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ABSTRACT
We report an implementation of projection-based quantum embedding that combines periodic density functional theory in the CP2K code 

with correlated wavefunction calculations in the Q-Chem program. Using this interface, correlated wavefunction methods can be applied 

to a subset of molecular orbitals, selected in an automated manner based on a user-defined list of nuclei, with an embedding potential that 

provides electronic coupling to the remaining orbitals that comprise the environment. Our implementation uses exact projection, without the 

need for any level-shift operator, and is “pseudoperiodic” in the sense that periodic boundary effects are implicit in the orbitals used in the 

(non-periodic) wavefunction calculation. Convergence tests demonstrate that computed properties are faithful to the corresponding periodic 

quantities, provided that the high-level subsystem is spatially localized and small, relative to the periodic simulation cell. Spectroscopic exam-
ples for aqueous chromophores demonstrate converged results using a very limited subset of water molecules in the simulation cell, decoupling 

the choice of excited-state method and basis set from the functional that is used to propagate ground-state ab initio molecular dynamics. Sol-
vatochromic shifts for aqueous uracil are converged using equation-of-motion coupled-cluster theory, without the need for solvent molecules 

in the wavefunction calculation, and the embedded calculation captures solvent effects that are absent in gas-phase “microhydration” studies. 

Additional applications include adsorption of CO on a slab model of Si(100) and bond dissociation in a one-dimensional periodic polymer. 

In both of the latter cases, the system/environment partition crosses a covalent bond; these applications demonstrate that pseudoperiodic 

embedding can be applied to realistic systems in materials science.
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(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0361468

J. Chem. Phys. 165, 164112 (2026); doi: 10.1063/5.0361468 165, 164112-1

© Author(s) 2026

 23 O
ctober 2026 11:51:08

https://pubs.aip.org/aip/jcp
https://doi.org/10.1063/5.0361468
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0361468
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0361468&domain=pdf&date_stamp=2026-October-23
https://doi.org/10.1063/5.0361468
https://orcid.org/0009-0009-3761-2506
https://orcid.org/0000-0002-9698-3886
https://orcid.org/0000-0001-8302-4750
https://orcid.org/0000-0002-9085-4725
https://orcid.org/0000-0003-1378-5241
https://orcid.org/0000-0003-2050-4866
https://orcid.org/0000-0002-1663-2278
mailto:christopher.stein@tum.de
mailto:herbert@chemistry.ohio-state.edu
https://doi.org/10.1063/5.0361468


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

I. INTRODUCTION

The current workhorse for condensed-phase quantum chem-
istry (QC) is periodic density functional theory (pDFT). Such calcu-
lations are expensive, but one may generate hybrid DFT trajectories 

of ∼100 ps, for a unit cell containing ∼100 atoms, in a few weeks 

of time on just a few compute nodes. 

1 Periodic implementations of 

some correlated wavefunction methods are now available, 

2–18 but 

applications have mostly been limited to small unit cells. Even for the 

least expensive correlated wavefunction methods, such as second-
order Møller–Plesset perturbation theory (MP2), calculations at the 

scale described above remain cripplingly expensive. 

19

Nevertheless, DFT manifests an undesirable lack of systematic 

improvability. Delocalization error remains a problem, 

20 especially 

for open-shell systems, 

21–25 even for hybrid functionals. 

25–28 Range-
separated and long-range corrected (LRC) hybrid functionals 

29–35 

have done much to eliminate problems with spurious, low-energy 

charge-transfer excitations in time-dependent (TD-)DFT, 

32,36–39 

especially when used in conjunction with “optimal tuning.” 

40–45 

However, progress in producing functionals with more accurate 

excitation energies has been slow. 

46 Condensed-phase TDDFT spec-
tra remain exquisitely sensitive to the fraction of exact exchange 

that is included in the functional, 

26,47,48 as do the one-electron 

Kohn–Sham energy levels. 

49–52

Thus, alternative approaches to condensed-phase spectroscopy 

and reactivity remain necessary. Even with wavefunction meth-
ods replacing DFT, however, conventional quantum mechan-
ics/molecular mechanics (QM/MM) schemes are cumbersome for 

simulating electronic spectra of aqueous chromophores. Exchange 

of solvent molecules between the QM and MM regions is a persis-
tent problem, 

53 and spurious excitations to the QM/MM interface 

appear when the QM region is small. 

