0 on the

balancing ideal I, and so are in the spectrum of A @ B.

Having established the preceding relationship, we can now work towards constructing the
desired homeomorphism A — T. As an intermediate step, we will prove that the spectrum is

Hausdorff, which will subsequently allow us to apply Lemma 4.2.1.5.
Lemma 4.2.1.7. Suppose that 4Ay is a 1-automorphism. Then the spectrum A is Hausdorff.

Proof. By Lemma 4.2.1.5, it suffices to show that the restriction map [A] = [A| ;4] is injective.
Let ,B, be (4Ay)7", so that 4(A ®r B), is Morita equivalent to ;qC(T')iq. To show that it
is injective, we consider two representations A, and A, in A and assume res()\;) = res(\,);
that is, Ai], ) and As[y, are unitarily equivalent. As Z(A) is an abelian C*-algebra, this
happens if and only if Ai[, 4 = Aof,4, as maps into C. As Z(B) = C(T') by Lemma 4.2.1.1,
we may choose p € B so that p|Z(B) = )\1|Z(A) o(pout) e Z/(\B) by Lemma 4.2.1.5. We
then see that \; ® p is an element of A/®_T\B for i = 1,2 by Remark 4.2.1.6. Furthermore,
we claim A\; ®7 p and Ay @7 p are unitarily equivalent irreducible representations. For, since
s(A®7 B), is Morita equivalent to C(T'), the spectrum of 4(A ®¢ B), is homeomorphic to T,
and, in particular, is Hausdorff by Theorem 1.1.9.1. Then, by Lemma 4.2.1.5, the restriction
map is a homeomorphism. Since the restrictions of \; @1 p are equal, they are unitarily
equivalent. However, we then have \; ®7 p(1g) and Ay @7 p(1p) are unitarily equivalent, and
it follows that A\; and Ay are unitarily equivalent by [RW98, Lemma B.47]. We conclude that

[M] = [\o] in A, so that the restriction map is injective. O

We now construct homeomorphisms A = T from the central x-isomorphisms.
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Proposition 4.2.1.8. If ,Ay is a 1-automorphism of C(T), then A~ T. In particular,

b, A= T given by ngS()\) = /\|Z(A) o¢ and 1[3(/\) = /\|Z(A) o1 are homeomorphisms.

Proof. By Lemma 4.2.1.7, A s Hausdorff, and hence A Z/(\A) by Lemma 4.2.1.5. On the
other hand, Z(A) = C(T) by Lemma 4.2.1.1, so we conclude A = Z/(\A) = T. To describe
these isomorphisms more explicitly, recall that the map from A — Z/(\A) is given by sending
A= Alz(4)- Furthermore, our identification of Z(A) with C(T) is given by ¢, and so the
identification Z/(\A) — C/’(?) = T is given by p — po ¢. Composing these maps yields a

map A — | 2(4) © ¢, which is the map ngS By a similar argument, 7,@ is a homeomorphism as

well. O

Having proved each morphism 4A, in m; (AbC*Alg, C(T)) has spectrum A = T, we can

now show that the C*-algebra A has continuous-trace.

Theorem 4.2.1.9. If 4Ay is a 1-automorphism of C(T), then A is a continuous-trace algebra

over 1.

Proof. By Proposition 4.2.1.8, we know that AT Then, if ,B, is an inverse for y3Ay,
we know that, in particular, A @ B is Morita equivalent to C(T). Thus A ®r B is a

continuous-trace C*-algebra by Proposition 5.15 of [RW98]. Now, define the set
A={A®@p:(\p) e A x é,)\ow:pou}.

Then the map Tr;, g1, on ATX)T\B restricts to a continuous function on A. Define ~: A— B
by v = it 0. Observe that A — (A ®~())) is a homeomorphism A = A. As A ®r B is
unital, we know this means that 14 ®7 1p is a continuous-trace element by Remark 1.1.9.10.
It follows that dim g, 5 is continuous on A/®T\B and, in particular, takes finite values in N.

