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ABSTRACT

Spin-flip methods provide access to certain electronic states having multireference character while retaining single-reference cost. However,
conventional spin-flip time-dependent density functional theory (SF-TDDFT) often suffers from severe spin contamination that may cause
inaccurate state ordering or engender ambiguous state character. For singlet excited states, this is largely rectified by a “mixed-reference”
formulation (MRSF-TDDFT), while a spin-adapted formalism (SA-SF-TDDFT) addresses spin contamination in a general way for arbitrary
multiplicities. Here, we revisit SA-SF-TDDFT and demonstrate that it significantly improves the agreement with reference data compared
to other variants and also relative to conventional (spin-conserving) linear response TDDFT. Overall, SA-SE-TDDFT proves to be the most
accurate among these methods, for excitation energies of both closed-shell molecules and doublet radicals as well as for singlet-triplet gaps.
However, SF methods exhibit a notable limitation in the case of linear and quasi-linear doublet radicals, due to degeneracies in the high-spin
quartet reference state.
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. INTRODUCTION

Accurate prediction of electronic excitation energies is essential
for understanding photochemical and photophysical processes in
molecular systems. Among modern electronic structure approaches,
time-dependent density functional theory (TDDFT) often strikes a
useful balance between cost and accuracy,” although it cannot cor-
rectly describe conical intersections involving the ground state.””
Especially for photochemical applications, methods based on spin-
flip (SF-)TDDFT have thus emerged as alternatives.” '’ SE-TDDFT
has been used to optimize conical intersections,”'' ” to determine
excited-state reaction pathways,”'” and to perform nonadiabatic
molecular dynamics simulations.'” ' By using a sacrificial reference
state of higher multiplicity (total spin S + 1) compared to the target
multiplicity (spin S), SE-TDDFT puts the spin-S ground state into
the variational space where it is optimized alongside excited states of
the same multiplicity. This resolves problems with the description of

. . . : : ,7,20
conical intersections involving the ground state.”

A major strength of SF-TDDFT lies in its ability to access
states with multiconfigurational character, such as diradicals and

29

bond-breaking geometries.”*>*’ It does so by including a limited
set of doubly substituted determinants that are absent in con-
ventional (spin-conserving) linear-response (LR-)TDDFT.” Omis-
sion of double excitations is the reason why conventional single-
reference methods fail qualitatively in situations involving near-
degeneracy.” > SE-TDDFT incorporates the most important doubles
in an automated way that does not increase the asymptotic scaling of
the method, which remains O(N*) with system size.”’

A persistent limitation of SF-TDDFT is spin contamination.'
This arises because many of the spin-flipped determinants lack
their corresponding “spin complements,”** resulting in states
that are not spin eigenfunctions. This significantly complicates
state-tracking in excited-state optimizations and molecular dynam-
ics, where states with different diabatic character and multiplicity
cross and mix as the molecule moves along a potential energy
surface.
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To overcome this drawback, spin-adapted (SA-)SF methods
have been developed” ™ based on the tensor equation-of-motion
formalism.*” This approach constructs a spin-complete set of excita-
tion operators so that the excited-state wave functions are necessarily
87 eigenstates. The configuration-interaction singles (CIS) version
of this approach”* generalizes the SF-CIS model.”” Borrowing ideas
from the DFT/CIS method,” ™ Kohn-Sham (KS) orbitals can be
used as a low-cost means to include dynamic electron correlation.
The result is SA-SF-TDDFT,* a hybrid method that includes elec-
tron correlation (for quantitative description of excitation energies)
while properly describing conical intersections with the ground
state, all within a model that is rigorously free of spin contamination
and similar in cost to LR-TDDEFT.

While there have been some previous assessments of the accu-
racy of SE-TDDFT for vertical excitation energies,”* "’ there has
not yet been a comprehensive side-by-side comparison of different
variants of this approach. The present work seeks to assess SA-SF-
TDDFT in comparison with SE-TDDFT and also with a “mixed
reference” variant (MRSE-TDDFT),'”***”"*’ which is significantly
less afflicted by spin contamination compared to conventional SF-
TDDFT.*! We also report traditional LR-TDDFT calculations with
several popular functionals in order to establish a baseline for closed-
shell systems where this approach performs well.! The performance
of unrestricted TDDFT for open-shell species is less favorable,** and
is compared alongside SF- and SA-SF-TDDFT in the present work.

These assessments primarily rely on the “QUEST” database,"
a large collection of theoretical best estimates (TBEs) for vertical
excitation energies, derived from high-level ab initio calculations.
This database spans a diverse set of valence, Rydberg, and charge-
transfer (CT) excitations and provides a standard that does not
require extraction of vertical excitation energies from experimental
spectra that include vibrational averaging or, conversely, simulation
of vibrational structure in the theoretical spectrum. Separately, we
will also consider vertical transition energies in some diradicals and
in a set of molecules with inverted singlet-triplet gaps.*®

The SF-TDDFT methods examined here are all “collinear”
formulations of the method, in which the direction of the magnetiza-
tion vector is the same at every point in space. 4% There is some evi-
dence that relativistic,”’ > non-collinear variants’> " of SE-TDDFT
may afford better excitation energies,””*”" especially for functionals
with a low fraction of Hartree-Fock exchange (HFX).”>" However,
the non-collinear formulation is subject to numerical instabilities
in cases of rapidly varying spin polarization.””””> *" Although there
are workarounds,””®" these are not without problems.”” While there
has been some recent methodological progress on resolving this
issue, "' the present work is restricted to collinear SF-TDDFT.

Il. THEORY

We first present a brief overview of LR-TDDFT (Sec. IT A),"*
as a foundation for introducing collinear SF-TDDFT (Sec. II B).®
This is followed by the introduction of MRSE-TDDFT in Sec. 11 C'’
and then SA-SF-TDDFT in Sec. II D.** A pedagogical introduc-
tion to LR-TDDFT can be found in Ref. 1, and a similarly didactic
overview of SF-TDDFT variants can be found in Ref. 7.

A. LR-TDDFT
The ground-state KS equation is
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Fypo (1) = epo¥po (), (1)

which defines the molecular orbitals (MOs) {‘/’pg}> where o €

{a, B} is a spin index. LR-TDDFT corresponds to the excited-state
eigenvalue problem

o S e

where w denotes the excitation energy and vectors x and y rep-
resent excitation and de-excitation amplitudes, respectively.®* (See
Ref. 1 for a pedagogical introduction.) Orbital Hessians A and B have
matrix elements

aFiaa
anbo" ’

Aiaa,jha' = (Sij‘sub(;oa'(eﬂ - Ei) + (32)

_ OF, iao
iao,jba’ = 8ij0,'

B (3b)

In more detail, the matrix elements of A are
Aiau,jba’ = (Ea - sf)aiﬂajbacra’ + (la|]b) - Chfx(ij|ab)8¢m’
+ (1 = cuty) (iao| fxc| jbo"), (4)

where cp is the fraction of HFX and fi(r, r') is the semilocal
exchange-correlation kernel.' Only A (and not B) is needed within
the Tamm-Dancoff approximation (TDA), where one sets y = 0 to
obtain

AX = wX. (5)

B. Collinear SF-TDDFT

In SF-TDDFT, the excitation space is extended to include
non-spin-conserving excitations of the form y;, — 5. These allow

access to spin-S target states starting from a spin-(S + 1) reference
determinant. In this way, both ground and excited states of spin
S are treated on the same theoretical footing, providing a balanced
description of both.

