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Abstract
Fragment-based quantum chemistry is an increasingly popular means to extend elec-
tronic structure theory to large systems. A variety of fragment-based approaches exist,
and we provide an overview of several that we have developed recently. Our goal is not
only to extend quantum chemistry calculations to large clusters and molecular liquids,
but also to achieve “chemical” accuracy of ≲1 kcal/mol with respect to the best avail-
able ab initio benchmarks. We outline several routes to achieving this level of accuracy.
The first is a generalization of the traditional many-body expansion to include situations
where the monomer units overlap, which provides good accuracy for clusters of polar
monomers even when the many-body expansion is truncated at the two-body level.
A second method generalizes the technique of symmetry-adapted perturbation
theory to many-body clusters and works especially well when combined with empirical
dispersion potentials. Each of these methods is embarrassingly parallelizable and thus
amenable to sizable clusters.
25

http://dx.doi.org/10.1016/B978-0-444-62672-1.00002-9


26 Leif D. Jacobson et al.
1. INTRODUCTION AND OVERVIEW

Electronic structure theory is a mature field, in which incredible
advances have been made over several decades. High accuracy ground-state

potential energy surfaces are available for small molecules from first-principles

wave function methods, and plane-wave implementations of density func-

tional theory (DFT) allow routine computations on solids with sizable unit

cells. DFT calculations on systems containing �105 atoms have been per-

formed on large supercomputers (1), and scalable parallel implementations

of highly-correlated wave function methods such as CCSD(T) have been

extended, for example, to (H2O)17 in a triple-z basis set (1564 basis functions),
a calculation that required several hours on 120,000 processors for the triples

correction alone (2). Even the DFT approach is not inexpensive for �1500

basis functions, however, especially where optimizations or dynamics are

required. As such, there is a pronounced need for quantum chemistry models

that can realistically be applied to molecular liquids and other large systems

where an accurate (but computationally feasible) treatment of non-covalent

interactions would be useful. Preliminary inroads in this direction are the topic

of this report.

Non-covalent interactions underpin much of chemical physics and are

responsible for a vast array of chemical phenomena. The van der Waals

or dispersion interaction, for example, is responsible for the weak interaction

between two argon atoms (which is nevertheless sufficient to bind six vibra-

tional levels (3)); for the steady increase in alkane boiling points as a function

of chain length; for p-stacking effects in DNA, which—contrary to popular

belief—may be more important to the stability of the double helix than are

hydrogen-bonding interactions (4); and for the adhesive abilities of the

gecko (5). Competition between various types of intermolecular interac-

tions is also important, as in the aforementioned DNA example and also

in many molecular liquids and solids. For example, the interplay between

parallel and perpendicular orientations of C2H2, which arises from compe-

tition between electrostatic and dispersion interactions, gives rise to the

well-known herringbone structure of crystalline acetylene (6), and neutron

diffraction studies of liquid benzene reveal a similar competition between

perpendicular and p-stacked orientations (7).

Although central to chemistry, dispersion interactions arise purely from

electron correlation effects, meaning that they are absent at the Hartree–

Fock (HF) level. Dispersion interactions are also described poorly by many
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of the most popular density-functional approximations (8) and must be

“grafted on” after the fact, by means of parameterized empirical dispersion

potentials (DFTþD) (9). Even CCSD calculations significantly underesti-

mate dispersion interactions in certain p complexes (10) and represent only a

modest improvement to MP2 calculations for benchmark databases of non-

covalent dimers (root-mean-square errors of 0.7–1.0 kcal/mol) (11). This

makes the proper description of non-covalent interactions a challenging

problem for computational chemistry, even more so because one would like

to move beyond dimer binding energies, to explore larger clusters and

molecular liquids.

One way to imagine reducing the computational cost is to partition the

“supersystem” into smaller subsystems or fragments, then appeal to the

many-body expansion (MBE),

E¼
XN
I¼1

EI þ
XN
I¼1

X
J<I

DEI J þ
XN
I¼1

X
J<I

X
K<J

DEI J Kþ�� �, ð2:1Þ

to approximate the total energy as a sum of monomer energies (EI), pairwise

corrections

DEI J ¼EI J �EI �EJ , ð2:2Þ
three-body corrections

DEI J K ¼EI J K �DEI J �DEJK �DEIK �EI �EJ �EK , ð2:3Þ
etc. (12,13). A variety of fragment-basedmethods have been developed over

the last 10–15 years (12) and applied not just to non-covalent clusters and

molecular crystals but also to macromolecular systems. The notion of

fragment-based quantum chemistry seems especially natural in the context

of intermolecular interactions, however, and is in fact the basis of the well-

established symmetry-adapted perturbation theory (SAPT) approach to

computing non-covalent interactions (14–16), wherein monomer wave

functions serve as the zeroth-order states for a perturbative treatment of

the intermolecular interaction, which is expanded directly rather than com-

puted as an energy difference.

If the series in Equation (2.1) is carried out to include N-body terms,

where N is the number of monomer units, then the expansion is exact

but not useful. Its utility is that it provides a spatially homogeneous way

to approximate the supersystem energy (17), as opposed to more traditional

QM/MM methods or QM:QM (ONIOM-type (18)) models, where
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different spatial regions are described at different levels of theory. If the

MBE can be truncated at low order then progress can be made, especially

if different orders can be treated at different levels of theory (19–22). For

systems composed of polar monomers, however, many-body polarization

effects are significant and even the four-body terms may not be negligible

(17,19,23,24). In such cases, convergence of the MBE is greatly accelerated

by embedding each monomer, dimer, trimer, etc., in an electrostatic poten-

tial representing the other monomers (25–28).

Other research has focused on dividing up a large supersystem into over-

lapping fragments that contain some common nuclei (29–37), whichmay be

especially fruitful for macromolecular systems, where “edge effects” (due to

the capping of severed valencies when fragments are drawn across covalent

bonds) may be significant. Even limiting the discussion to non-covalent

clusters, however, it is not obvious a priori that limiting the MBE to one

monomer per fragment is ideal, in terms of cost per unit accuracy. For clus-

ters composed of small, polar monomers, we find that the use of overlapping

fragments with three to four monomer units per fragment provides very

high accuracy even at the two-body level (37,38), as detailed in Section 2.

The plethora of fragment-based methods is further expanded when one

considers that a variety of electrostatic embedding schemes are possible,

ranging from atom-centred point charges (or point charges plus point

dipoles (39)) to proper monomer electron densities (40). These consider-

ations alone suggest an almost unwieldy variety of different approximation

schemes, as a recent review of the literature confirms (12). We have recently

sought to unify (or at least classify and categorize) these seemingly disparate

approaches, by means of a generalized many-body expansion (GMBE) that

extends Equation (2.1) to the case of overlapping fragments but reduces to

Equation (2.1), order-by-order, if the fragments are disjoint (37,38). This

allows us to view existing fragment-based quantum chemistry methods as

different approximations to a common energy formula and suggests an

elemental way in which to define a particular method. It also suggests some

new fragment-based methods involving dimers of overlapping fragments,

which show promise for high accuracy calculations. These developments

will be discussed in Section 2.

The fact that electrostatic embedding accelerates the convergence of the

MBE suggests that electronic polarization plays an important role in the

higher-order terms in Equation (2.1). In the case of water clusters, a supersys-

tem HF calculation followed by a two-body (pairwise additive) expansion of

the Møller–Plesset MP2 correlation energy yields an excellent approximation
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to the energy obtained from a supersystem MP2 calculation (25,26,41–43).