Importantly, since dimag,p = dimy4 - dimp, we conclude that both dimy and dimp take on
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finite values. Thus,

. dimy (A) dimpg(vy(N)) ) . _
dimg(\) = dimp (700 = dlmA®TBQ®T 7()\))1 EhmB(z()\)) i
continuous upper semicontinuous

where upper semicontinuity of [A] = dimpg(v(\))™! comes from the fact that dimp is lower
semicontinuous and nonzero by Theorem 1.1.9.7. Therefore, dim, is the product of two
positive upper semicontinuous functions and is therefore upper semicontinuous. However,
it is always lower semicontinuous (again by Theorem 1.1.9.7), so we conclude that dimy is
continuous. This means that 14 is a continuous-trace element of A, and so A has continuous-

trace by Remark 1.1.9.10. [

We now wish to build a group homomorphism from H3

(T;Z) to m (AbC*Alg, T'). Some
care must be taken in constructing the map because our 1-morphisms are constructed using

unital C*-algebras.

Lemma 4.2.1.10. If ,A, is an invertible 1-morphism of C(T), then its Dizmier-Douady

class 6(A) lies in H}

tor

(T;Z). Conversely, given any 6 € H3 (T;7Z), there is a 1-morphism

Proof. We begin by showing that the Dixmier-Douady invariant is a torsion element of
H3(T;Z). Given a compact Hausdorff space T, we may write 7" as a disjoint union 7" = L, T;
for some connected components T; (finitely many because T is compact). Thus, since the
C*-algebra A in 4A,4 is a unital continuous-trace algebra over T by Theorem 4.2.1.9, we may

write A as the direct sum
A= @ (b(XTz)A
i=1
Observe that A; == ¢(xr,)A is a continuous-trace C*-algebra over T;. Because T; is connected,

the function dim,, must be constant, and so A; is a homogeneous C*-algebra. Thus, by
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Theorem IV.1.7.23 of [Bla06], the Dixmier-Douady class §(A;) must be a torsion element
of H*(T};Z). Since cohomology respects direct sums, 6(A) = Y7, 6(A4;) must be a torsion
element in H3(T;7Z) as well.

For the reverse direction, given a torsion element § € H3(T';Z), by [Gro95, Corollaries 1.5
& 1.7] (c.f. [Bla06, Theorem IV.1.7.24]), there is a homogeneous C*-algebra B whose spectrum
is identified with 7" and whose Dixmer—Douady class is 6(B) = 6. This identification of T’
with B corresponds to a #-isomorphism ¢: C(T') — Z(B) by the Dauns-Hofmann Theorem
(Theorem 1.1.7.7). Furthermore, B is a unital C*-algebra by Theorem 3.2 of [Fel61]. Therefore,

»By defines an invertible 1-morphism C(T") — C(T") with §(B) = 6. O

Because the Dixmier—Douady classification assumes a single identification A>T and
our 1-morphisms have two such identifications, we need to ensure that the morphisms with
identical central maps genuinely form a subgroup of 7 (AbC*Alg, C'(T")). The first part of
the proof will also be important for proving the exactness of the split exact sequence we

construct in Theorem 4.2.1.12.
Lemma 4.2.1.11. The set of equivalence classes of 1-morphisms of the form sA, is a

subgroup of m (AbC*Alg, T').

Proof. We will first show that the equivalence classes of this form only consist of elements
where both *-homomorphisms C(17') — Z(B) are equal. Suppose ,A, and ,B, are equivalent
via an imprimitivity bimodule 4 Xp. Because this defines a 2-equivalence in AbC*Alg, X

satisfies the properties

(@): o(f)px =z <ap(f)and (b): o(f)>a = av(f)

for all x € X and f € C(T). Then, in particular,

vau(f) 2 o) ez L rav(f),
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As X is full as a Hilbert B-module, and the above holds for all x € X and f € C(T), we
conclude that v = p by Remark 1.1.8.2. So any representative of these equivalence classes
will have a pair of identical central *-homomorphisms.

Now, to show that this is a subgroup, first note that the set contains the identity element
idC(T)iq. Consider two l-automorphisms 4A, and 4B, of C(T). Then their composite is
s(A @1 B),, which will be in the purported subgroup if and only if the left and right maps

from C(T') — Z(A ®r B) are equal. However, for f € C(T'), we have

O(f) @1 1p =14 @1 Y(f).

Therefore, the composite may be more formally written

o015(A @1 B)1,aw = s015(A O1 B)sers-
We conclude that the set forms a subgroup of 7 (AbC*Alg, T'). O

We now have all of the necessary background to decompose 7 (AbC*Alg, C'(T)) as a

semidirect product.