When considering « — f3 spin-flip excitations and assuming
that the exchange-correlation kernel fx originates from a semilocal
generalized gradient approximation (GGA), the coupling matrix ele-
ments simplify substantially. In this case, the Coulomb and semilocal
parts vanish, and only the HFX term survives, since only HFX
couples different spin components.® Consequently, the spin-flip
coupling matrices take the form

Ai&z,jb = 8ij0,(ea — &) - Chfx(ij‘fxc|ai7), (6a)

Biaji = ~Curx(ib| fxc|@). (6b)

(Bars on a, b, etc., indicate B-spin MOs.)

A variety of studies of this collinear formulation of SF-TDDFT
have arrived at the conclusion that cpp ~ 0.5 (i.e., 50% HFX) is
optimal for both vertical excitation energies and singlet-triplet
gaps.‘\)‘“‘ss In practice, the BH&HLYP functional,

B88

1
BH&HLYP _ 1 (2

Ed S + B+ BT, 7)
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has become the standard choice for collinear SF-TDDFT calcula-
tions.” This is somewhat different from the “50/50” functional that
is sometimes used for SE-TDDFT,*”® but BH&HLYP in Eq. (7) is
the more common way to implement a functional with cpg = 0.5.
A recent re-evaluation of BH&HLYP, for both ground-state prop-
erties and (spin-conserving) LR-TDDFT excitation energies, con-
cludes that this functional is superior in many ways to B3LYP (the
latter with cpg = 0.2), except in the case of atomization energies.®’

The excitation space generated by SF-TDDFT is depicted in
Fig. 1 for a simple (4e, 40) model with four electrons in four orbitals,
wherein singlet excited states are generated from a high-spin triplet
reference determinant. Excitations within the space of half-filled
orbitals (labeled O — O in Fig. 1) generate a spin-complete manifold
that includes one doubly excited determinant, which is the one that
is needed to obtain proper topology at a So/S; conical intersection.”
However, SE-TDDFT also generates additional determinants that
are missing their spin complements, within the C - O, O — V, and
C — V excitation spaces shown in Fig. 1. Any excited state that con-
tains a significant contribution from a determinant in one of these
subspaces will exhibit spin contamination.

C. MRSF-TDDFT

MRSE-TDDFT is based on a reference state whose den-
sity matrix is a linear combination of the Ms=1 and Ms = -1

: 7,041
components of a triplet reference,

, 1 = ’ - ’
po () = [y (6 + g ()] ®)

The two components of this density matrix are subjected to sepa-
rate spin-flipping operations: « — f8 for the Mg = 1 component (as
in conventional SF-TDDFT) and 8 — « for the Ms = —1 component,
as shown for a (4e, 40) model in Fig. 2.

Comparing Figs. 1 and 2, it is evident that MRSF-TDDFT
introduces many more electronic configurations compared to SF-
TDDFT. Operationally, this removes the majority of the spin
contamination even though the excitation space is not formally
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FIG. 1. lllustration of the SF-TDDFT excitation space for a (4e, 40) model. Start-
ing from a high-spin triplet reference determinant, single excitations combined with
a — f3 spin flip generate the determinants indicated in the O — O space (green
box), which is a minimalist model for a Sy/S1 conical intersection. However, deter-
minants in the remaining three subspaces are each missing one or more spin
complements that are needed to form 2 eigenstates. Adapted with permission
from Zhang and Herbert, J. Chem. Phys. 143, 234107 (2015). Copyright 2015
American Institute of Physics.
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FIG. 2. Schematic illustration of MRSF-TDDFT for a (4e, 40) model. An excitation
space for singlet excited states is generated starting from both high- and low-spin
triplet configurations, via single excitations combined with either & — /3 spin flip
(for Ms = 1) or B — « spin flip (for Ms = —1). The four determinants shown in
gray inthe C — V subspace are missing from the excitation manifold because they
cannot be generated in this manner. Adapted with permission from Horbatenko
et al., J. Chem. Theory Comput. 17, 848-859 (2021). Copyright 2021 American
Chemical Society.

spin-complete because some of the necessary C — V determinants
(shown in gray in Fig. 2) cannot be generated in the manner
described.””"" These are higher-energy configurations, however,
angl they play little role in low-lying excited states. In practice,
8%y ~ 0.

MRSF-TDDEFT is formulated only for singlet excited states.
Its derivation is based on the density matrix formulation of the
time-dependent KS methodology,“l which means that the den-
sity matrix needs to be idempotent. This can be demonstrated
for the density matrix in Eq. (8) based on a complex rotation
of the spin functions.*! Separation of the Ms=1 and Mg =-1
triplet density matrices leads to a pair of TDA-like eigenvalue
equations,

AgXs = wsXs (9a)

AtXt = WtXt, (9b)

for the singlet and triplet excited states, respectively. Coupling
matrix elements between determinants from the Ms=1 and
Ms = —1 parts of the calculation are then added on an ad hoc basis.*!
This amounts to new contributions to the orbital Hessian,*' of the
form

A

oMty

!
qu,rs = Chfx( pagp

o) (10)
The orbital Hessian that is used in practice is Ay + A, fork=sort
in Eq. (9). As with SE-TDDFT, use of a functional with 50% HFX is
found to be optimal*> and BH&HLYP is again the standard choice.”
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D. SA-SF-TDDFT

Collinear SF-TDDFT often suffers from significant spin
contamination that is frequently worse than the corresponding
(spin-conserving) LR-TDDFT calculation for the same system. This
problem tends to grow worse as one moves away from the ground-
state geometry on an excited-state potential surface, accessing bond-
breaking geometries.”* For excited-state geometry optimizations
and molecular dynamics simulations, this necessitates use of a state-
following procedure that attempts to follow a surface of consistent
character.'**** State-following is not guaranteed to work.'”

Operationally, spin contamination is largely eliminated by
using the MRSF-TDDFT approach,*’ but an alternative is the SA-
SF-TDDFT method.”* This is a spin-complete extension of collinear
SE-TDDFT that is rigorously free of spin contamination. Its formu-
lation begins from SA-SF-CIS, which is based on a tensor equation-
of-motion formalism.’’ Within this framework, the excited-state
tensor |xSf>) is generated from a reference state |Sy)) by the action

of a rank-A tensor operator, OALL:

O [saly*" = [x5)), (11a)

0x[So)) = 0. (11b)

Among the three equivalent tensor equations of motion that can be
derived from Eq. (11), SA-SF-TDDFT uses

S (=15 ST @ 4 1) WA S0S0; TSy )
ijT

x <SOHéﬂ‘ x [H, OiAJ]FHSO) = a)xsz; (—1)5"‘51"“*'
ij
x (20 + 1) W (iS00 TSy ) (o] Oy, x OF p[[8o). (1)
This can be recast in matrix form as
Mz(x) = wNz(x), (13)

where M and N are matrices containing Hamiltonian commutators
and overlap terms, respectively. The spin-flip excitation operators
are expressed as triplet-coupled tensors,

0}, (1,1) = -a] ag, (14a)
0},(1,0) = (a} aq - 4} 43) /2, (14b)
0,(1,-1) = &}, ag, (14c)

which ensures that only spin-pure configurations contribute. This
construction removes the over-completeness of the excitation space
and affords proper spin eigenstates while maintaining asymptotic
scaling of O(N*), the same as conventional TDDFT.