The requirement of a supersystem HF calculation makes this an expensive

approach for large clusters, however, even if it is significantly cheaper than

a supersystem MP2 calculation. Beran and co-workers (19–21) have elimi-

nated this bottleneck by computing three- and four-body interactions with

a polarizable force field and combining this with monomer and dimer

MP2 calculations, again with excellent results as compared to supersystem

MP2 calculations for clusters of polar molecules. Together, these observations

suggest that although polarization (induction) has important many-body con-

tributions, electron correlation effects are largely pairwise additive. This is

consistent with the results of three-body SAPT calculations and energy

decomposition analysis in small clusters, both of which suggest that dispersion

and exchange-repulsion interactions are indeed pairwise-additive to a good

approximation (44–49).

These observations motivated us to develop a framework to incorporate

many-body induction effects in a self-consistent way, using a monomer-based

self-consistent field (SCF) algorithm (50)whose cost grows only linearly with

the number of monomer units, and then to incorporate the remaining con-

tributions to the intermolecular interaction via a pairwise-additive form of

SAPT (51,52). The resulting method, which we initially developed in an

intuitive way based on the aforementioned considerations, can in fact be rig-

orously derived based on systematic approximations to the Schrödinger equa-

tion for the supersystem (52). This method will be discussed, with some

illustrative examples of its successes and failures, in Section 3.

Finally, in Section 4, we describe very recent work that aims to replace

the most expensive (and least accurate) terms in this theory—namely, the

dispersion and exchange-dispersion terms—with empirical atom–atom

potentials, similar to DFTþD approaches (53,54). The result is a quantum

chemistry method for molecular and ionic clusters that is high in accuracy

(mean error <0.4 kcal/mol for benchmark dimer binding energies) but

low in cost (linear scaling with cluster size, if run in “embarrassingly parallel”

mode). This approach employs flexible monomer units described at a

correlated level of theory.

2. GENERALIZED MANY-BODY EXPANSION

Our interest in the MBE began as an attempt to understand the con-
nections between the litany of fragment-based quantum chemistry methods

developed over the past 15 years (12), and we have recently introduced an



30 Leif D. Jacobson et al.
“elemental” classification scheme for such methods (37), which helps to bring

some semblance of order to this zoo of techniques. Our classification scheme is

based upon a unifying, universal energy formula that arises from a GMBE that

encompasses both the case where two or more fragments share nuclei in com-

mon and the case where all of the fragments are disjoint. In the latter case, the

GMBE is equivalent to the traditionalMBE (Equation 2.1). The rigorous der-

ivation of the GMBE, outlined in Section 2.1, provides additional justification

for existing methods based on overlapping fragments (29,33,55), which pre-

viously had been introduced in a more ad hoc way, but also suggests new

methods. In particular, numerical results in Section 2.2 demonstrate that

two-body expansions based on overlapping fragments provide a route to very

high accuracy fragment-based calculations in large systems.
2.1. Theory
At the heart of the GMBE is an expression for the ground-state energy for a

system of N fragments,

E¼E 1ð Þ þDE 2ð Þ þ � � �þDE Nð Þ, ð2:4Þ
written in the form of sequential n-body corrections to the one-body energy

(sum of the fragment energies), E(1). Whatever its detailed form, we can at

least state that the n-body correction, DE(n), ought to consist of all interac-

tions that occur in a system composed of n fragments but which are absent in

a system composed of n�1 fragments. Thus

DE nð Þ ¼E nð Þ �E n�1ð Þ, ð2:5Þ
where E(n) represents the n-body approximation to the ground-state energy.

To understand what E(n) should look like, it helps to think of the frag-

ments as sets of atoms, in a mathematical sense. Number the fragments with

I¼1, . . .,N and denote the Ith fragment as FI
(1). One can then form dimers,

trimers, . . ., n-mers of fragments by taking the union of 2, 3, . . ., n frag-

ments. The number of n-mers is

N

n

� �
¼ N !

n! N �nð Þ! ð2:6Þ

and we will denote them as FJ
(n), where J ¼ 1,2, . . . ,

N

n

� �
. Let this (over-

lapping) set of objects, {FJ
(n)}, constitute a new set of fragments. We have

shown (38) that the Hamiltonian for the original (super)system can be
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expressed exactly in terms of the Hamiltonians of each n-mer along with the

Hamiltonians of subsystems constructed from intersections of n-mers:

Ĥ ¼
XM
I¼1

Ĥ F
nð Þ
I

� �
�
X
M

2

� �

I¼1

X
J<I

Ĥ F
nð Þ
I \F

nð Þ
J

� �

þ
X
M

3

� �

I¼1

X
J<I

X
K<J

Ĥ F
nð Þ
I \F

nð Þ
J \F

nð Þ
K

� �
þ���:

ð2:7Þ

Here, M ¼ N

n

� �
and Ĥ(S) denotes the Hamiltonian for set S. The expan-

sion terminates naturally whenever the intersection FI
(n)\FJ

(n)\�� � becomes

empty. The expectation value of this Hamiltonian, computed using the

supersystem’s ground-state wave function (if it were known), would afford

the exact ground-state energy. In other words, in the partition of the super-

system into overlapping fragments, we have not lost any of the one- or two-

particle operators in the Hamiltonian, nor have we picked up any spurious

ones, provided that we construct all of the non-empty intersections that are

indicated in Equation (2.7).

The ground-state wave function, |Ci, is not known in practice, so the

approximation consists of replacing |Ci in hC|Ĥ|Ci, where Ĥ has the

structure given in Equation (2.7), with a direct product of localized wave

functions for individual subsystems. In other words, we make approxima-

tions such as

C Ĥ F
nð Þ
I \F

nð Þ
J

� ���� ���CD E
� C nð Þ

I\J Ĥ F
nð Þ
J \F

nð Þ
J

� ���� ���C nð Þ
I\J

D E
: ð2:8Þ

Here, |CI\J
(n) i is the ground-state wave function for the subsystem that is

constructed from the intersection of n-mers FI
(n) and FJ

(n). Essentially,

Equation (2.8) is an appeal to Kohn’s principle of the “nearsightedness of

electronic matter” (56,57), which in the end is the reason that fragment-

based methods work at all.

Approximations as in Equation (2.8), in conjunction with the Hamilto-

nian in Equation (2.7), provide an expression for the n-body approximation

E(n) to the ground-state energy of the supersystem. It is convenient to

express this energy formula as
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E nð Þ ¼
X
N

n

� �

I¼1

e nð Þ
I , ð2:9Þ

in which eI
(n) is the intersection-corrected energy of the n-mer FI

(n), defined as

e nð Þ
I ¼E

nð Þ
I �

X
J<I

E
nð Þ
I\J þ

X
J<I

X
K<J

E
nð Þ
I\J\K ��� � ð2:10Þ

The quantity EI\J
(n) in this equation is the energy of a subsystem constructed

from the nuclei common to FI
(n) and FJ

(n). The signs alternate, and the expan-

sion naturally terminates once there are no longer any non-empty intersec-

tions FI
(n)\FJ

(n)\� � �.
To digest all of this, let us consider what is involved in performing a

GMBE-based calculation. First, one must somehow partition the nuclei into

fragments (FI
(1)), which may or may not overlap. Second, one selects an

n-body level at which to truncate the GMBE and forms all n-mers of frag-

ments. These n-mers are the quantities indexed by I, J, . . . in Equations (2.9)
and (2.10). Finally, one must compute all of the mutual intersections

amongst these n-mers, performing an electronic structure calculation on

each n-mer (to obtain the EI
(n) terms in Equation 2.10) and also each

non-empty intersection (to obtain the remaining terms).

This procedure lends itself to a systematic classification scheme for

fragment-based quantum chemistry methods, in which four things must

be specified (37): first, the order n at which the GMBE will be truncated;

second, a method for partitioning the supersystem’s nuclei into subsystems

(fragments); third, a capping method in the event that fragmentation severs

any covalent bonds; and finally, a method for performing electrostatic

embedding, if desired.