Theorem 4.2.1.12. There is a split exact sequence

0 —— H?

tor

(T;Z) —— 7 (AbC*Alg, T) —2— Homeo(T) — 0.

In particular, 7 (AbC*Alg, T) = H}

tor

(T';Z) x Homeo(T).
Proof. We describe the aforementioned split short exact sequence as follows:

1. Given a Dixmier-Douady class § € H2 (T’;Z), there is a corresponding unital continuous-
trace C*-algebra A° with a *-isomorphism ¢: C(T') — Z(A°) by Lemma 4.2.1.10. Notice

1aA% € m (AbC*Alg, T) as the Dixmier-Douady class of A% @7 (A%)°P is 0 € H}

1 tor

(T; Z);
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hence, A° @7 (A%)°P is equivalent to qC/(T)iq in AbC*Alg, where we consider (A%)°P as
a l-morphism with the same central *-homomorphisms as A°. Note that as any two
continuous-trace C*-algebras with the same Dixmier-Douady class are Morita equivalent
over C(T), the above map does not depend upon the choice of A°. Furthermore, as the
C*-algebras A° have an identical pair of central maps C(T') — Z(A), the 1-composition
of these morphisms agrees with the composition in the Brauer group. Thus, this defines
(T;Z) — 7 (AbC*Alg, T'), which is injective by

a genuine group homomorphism H?

Theorem 1.1.9.15.

. Define A: m; (AbC*Alg, T)) — Homeo(T') by A(,Ay) = ¢f1?¢ (recalling that ¢: C(T') —
Z(A) is an isomorphism). We want to verify that this is a well-defined function on
m1; thus, suppose 44y and 4 A, are 2-isomorphic via X: A = A’. Recall that this

imprimitivity bimodule X satisfies, for all f € C(T') and x € X,

(a): 6(f)pa=2ad/(f) and (b): (f)ba=zad/(f).

This allows us to show, for all f € C(T') and = € X, that

V(W od) (e D rav (W o d)(f) =xad(f) L o(f) b a.

Thus, since X is a full bimodule, we conclude that () o ¢'~! o ¢')(f) = ¢(f) for all
f € C(T). In particular, this means that ¢! o) = ¢t 09/, so the above map is

well-defined on 7.

To show that this is a group homomorphism, given two 1-morphisms 44, and ,B,

in 71 (AbC*Alg, T'), the 1-morphism 4A ®7 B, has associated central homomorphisms
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¢ @7 1g and 14 @7 v. If we consider an element f € C(T), we have

(1a@rv) (¢@r1p)(f) = 1a@rv) " (6(f) @r 1)
= (La®rv) ' (@@ o(f)) ®r 1B)
= (La@rv) ' (1a@r p(v™'0(f))

= v o (f).

We therefore see that A(A ®p B) = V—W% = (w/—l\qﬁ) o (@) = A(A) o A(b), and
so A is a group homomorphism. Furthermore, we see that this is surjective, as for any
¢ € Homeo(T'), we have A(¢+C(T);q) = ®. Finally, we show that this sequence is exact

at m. H3

tor

(T';Z) is identified with morphisms of the form ;A4 by Lemma 4.2.1.11,
which is contained in the kernel of A. Because any morphism in ker(A) has the form ,A,,
which has a single central *-homomorphism, its equivalence class in m;(AbC*Alg, C'(T))

is determined solely by its Dixmier-Douady class. Thus, H?

tor

(T'; Z) surjects onto ker(A).

. Define (iii) to be the function ® — ¢:C(T)q, which is a group homomorphism by
Proposition 4.2.1.4. As noted in defining the map (ii), we have A(e:C(T)iq) = P for

any ® € Homeo(T'), so we conclude (iii) is a splitting. O

Remark 4.2.1.13. The previous short exact sequence is not trivial in general, i.e., 71 (AbC*Alg, T')

is not a direct sum H?