To incorporate dynamical correlation, SA-SF-TDDFT applies
an empirical correction to the SA-SF-CIS matrix elements,’* in the
spirit of the DFT/MRCI method.”” This correction replaces the
Hamiltonian matrix elements by their KS analogs,”*

ARTICLE pubs.aip.org/aipl/jcp

Horr — Eo" | @rs) = 84sFpr — 8prFgs + (ps||qr)
+ (1 = cufe ) {ps|rq). (15)

(@pq

For the BH&HLYP functional, 1 — cpg = 0.5 and this affords the
SA-SF-TDDFT model that includes dynamical correlation with-
out spin contamination and provides correct topology at conical
intersections.

E. Computational details

All TDDFT calculations were performed using Q-Chem v.
6.3,°° with the exception of MRSF-TDDFT calculations that were
performed using GAMESS [v. 15 July 2024 (R2) Patch 1].” Molecu-
lar geometries, obtained at the CC3/aug-cc-pVTZ level, were taken
from the QUEST database.*

For LR-TDDFT calculations, we primarily employ the B3LYP
functional as a representative choice because it remains a best per-
former,' with more modern functionals offering at best very slight
statistical improvements (0.1 eV).“’S However, we will also test
wB97M-V as a next-generation best-performer,”® along with the
BH&HLYP functional whose performance is comparable to B3LYP
for many different properties.”” BH&HLYP is also the standard
choice for SF-, MRSF-, and SA-SF-TDDFEFT calculations’ and is used
for each of those methods. Unless otherwise specified, all calcula-
tions reported here use the aug-cc-pVTZ basis set, which is sufficient
to obtain converged excitation energies using TDDFT.! TDDFT
calculations use the SG-1 quadrature grid® except in the case of
wB97M-V, where SG-2 is used instead.”’

All SA-SF-TDDFT calculations begin from a ground-state
self-consistent field calculation performed using the “different
orbitals for different spins” (DODS) variant of restricted open-shell
(RO)KS.”! This formulation satisfies both the Koopmans and Bril-
louin conditions and, in our experience, provides improved stability
for non-aufbau solutions to the KS equation, ensuring the result-
ing MOs possess the correct spatial symmetry and spin character.””
Therefore, we use the DODS orbitals as an initial guess to seed the
SA-SE-TDDFT calculations. In a few cases, such as the H,PO and
F,BO molecules from the QUEST 4 dataset,”” failure to use DODS
orbitals as a guess results in an incorrect ground-state KS solution
and large errors in the excitation energies (e.g., ~2 eV for F,BO).

I1l. RESULTS AND DISCUSSION

In the main part of this work, we compute excitation energies
for various molecules in the QUEST database.*” These results will
be analyzed across different subsets of QUEST that span a range of
systems sizes and also include datasets of CT transitions, doublet
radicals, and doublet-to-quartet transitions. In addition, we consider
excitation energies of small diradicals and inverted singlet-triplet
gaps in nitrogen heterocycles.

In most cases, two or three low-lying excited states are con-
sidered for each molecule and we compare TDDFT/aug-cc-pVTZ
excitation energies (AE) to reference values (AE,). Errors are
defined as

error = AE — AE,, (16)

so that positive errors imply overestimated excitation energies.
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Most of the discussion that follows is divided along the lines
of the various subsets of QUEST. Before embarking on that analy-
sis, however, Fig. 3 summarizes the results across all of the QUEST
datasets, illustrating the overall performance of several methods
and providing comprehensive error statistics, including the mean
absolute error (MAE) and the root-mean-square error (RMSE).
Errors for various subsets of QUEST are tabulated below, and the
accuracy for each subset can be compared to the aggregate assess-
ment in Fig. 3. Overall, SA-SF-TDDFT exhibits both a smaller
spread of errors as compared to conventional (spin-contaminated)
SE-TDDFT and also shows no systematic error. SA-SF-TDDFT is

(a) SA-SF-TDDFT

60 MAE = 0.25 eV
RMSE = 0.33 eV
50 Mean = —-0.04 eV

40

30

count

-20 -15 -10 -05 00 05 10 15
error (eV)

(b) SF-TDDFT

50 MAE = 0.42eV
RMSE = 0.53 eV
404 Mean = -0.23 eV
c
>
I}
o
-20 -15 -10 -05 00 05 10 15
error (eV)
(c) TD-B3LYP
MAE = 0.33 eV
50 4 RMSE = 0.43 eV
Mean = -0.27 eV
40
i<
S 30
Q
o

-20 -15 -10 -05 00 05 10 15
error (eV)

FIG. 3. Error distributions for vertical excitation energies computing using
TDDFT/aug-cc-pVTZ, aggregated across all QUEST datasets and measured with
respect to TBE reference values from Ref. 74 [Eq. (16)]. Both SA-SF-TDDFT and
SF-TDDFT use the BH&HLYP functional.
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also an improvement compared to TD-B3LYP, which we use as a
baseline representing conventional LR-TDDFT.

A. QUEST 1: Small molecules

The QUEST 1 dataset consists of 18 small molecules ranging
in size from one to three non-hydrogen atoms (Fig. 4).”° Excitation
energies computed for this dataset are presented in Table S1 and
errors in SE-TDDFT, SA-SE-TDDFT, and TD-B3LYP calculations
are summarized in Fig. 5. Figure 6 shows the correlation between
TDDFT excitation energies and TBE values.

Transitions in the QUEST 1 dataset are singlets and triplets
and for the former, the SF-TDDFT calculations employ a triplet
reference state. The first computed singlet excitation energy thus
corresponds to the singlet-triplet gap, which might be negative.

") = NHg 0=C A

acetaldehyde  acetylene ammonia m%ar:g)(()ig e cyclopropene
=N*N" N=N — =0 HN "0
diazomethane  dinitrogen ethylene  formaldehyde formamide
.S,
H-CI H™H 0-C— =NH Nso
hydm?e" hyd rogen ketene methanamine  nitrosomethane
chloride sulfide
Ho oy
I O
— N~ s
=S - NE N H H™H
thioformaldehyde streptocyanine-C1 water

FIG. 4. QUEST 1 dataset of small molecules, assembled in Ref. 75.
Streptocyanine-C1 is a cation.

(a) SA-SF-TDDFT

(b) SF-TDDFT
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FIG. 5. Errors in TDDFT/aug-cc-pVTZ vertical excitation energies for the QUEST
1 dataset of small-molecule transitions, with respect to TBE values from Ref. 75.
Numerical data are presented in Table S1.
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FIG. 6. Correlation between TDDFT/aug-cc-pVTZ excitation energies and TBE val-
ues’> for the QUEST 1 dataset of small-molecule transitions. Numerical data are
presented in Table S1.

In several cases, however, we observe that some of the computed
excited states exhibit ($?) > 2.0, indicating significant spin contam-
ination. For such instances, we identified those states as the true
triplet states and accordingly evaluated the excitation energy as the
energy difference between the singlet state and the corresponding
triplet state.