With these ideas in mind, we note that the GMBE has several appealing

features. First, it recovers the exact ground-state energy when n¼N. As

with the traditional MBE, this result is not useful in practice, but does dem-

onstrate that the various n-body approximations have a well-defined limit.

In practice, it is reasonable to expect that the n-body corrections will get

smaller as n increases, for essentially the same reasons that one expects this

in the case of the traditional MBE. Finally, it can be shown that Equa-

tion (2.4), truncated at the n-body level, yields the same energy formula

as n-body truncation of the traditional MBE, if the fragments are completely

disjoint (containing no nuclei in common) (37,38).
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The GMBE is also closely connected to several other fragment-based

methods that utilize overlapping fragments, although the GMBE is better

justified and more complete, in our opinion. Alternative methods that

exploit overlapping fragments include the cardinality-guided molecular tailoring

approach (CG-MTA) (29–32), and the generalized energy-based fragmentation

(GEBF) method (33–35). Only recently was it recognized that these two

methods use precisely the same energy expression (22), which amounts to

a one-body truncation of the GMBE (37). (This illustrates the important

conceptual advantage of possessing a unifying energy formula.) As applied

to non-covalent clusters, the fragmentation schemes employed in

CG-MTA and GEBF are different, although both place multiple monomer

units into a single fragment. As such, some many-body effects are incorpo-

rated despite the one-body truncation of the GMBE.

The energy formula obtained by truncation at n¼1 is also reminiscent of

the energy formula used in the systematic molecular fragmentation (SMF) pro-

cedure developed by Collins and co-workers (55,58–60). However, SMF

generates only a limited subset of the intersections in Equation (2.10),

and we emphasize that for set-theoretical reasons, all of these terms are

required in order to avoid double-counting or omitting any of the one-

and two-particle operators in the supersystem Hamiltonian. In contrast to

our set-theoretical derivation of the GMBE (37,38), the GEBF and SMF

approaches invoke elaborate, ad hoc rules in an attempt to avoid serious over-

counting. These rules ultimately lead to the coefficients of�1 that appear in

Equation (2.10), although in the case of SMF, certain intersections are

absent, and this roundabout way of obtaining the final result may account

for the delayed recognition of the similarities between these methods.
2.2. Benchmark examples
Whereas previous quantum chemistry methods based on overlapping frag-

ments amount to truncations of the GMBE at the one-body level, possibly

with additional approximations, our more general formulation positions us

to explore the effects of incorporating higher-order terms. To date, we have

considered methods based on dimers of overlapping fragments (37,38) and

have compared these to other GMBE-based methods. Initial applications

have focused on exploring what is required in order to reproduce total ener-

gies to an accuracy of ≲1 kcal/mol, with respect to a supersystem calcula-

tion performed using the same electronic structure method and basis set.

A variety of non-covalent clusters have been explored (37,38).
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A quick survey of how various methods compare can be obtained from

results for water clusters, andwewill use these clusters to assess several different

fragmentation schemes. The first of these uses a single H2Omolecule per frag-

ment, corresponding to a traditional version of theMBE.We use the nomen-

clatureMBE(2) to refer to the two-body version of this approach. (One-body

truncation of theMBE is obviously not a useful method in the case of disjoint

fragments.) The electrostatically embedded version of MBE(2) will be den-

oted EE-MBE(2), and following Dahlke and Truhlar (25) we use gas-phase

Mulliken charges for H2O to accomplish the embedding. (This simple

embedding approach often proves to be remarkably robust (61), although

one can imagine cases where it might fail and we have begun to explore more

sophisticated, self-consistent charge-embedding schemes (37).)

We also consider a fragmentation scheme based on a distance criterion of

R¼3 Å, as in some previous GEBF studies of water clusters (33–35). In this

case, fragmentation proceeds by looping over oxygen nuclei. For oxygen

nucleus I, we create a fragment FI
(1), consisting of all other oxygen nuclei

within a distance R along with all covalently-bonded hydrogen nuclei. This

procedure results in three to four H2O molecules per fragment, meaning that

it does make sense to consider a one-body truncation of the GMBE, since

intermolecular interactions between nearby H2O molecules are already

included in the one-body energies. We consider both one- and two-body

truncations of the GMBE for this fragmentation scheme, denoting these as

GMBE(n) with n¼1 or 2, or EE-GMBE(n) when electrostatic embedding

is employed. (The choice of gas-phase Mulliken embedding is probably

not optimal in the case of overlapping fragments, where the polarization envi-

ronment may be very different in different fragments, but is used here for sim-

plicity. See Ref. (37) for a discussion of this point.) Note that GMBE(2) is

distinct from MBE(2). In the latter method, no single calculation larger than

(H2O)2 is required, whereas GMBE(2) with anR¼3 Å criterion for fragment

formation may require calculations as large as (H2O)8.

Total errors in the electronic energies of small water clusters are shown in

Figure 2.1 for each of the aforementioned methods. It is immediately evi-

dent from the data in Figure 2.1 that the MBE(2) approach is unacceptable

(errors>1 kcal/mol/monomer) unless electrostatic embedding is used, in

which case the error is reduced to <0.5 kcal/mol/monomer. This is con-

sistent with the importance of many-body polarization effects in polar sys-

tems and is essentially a recapitulation of previous work by Dahlke and

Truhlar (25). The method that we call GMBE(1) is equivalent to what

has been called GEBF in the previous literature (33), and with electrostatic
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Figure 2.1 Total unsigned errors in GMBE calculations applied to small water clusters,
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6-31þG(d,2p). Consult the text for an explanation of the nomenclature. Adapted from
Ref. (37); copyright 2012 American Institute of Physics.
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embedding, this approach can reduce the total error to ≲1–2 kcal/mol in

most cases. Errors per H2Omonomer are reduced to<0.1 kcal/mol/mono-

mer. For the two-body method based on dimers of overlapping fragments,

the error is <1 kcal/mol/monomer even without electrostatic embedding.

One might reasonably argue that the overlapping dimers used in these

GMBE(2) calculations are not significantly smaller than the actual system

size, and therefore, larger systems are needed to discover the intrinsic accu-

racy of these methods. For this purpose, we have used several configurations

of a (H2O)57 cluster and several isomers of F�(H2O)10. (Fluoride–water

clusters, in particular, are a very challenging test case for fragment-based

methods (37,38,53,62) and also for DFT (54).)

Mean absolute errors (with respect to supersystem calculations) for the

water clusters and fluoride–water clusters, using several different GMBE-

based methods, are listed in Table 2.1. Unlike the data in Figure 2.1, the

errors in Table 2.1 are computed on a per-monomer (i.e. per-H2O mole-

cule) basis, as one can argue that the error in fragment-based calculations for

non-covalent systems is likely an extensive quantity (19,51). The data clearly

indicate the superiority of methods based on overlapping fragments, namely,

the GMBE(n) and EE-GMBE(n) methods. With electrostatic embedding,

even n¼1 truncation of the GMBE (i.e. EE-GMBE(1)) affords sub-kcal/

mol accuracy for both (H2O)57 and the strongly-interacting F
�(H2O)10 sys-

tem. Since the R¼3 Å fragmentation criterion used here results in three to



Table 2.1 Mean absolute errors per H2O monomer (in kcal/mol) in GMBE total
energies, as compared to a supersystem calculation at the same level of theory
[B3LYP/6-31þG(d,2p)]
Method (H2O)N�10 (H2O)57 F�(H2O)10

MBE(2) 1.75 3.74 2.21

EE-MBE(2) 0.27 0.36 0.10

GMBE(1) 0.56 2.95 0.71

EE-GMBE(1) 0.06 0.40 0.74

GMBE(2) 0.06 0.02 0.08

EE-GMBE(2) 0.00 0.00 0.01

Data are taken from Refs. (37,38). The MBE(2) methods are two-body expansions with monomer frag-
ments, whereas the GMBE(n) methods use a distance criterion ofR¼3 Å to construct fragments, leading
to three to four H2O monomers per fragment.
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four H2O molecules per fragment, the GMBE(1) method captures inter-

molecular interactions that do not appear until n¼4 in the traditional MBE.