(T;7) @ Homeo(T). Indeed, let S := YRP? the suspension of

tor

the real projective plane. Note that H3(S;Z) = Z,, and so with T' := S U S, we have

H3(T;Z) = Zy ® Zy, which we may also write as {a,blab = ba,a® = b*> = 1}. Let A be a

unital continuous-trace C*-algebra over S with §(A) = a, where the identification of spectra

corresponds to ¢: C(S) — Z(A). Construct a l-automorphism of C(7T) as

saidA ® C(5)peia
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First, note that we have 6(A & C(5)) = a. Now, let ¢ be the swap-automorphism of

C(T) = C(5) & C(5) given by ¢(f,g) = (g, f). Then

(4C(T)ia) ®1 (se1aA & C(S)geia) @1 (wC(T)ia) ™!
2(4C(T)ia) @1 (sa1dA D C(S)gaia) @1 (p-1C(T)ia)
= goid)op A © C(S) (poid)oy

via the isomorphism o ((f1, f2) @7 (a, h) @7 (91, g2)) = (¢(f1)ad(ge), fahgr). This respects the

central x-homomorphisms; for, given (f,g) € C(T) = C(S) ® C(S), we have

(00 (¢ @7 lages) @r Llem))(f9) = o((9, f) @1 Lascis) @1 lom)
= (¢(9), f)
= ((¢p@id) o¥)(f,9)

and

(00 (Lo ®r Lascsy @rid))(f, 9) = o(le) @ Lascs) @ (f, 9))
= (¢(9), f)
= (¢ @id) o ¥)(f, 9)-

Thus, o defines a 2-equivalence in AbC*Alg by Lemma 4.2.0.1. Now, note that for f, g € C(S5),

we have
(p@id)(f.9) =o(f)@g
and

(p@id)od(f,g9) = d(g9) @ f.

Therefore, the part of the C*-algebra with trivial Dixmier-Douady class — C'(S) — is now
living over the first copy of S in S U .S rather than the second copy. The part with non-trivial
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Dixmier—-Douady class — A — is now living over the second copy of S. So we have

I ((gaid)opA @ C(S)(gaid)onp) = b

which is not @ = §(pgiad B C(S)paia). So the two l-automorphisms cannot be equivalent;

that is, our semidirect product is not, in general, a direct sum.
4.2.2 Results for m and 73

Having completed our analysis of 71, we move on to describe 7, and 73. We will begin
with some important facts for line bundles. The following results are well-known in the
non-unitary setting. We include these for completeness while adapting them for the unitary
setting, where the same object may be equipped with potentially different unitary structures.

We recall the following definition of the Picard group.

Definition 4.2.2.1. For a compact Hausdorff space T', the Picard group Pic(7T) is given
by (isomorphism classes of) complex line bundles over 7" with multiplication given by the

fiberwise tensor product ®.

Because we consider invertible 2-morphisms ;qC(T")iq = iaC(T)iq, our bimodules will be
equipped with but a single action of C(T'). However, they will be imprimitivity bimodules
over C(T') and therefore have two C(T')-valued inner products (-|-) and (-,-). A priori, these
inner products may be quite different, but the following lemma proves that they mutually

determine each other.

Lemma 4.2.2.2. Let E — T be a line bundle over T with two Hermitian metrics {-,-) and
(-|-) which equip the space of sections I'(E) with the structure of a C(T)-C(T) imprimitivity
bimodule, 1i.e.,

cary(f,h = flglhyeary  Yf.g,h e T(E).
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Then (-,-y = (-|-).

Proof. First, if E' =T x C is the trivial line bundle, we may use the constant section 1 € I'(E)

to compute, for any f,g € I'(E),

ca)(f,9) = ca(f, 91 = f{glhem) = 9| ea) = (flD ey

The case of a general line bundle E % T follows by a simple partition of unity argument.
Indeed, choose a partition of unity {o;: T"— C}; on T such that each K; :=suppo; C T is
compact and locally trivializable, i.e. p~!(K;) = K; x C as bundles. Applying our previous

argument over each K;, we deduce

C(T)<f> g9) = ZC(T)<Uif7 g9) = Z<Uif|g>c(T) = <f|g>C(T)‘

for all f,g € T'(E). As the inner products on I'(F') agree up to complex conjugation, it follows

that the Hermitian metrics 1(-,-) and (-|-) g agree up to complex conjugation as well. O

This means that our line bundles that produce imprimitivity bimodules will really only
have a single choice of Hermitian metric. However, the Picard group Pic(7") does not involve
Hermitian metrics. The next lemma shows that the choice of Hermitian metric is essentially

superfluous.

Lemma 4.2.2.3. Let E — T be a line bundle with two hermitian structures (-|-}1 and {-|-)o.