Among the three TDDFT methods tested, SF-TDDFT (with
the BH&HLYP functional) affords the largest deviation from the
reference values, with a MAE of 0.55 eV. Comparison with SA-SF-
TDDFT results using the same functional (MAE = 0.25 eV) suggests
that the larger error in SF-TDDFT is a result of spin contamination.
The accuracy of the spin-pure SA-SF-TDDFT method surpasses that
of conventional TD-B3LYP, with MAE = 0.40 eV for the latter.

Notably, the water molecule is a challenge for all three methods
and errors are relatively large for H,O. Errors for the 1B, transition
range from —0.5 eV (SA-SF-TDDEFT) to +0.8 eV (SF-TDDFT), while
those for the A, state are all in the range of 0.9-1.1 eV. It is unclear
to us why this particular case is so challenging, but the problem
persists with other density functionals. For example, wB97M-V/aug-
cc-pVTZ excitation energies exhibit errors of —0.76 eV for the 'B;
transition, —1.05 eV for 'A,, and —0.61 eV for °B,.

Another interesting case is the streptocyanine-Cl cation
(Fig. 4). At the TD-B3LYP level, this molecule exhibits a pronounced
blue shift in its "B, excitation energy, with an error of 0.77 eV.
Streptocyanine dyes are known to be problematic for standard
hybrid functionals,” ™ and even the modern wB97M-V/aug-cc-
pVTZ approach affords an error of 0.65 eV for the B, transition.
Errors are smaller with SF methods, namely, 0.30 eV for SF-
TDDEFT and <0.01 eV for SA-SF-TDDFT. We will return to this in
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considering the QUEST 5 dataset (Sec. III C), which contains two
streptocyanine examples.

B. QUEST 3: Medium-sized molecules

QUEST 3 is by far the largest of the QUEST datasets, compris-
ing highly accurate vertical transition energies for 27 closed-shell
organic molecules containing 4-6 non-hydrogen atoms, including
several aromatic compounds (Fig. 7).%* Full TDDFT results for
QUEST 3 are provided in Tables S2 and S3. Errors are summarized
in Fig. 8, and correlations with TBE values can be found in Fig. 9.

For QUEST 3, we observe trends that are similar to those
seen for QUEST 1. In particular, SA-SF-TDDFT provides the most
accurate results, followed by TD-B3LYP and then SF-TDDFT. Pre-
vious studies report that collinear SE-TDDFT performs poorly for
singlet—triplet vertical gaps, and our results confirm this behavior.
Errors exceed 0.8 eV for singlet-triplet gaps in acetone, acrolein,m
cyanoformaldehyde, cyclopropenone, and propynal (see Table S2).
Furthermore, the correlation between SE-TDDFT transition ener-
gies and TBE values is the weakest among the methods tested, with
R? = 0.85 vs R? = 0.94 for SA-SE-TDDFT (Fig. 9).

For this dataset, we also tested MRSF-TDDFT. We find that this
approach, which is based here on the BH&HLYP functional, closely
tracks the TD-B3LYP results and affords a MAE of 0.35 eV that is
scarcely distinguishable from TD-B3LYP (Fig. 8). This does repre-
sent an improvement over SE-TDDFT, whose MAE is 0.42 eV for
the same dataset. Nevertheless, SA-SF-TDDFT delivers consistently
smaller deviations from the reference values.

C. QUEST 5: Intermediate-size molecules

The relatively new QUEST 5 dataset includes 13 additional sys-
tems, ranging from small to moderately large molecules (Fig. 10).*
The results from all methods, summarized in Figs. 11 and 12 and
provided in detail in Table S6, are consistent with results from the
datasets considered above. In particular, MAEs for QUEST 5 are
0.26 eV for SA-SF-TDDFT, 0.40 eV for SF-TDDFT, and 0.35 eV for
TD-B3LYP.
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FIG. 7. QUEST 3 molecular dataset, assembled in Ref. 84.
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FIG. 9. Correlation between TDDFT/aug-cc-pVTZ excitation energies and TBE val-
ues,® for the QUEST 3 dataset of medium-sized molecules. Numerical data are
presented in Tables S2 and S3.

double hybrid functionals perform better,”** as do some meta-GGA

functionals.”” For these particular dyes, at least part of the issue
with discrepancies between TDDFT calculations and experiment lies
in pronounced non-vertical character in their transitions,”® which
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complicates direct comparison with experiment. Another part of the
issue is a relatively large density change upon Sy — S; excitation,”®
which may be better described by double hybrid functionals.

Our results confirm that TD-B3LYP is significantly less accu-
rate as compared to the same functional applied to the other
molecules in QUEST 5. Considering the 'B,(n — n*) transition
and including the streptocyanine-C1 molecule from the QUEST 1
dataset, the TD-B3LYP errors are 0.77 eV (for Cl1), 0.97 eV (for
C3), and 1.06 eV (for C5). This is not simply a B3LYP artifact, as
errors are also large at the wB97M-V/aug-cc-pVTZ level: 0.65 eV
(C1), 0.74 eV (C3), and 0.75 eV (C5). However, both SF- and
SA-SF-TDDFT provide much better accuracy in all three cyanine
molecules. For the 'B, transition, the errors are 0.3-0.4 €V when
using SF-TDDFT, while for SA-SF-TDDFT the errors range from
zero to —0.1 eV. Elsewhere, SE-TDDFT has been shown to improve
the accuracy of transition energies for boron-dipyrromethene diflu-
oride (BODIPY) dyes,” which are subject to some of the same

. 90-94
challenges as cyanine dyes.”

D. QUEST 6: CT excitations

The QUEST 6 dataset contains 17 molecules exhibiting
intramolecular CT excitations (Fig. 13).”” The performance of TD-
B3LYP is known to be poor for such transitions,' but we include it in
our comparison in order to set a baseline. For a more robust descrip-
tion of CT transitions, we turn to conventional LR-TDDFT using the
long-range corrected”” ”* (LRC) functional LRC-wPBE, """ adjust-
ing the range-separation parameter (w) for each separate system
using the global density-dependent (GDD) tuning scheme.'’"'"”

We refer to this functional as LRC-wgppPBE to indicate the tun-
ing, and tuned values wgpp can be found in Table S7. Details
of the GDD procedure can be found elsewhere,'” along with a
broader assessment of the LRC-wgppPBE functional in LR-TDDFT
calculation.

Errors for the QUEST 6 dataset are summarized in Fig. 14
and numerical data are provided in Table S8. For SF-TDDFT,
we encountered numerous cases where it was difficult to unam-
biguously identify the appropriate CT state based on symmetry
considerations. As such, SE-TDDFT is excluded from this analysis.

Correlations between TBE and TDDFT values are shown in
Fig. 15. As expected, TD-B3LYP affords larger errors than seen
above, with a MAE value of 0.55 eV and a relatively poor correlation
coefficient (R? = 0.7). Moreover, it is clear that transition energies
are mostly underestimated by TD-B3LYP calculations, sometimes
substantially. In comparison, SA-SE-TDDFT exhibits a MAE of
0.22 eV with a correlation coefficient R* = 0.96. An important dis-
tinction is that SA-SF-TDDFT employs the BH&HLYP functional,
with chg = 0.5 as compared to chg = 0.2 for BSLYP. Even within the
context of conventional LR-TDDFT, the BH&HLYP functional cor-
rects the underestimation of CT energies for medium-sized organic
molecules and actually pushes the errors slightly in the opposite
direction, toward overestimation.®” This does not seem to be the case
for SA-SF-TDDFT based on the same functional.