Most significantly, we note that the GMBE(2) method, which uses over-

lapping dimers with three to four H2O molecules per monomer, yields

essentially exact results (as compared to a supersystem energy calculation),

even without electrostatic embedding. Admittedly, GMBE(2) calculations

require individual electronic structure calculations on subsystems containing

as many as eight H2Omolecules, which is certainly not a huge calculation in

itself but is much larger than any of the individual calculations required at the

EE-GMBE(1) level, which are limited by the fragment size to at most four

H2O molecules in any given calculation. We are presently performing sys-

tematic tests to establish the accuracy per unit cost of various fragment-based

approaches, but in terms of the accuracy it appears that GMBE(2) can effec-

tively replace supersystem calculations.

The excellent performance of methods based on overlapping fragments is

also significant as one contemplates extending the GMBE to macromolecular

systems, where fragmentation must sever covalent bonds. Methods based on

non-overlapping fragments are likely to be more susceptible to “edge effects”

caused by the extra atoms (“double link atoms” (63)) introduced to cap sev-

ered valencies. Indeed, an alternative “many overlapping body” expansion

(MOBE), introduced recently byMayhall andRaghavachari (36), shows great

promise for macromolecular systems in preliminary tests. As compared to the

GMBE, the MOBE introduces some—but not all—of the intersections that

are required by the set-theoretical inclusion/exclusion principle upon

which Equation (2.7) is based (38). However, our own preliminary testing
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reveals that for strongly-interacting systems such as F�(H2O)6 and
þNH3CH2CO2

�(H2O)10 (zwitterionic glycine in water), the MOBE is more

sensitive to the particulars of how the system is fragmented than is the GMBE

(38). The GMBE, truncated at the n¼2 level, consistently affords small errors

for these challenging test cases, even when the fragments are chosen in an

unreasonable way, by selecting H2O molecules at opposite ends of the cluster

to be in the same fragment. This apparent robustness is an appealing feature of

the GMBE as one imagines moving toward macromolecular systems, as is the

fact that we have selected fragments based on a distance criterion that is to

some extent systematically improvable. Testing of this approach for larger sys-

tems is currently underway in our group.

3. SYMMETRY-ADAPTED PERTURBATION THEORY
FOR CLUSTERS
Whereas MBE- and GMBE-type approaches are essentially combina-

torial in nature, we next describe a family of monomer-based methods,

intended for computing non-covalent interactions in sizable systems, that

are designed to exploit the physical nature of such interactions. Thesemethods

describe many-body polarization effects in a self-consistent yet linear-scaling

way, using a form of the variational explicit polarization (XPol) method (50),

but then supplementing this with a pairwise-additive form of SAPT (14–16).

As with theGMBE-basedmethods discussed in the previous section, the latter

step is embarrassingly parallelizable, since the individual SAPT calculations are

completely independent of one another, and is thus amenable to large collec-

tions of monomers. Below, we introduce the combined XPolþSAPTmeth-

odology, which in principle establishes a systematically improvable hierarchy

of ab initiomethods for the description of non-covalent interactions, although

in practice only the lowest rung of that hierarchy has been implemented.Nev-

ertheless, this implementation extends SAPT methodology from dimers to

many-body systems in an affordable way. Later, in Section 4, we discuss intro-

ducing some empiricism into this approach, which improves the results while

greatly reducing the cost.

3.1. Theory
3.1.1 Monomer-based many-body polarization
The XPol method (50) is an approximate, fragment-based molecular orbital

(MO) method that was originally developed with the intention that it

would constitute a quantum chemistry-based polarization term for a “next-

generation” force field (64,65). In our hands, it serves as an efficient means
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by which many-body polarization (induction) effects can be folded into

monomer-based SCF calculations. In a cluster, this will provide appropriate

zeroth-order wave functions for a subsequent SAPT calculation, whereas a

gas-phase starting point would omit crucial many-body polarization effects.

The XPol method is based on a direct-product ansatz for the supersystem

wave function (50,66),

CXPolj i¼
YN
A¼1

CAj i: ð2:11Þ

The individual monomer SCF wave functions, |CAi, are each properly

antisymmetric with respect to exchange of electrons within monomer A, but

intermolecular exchange effects are neglected at this level. In the original XPol

method of Xie et al. (50,64,65), exchange-repulsion and dispersion interac-

tions were modelled using empirical intermolecular potentials of Lennard–

Jones or Buckingham type. This approach, however, proves to be inadequate

for high-accuracy binding energy calculations; we find (54) a mean unsigned

error of 3.2 kcal/mol for the hydrogen-bonded subset of the S22 database

(67,68), despite the fact that the Lennard–Jones parameters were optimized

for H-bonded systems (69). In the XPolþSAPT approach, we sidestep the

need for these empirical potentials by means of SAPT, as described below.

In effect, we utilize XPol to generate monomer SCF wave functions,

|CAi, whose MOs implicitly contain many-body polarization effects and

which are appropriate starting points for many-body SAPT.

Omitting empirical potentials, and assuming closed-shell monomers for

simplicity, the XPol energy can be written as (50,51)

EXPol¼
XN
A¼1

2
X
a2A

c{a hAþ JA� 1

2
KA

� �
caþEA

nuc

" #
þEembed: ð2:12Þ

The term in square brackets is the ordinary HF energy expression for mono-

mer A, but we assume that the MOs ca for monomer A are expanded using

atom-centred Gaussian basis functions located on monomer A only, in what

has been termed the absolutely localizedMO (ALMO) basis (70). This affords

a method whose cost grows only linearly with respect to the number of

monomers, N, and furthermore excludes basis set superposition error

(BSSE) by construction. In compact basis sets, the ALMO ansatz also

excludes charge transfer between the monomers (70).

The final term in Equation (2.12) is an electrostatic embedding potential,

Eembed, by means of which the monomers B 6¼A make their presence felt
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during the SCF iterations for monomer A. One can envision various

ways to accomplish this embedding; the “correct” way (corresponding to

exact Coulomb interactions within the ALMO ansatz) is to use the electro-

static potential arising from the SCF electron densities rB. However, this

requires two-electron Coulomb integrals between two monomers, and

in the interest of reducing the computational cost, XPol calculations

instead collapse rB onto atom-centred point charges, so that only one-

electron charge-density integrals are required. In the original implementation

of XPol by Xie et al. (50,64,65), Mulliken charges were used for

this purpose. This choice is fine in the context of the minimal-basis,

semi-empirical electronic structure methods used in those studies, but is

problematic in larger basis sets, often leading to SCF convergence failure

(51). As an alternative, we use CHELPG charges (71), which are derived

from a least-squares fit of rB’s electrostatic potential, evaluated on a grid

(51,52). (Since XPol is ultimately designed as a simulation method, we have

developed a special smooth implementation of the CHELPG charges for this

purpose; see Ref. (52).) Note that this aspect of the methodology is system-

atically improvable; higher-order terms in the multipole expansion could be

incorporated, although in practice the dipole moment arising from the

CHELPG charges is often in reasonable agreement with the SCF dipole

moment.

Variational minimization of Equation (2.12) with respect to the ca2A,

subject to the constraint that theMOs within monomerA remain orthonor-

mal, affords an XPol SCF equation for monomer A (50):

FACA ¼SACAeA: ð2:13Þ

The Fock matrix for monomerA can be expressed in the atomic orbital basis

as (51)

FAð Þmn¼ f Að Þmn� 1

2

X
J 62A

m
���� qJ�� r
!� R

!
J

��
����n
!

r
!