Then there is a unitary isomorphism between the (right) Hilbert C*-modules (I'(E), (-|)1) and
(D(E), {-])2)-
Proof. By Theorem 2.5 of [Ket], there is an isometry f: (E, (:|)1) — (£, (:|-)2). That is,

f is a bundle map such that (f(e1)|f(e2))2 = (€1, e2);. Furthermore, as f is also a bundle

isomorphism (from [Ket]), we have that fT = f~! in the sense that

(flen)]ez)a = (ex]f " (e2))1
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By Lemma 1.3.3.2, I" is a f-functor, so I'(f): (I'(E), (:|)1) — (I'(E), (:|-)2) is a unitary

isomorphism. O

Having justified that the pair of Hermitian metrics on F that yield an imprimitivity
bimodule I'(F) do not affect the isomorphism class of ['(F), the characterization of m, as
Pic(T) follows from the monoidal version of the Serre-Swan Theorem. We produce the precise
statement of this equivalence in the below corollary, but we refer the reader to §1.3.3 for the

proof.

Corollary 4.2.2.4 (Serre-Swan). There is a monoidal -equivalence E +— I'(E) between the

monoidal T-categories of Hermitian line bundles over T' and Hilbert C(T')-bimodules.
We can now prove that mo(AbC*Alg, C'(T)) is isomorphic to Pic(T).

Theorem 4.2.2.5. For T' € AbC*Alg, my(AbC*Alg, T') = Pic(T). Furthermore, when T has

the homotopy type of a CW-complex, mo(AbC*Alg, T) = H*(T; 7).

Proof. By the proposition on page 291 of [Rie82], a C(T")-C'(T") imprimitivity bimodule is
finitely generated and projective. Thus, using Lemma 4.2.2.2 and Corollary 4.2.2.4, we see
that unitary isomorphism classes of imprimitivity bimodules over C'(T") are in correspondence
with unitary isomorphism classes of Hermitian line bundles over T'. As every complex line
bundle over the compact space T admits a Hermitian metric ([Hat03, Proposition 1.2]),
Lemma 4.2.2.3 proves that the latter are in correspondence with isomorphism classes of
line bundles over T, i.e., mo(AbC*Alg, T') = Pic(T'). Since the correspondence from Corollary
4.2.2.4 is monoidal, these are indeed isomorphic as groups.

Finally, when T" has the homotopy type of a CW-complex, by Proposition 3.10 of [Hat03],
the map sending a line bundle E to its first Chern class ¢;(F) is an isomorphism from Pic(7")
to H*(T; 7). O
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Proving that m3(AbC*Alg, C(T")) = C(T')* is straightforward, especially because we have
“topped-out” the structure of AbC*Alg and the only equivalence relation on our 3-morphisms

is equality.
Theorem 4.2.2.6. For T' € AbC*Alg, m3(AbC*Alg, T) = C(T)*.

Proof. Recall that id;q,, = C(T") as a Hilbert C*-bimodule over itself. Since C'(T') is abelian
and unital,
End(cenC(T)owm) = Z(C(T)) = C(T).

Hence, the invertible maps are given by m3(AbC*Alg, C(T)) = C(T)*. O

4.3 Actions on m and 3

Having computed the three homotopy groups 7, m and 73, we are now ready to compute
some of the additional data that classifies this homotopy 3-type. We give the following

definition of the actions of m (AbC*Alg, C(T")) on my(AbC*Alg, C(T")) and m3(AbC*Alg, C(T)).

Definition 4.3.0.1. We define the actions of m; on 7, and 73 as follows: Let 44, be in
71 (AbC*Alg, C(T)), and choose a 2-isomorphism Y: A @7 ;qC(T)iq @1 A™1 = ¢C(T)iq. For

X € m(AbC*Alg, C(T)), we define A ~ X as the bimodule
Y@ (idg @r X @ridg1) @Y.

This action is well-defined as both m; and my are defined up to equivalence. For f €

m3(AbC*Alg, C(T')), we define A ~ f using the 3-morphism

f = idy—l ® (]-A ®T f ®T 11471) ®ldy

as a 3-automorphism of A ~ id¢(ry. However, in general, A ~ id¢(ry is not equal to ide(ry,
only isomorphic. Thus, we choose a 3-isomorphism g: A ~ idg) = idg(r) and define

A~ fi=go fog ! Again, this is well-defined, as everything is up to equivalence.
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Remark 4.3.0.2. Recall that A @7 1qC(T)iq @7 A~ is *-isomorphic to ;qC(T)iq in a way that
respects the action, so we can construct an invertible bimodule Y from this isomorphism by
Lemma 4.2.0.1. In this case, 2-composing with Y and Y ! simply yields id4 ®7 X ®7 ids-1

as a C(T)-C(T) bimodule with the actions given by the x-isomorphism.
4.3.1 Actions by Cohomology

3
Because H;,,

(T;Z) is an abelian group, intuition suggests that we should be able to braid

the 1-morphisms in the definition of the actions. This is made precise in the following lemma.