Notably, the SA-SF-TDDFT error for this CT dataset is only
slightly larger than the MAE of 0.16 eV that we obtain using TD-
LRC-wppPBE, the latter of which is a state-of-the-art approach for
CT transitions. Thus, we conclude that SA-SF-TDDFT can safely
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be used to describe intramolecular CT in medium-sized molecules.

However, because its exchange-correlation potential decays as E. QUEST 7: Bicyclic molecules

6G:T0 9T 9202 AeN +0

chie/R,"'" the accuracy of this approach must eventually degrade The QUEST 7 dataset includes the ten bicyclic molecules

for genuinely long-range CT because the electron-hole attraction is that are depicted in Fig. 16.'%* Errors are summarized in Fig. 17,

too weak as R — oo, for any functional with cpg < 1. and correlations between TDDFT and TBE transition energies
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are shown in Fig. 18. Complete numerical data are provided in
Table S9.

Interestingly, all methods tested here perform well for
this set, including TD-B3LYP and both SF-TDDFT approaches.
All three methods afford consistently accurate vertical excita-
tion energies across all systems. The good performance can be
attributed to the fact that bicyclic compounds generally possess
rigid, well-defined molecular frameworks whose structural rigid-
ity suppresses low-frequency vibrational distortions and minimizes
geometry-induced orbital reordering. Thus, the character of the

O A9 O 0‘00
0’\‘0‘1/0’\‘0
/Q,\\\\/Q/Q/QQQ

error (eV)

5 (O

VP
FIG. 17. Errors in TDDFT/aug-cc-pVTZ vertical excitation
energies (with respect to TBE values from Ref. 104), for
the QUEST 7 dataset of transitions in bicyclic molecules.
Numerical data are provided in Table S9.

frontier MOs is preserved across different electronic structure meth-
ods and this improves the reliability of single-reference methods
such as conventional TDDFT.

Moreover, extended m-conjugation in these bicyclic
aromatic systems leads to transitions of the predominantly
n— " character, with large spatial overlap between the excited
electron and the hole.'”> This makes for compact transition
densities that avoid long-range CT issues that are otherwise
associated with TD-B3LYP calculations.”'"*'"” In the few cases
where larger deviations are observed using TD-B3LYP, the errors
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FIG. 18. Correlation between TDDFT/aug-cc-pVTZ excitation energies and TBE
values, % for the QUEST 7 dataset of transitions in bicyclic molecules. Numerical
data are provided in Table S9.

arise primarily from n — " excitations with partial CT character
(see Table S9).

The delocalized 7-systems of bicyclic molecules also exhibit
relatively little static correlation, so that their low-lying excited
states are adequately described by single-reference methods such as
TD-B3LYP. (The azulene molecule does exhibit some multirefer-
ence character in its S, state,'’® nevertheless TD-B3LYP errors are no
larger than 0.3 eV.) As such, TD-B3LYP and SA-SF-TDDFT afford
similar statistical performance for this dataset, with MAEs of 0.24
and 0.20 eV, respectively.

F. QUEST 4: Exotic and open-shell species

QUEST 4 consists of two subsets.”” The first of these contains
closed-shell molecules that are labeled as “exotic” because they con-
tain at least one of the elements F, Cl, P, or Si. In particular, the
molecules in this subset are carbonyl fluoride (CF,0), CCl,, CCIF,
CF,, difluorodiazirine (CF;N;), formyl fluoride (CHFO), HCCI,
HCF, HCP, HPO, HPS, HSIF, SiCl,, and silylidene (CH,Si). The
second subset of QUEST 4 consists of open-shell species includ-
ing allyl (C3Hs), BeF, BeH, BH,, CH, CH3, CN, CNO, CON, cot,
F,BO, H,BO, HCO, HOC, H,PO, H,PS, NCO, NH,, nitromethyl
(CH,;NO), NO, OH, and PH;. These two subsets are considered
separately in the discussion below.

1. Exotic species

For the “exotic” subset of QUEST 4, we computed excitation
energies using both SF-TDDFT and SA-SF-TDDFT, along with TD-
B3LYP to provide a baseline. Complete results are listed in Table S4,
and the errors are listed in Table I. The spin-pure SA-SE-TDDFT

ARTICLE

pubs.aip.org/aip/jcp

TABLE I. Performance of TDDFT methods for vertical transition energies of exotic
molecules in the QUEST 4 dataset.

Error (eV)"
Spin-flip®
Molecule  State  TBE (eV)* SF SA-SF TD-B3LYP
CF,0 1A, 7.31 -0.34 0.43 -0.22
CF,0 A, 7.06 -1.15  -0.29 -0.50
CCl ', 2.59 0.05  —0.10 0.03
CCl, A, 4.40 -1.02  -0.14 -0.24
CCl, B, 1.22 044  -0.07 -0.10
CCIF 1a” 3.55 0.03 -0.17 0.04
CF, !B, 5.09 -0.12 -0.31 0.02
CF, B, 2.77 059  -0.15 -0.25
CF;N, g, 3.74 -0.05 —0.11 -0.25
CF;N; B, 3.03 0.11  -0.28 -0.44
CHFO 1A 5.96 -0.43 0.35 -0.05
CHFO 3A" 5.73 -1.12  -0.33 -0.46
HCCl 1A 1.98 012 -0.02 -0.03
HCF N 2.49 0.13  -0.02 -0.02
HCP Iy~ 4.84 -0.85 —0.11 -0.17
HCP A 5.15 -047  -0.31 -0.48
HPO TA” 247 0.10 0.00 -0.03
HPS TA” 1.59 0.01 0.11 -0.02
HSiF 1a” 3.05 025  -0.04 0.03
SiCl, B, 3.91 012 -0.17 0.06
SiCl, B, 248 0.38 0.12 -0.07
CH,Si 1A, 2.11 0.03  -0.17 0.07
CH,Si g, 3.78 -0.14  -0.03 0.15
MAE 0.35 0.17 0.16

*From Ref. 73.

PRelative to TBE values [Eq. (16)]. Calculations employ the aug-cc-pVTZ basis set.
“BH&HLYP functional.

method exhibits a MAE of 0.17 eV, which is much smaller than that
of the spin-contaminated SF-TDDFT approach (MAE = 0.35 eV).
TD-B3LYP also performs quite well, with a MAE of 0.16 eV. A
similar trend is observed for the vertical singlet-triplet gaps, for
which SE-TDDFT exhibits significantly larger errors relative to the
spin-adapted formulation.