26,54 As compared to atomistic 

methods, continuum treatments of the solvent struggle to reproduce 

oscillator strengths. 

55

Projection-based embedding theory (PBET) represents an 

alternative atomistic approach at a “QM/QM” level. 

56–58 Using a 

projection operator to identify a subset of molecular orbitals (MOs) 

that are strongly associated with particular user-defined atoms, in an 

automated way, a correlated wavefunction method can be employed 

using this subset of MOs as its active space. The remaining MOs are 

described using DFT. A schematic view is shown in Fig. 1, which 

emphasizes similarities with the multilayer “ONIOM” technique 

59 

that is often used for both QM/MM and QM/QM calculations.

FIG. 1. Schematic view of a subtractive (ONIOM-style) partition into high- and 

low-level subsystems. Within PBET, the high- and low-level subsystems are sub-
sets of the MOs for the entire supersystem, coupled by a one-electron embedding 

potential.

A variety of alternative quantum embedding methods have 

been described in the literature. 

5,60–68 These include pseudoperi-
odic treatments (“finite cluster in periodic environment”), which 

are similar in spirit to the present approach, 

69–81 and which have 

applications to solid-state materials. 

82–86 In our view, the PBET for-
malism is particularly straightforward to implement, and it is the 

only embedding strategy that is pursued here. Unlike the purely 

subtractive ONIOM method, or embedded versions of the many-
body expansion, 

87,88 PBET includes electronic coupling between the 

wavefunction calculation and its DFT environment, by means of a 

one-electron embedding potential as described in Sec. II A.
In PBET, the projection operator that is used to select the 

wavefunction’s active space also enforces orthogonality between 

these active MOs and the remaining (environment) MOs. This obvi-
ates the need for nonadditive kinetic energy schemes, 

89 as required 

in subsystem DFT, 

61,68 which limits the latter to weakly interact-
ing subsystems. No such restriction exists in PBET, where even 

bond-breaking examples have been considered. 

56,64

However, other sources of error can affect the accuracy of 

PBET. 

90 Functional-dependent inaccuracies in the DFT description 

of the environment, such as density-driven errors or self-interaction 

error, can lead to spurious charge-transfer. 

91 The latter becomes 

especially pronounced for long-range polarization interactions, in 

ionic systems (for example), or when solute–solvent charge-transfer 

excitations are described. 

92 Finally, PBET relies on the assumption 

of well-defined orbital partition, which is a severe challenge when 

the MOs are intrinsically delocalized, as in metallic systems. 

93,94 

The present work reports an implementation of wavefunction-
in-pDFT embedding based on an interface between Q-Chem 

95 

and CP2K. 

96 The latter is selected due to its efficient (and still 

improving 

97,98 ) implementation of exact exchange under periodic 

boundary conditions, 

99,100 making for relatively efficient calcula-
tions using hybrid density functionals. Hybrid functionals are cru-
cial for spectroscopic applications, in order to position water’s 

bandgap appropriately: semilocal functionals afford bandgaps of 

4–5 eV, 

101–104 whereas the correct position is 7–9 eV. 

105–107 If the 

gap is underestimated, then excitations that ought to be localized 

on the chromophore (plus, perhaps, a few nearest-neighbor sol-
vent molecules) can access the solvent’s conduction band, leading 

to artificial delocalization in the excited state. 

101 Along similar lines, 

spurious mixing of defect states can occur in solid-state pDFT appli-
cations, due to anomalously low bandgaps predicted by semilocal 

functionals. 