Lemma 4.3.1.1. Let A = 4A; € m(AbC*Alg,C(T)). Then the functor defined by X —
Y @ (ida @7 X @pidaer) Y and f+ idy-1 @ (14 Q7 f @7 Lae) @idy is naturally unitarily

isomorphic to the identity functor (for X € mo(AbC*Alg, C(T)) and f € m3(AbC*Alg, C(T))).
Proof. We have that A @7 qC(T)iq @1 A is *-isomorphic to A ®p A via the map
a®@q fRr b ad(f) @7 b.
This *-isomorphism preserves the central x-homomorphisms, and thus induces a 2-equivalence
Z: A7 iqC(T)iqg @1 A = A@p AP

by Lemma 4.2.0.1. By Remark 4.3.0.2, we then have that 7' ® (idy @7 X @7 idger) ® Z is

isomorphic to id4 ®7r X ®7 id e as an A @7 A°® bimodule via the actions
(a®@7b)>(c®r Q@ d) =ac @y x @ db

and
(c @7z @7 d)<(a®rb) =ca®x Q7 bd,

and is furthermore equipped with the inner products

(a®@rz@rblc®@ry®@rd) = GTC¢(<$|Q>) ®r db'
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and

(a @z @7b,c@ry@rd) = ac'¢((z,y)) ©r d'b.

Note that multiplication in the third tensor factor is reversed because the elements lie in A°".
We first claim that Z7! ® (idy @7 X ®7ider) ® Z is naturally 3-isomorphic to the A @7 A
bimodule X ®7 id4 ®¢ id 4o, Wwhere the actions and inner products are given similarly. The
only subtlety here is that the tensor permutation map 7 given by 7(a ®rx ®1b) = 2 Q@7 a1b
is well-defined. Well-definedness of this map heavily relies upon the fact that 4A, has identical

central homomorphisms. For, given f € C(T'), we have

a®r Q1 ¢(f)b ——— @1 a®@r ¢(f)b
I I

ad(f) @7 @b ——— = Q7 ad(f) @1 b
I I

a@r(frz)@rb—— (f>2)@ra®7b

Furthermore, because the inner products of simple tensors in idy ®7 X ®7 id 400 and their
images under 7 produce the same elements of A @7 A°, we see that 7 is isometric on the span
of simple tensors and therefore extends to all of id 4 ®7 X ®7id g0p by continuity. Furthermore,

we see that 7 is adjointable with 71 = 771, for
(T(a @7 2 @7 b)|ly @1 c®@rd) = (x @r a7 bly @r c @7 d)
=a'clz|y) @p dbf
= (a ®r 2 @ blc @7y @7 d)

It is routine to see that 7 is natural; the following diagram clearly commutes for any

3-morphism g: X — X',
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1A®Tg®T1 p0p

idA ®T X ®T idAOP ldA ®T X/ ®T idAop

I I

X @ idg @7 id gop » X' @pidg @7 idgop

9RT1ART1 pop

~

Now, choose a 2-equivalence Y': A @1 A® = qC(T)iq, and set Y := Z ® Y’. We then have

natural isomorphisms between the following:

Y@ (ds @7 X @ridae) @Y 2 (Y) '@ 727 @ (idy @7 X @7idger) @ Z QY
>~ (V) @ (X @rids @ridaer) @ Y
~Xor((Y)'eY)
= X @ C(T)

=X

These isomorphisms are all natural because 1-composition is natural and the only maps used
to construct the isomorphisms (other than 7) are unitors, associators, and interchangers,
which are all natural as well. Furthermore, 7 is a unitary isomorphism, and all coherence

data in AbC*Alg is unitary, so this natural isomorphism is, in fact, unitary. O

Because these 1-morphisms may be braided, the actions given by morphisms in H2 (T';Z)

are automatically trivial.