2. Doublet radicals

Vertical excitation energies for the radical subset of QUEST 4
are compiled in Table S5, and errors for various theoretical meth-
ods are listed in Table II. (Five problematic systems in QUEST
4 have been removed from these tables and are considered sepa-
rately, in Sec. III F 3.) Each of the QUEST 4 radicals has a doublet
ground state, yet we observe an interesting trend in which SF- and
SA-SE-TDDFT exhibit comparable performance, with MAEs of
0.38 and 0.31 eV, respectively. As indicated in Table II, this is not
any better than conventional LR-TDDFT in a spin-unrestricted
formalism. The functionals B3LYP, BH&HLYP, and wB97M-V all
exhibit MAEs of 0.3 eV for this dataset.
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TABLE II. Performance of TDDFT methods for vertical transition energies of doublet radicals in the QUEST 4 dataset.”

Error (eV)"
LR-TDDFT Spin-flip*

Molecule State TBE (eV)" B3LYP BH&HLYP wB97M-V  SA-SE SF
Allyl ’B, 3.43 0.51 0.91 0.45 011  0.10
BeF 1 4.15 0.01 0.05 -0.14 -0.61 —0.52
BeH 1 2.49 0.09 0.12 -0.30 -0.20 -0.26
BeH 11 6.45 -1.59 -1.28 -1.81 -020 -0.37
BH, ’B, 1.18 0.16 0.16 -0.24 -0.10 0.00
CH ZA 2.94 0.29 0.29 0.14 0.07 -1.21
CH Iy 3.31 0.23 -0.08 -0.09 -0.01 -0.26
CH; ZA) 5.86 -0.65 -0.12 -0.78 0.27 0.28
CH; 2! 6.96 —-0.74 -0.11 -0.80 0.09 0.19
CN I 1.38 -0.17 -0.17 -0.46 -0.82 -0.57
co* m 3.26 0.12 0.60 -0.00 -0.80 -0.60
F,BO B, 0.71 -0.30 0.20 0.20 0.00 —0.05
F,BS B, 0.48 -0.16 0.13 -0.14 0.00 0.00
H,BO B, 2.17 -0.25 -0.01 0.08 -120 -1.15
HCO Zp" 2.09 -0.17 0.31 0.08 0.30 0.19
HCO ZA! 5.45 0.42 0.37 -0.55 0.75 0.61
HOC ZpA" 0.93 0.18 0.13 -0.12 -0.08 -0.11
H,PO N 2.81 —-0.10 0.08 -0.14 -0.67 -0.89
H,PO ZA’ 421 0.15 0.03 0.07 0.42 0.63
H,PS N 1.15 0.08 0.10 -0.15 -0.31 -0.34
NH, Zp, 2.12 0.24 0.22 0.04 -0.02 0.06
CH,NO, 2B, 2.05 -0.10 0.53 0.28 -0.01 -0.29
PH, A, 2.77 0.16 0.21 -0.14 -0.06 0.08
vinyl ZA" 3.31 -0.01 0.13 -0.17 -0.35 -0.35
vinyl ZA’ 4.69 -0.18 0.14 -0.37 -0.44 -038
MAE 0.28 0.27 0.31 0.31 0.38
(doublet transitions)

MAE 0.31 0.41
(including quartets)”

*Five of the QUEST 4 species have been removed and are considered separately in Table IV.

®From Ref. 73.

“Relative to TBE values [Eq. (16)]. Calculations employ the aug-cc-pVTZ basis set.

4BH&HLYP functional.
“Including the doublet-to-quartet transitions from Table I1.

Quartet excited states for doublet radicals were recently added
to the QUEST database.”* Error statistics for these doublet-to-
quartet transitions are provided in Table III for two spin-flip meth-
ods. For TD-B3LYP, we did not find any excited states with ($?)
values in the range of 3.00-3.75 that might reliably be called quartet
states, so LR-TDDFT results are excluded from Table I1I. Recently,
a new spin-adapted “spin-flip-down” method called XSF-TDA has
been reported and applied to these same doublet-to-quartet transi-
tions.”” That approach affords a MAE of 0.34 eV for this dataset,
compared to the MAE of 0.31 eV for SA-SF-TDDFT.

3. Problematic linear doublets

For a doublet ground state, both SF- and SA-SF-TDDFT
employ a high-spin quartet reference state. In cases where two of the
three singly occupied MOs (SOMOs) are (near-)degenerate, whether
by symmetry or by accident, the resulting excited states become
artificially (near-)degenerate. This leads to physically incorrect state
ordering and inaccurate excitation energies, a phenomenon that
was noted recently by others.'”” This degeneracy issue makes high-
symmetry doublet radicals intrinsically more challenging for both SF
and SA-SF-TDDFT.
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TABLE lll. Performance of spin-flip methods for doublet-to-quartet transitions in the
QUEST dataset.

Error (eV)”

Molecule State TBE (eV)* SA-SF SF
Allyl *Ay 6.01 -0.28 —0.54
BeH ‘n 5.88 0.02 -0.26
BH, ‘A, 5.36 0.43 0.28
CH iy 0.72 0.31 0.23
CN iyt 6.04 0.85 0.58
co* iyt 7.28 -0.55 0.33
HCO N\ 6.39 -0.26 -0.67
H,PO " 6.32 ~0.49 ~0.89
H,PS i7" 5.12 -0.19 -0.41
NH, B, 7.29 0.30 0.00
CH,NO; 1A, 434 -0.21 -0.86
PH, 1A, 6.16 -0.10 0.93
vinyl vy 4.56 -0.28 -0.50
MAE 0.33 0.50
2From Ref. 74.

PRelative to TBE values [Eq. (16)]. Calculations employ the aug-cc-pVTZ basis set and
the BH&HLYP functional.

Diradicals with linear geometries (including diatomics) exhibit
a symmetry-required degeneracy of the py and p, orbitals, as
shown for several examples in Fig. 19, and this is especially prob-
lematic. Five of the QUEST 4 radicals fall into this category:
OH, NO, CNO, CON, and NCO. These species have degenerate
SOMOs in the quartet reference (see Fig. 19), such that the high-
spin quartet state creates a worse static correlation problem as
compared to the doublet it replaces, because there are two low-
lying degenerate or quasi-degenerate excitations out of the quartet
SOMOs. This leads to erroneous excitation energies for SE-TDDFT
methods.

The aforementioned systems have been segregated from Table
S5 and relegated to Table I'V, where we also present results from the
“extended” (X)CIS approach.””'"” The latter method was designed
for doublet radicals and performs remarkably well for the five linear
radicals that are problematic for SF methods. XCIS excitation ener-
gies are mostly good approximations to TBE values with two notable
exceptions, OH(*2™) and CON(%), for which the XCIS errors are
1.0and 0.9 eV, respectively. It is possible that a XCIS method with KS
orbitals might reduce these errors by incorporating dynamical elec-
tron correlation, 4 la the DFT/CIS method,”' > and we are presently
investigating this possibility.

We also tried to examine transition-metal complexes, which
are difficult to describe because their ground states often contain
degenerate SOMOs. However, the high-spin reference used in SF
and SASF amplifies the problem encountered in using a quartet ref-
erence state for doublet radicals, as it creates degenerate SOMOs that
lead to incorrect state ordering and unreliable excitation energies. A
similar limitation was demonstrated long ago by Seth and Ziegler,'"!
who showed that the use of non-degenerate TDDFT excitations pro-
vided an effective way to avoid this failure. Inspired by this approach,
we plan to develop a similar strategy to construct non-degenerate
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(a) NO (b) OH
—8.69 eV -8.69 eV
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g . @O

~20.62 eV
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+—T— -12.58 eV
-12.82 eV

FIG. 19. Degenerate or near-degenerate SOMOs for quartet states of the (a) NO,
(b) OH, and (c) CON radicals. In each case, a single excitation coupled to o« — 8
spin flip creates two (quasi-)degenerate determinants.