þ
X
J2A

@Eembed

@qJ

 !
@qJ

@ PAð Þmn

 !
:

 

ð2:14Þ

The first term on the right is the gas-phase Fock matrix, the second term

represents Coulomb interactions between point charges qJ (centred on

monomers B 6¼A) with the SCF density rA, while the third term captures

how A’s own point charges vary as a function of its density matrix, PA.
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Because the embedding charges for monomers B 6¼A show up in the Fock

matrix for A, a “dual SCF” procedure is required (50,51,64), with an outer

loop over A¼1, 2, . . ., N and an inner loop that iterates Equation (2.13) to

self-consistency for monomer A. Note that the final term in the XPol Fock

matrix ensures that the converged XPol energy is fully variational (50);

explicit expressions for this term can be found in Ref. (51) for the case of

Mulliken, Löwdin, or CHELPG embedding charges.
3.1.2 Symmetry-adapted perturbation theory
Our original idea for the XPolþSAPT methodology went something like

this (51): motivated by the large many-body polarization effects observed in

clusters of polar molecules, but the (nearly) pairwise-additive nature of other

intermolecular interactions, we should use XPol to obtain monomer wave

functions that are better approximations for the cluster environment than

would be gas-phase wave functions, and then use these as zeroth-order states

for a pairwise-additive SAPT calculation. Subsequently, however, we

showed how to arrive at almost the same methodology via systematic

approximations to the Schrödinger equation for the cluster (52), and we will

outline the latter derivation here. First, we write the Hamiltonian for the

cluster in terms of gas-phase Fock operators ( f̂ A) and Møller–Plesset fluc-

tuation operators (ŴA) for monomer A, along with intermolecular interac-

tion operators (V̂ AB):

Ĥ ¼
X
A

f̂ Aþ
X
A

xAŴAþ
X
A

X
B<A

zABV̂ AB: ð2:15Þ

The quantities xA and zAB are parameters to count orders in perturbation

theory. The zeroth-order wave function, |C0i, is the direct product in

Equation (2.11), which is consistent with a zeroth-order Hamiltonian of

the form

Ĥ0¼
XN
A¼1

f̂ A: ð2:16Þ

The zeroth-order energy, E0, is then the sum of all occupied MO

eigenvalues.

The partitioning in Equation (2.15) leads to the following expression for

the interaction energy Eint¼E�E0:
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Eint ¼
X
A

xA C0 ŴA

�� ��C� �þX
A

X
B<A

zAB C0 V̂ AB

�� ��C� �
, ð2:17Þ

where |Ci is the exact wave function for the entire system. In order to con-

struct an intermolecular perturbation theory, one can expand the interaction

energy and wave function in terms of the N parameters xA and N(N�1)/2

parameters zAB. In our work (51,52), we have investigated only a small

number of these terms. This includes terms that are first-order in the intra-

molecular corrections, for which the corresponding energy corrections are

simply expectation values of the fluctuation operators ŴA with respect to

zeroth-order wave functions.

Themore interesting terms are intermolecular in nature; we consider only

the intermolecular terms that neglect monomer electron correlation (all

xA¼0), through second order in perturbation theory (
P

A

P
B<AzAB�2).

In the context of traditional SAPT calculations, this approximation is often

termed SAPT0 (15), but we will call it SAPT(HF) in order to maintain con-

sistency with the notation SAPT(KS). Both methods are based on the same

perturbation formulas, but SAPT(KS) uses MOs and eigenvalues obtained

from Kohn–Sham (KS) DFT. Three types of corrections satisfy these criteria:

first-order terms where a single zAB¼1 (with all others zero), second-order

terms with zAB¼2, and second-order terms where zAB¼zBC¼1. The first

two cases result in pairwise-additive electrostatic, induction, and dispersion

corrections, whereas the third cases couples the induction amplitudes on

two different pairs of monomers. We refer to the latter case as three-body induc-

tion couplings (52).

Equation (2.17) looks like standard Rayleigh–Schrödinger perturbation

theory (RSPT), albeit with a large number of separate perturbations. The

RSPT approach neglects the antisymmetry requirement of the wave func-

tion, which is important at short range where the monomer wave functions

overlap. Following Jeziorski et al. (14), we instead apply symmetrizedRSPT, in

which we accept non-antisymmetric corrections to the direct-product wave

function but then project away any Pauli-forbidden wave function compo-

nents in the energy corrections. This amounts to a modification of the inter-

action energy formula in Equation (2.17). The symmetry-adapted formula is

Eint ¼
X
A

xA C0 ŴAÂ
�� ��C� �þX

A

X
B<A

zAB C0 V̂ABÂ
�� ��C� �" #

C0jÂjC
� ��1

,

ð2:18Þ
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where Â is an antisymmetrizer. Order-by-order energy corrections can be

obtained in a manner analogous to the RSPT expressions discussed above,

and each term in the RSPT expansion is found to have a corresponding

exchange term.

The exchange corrections derived from Equation (2.18) are quite complex

and we have simplified them by utilizing the single-exchange approximation

(14,72,73), wherein all permutations appearing in Â that involve exchange

of more than one pair of electrons are neglected. In addition, we have intro-

duced a “diagonal-exchange” approximation (seeRef. (52) for details). Expres-

sions for higher-order exchanges have been derived in the context of traditional

SAPT (72–74), and there is no reason in principlewhy these cannot be included

in the XPolþSAPT methodology, albeit at increased cost and complexity.

3.1.3 Combining XPol with SAPT
We start with some nomenclature. In the previous work (51–53), we used

the acronym “XPS” to refer to the combined XPolþSAPT methodology,

but this runs the risk of being confused with X-ray photoelectron spectros-

copy, also commonly called XPS. As such, we henceforth use the acronym

“XSAPT” as an abbreviation for XPolþSAPT and will use the notation

XSAPT (method) to refer to XSAPT calculations wheremethod (whichmight

be HF theory or some KS density functional) is used to generate monomer

wave functions and orbital eigenvalues.

Returning to the theory, note that the intermolecular perturbation indi-

cated in Equations (2.17) and (2.18) is valid only for non-interacting zeroth-

order monomers, that is, for traditional SAPT calculations. When XPol is

used to generate the zeroth-order wave functions, the perturbation used

in SAPTmust be slightly modified to avoid double-counting intermolecular

interactions (51). Following this modification, the total XSAPT energy is

defined to be the sum of zeroth-order fragment energies (HF eigenvalues),

first-order intramolecular RSPT corrections of the form hC0|ŴA|C0i, and
both first- and second-order RSPT and SAPT corrections. The resulting

energy expression can be written as (52)

EXSAPT ¼
X
A

X
a2A

2eAa �c{a JA� 1

2
KA

 !
ca

" #
þEA

nuc

 !

þ
X
A

X
B<A

E
0;1AB½ �
RSPT þE

0;1AB½ �
exch þE

0;2AB½ �
RSPT þE

0;2AB½ �
exch

h i
þ
X0

C

X0

D<C

E
0;1AB,1CD½ �
RSPT þE

0;1AB,1CD½ �
exch

� �
,

ð2:19Þ
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where the superscripts denote the various energy corrections. (Due to a

typographical error, the exchange terms in the second line are absent from

the corresponding expression in Ref. (52).) The primes on the final set of

summations indicate that these include only terms with at least one index

in common between AB and CD, as a result of the diagonal-exchange

approximation. Note that the term involving summation over a is simply

the HF energy expression for monomer A in the absence of charge

embedding.