108

Although a fully periodic implementation of PBET has been 

reported, 

64 the present version is “pseudoperiodic” in the sense 

that the wavefunction part of the calculation (performed using 

Q-Chem) does not employ periodic boundaries. Our implemen-
tation is a “cluster in periodic environment” embedding scheme, 

and most of our workflow uses the finite “cluster” basis for the 

high-level subsystem. For the periodic portion of the calcula-
tion in CP2K, only the Γ-point is computed. Nevertheless, the 

MOs computed using pDFT (in CP2K) for the high-level region 

retain an imprint of periodic boundaries, as does the embedding 

potential. This approach is straightforward, and convergence tests 

will demonstrate its potential. Proof-of-concept applications using 

wavefunction-in-DFT methods to model the electronic spectroscopy 

of condensed-phase chromophores demonstrate that converged sol-
vatochromic shifts can be obtained in this manner, and that there are

J. Chem. Phys. 165, 164112 (2026); doi: 10.1063/5.0361468 165, 164112-2

© Author(s) 2026

 23 O
ctober 2026 11:51:08

https://pubs.aip.org/aip/jcp


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

important contributions to solvent effects that are not captured by 

microhydration, meaning gas-phase wavefunction calculations that 

include a few explicit water molecules. Materials science applica- 

tions suggest that the results are not overly sensitive to the size of
the high-level region.

II. THEORY
Below, we describe a multilayer model and an embedding 

potential that together define the PBET approach (Sec. II A). Then, 

we discuss options for partitioning the MOs into high- and low-level 

subsystems (Sec. II B). Our software implementation is described in 

Sec. II C.

A. Projection-based embedding
PBET can be formalized in a manner that emphasizes its par-

allels to the subtractive ONIOM-style approach. Using “H” and “L” 

to indicate high- and low-level subsets of the supersystem’s MOs, 

whose determination is discussed in Sec. II B, the model is

E = E low 

[γ 

H⊕L ] − E low 

[γ 

H ] + E high 

[ 

˜ Ψ 

H ] 

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ONIOM−style

+ E emb 

. (1)

The first three terms correspond to the diagrams in Fig. 1, and the 

final term (E emb 

) introduces electronic coupling between the sub-
systems and is explicated below. We use γ to indicate a one-electron 

density matrix; γ 

H (for the high-level subsystem) and γ 

H⊕L (for the 

entire system) are both computed at the low level of theory. In the 

present work, that means DFT although the formalism in Eq. (1) 

does not require this choice.
The quantity ˜ Ψ 

H in Eq. (1) represents the wavefunction for the
high-level subsystem, which collapses to the corresponding density 

matrix,

˜ Ψ 

H → ˜ γ H . (2)

In the special case of DFT-in-DFT embedding using two differ-
ent exchange–correlation functionals, 

˜ Ψ 

H is simply the Kohn–Sham
determinant for the high-level subsystem and could be replaced by 

the corresponding density matrix (˜ γ H ) in Eq. (1).
The H/L partition is achieved by projecting the variational 

degrees of freedom for subsystem H out of the supersystem H ⊕ L. 

In the original version of PBET introduced by Manby and Miller, 

56,89 

this was accomplished by means of a level-shift operator with a large 

(but otherwise essentially arbitrary) value for the level shift itself. The 

version of PBET that is implemented in Q-Chem does not employ 

any level shift and is based on exact projection, recognizing that the 

one-electron density matrix is a projection operator onto the occu-
pied space. More precisely, if γ 

L is expressed in the nonorthogonal 

atomic orbital (AO) basis, with overlap matrix S, then γ 

L S is the 

appropriate projector onto the low-level subsystem. The Fock matrix 

for subsystem H, embedded in bath L, is obtained by exact projection 

onto the high-level subsystem, 

57

˜ F 

H−in−L = (1 − Sγ 

L )F(1 − γ 

L S). (3)

Here, F is the low-level Fock matrix for the supersystem (H ⊕ L). 

Elsewhere, 

109 this exact projection approach has been discussed in 

terms of solution of the Huzinaga equation. 

110

The embedding term in Eq. (1) is

E emb 

= tr[(˜ γ H − γ 

H )v emb 

]. (4)

The embedding potential, v emb 

[γ 

H , γ 

L ], is a functional of the density 

matrices for both subsystems, evaluated at the lower level of theory. 

Writing the Fock matrix as F = h + G in the usual way, 

111 where h 

and G[γ] are the one- and two-electron contributions, respectively, 

this embedding potential can be expressed as

v emb 

= G low 

[γ 

H⊕L ] −G low 

[γ 

H ]. (5)

The bottleneck step in the construction of v emb 

is equivalent to one 

Fock build on the full system (H ⊕ L) at the low level of theory, to 

obtain G low 

[γ 

H⊕L ] in Eq. (5).