TABLE V. Vertical excitation energies for the problematic doublet radicals in
QUEST 4.

Excitation energy (eV)*

Molecule State SE" SA-SE’ XCIS TBE
OH Iyt 7.76 8.66 4.02 4.10
OH 2y~ 10.42 10.52 9.06 8.02
NO Iyt 7.00 8.15 6.30 6.13
NO Iyt 8.20 8.62 7.17 7.29
CNO Iyt 0.04 0.06 232 1.61
CNO n 5.87 6.26 5.17 5.49
CON n 0.08 0.28 3.67 3.53
CON Zy 2.93 3.44 473 3.86
NCO Iyt 7.19 0.31 2.92 2.89
NCO n 8.07 7.62 426 473
MAE 2.18 2.19 0.40

*TDDFT and XCIS calculations use the aug-cc-pVTZ basis set and TBE values are from
Ref. 73.
PBH&HLYP functional.

high-spin reference states via artificial symmetry breaking, enabling
a more robust description of open-shell transition metals.

In principle, non-collinear SF-TDDFT can alleviate some of
the artificial degeneracies that arise in the collinear formulation
by allowing explicit mixing of spin components. This improves
the description of certain open-shell systems.®’ In practice, how-
ever, non-collinear implementations often exhibit unphysical behav-
ior, including numerical instabilities and large errors in excitation
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energies, due to formal deficiencies in the treatment of trans-
verse spin gradients in the exchange—correlation kernel.””''” These
issues have been traced to the mathematical structure of non-
collinear functionals beyond the local density approximation, where
the exchange-correlation kernel involves spin-density terms that
become ill-defined in regions of rapidly varying spin polarization.’
Although there has been recent progress on resolving the numerical
instabilities associated with non-collinear SF-TDDFT,**°! bench-
mark studies demonstrate that it sometimes artificially stabilizes
mixed-spin states.”® In such cases, the non-collinear variant per-
forms worse, at least with GGAs, and comparable accuracy is
achieved only in the presence of a substantial fraction of exact
exchange.”® Given these operational instabilities and the added com-
plexity of non-collinear response kernels, the collinear SE-TDDFT
formulation offers a more reliable and practical approach, especially
when used with a hybrid functional such as BH&HLYP.

C. Diradicals

Diradicals are a distinctive class of molecules characterized
by two unpaired electrons occupying nearly degenerate orbitals,
leading to strong static correlation, unusual bonding patterns, and
small singlet-triplet gaps. Their electronic structure cannot be
described by a single dominant configuration, so traditional single-
reference methods often fail to describe the energetics and state-
ordering of diradicals. The original implementation of SF-TDDFT
was specifically developed for the treatment of diradicals,® as their
multi-configurational nature demands an approach that can han-
dle near-degeneracies. By starting from a weakly correlated, high-
spin reference and generating low-spin states through a single spin
flip, SE-TDDFT naturally captures the essential correlated charac-
ter of diradicals and provides a balanced and efficient description
of their ground and excited states. In the following, we provide two
exemplary applications of SA-SF-TDDFT to diradicals.

1. Adiabatic excitation energies

We first examine the performance of SA-SF-TDDFT for adia-
batic excitations energies of small carbene-like diradicals. For this,
we compare to experimental values'* """ and to theoretical calcula-
tions™ obtained at the level of equation-of-motion coupled-cluster
theory with single and doubles excitations and a noniterative diag-
onal triples correction [EOM-CCSD(AT)].""*""” These results are
presented in Table V.

We observe an overall trend in which SA-SF-TDDFT clearly
outperforms standard SE-TDDFT, with the former affording a MAE
of 0.12 eV with respect to the EOM-CCSD(dT) benchmarks, the
latter of which are quite close to experimental values (where avail-
able). We also observe that singlet-triplet gaps are overestimated
in SF-TDDFT, likely due to significant spin contamination. In con-
trast, SA-SF-TDDFT is inherently free of spin contamination and
provides more reliable results.

2. Vertical excitation energies

Next, we examine vertical energy gaps for the lowest electronic
states of 1,6-diradicals generated by ring opening in cyclohexane
and methylcyclohexane, with unpaired electrons localized on oppo-
site ends of the molecule. Geometries were taken from Ref. 56 and
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TABLE V. Adiabatic excitation energies for small diradicals.

Error (eV)

Molecule State SF* SA-SF° d7)* Expt.
CH, A ~0.25 0.35 0.42 0.39¢
CH, B, 0.86 1.41 1.41 1.43¢
CH, 2'A, 1.71 227 2.53

NH,™* A, 0.26 1.36 1.25 1.31°
NH,* B, 1.02 2.09 1.87

NH,* 2'A, 2.04 3.15 3.32

SiH, B, 1.31 1.08 0.89 0.91°
SiH, 1B, 2.12 1.96 1.94 1.02¢
SiH, TA; 3.44 3.26 3.37

PH,"* 3By 1.31 0.89 0.79 0.75"
PH,"* B, 2.16 2.04 2.00 117"
PH," A, 3.59 3.52 3.64

MAE' 0.55 0.12

#50/50 functional and cc-pVTZ basis set, from Ref. 56.
®This work, aug-cc-pVQZ basis set.
“EOM-CCSD(dT)/aug-cc-pVQZ, from Ref. 56.
4Reference 113.

“Reference 114.

fReference 115.

8Reference 116.

"Reference 117.

'MAE with respect to EOM-CCSD(dT) results.

TABLE V1. Vertical excitation energies for three diradicals derived from cyclohexane
and methylcyclohexane.

Excitation energy (eV)

Molecule State SF* SA-SF’ (dT)
rCér B, 1.40 0.81 0.61
B, 2.39 232 2.37
TA; 5.37 5.27 5.55
rC6Cr 3B, 1.40 0.82 0.62
B, 2.40 233 2.37
TA; 5.38 5.28 5.56
rC6rC 3B, 1.45 0.88 0.70
B, 241 2.35 2.38
A, 5.40 5.28 5.55
MAE® 0.32 0.17

50/50 functional and cc-pVTZ basis set, from Ref. 56.
®This work, cc-pVTZ basis set.
EOM-SF-CCSD(dT)/6-311G(d), from Ref. 56.

dMAE with respect to EOM-CCSD(T) results.

excitation energies from that work are compared to SA-SE-TDDFT
values in Table VI.

SA-SF-TDDFT yields a mean absolute error of 0.17 eV whereas
standard SF-TDDFT produces a larger error of 0.32 eV. The
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largest deviations originate from triplet excitation energies, indi-
cating that spin contamination significantly affects the predicted
singlet-triplet gaps in the conventional SF-TDDFT approach. This
trend is consistent with results presented above, demonstrating
improved performance of SA-SF-TDDFT in strongly correlated
diradical systems.