Corollary 4.3.1.2. For 4A, € m(AbC*Alg, C(T')), the actions of 4A, on m(AbC*Alg, C(T))

and m3(AbC*Alg, C(T')) are trivial.
4.3.2 Actions by Homeomorphisms

In this subsection we will describe the actions by 1-morphisms in Homeo(7"). Because the

central *-isomorphisms differ, these morphisms cannot be braided as we did the morphisms
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in H3 (T;7Z). The following lemma describes the image of an invertible bimodule X under

this action.

Lemma 4.3.2.1. For a 1-morphism A = ,C (T )ia € 71 (AbC*Alg, C(T)) and X € mo(AbC*Alg, C(T)),
we claim that idy @7 X @7 ida-1 is isomorphic to the bimodule ¢(X), which has the same

underlying vector space X with action » and inner product (-|-) defined as follows:

frr=9(f)rz

(zly) = o' ({zly))
where > and (-|-) are the original actions and inner product on X.

Proof. First, recall that A~' = ,-1C(T);q. Furthermore, remember that id4 is C(T) as a

C(T)-C(T') with the usual inner products and actions. Now, observe that
A O(T)®p A1 = C(T)
via the isomorphism

o f@g@h— ¢ (fg)h.

Furthermore, this isomorphism respects the central x-homomorphisms from C(T"). For, given
fea(m),

o(¢ @7 lowr) @r 1a1)(f) = 0(o(f) @1 loqy @r 1a1) = f
and

o(1a ®7 Loy @7 id)(f) = 0(1a @7 1oy @1 f) = f,

and so o is a *-isomorphism from A ®7 C(T) @ A~ to 1qC(T);q that respects the central

maps. Thus, the corresponding imprimitivity bimodule Y will be a 2-isomorphism in AbC*Alg
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by Lemma 4.2.0.1. By Remark 4.3.0.2, we have

AWX :Y_1® <1dA ®TX®TidA—1) ®Y

idy @r X @pidg—

where the resulting bimodule id4 ®7 X ®7 ids-1 as a C(T)-C(T') bimodule with actions
defined using o. Furthermore, it is clear that there is a vector space isomorphism >: id4 ®¢
X ®ridg—1 — X given by X(f @1 @1 g) = fé(g) > x. Thus, we define ¢(X) to have
underlying vector space X given by this isomorphism. We use the maps o and ¥ to determine

the C'(T)-action on ¢(X) as follows:

frar=%S"(f)p 7 ()
=X((1a®r o(f) @r 1a1) > (14 ®r 2 @p 14-1))
=X(1a®7 (¢(f) > x) @7 14-1)

=o(f)pa

We define the inner product in a similar manner:

(zly) = o (71 (@) ()
= U(<1A X7 T Qp 1A—l‘lA 1 Yy Qr 1A‘1>)
= o((1a]la) @7 (z|y) @7 (La-1[14-1))

= ¢~ ((z[y))
With these definitions, 3: (A ~ X) — ¢(X) is manifestly a 3-isomorphism in AbC*Alg. [

Having computed how 1-morphisms in HS (T;Z) and Homeo(T) individually act on

mo(AbC*Alg, C(T')), we can now describe how a general 1-morphism acts.
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Corollary 4.3.2.2. Let ,Ay belong to m (AbC*Alg, C(T')) and X to my(AbC*Alg, C(T)). Then
A ~ X is the bimodule v 1¢(X) given by the same underlying vector space X with actions

and inner product as follows:
fra=@lod)ra
(zly) = (67" o) ((zy))-

Proof. By Proposition 4.2.1.3, ;A is equivalent to ,-15C (1 )iq ®7 Ay in the first homotopy

group 71 (AbC*Alg, C(T')). By our previous work, we have
s Ay X = y1,C(T)ia ~ (p Ay ~ X) = ym15C(Tha ~ X Z 97 9(X)
as desired. O

We would also like to describe the actions on 75 in terms of line bundles and, in particular,

in terms of the first Chern class in H*(T;Z). The following theorem describes this relationship.