Without any formal justification, we have extended the XSAPT meth-

odology to a KS-DFT description of the monomers simply by adding the

DFT exchange-correlation contribution to the gas-phase Fock matrix fA
for each monomer. In the context of traditional SAPT calculations, this

extension is known as SAPT(KS) (75). Although this represents a tempting

way to incorporate intramolecular electron correlation at low cost, the perils

of SAPT(KS)—namely, severe overestimation of dispersion interactions due

to incorrect asymptotic behaviour of the exchange-correlation potential—

are well known (76). These problems are inherited by our XSAPT(KS)

generalization to many-body systems, as discussed below.

Regarding notation, we refer to the above methodology as either

XSAPT(HF) or XSAPT(KS) depending on how the monomer MOs were

generated. In addition, we will show some results computed using XSAPT

(KS)-resp, where “resp” denotes a response correction (51). In this

approach, the second-order induction and exchange-induction amplitudes

are replaced by amplitudes obtained by solving coupled-perturbed Hartree–

Fock (CPHF) equations (77) for eachmonomer in eachA� � �B dimer, where

the perturbation is the electrostatic potential of the other monomer. This

affords an infinite-order correction for polarization arising from a frozen

partner density (78).

Finally, some discussion of basis sets is warranted. Typically, SAPT cal-

culations are performed in the dimer-centred basis set, meaning that the com-

bined AþB basis set is used to calculate the zeroth-order wave functions

for both A and B. This tends to give superior results as compared to using

only a monomer basis set (79), but is incompatible with the ALMO ansatz

that is used in XPol. Instead, we converge monomer wave functions using

monomer basis sets, but perform the dimer SAPT calculations in a what we

have termed a “pseudocanonicalized” or “projected” basis set (51). In this

approach, we first converge XPol SCF equations in the monomer basis

sets, for efficiency, and then construct XPol Fock matrices for A and B

in the dimer (AþB) basis set. The occupied–occupied and virtual–virtual
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blocks of these matrices are then separately diagonalized, which leaves

the fragment densities and zeroth-order fragment energies unchanged.

(This idea, which has been called pseudocanonicalization, is also used in

dual-basis MP2 calculations (80,81).) As compared to the monomer basis

set, this approach provides a larger set of virtual orbitals that extend

over the partner fragment (and can thus capture intermolecular charge

transfer), and we use this larger virtual space to evaluate the perturbative

corrections. Note, however, that the pseudocanonical MOs are no longer

eigenfunctions of the fragment Fock matrices, since the occupied–virtual

blocks of those matrices are non-zero. In principle, we could include

a perturbative correction to the zeroth-order energies, of the formP
ar(FA)ar/(ea� er) for fragment A. We decline to do so, however, as this

would introduce BSSE.
3.2. Numerical tests
Unlike GMBE-based methods, XSAPT is not intended to reproduce or

approximate the results of any particular theoretical model chemistry.

Instead, our goal is to construct a systematically improvable methodology

for non-covalent interactions—in clusters, molecular liquids, and solids—

that is affordable enough to be used in ab initio molecular dynamics and/

or Monte Carlo simulations. With this in mind, we adopt a pragmatic

approach that uses basis sets of moderate size only, and low-order perturba-

tion theory, but always benchmarking against the best available theory. We

shall see that the choice of basis set is crucial, as there is a delicate basis-set

dependence to howwell XSAPT describes electrostatic and induction inter-

actions versus dispersion interactions.

The first high-level benchmarks to which we compare are dimer

binding energies from the S22A database (68), which is a slight revision

to the complete basis-set (CBS) CCSD(T) energetics of the original S22

database assembled by Hobza and co-workers (67). Many-body effects

are of course absent in these systems, and probably for that reason, the

results are fairly insensitive to the charge-embedding scheme that is used

in XPol; in fact, the choice of no charge embedding at all (i.e. traditional

SAPT) yields similar performance toXSAPT for S22A binding energies (51).

At the very least, this demonstrates that the XPol procedure does not

degrade the quality of SAPT, and furthermore, we gain some important

information regarding the basis-set dependence of the methodology, as

discussed below.
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Figure 2.2 shows S22 error statistics for the SAPT(HF) method and

also for SAPT(KS) with two different density functionals. For the

dispersion-bound subset of S22, the SAPT(KS) errors are much larger than

SAPT(HF) errors, which is known to result from the incorrect asymptotic

behaviour of popular density functionals (76). Range-separated functionals

such as LRC-oPBEh (82) improve—but do not completely eliminate—this

behaviour, which results primarily from too-small energy denominators in

the second-order, sum-over-states dispersion formula that is used in SAPT0.

We note also that the addition of diffuse basis functions exacerbates this

problem, as does enlarging the basis set in general (52). We shall return to

this point in Section 4.

Due to error cancellation, compact double-z basis sets, such as cc-pVDZ,

afford reasonable errors of�1 kcal/mol across the S22A data set (51). Unfor-

tunately, only augmented basis sets, combined with the aforementioned

pseudocanonicalization technique, are able to provide accurate energetics

for H-bonded systems across the full range of intermolecular distances.
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We have demonstrated this by examining minimum-energy dissociation

curves for a set of four symmetry-distinct isomers (83) of the water dimer;

SAPT(HF)/aDZ(proj) results were nearly indistinguishable fromMP2/CBS

results (51). (We use the abbreviations aDZ, aTZ, and aQZ for the

correlation-consistent aug-cc-pVXZ basis sets.)

Looking to larger clusters where many-body effects are important,

Figure 2.3 plots the binding energies using XSAPT(HF) with either CHE-

LPG or Löwdin embedding charges, against best-available benchmarks from

the literature. The difference between the two charge-embedding schemes is

dramatic; results using Löwdin charges are little better than those obtained

using no point charges at all, whereas CHELPG charges improve upon

SAPT(HF) results considerably. Geometry optimization also improves the

results substantially. Analytic energy gradients for SAPT are presently

unavailable, so these optimizations use finite-difference gradients and further-

more do not employ the CPHF induction corrections or three-body induc-

tion couplings. In applications to (H2O)6, where finite-difference

optimizations using these corrections are feasible, these additional corrections
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are found to yield quantitative improvements in the energetics and, in at least

one instance, a qualitative difference in the optimized geometries (52).

In Ref. (52), we investigated X�(H2O)n clusters (X¼Cl, F, and OH)

whose binding energies are much larger than those of any of the S22 dimers.

The results provide useful information about basis-set dependence for

strongly H-bonded clusters. Figure 2.4 shows that the progression

SAPT HFð Þ!XSAPT HFð Þ-L€owdin!XSAPT HFð Þ-CHELPG

yields substantial, progressive improvement in the binding energy of the

challenging F�(H2O) system. This indicates that the XPol charge embed-

ding is able to capture self-consistent polarization in a reasonably accurate

way, provided that the charges accurately represent the electrostatic poten-

tial, as CHELPG charges are designed to do.

We should point out that obtaining accurate results for X�(H2O)n
requires augmented triple-z-quality basis sets. In general, for H-bonded sys-

tems described at the XSAPT(HF) level, the accuracy of binding energies

increases systematically with basis-set quality (52). Unfortunately, basis sets

such as aTZ lead to substantial overestimation of dispersion interactions.

Although we have suggested (52) def2-TZVP as a compromise choice that

affords reasonable results in both H-bonded and dispersion-bound clusters,

at low order in SAPT, these two types of systems are pushing the basis set

demands in different directions. In addition, monomer correlation effects
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can be significant in strongly H-bonded systems (e.g. formic acid dimer (84),

which exhibits the largest error of any S22 dimer when described by

SAPT0). Including monomer correlation via KS-DFT, however, only

exacerbates the basis-set issues with the second-order SAPT0 treatment of

dispersion. The method introduced in the next section is intended to

circumvent these difficulties.