B. Orbital partition
PBET requires a scheme to partition the MOs in an automated 

way. While there have been some specialized schemes developed to 

do this for specific applications, such as charge-transfer-to-solvent 

excitations, 

57 the standard schemes are based on a list of user-
identified nuclei to define the high-level region. This takes advantage 

of the atom-centered nature of the AO basis set to associate basis 

functions with selected atoms. In Q-Chem’s implementation, this 

identification can use either Pipek–Mezey localization, 

112,113 as in 

the original Manby–Miller implementation of PBET, 

56,89 or else the 

subsystem projected AO decomposition (SPADE) algorithm. 

58,93,114

1. Pipek–Mezey localization
In the Pipek–Mezey approach, orbitals ϕ i 

are localized by 

maximizing the functional

L[{ϕ i 
}] = 

atoms 

∑ 

A 

occ

∑ 

i
∣Q 

A
i ∣ 

2 

, (6)

where

QA
i =

1
2∑μ∈A

∑
ν
(c∗νiSνμcμi + c∗μiSμνcνi) (7)

is the contribution from occupied orbital ϕ i 

to the Mulliken pop-
ulation on atom A. 

112 (An analogous localization procedure exists 

for the virtual MOs. 

113 ) Upon convergence of the localization 

procedure, the quantity

σ 

PM
i = ∑

A ∈H
QA

i (8)

provides a measure of the contribution that localized orbital i makes 

to the high-level region defined by atoms A ∈ H.

2. SPADE
Problems with Pipek–Mezey localization in solids have been 

noted, 

93,115,116 and the examples presented in Sec. III use the SPADE 

algorithm instead. 

114 This procedure begins with Löwdin orthogo-
nalization of the occupied MOs of the pDFT calculation on H ⊕ L. 

Letting C occ 
indicate the rectangular matrix of occupied MO coeffi-

cients c μi 
in the AO basis, the corresponding coefficient matrix in the 

orthogonalized basis is

C̄ occ 
= S 

1/2 C occ 
. (9)
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We denote the orthogonalized AOs as ∣μ̄⟩ and construct a projection 

operator

ˆ P = ∑
¯ μ ∈H
∣μ̄⟩⟨μ̄∣ (10)

onto the space spanned by AOs ¯ μ ∈ H that are centered on atoms 

that the user has identified as defining the high-level region.
The operator 

ˆ P in Eq. (10) is used to project the orthogonalized
MOs for the entire system (H ⊕ L) onto the model system,

¯ C 

H
occ 

= P ¯ C occ 
. (11)

We construct the singular value decomposition (SVD) of the 

projected MO coefficients,

¯ C 

H
occ = LΣR 

† , (12)

where L and R denote the left and right singular vectors of 

¯ C 

H
occ 

,
respectively. The matrix Σ is diagonal and contains the singular 

values,

Σ =
⎛ 

⎜ ⎜⎜
⎝ 

σ 1 
0 0 ⋅ ⋅ ⋅

0 σ 2 
0 ⋅ ⋅ ⋅ 

0 0 

. . .

⎞ 

⎟ ⎟⎟ 

⎠ 

n o 
×n o

, (13)

with one σ i 
for each of n o 

occupied MOs. These singular values can
be used in the same way as the quantities σ 

PM
i defined in Eq. (8),

namely, to weight the importance of each occupied MO to the 

description of the high-level subsystem.
The matrix R in Eq. (12) can be decomposed into its span and 

its null space, 

57

R = R span 
⊕ R null 

, (14)

with the latter defined by the zero singular values. Rather than defin-
ing R null 

using the strictly zero singular values, however, we can 

generalize this partition to use a threshold value τ SVD 
, placing the 

ith column of R into R null 

if σ i 
< τ SVD 

. Doing so defines orbitals for 

the high- and low-level subsystems: 

57

CH 

occ 

= ¯ C 

H
occR span 

, (15a)

CL 

occ 

= ¯ C 

H
occR null 

. (15b)

Effectively, the SVD in Eq. (12) distills the information content of
¯ C occ 

by rank-ordering the low-level MOs according to which ones
are best supported by orthogonalized basis functions ¯ μ ∈ H.