H. Singlet-triplet gaps in nitrogen heterocycles

Molecules that violate Hund’s rule and exhibit an inverted
gap between the lowest singlet excited state (S;) and the lowest
triplet state (T:), meaning E(T:) < E(S1), have attracted atten-
tion for design of next-generation organic light-emitting diodes
that use thermally activated delayed fluorescence as a means
to enhance efficiency.””'*" Tricyclic nitrogen-containing hetero-
cycles based on cycl[3.3.3]azine (“cyclazine”),'” including 1,4,7-
triazacycl[3.3.3]azine (“heptazine”),'”’ have been examined in this
context.*® Several examples that exhibit inverted S;/T; gaps are illus-
trated in Fig. 20. It has been suggested that S1/T) inversion requires
strong coupling between single and double excitations, which cannot
be described using conventional LR-TDDFT,'* and that excited-
state KS approach (or “ADFT”) is preferable to LR-TDDFT for
thermally activated delayed fluorescence.'*

Benchmark Sy — S; and Sp — T, transition energies are avail-
able for the molecules shown in Fig. 20.%° Error statistics for TDDFT
vertical excitation energies, relative to these benchmarks, are pro-
vided in Table S10. In Table VII, these are converted to errors in the
S1/T1 gap,

Egap = E(S1) — E(T)). 17)

For the SF methods, these calculations use T, as the reference state
so that the T; — S, (n = 0,1) transition energies emerge as excita-
tions. For TD-B3LYP, we compute So — S; as an excitation but the
So — T transition energies in Table S10 are from two ground-state
calculations.

The TD-B3LYP and SF-TDDFT methods consistently fail to
recover the S;/T inversion, predicting the wrong sign for Eg,p, in all
(TD-B3LYP) or nearly all (SF-TDDFT) of the cyclazine derivatives.
(A similar observation was recently reported elsewhere.””) These
methods exhibit MAEs of 0.3-0.4 eV in Eg; vs only 0.03 eV for
SA-SF-TDDFT, which also predicts the correct sign in every case.
Notably, for TD-B3LYP and SF-TDDFT the errors in Eg,), are larger
than the MAEs in the transition energies themselves, which are
0.19 eV in both cases (Table S10).

k)\)

(heptazme)

cyclazme

B B B & ®

N | N7 | N7 | BTN ([B B

| PN\F N\)\?N N\)\?N N\)\%N A
6 7 8 9 10

FIG. 20. Cyclazine derivatives with inverted S1/T gaps, taken from Ref. 46.
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TABLE VII. S4/T4 gaps in cyclazine derivatives.”

Egap (eV)
Spin-flip”
Molecule” TBE* SF SA-SF TD-B3LYP
1 -0.22 -0.00 -0.20 0.22
2 -0.13 0.08 -0.15 0.20
3 -0.10 0.20 ~0.13 0.27
4 -0.12 0.24 -0.15 0.28
5 -0.10 0.26 -0.11 0.30
6 -0.07 0.20 —0.12 0.25
7 ~0.04 0.21 ~0.08 0.28
8 -0.03 0.18 ~0.05 0.29
9 -0.20 0.13 -0.21 0.21
10 -0.30 —0.41 ~0.27 0.11
MAE* e 0.26 0.03 0.37

*All TDDFT calculations use the aug-cc-pVTZ basis set. See Table S10 for the transition
energies.

Numbering corresponds to Fig. 20.

“From Ref. 46.

BHSHLYP functional.

€Relative to TBE values [Eq. (16)].

IV. CONCLUSION

Our results highlight limitations of conventional TDDFT
for systems with strong static correlation such as diradicals,
where single-reference methods fail to capture near-degeneracies
and often yield spin-contaminated or qualitatively incorrect state
ordering. SF-TDDFT, which uses a sacrificial high-spin refer-
ence determinant to generate lower-spin states, provides access to
multiconfigurational electronic structure at single-reference cost.
However, conventional SE-TDDFT is susceptible to spin contam-
ination that can cause substantial errors in vertical excitation
energies.

By examining the comprehensive QUEST database,”” we
found—perhaps unexpectedly—that traditional, spin-conserving
LR-TDDFT (represented here by the TD-B3LYP approach) often
performs better than SF-TDDFT. This is largely a result of spin
contamination that degrades the accuracy SF-TDDFT, as may be
gleaned by direct comparison to spin-pure SA-SF-TDDFT results
using the same functional, namely, BH&HLYP. Across all datasets of
QUEST, the SA-SE-TDDFT approach consistently delivers superior
accuracy while remaining rigorously free of spin contamination.

Despite these advantages, SA-SF-TDDFT does show limita-
tions for doublet monoradicals in high symmetry (linear or near-
linear) geometries. Here, the requisite high-spin quartet reference
state affords degenerate or near-degenerate SOMOs, leading to
incorrect excitation energies and rendering both SF-TDDFT and
SA-SE-TDDFT particularly challenging for such cases. In a sense,
the SF approach actually creates a more difficult electron correla-
tion problem in these examples because the spin-flipping excitation
must generate two quasi-degenerate determinants. This is likely to
be problematic also for open-shell transition metal ions, and work is
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in progress to develop new versions of the SE-TDDFT idea that can
handle such cases.

This situation leads us to ponder the general nature of static
correlation effects in molecular systems, which we suggest can be
grouped into three categories. The first are genuinely strong correla-
tion problems, which emerge whenever the gap between occupied
and virtual orbitals is <1 eV, such that dynamic electron corre-
lation is enough to prompt a change in electronic configuration.
This is the most challenging class of problems but it is a relatively
small subset of molecules, at least for closed-shell systems. A second
category includes systems with open-shell character and quasi-
degenerate SOMOs. Here, it is necessary to treat the open shells
appropriately in order to avoid spin contamination that can render
spin-unrestricted approaches unreliable. This can be accomplished
by augmenting the single-excitation space with a rather limited set
of doubly excited determinants, as in SA-SF-TDDFT. Often, this
is sufficient to resolve problems with static correlation without the
need for a proper multireference description and its associated com-
plexity. This is the realm where properly spin-adapted, open-shell
TDDFT methods shine. That being said, we have identified a third
case involving doublet radicals with linear or near-linear geome-
tries, which manages to defeat the SA-SF-TDDFT approach because
(near-)degeneracies in the high-spin quartet reference state gener-
ate a strong correlation problem where one may not have existed
previously. Such problems are readily identifiable and can be han-
dled in other ways that maintain single-reference cost, e.g., using
the XCIS method. Furthermore, we expect the number of systems
in this latter category to be rather small since the presence of sub-
stituent moieties is likely to lift degeneracies in the quartet reference
state.

The original motivation for developing SE-TDDFT lay in
diradicals. For that case, SA-SF-TDDFT provides the most reli-
able and accurate description among the TDDFT-based approaches
considered. Setting aside the special case of (near-)linear mono-
radicals with (near-)degenerate p, and p, orbitals in the quar-
tet reference, our findings demonstrate that SA-SF-TDDFT
offers a robust, balanced, and computationally efficient frame-
work for modeling closed and open-shell molecules, outperform-
ing both standard TDDFT and SF-TDDFT in the majority of
cases, with a diagnosable failure mechanism in the exceptional
cases.

SUPPLEMENTARY MATERIAL

The supplementary material provides the raw data used to
make the figures.
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