4. XPOLþSAPT WITH EMPIRICAL DISPERSION

4.1. Basic idea

Results of XSAPT based on KS orbitals are notably inferior to those

obtained by using HF orbitals (51–53), consistent with SAPT(KS) results

in general (75,76). The MP2-like sum-over-states dispersion formula

already tends to overestimate dispersion energies at the SAPT0 level, and

this tendency is exacerbated by KS orbitals, for whichHOMO/LUMOgaps

are generally smaller (75). Using functionals with correct asymptotic behav-

iour, such as long-range corrected (LRC) functionals (85–88), leads to wider

gaps and reduces this tendency somewhat, as can be seen by comparing the

PBE0 and LRC-oPBEh results in Figure 2.2, but the results are still worse,

in general, than those obtained using HF MOs.

Ironically, the problematic dispersion and exchange-dispersion terms in

SAPT(KS) are not only the least accurate ones but also the most expensive

to compute, scaling as O(n4) and O(n5), respectively, with respect to monomer

size, n. As such,wehave recently introduced amethod calledXSAPT(KS)þD

(53), inwhich these problematic and expensive terms are replacedwith empir-

ical atom–atomdispersionpotentials.Actually, thiswas first done in the context

of SAPT(KS) byMisquitta and Szalewicz (108), and later byHesselmann (89).

We borrow Hesselmann’s empirical potentials for this purpose:

ESAPTþD
disp ¼�sb

X
i2A

X
B6¼Að Þ
j2B

fdamp rij
	 
Cij

r
b
ij

: ð2:20Þ

Here, i and j represent nuclei located on different monomers, and

fdamp rij
	 
¼ erf

arij
RiþRj

� �
ð2:21Þ

damps the empirical potential to zero at short distance. The parameters Cij

are defined in terms of atomicC6 coefficients. These coefficients, along with
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the atomic radii Ri, are taken from the work of Grimme (90). The param-

eters a, b, and sb were fit to reproduce dimer binding energies (53,89).

Similar empirical dispersion corrections have become quite popular in

DFT (9). As compared to such “DFTþD” methods, however, the empir-

ical dispersion correction is better justified, formally speaking, in the

SAPTþD case, since the dispersion terms are well defined and can be iso-

lated in the perturbation expansion and replaced with empirical potentials.

In contrast, parameterization ofþD corrections for DFTþDmust not only

correct for DFT’s faulty description of dispersion interactions but also sub-

tract out whatever part of the dispersion interaction is already included in the

functional, insofar as it was parameterized using experimental data (53,89).

Perhaps as a result, it is found to be necessary to use a rather different

damping function in DFTþD, which decays much more slowly than that

used in SAPTþD (89).

In order to obtain a more accurate description of the monomers, we

would like to use SAPT(KS) rather than SAPT(HF). As discussed in

Section 3 and in the SAPT(KS) literature (75,76), the use of asymptotically

correct exchange-correlation potentials is mandatory in order to obtain rea-

sonable results. However, the standard asymptotic correction schemes used

in SAPT(KS) and SAPT(DFT) calculations (91,92) are ones in which cor-

rect asymptotic behaviour is grafted onto uxc itself. Such approaches suffer

from an inconsistency in that the corrected potentials uxc
AC cannot be

obtained as functional derivatives of any energy functional Exc[r]. As an
alternative, we use the LRC-oPBEh functional (82) with a system-specific

choice of the range-separation parameter,o. As suggested by Baer et al. (88),
we “tune” o so as to satisfy the condition

eHOMO¼�IP ð2:22Þ

for the lowest ionization potential, computed using the same functional.

(We also optimize the fraction of short-range HF exchange in LRC-o
PBEh, using S22A benchmarks (53).)

The resulting method, which we call XSAPT(KS)þD, offers significant

advantages over alternative electronic structure methods for non-covalent

interactions (53):

• Unlike XSAPT(HF), it incorporates intramolecular correlation, and in a

relatively low-cost way.

• The expensive and inaccurate sum-over states dispersion formulas are

replaced by simple scalar potentials.
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• Unlike SAPTþD, the method is applicable to any number of

monomers.

• The cost of XSAPT(KS)þD calculations scales as O(n3) with respect to

monomer size and scales as either O(N2) or O(N3) with respect to the

number of monomers, depending upon whether three-body induction

couplings are included or not. As such, this method is amenable to large

systems and in particular is significantly faster than DFTþD.
4.2. Performance
We assess the accuracy of XSAPT(KS)þD against CCSD(T)/CBS bench-

marks for dimer binding energies. Since the þD potentials contain param-

eters fitted against the S22 database, we will use the S66 database (93) for

testing. (This database is also larger and thought to be more balanced in terms

of various types of intermolecular interactions.) Figure 2.5 shows error statistics

for a variety of methods applied to S66, including several different MP2- and

CCSD-based methods extrapolated to the CBS limit. Notably, this list

includes two “SCS(MI)” methods, which are spin-component-scaled (SCS)

versions of MP2 and CCSD with scaling parameters for the same- and
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

MP2/CBS 

SCS-MP2/CBS 

SCS(MI)-MP2/CBS 

MP2.5/CBS 

CCSD/CBS 

SCS-CCSD/CBS 

SCS(MI)-CCSD/CBS 

XSAPT(KS) + D 

XSAPT(KS) + D2 

Mean unsigned error (kcal/mol)

Figure 2.5 Error statistics with respect to CCSD(T)/CBS benchmarks for the S66 data set.
The partially augmented aDZ0 basis set (84,94) (which is missing the diffuse functions on
hydrogen and the diffuse d functions on the heavy atoms, as compared to aDZ) is used
for XSAPT(KS)þD, and the “heavy augmented” ha-TZVPP basis set (54) is used for
XSAPT(KS)þD2; other methods have been extrapolated to the CBS limit. In addition,
the dEint

HF correction (15) is used in the XSAPT(KS)þD2 calculations. Data were obtained
from Refs. (53,54,93).
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opposite-spin correlation energies that are specifically fit for molecular inter-

actions, meaning that they are fit to S22 binding energies (95,96).

XSAPT(KS)þD/aDZ0, where aDZ0 denotes a partially augmented ver-

sion of the cc-pVDZ basis set (84,94), outperforms all of the MP2-based

methods listed in Figure 2.5, with a mean unsigned error (MUE) of just

0.27 kcal/mol and a maximum error <1 kcal/mol. Note that the MP2.5

method is a mixture of MP2 and MP3 (97), hence all of the methods in

Figure 2.5 that outperform XSAPT(KS)þD and þD2 are methods that

exhibit sixth-order scaling with respect to supersystem size.

Results from the effective fragment potential (EFP) method (98,99) are

also worthy of mention. The EFP is a classical, polarizable potential designed

and parametrized specifically to reproduce ab initio results for intermolecular

interactions (99). When EFP-optimized geometries are used, the MUE for

S66 binding energies predicted by the EFPmethod can be as low as 0.6 kcal/

mol (100). On the other hand, the error statistics shown in Figure 2.5 for

ab initio and dispersion-corrected XSAPT methods are based on benchmark

geometries computed at the RIMP2/cc-pVTZ level (93). For the S22A data

set, the MUE for EFP binding energies is 0.91 kcal/mol when evaluated

using self-consistent EFP geometries, but rises to 1.79 kcal/mol when

benchmark RIMP2/cc-pVTZ geometries are used instead (100). In fact,

the EFP method was designed only for rigid monomers (98), and thus while

EFP may be useful for rigid-monomer simulations (propagating dynamics

on the EFP surface), it fails badly in cases where the actual monomer geom-

etries are different from the ones used to parameterize the EFP.