Theorem 4.3.2.3. Let (w,®) € H}

tor

(T';Z) x Homeo(T'), and let E be a line bundle over T.
Then (w,®) ~ E is the pullback bundle (d~1)*(E). Furthermore, when T has the homotopy
type of a CW-complex, the action of (w,®) on H*(T;Z) corresponds to the pullback along
o1,

Proof. By the previous theorem, we know that (w,®) ~ ['(E) = ®*(I'(E)), where the
C(T)-action has been twisted by ®* (that is, by precomposition with ®). Define the pullback

bundle (®71)*(E) to have total space
(@ H(E)={(t,e)eTxE:®'(t)=ple)} CT x E

with projection map pe(t,e) =t = (P op)(e). We see that precomposition with @~ defines a
group isomorphism from ®*(T'(E)) to I'((®~!)*(E)) by sending a continuous section g € I'(F)
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to (go® 1)(t) = (¢, (go®1)(t)). To verify this, note this does produce a section in T'((®~1)*E);

for, if g € T'(E), we have
(Pop)o(go® ) =doidpod ! =idy.

Also, this map has an inverse sending h € T'((®7')*(E)) to h o ® (with a mild abuse of
notation by identifying F with id*(F)). Note that (®~1)*: ®*(T'(E)) — T'(®71)*(F)) also

intertwines the C'(T")-module actions; for any f € C(T'), we have

(@) (e g)=(@ ) ((fod)g) = flgo®™") = fr(27)(g).

We conclude that (®71)* is an isomorphism of C(T)-modules, and it follows that (w, ®) ~
E >~ (o7 YH)*(E).

Furthermore, in the case where T has the homotopy type of a CW-complex, we know
that line bundles are classified by their first Chern class ¢;(E) € H*(T;Z). We then have
that (w,®) ~ ¢ (F) = (P71)*¢;(E), the pullback of the first Chern class (as the pullback of

line bundles corresponds to the pullback of the Chern classes). O

We are now ready to analyze the action of 1-morphisms in Homeo(7) on the third
homotopy group m3(AbC*Alg, C'(T')). As we can concretely describe the image of the identity
bimodule id¢ () under this action, we essentially trace how a morphism in 73 acts through

these isomorphisms.

Theorem 4.3.2.4. Let f € m3(AbC*Alg,T) and A = ,C(T)ia € m(AbC*Alg,T). Then

A f=¢7(f).

Proof. By definition, we have A ~ f = idy-1 ® (14 @7 f @7 14-1) ® idy. However, because

we can choose Y to be implemented by an isomorphism ¢ as in the proof of Lemma 4.3.2.1,
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we can determine how A ~ f acts on our representative ¢(ide(r)) by composing ¥ o (14 ®r

f @7 14-1) o 27! (where X also comes from the proof of Lemma 4.3.2.1). We then see that

(Co(la®r f@rla1)oX ) (g) =S(1la®r f @7 1a-1) (14 @1 g @7 1a-1)
=X(1a®7 fg @7 14-1)

= fg.

Thus, A ~ f acts on ¢(ide(ry) by multiplying by f. However, ¢(id¢(r)) is not explicitly equal
to ideg(r), which is the 2-morphism on which the elements of 73 act. Therefore, we need to use
an appropriate isomorphism ¢(ide(ry) = idery. Now, consider the map n: ¢(ide(ry) — ider)

given by

This map is clearly invertible with nf = n~!, for

(n(g)Ih) = ¢~ (g)h = ¢~ (gp(h)) = (glo(h)) = (gln~"(h)).

So this is a 3-equivalence from ¢(ide(ry) to idery. To see how A ~ f acts on ide(r), we

compute (for g € ider)):

Thus, we see that A ~ f is equal to ¢~1(f) in 73. ]

As was the case with m,, we can also describe the action of a general invertible 1-morphism

on 7ms.
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Corollary 4.3.2.5. Given 4A, € m(AbC*Alg, C(T)) and f € m3(AbC*Alg, C'(T)), we have
that yAy ~ f = (V™" 0 §)(f).

Proof. As in the proof of Corollary 4.3.2.2, we use Proposition 4.2.1.3 to write 4A, =

dﬁlo(j)C(T)id K7 wAw. Therefore,

oAy ™ f = (p-10pC(T)ia @7 yAy) ~ f
= 10601 )ia ~ f

= (¢~ o U)(f) =

To give a characterization in terms of topological data, the next corollary immediately

follows from Corollary 4.3.2.5.

Corollary 4.3.2.6. Given (w,®) € H}

tor

(T;Z) x Homeo(T') and f € m3(AbC*Alg, T), we have

(W, @) f=fod L
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