Figure 2 provides several examples of the SVD-based SPADE 

partition. For main-group bond breaking [Fig. 2(a)], as considered 

in the original design of SPADE, 

114 the singular values σ i 
exhibit 

a sudden drop in magnitude beyond an effective minimal basis. 

This means five MOs for the –OH moiety of ethanol and 16 MOs 

for the =CH–CH=CH–CH= moiety that is selected for the reti-
nal chromophore in Fig. 2(a), corresponding to the atoms involved 

in trans → cis photoisomerization. In these examples, the largest 

sequential gap σ i+1 
− σ i 

can be used to select the active space in an 

obvious way. 

114

FIG. 2. Examples of singular values σ i 
generated by the SPADE algorithm, ranking 

the importance of the occupied MOs for describing a user-defined set of atoms. (a) 

SPADE singular values for the indicated atoms in ethanol and retinal. (b) Singular 

values for Ti 4 

O 18 

H 20 

and Fe 4 

O 16 

H 20 

, which are cluster models of anatase titania 

(TiO 2 

) and hematite (Fe 2 

O 3 

). Two of the four transition metal atoms are selected 

as the high-level region in the latter examples, as indicated. All calculations were 

performed at the PBE0/def2-TZVP level.

In contrast, when SPADE is applied to finite cluster models 

of titania (TiO 2 
) and hematite (Fe 2 

O 3 
), the singular values decay 

more slowly as a result of the more delocalized electronic struc-
ture in these systems [Fig. 2(b)]. Especially for hematite, it is less 

obvious which active orbitals should be selected. Nevertheless, the 

criterion σ i 
> τ SVD 

provides a controlled approximation with a lim-
iting behavior, where the high-level wavefunction method is applied 

to all the MOs as τ SVD 
→ 0. In practice, it might be necessary to per-

form several calculations, with different values of τ SVD 
, to assess the 

convergence of the property of interest with respect to the selected 

orbital space. If that property is insensitive to the choice of τ SVD 
, then 

no further effort is required. If a systematic dependence remains, 

then the property of interest can be extrapolated to the τ SVD 
→ 0 

limit using several calculations with different values of τ SVD 
. 

Especially for systems with singular value profiles such as 

those in Fig. 2(b), a fixed value of τ SVD 
may lead to a qualitative 

change in the orbital space along a trajectory, possibly leading to
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discontinuities in the potential energy surface. This is always a possi-
bility in active-space methods, 

117–125 and a variety of “even-handed” 

orbital selection techniques have been developed to address this 

issue. 

93,125–127 Importantly, the orbitals have well-defined weights
(σ i 
) that can assist in this process. These weights should be 

continuous functions of the nuclear coordinates.

3. Virtual orbitals
Section II B 2 involves only the occupied MOs and leaves open 

the question of which virtual orbitals should be used. In previous
work, we have simply used the entire virtual space for TDDFT-in-
DFT embedding, 

57 which is sometimes feasible because the cost of
TDDFT scales only as O(n2

on 

2 

v), where n o 
and n v 

are the number
of occupied and virtual orbitals, respectively. Furthermore, a cutoff 

can be used to discard the high-energy virtual MOs in the canonical 

representation. 

128

For correlated wavefunction-in-DFT calculations, however,
the scaling with respect to n v 

becomes prohibitive, e.g., O(n2
on 

4 

v)
for coupled-cluster theory with single and double substitutions 

(CCSD). In such cases, truncation of the virtual space is required, 

and we accomplish this using the concentric localization scheme 

of Claudino and Mayhall. 

58,129 Like SPADE, this procedure is 

SVD-based and provides an importance weighting for a set of 

non-canonical MOs.
Starting from the canonical virtual MOs for H ⊕ L, with MO 

coefficients C μa 
, the first step is to project these onto the high-level 

subsystem. This defines virtual orbitals with coefficients

C μa 

′ = ∑
λ ∈H
(S 

−1 ) μλ 
∑

σ ∈H⊕L
S λσ 

C σa 
. (16)

The MO index on the left (a 

′ ) has been given a prime to indicate the 

one-to-one correspondence with the canonical virtual indices a. 