On this note, it is important to recognize that for simulations, one wants

an accurate potential energy surface, not just accurate binding energies. We

find that XSAPT(KS)þD yields accurate potential energy curves for a vari-

ety of challenging systems, including Ar� � �Ne, benzene dimer, formic acid

dimer, and Cl�(H2O) (53). We do observe qualitative problems in F�(H2O)

at distances less than the sum of the atomic van der Waals radii (53). At the

time, we speculated that this might be caused by a breakdown of the single-

exchange approximation at short range (a phenomena that we have observed

in traditional SAPT calculations for this system (62)), or possibly due to the

presence of a low-energy diabatic state corresponding to FH� � �OH� (101).

Very recently, however, we introduced a “second-generation” (þD2)

version of this method that corrects this problem (54). In this

XSAPT(KS)þD2 method, we replace the empirical dispersion potential

in Equation (2.20), which was parameterized to reproduce S22 binding

energies using SAPTþD, with an alternative potential (102) that is
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parameterized to reproduce SAPT dispersion energies. In this sense, the

þD2 correction is a “pure” dispersion potential.

The performance of XSAPT(KS)þD2 using the partially augmented

ha-TZVPP basis set (54) is slightly worse for S66 as compared to

XSAPT(KS)þD/aDZ0 results, but in fact, the second-generation method

better reproduces the individual energy components (electrostatics,

exchange, induction, and dispersion), as judged by comparison to high-level

SAPT2þ (3)/aTZ results (54). This has allowed us to develop a many-body

energy decomposition scheme based on XSAPT(KS)þD2 (54). The results

for the þD2 method suggest that the first-generation XSAPT(KS)þD

method benefits from substantial cancellation of errors, but that

XSAPT(KS)þD2 is more robust in this respect. Additional evidence in

favour of this robustness is the fact that we can obtain such favourable error

statistics using a triple-z basis set, whereas for the first-generation method,

the results in triple-z basis sets are not nearly as good as they are for aDZ0

(53). We find that triple-z basis sets are required for good performance in

strongly H-bonded systems such as F�(H2O).

We have also tested XSAPT(KS)þD on the same set of (H2O)n clusters

(up to n¼20) that were considered in Figure 2.3. Figure 2.6 plots the bind-

ing energies obtained from various SAPT-based methods against MP2/CBS

benchmarks. The XSAPT(KS)þD/aDZ0 results are significantly more

accurate than pairwise-additive SAPT alone (which lacks the XPol
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treatment of many-body polarization), and also more accurate than

XSAPT(HF), which lacks monomer electron correlation and also uses the

sum-over-states dispersion formula.

Finally, to emphasize the significant computational advantage of

XSAPT(KS)þD as compared, for example, to supersystem DFTþD, we

present timings for calculations performed on (adenine)N systems up to

N¼10, in Figure 2.7 (53). Three-body induction couplings are not

included in the XSAPT(KS)þD results, which therefore scale as O(N2),

and the total wall time required for these calculations, even running in serial

mode, is significantly less than what would be required for (less accurate)

DFTþD calculations. The XPol cost scales as O(N), whereas supersystem

DFTþD is O(N3), and the actual XPol time forN¼10 adenine units is only

about four times larger than the wall time required for N¼2. (This implies

that the XPol scaling is actually slightly sublinear. Although this pleasing

result is really just an artefact of the number of SCF cycles required in each

case, it does at least suggest that the number of cycles required does not grow

substantially as a function of supersystem size.) The subsequent O(N2) step is

embarrassingly parallelizable, and with the O(n4) and O(n5) steps eliminated

from the SAPT calculations, the time required for any one of the dimer

SAPT calculations is a small amount of overhead on top of the total XPol
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time. If
N

2

� �
processors are available—and

10

2

� �
¼ 45 is a rather modest

number of processors—then the total wall time for XSAPT(KS)þD in

(adenine)N is nearly the same as the XPol time and scales linearly with

the number of adenine monomers (53). The sub-kcal/mol accuracy of

XSAPT(KS)þD2, in conjunction with the calculation speed, makes this

a very attractive option for large clusters, and we are presently pursuing a

variety of chemically interesting applications.
5. CONCLUSIONS AND OUTLOOK

A purely ab initio description of intermolecular interactions is a chal-
lenging problem. Achieving an accuracy of≲0.5 kcal/mol typically requires

either methods with triple excitations or else the introduction of empirical

parameters (11). Fragment-based methodology offers the possibility to

extend such methods to larger systems, by limiting the length scale at which

electron correlation effects are described at the highest level. Two rather dif-

ferent platforms for performing such calculations were described here, both

united by the common goal of achieving an accurate description of non-

covalent interactions in large clusters by dividing them up into smaller

subsystems.

We have shown that a two-body expansion based on overlapping frag-

ments (which requires independent electronic structure calculations on indi-

vidual fragments, dimers of fragments, and intersections thereof ) is capable

of reproducing benchmark supersystem energies essentially exactly (37,38),

even for challenging examples such as fluoride–water clusters and in clusters

as large as (H2O)57, the largest system that we have attempted to date. The

downside of this approach is that it generates a rather large number of small

electronic structure calculations, so that the number of independent calcu-

lations for a given supersystem size is much larger than that required for a

traditional MBE (38). Nevertheless, these small calculations are entirely

independent and therefore embarrassingly parallelizable.

This approach holds great promise not only for extending quantum

chemistry calculations to large cluster sizes but also for extending them to

large basis sets, in order to perform many-body counterpoise corrections

(39,103,104) and complete-basis extrapolations (103,104). Indeed, with

resolution-of-identity approaches (105), the bottleneck step in obtaining

MP2/CBS results is often the HF/aQZ calculation, and linear dependencies
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can severely hamper SCF convergence when large basis sets are used in

medium-sized systems. The GMBE offers a path forward, and we are pres-

ently using this methodology to obtain MP2/CBS-quality results in sys-

tems where a supersystem calculation in the aQZ basis set would be

difficult or impossible (103,104). A variety of low-cost counterpoise cor-

rection schemes also emerge from applying the MBE to monomers and

subclusters described using the cluster basis set (39,103,104). Preliminary

evidence indicates that the GMBE is relatively robust with respect to the

details of the fragmentation procedure (38), which also makes this a prom-

ising approach for use in macro-molecular systems, where fragmentation

across covalent bonds is necessary. Such extensions are currently underway

in our group.

The XSAPT method represents a different strategy, based not on com-

binatorics but on the physics of intermolecular interactions. The basic

XSAPT idea (51,52) establishes a systematically improvable hierarchy of

methods for describing intermolecular interactions in large systems, while

the first rung of this hierarchy (a many-body generalization of SAPT0 (15))

achieves �1 kcal/mol accuracy in intermolecular interaction energies,

when combined with a suitable basis set (51). (This version of XSAPT

is due to appear in version 4.1 of the Q-Chem software package

(106,107).) However, results are rather sensitive to the choice of basis

set (52), indicating that error cancellation plays a key role in the success

of the method.

One way to move beyond this undesirable situation is to climb further up

the SAPT hierarchy, but a less expensive approach is to replace the problem-

atic dispersion and exchange-dispersion terms in SAPT with empirical

potentials (53,54,89). Our latest version of this method, which we call

XSAPT(KS)þD2 (54), achieves a mean accuracy of<0.4 kcal/mol as com-

pared to CCSD(T)/CBS benchmark dimer binding energies, performs well

across the potential energy surfaces of challenging systems such as F�(H2O),

and exhibits cubic-scaling cost, both with respect to monomer size and with

respect to the number of monomer units (54). Unlike our first-generation

XSAPT(KS)þD method (53), the second-generation method is accurate

not just for the total binding energies but also for the individual energy com-

ponents such as dispersion, exchange-repulsion, and induction. As such, it is

possible to generalize the SAPT energy decomposition to many-body sys-

tems (54), to understand not just what the binding energy is, but why it has

that value. Applications to understanding ligand binding in biomolecular

systems are currently underway in our group.
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