58 

Equation (16) defines a set of transformed virtual orbitals, whose
coefficients will be expressed in matrix form as C′vir. The overlap
between those orbitals and the canonical set is then subjected to an
SVD, 

58,129

(C 

′
vir) 

† SC vir 
= UΣ 

′ V 

† . (17)

The most important virtual orbitals can be selected based on the
singular values in Σ 

′ .
Coefficients for this minimal set of valence virtuals can be 

expressed as

C 0 
= C vir 

V span 
, (18)

where V span 
represents the n basis 

singular vectors with the largest 

singular values. [Here, V = V span 
⊕V null 

in analogy with Eq. (14).] 

Limiting the virtual space to the n basis 

virtual MOs in C 0 
has been 

called the “single-ζ” approximation. 

129 To avoid confusion with 

basis-set terminology, however, we will refer to C 0 
as the minimal 

set of virtual orbitals, or one shell.
The remaining virtual orbitals (outside of the minimal set) are 

defined by coefficients

C null,0 

= C vir 
V null 

. (19)

To extend beyond the minimal number, Claudino and Mayhall 

129 

suggest examining the singular values defined by

C 

†
0FC null,0 

= U 0 
Σ 0V 

†
0 (20)

and taking the n basis 

largest singular values (in Σ 0 
) to define an 

additional set of virtual orbitals,

C 1 
= C null,0 

V span,0 
, (21)

where V 0 
= V span,0 

⊕V null,0 

. The set C 0 
⊕ C 1 

defines what Claudino 

and Mayhall call the “double-ζ approximation,” but we will call it 

simply C 0 
⊕ C 1 

or two concentric shells. This truncation affords 

excellent recovery of ground-state correlation energies computed 

at the MP2-in-DFT level. 

129 The procedure could be extended to 

additional concentric shells, but we will not do so.

C. Implementation
For the present work, we developed an “external embedding” 

interface within Q-Chem. It allows the program to read MO data 

from other electronic structure codes, although its present incarna-
tion is limited to reading CP2K data. The workflow for this interface, 

which does not modify the CP2K code, is shown in Fig. 3. It uses Q-
Chem to generate a CP2K-formatted basis function file and a snippet 

of a CP2K input file that can be used to ensure that all paths are cor-
rect. The latter file is printed to the Q-Chem output file and must be 

extracted for use as a CP2K input file. CP2K is run as a separate cal-
culation (i.e., externally), possibly with additional hardware-specific 

parameters. As compared to calling CP2K as a library, this workflow 

requires user intervention but allows CP2K to be parallelized across 

nodes without being constrained by Q-Chem’s single-node architec-
ture. (Q-Chem v. 7 does include some multi-node parallelism, 

130 but 

that functionality is not used here.)
A successful CP2K calculation generates a formatted text file 

containing the MO coefficients and energy levels. A PBET calcu-
lation in Q-Chem will detect this file and parse its format. Then, 

Q-Chem rebuilds and subsequently diagonalizes the low-level super-
system Fock matrix, in order to construct the embedding potential 

and to evaluate E low 

[γ 

H ] in Eq. (1). This is followed by SPADE 

partition of the MOs and selection of those with the largest sin-
gular values, which are then optimized (to obtain ˜ γ H ) using a 

wavefunction method in Q-Chem. The latter can include TDDFT 

(Sec. III A 2).

FIG. 3. Workflow associated with the Q-Chem/CP2K external embedding (“Ext-
Embed”) interface. Supersystem MOs are obtained from a pDFT calculation in 

CP2K and then passed to Q-Chem. Those MOs are parsed by the external 

embedding interface in Q-Chem and the SPADE partition is performed within that 

program, followed by a high-level (wavefunction) calculation on the active MOs.
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Notably, the low-level Fock matrix computed in Q-Chem does 

not include periodic effects from the environment. As such, the 

low-level effects that are subtracted out in Eq. (1), as well as 

the embedding potential v emb 

, are missing fully periodic interac-
tions. However, the initial MOs come from the periodic calculation, 

and this likely prevents certain artificial polarization that we have 

sometimes observed in large but finite cluster calculations, starting 

from a gas-phase guess. 

94 We consider the present approach to be 

“pseudoperiodic,” and its utility is demonstrated with examples in 

Sec. III.
The pseudoperiodic nature of the embedding does mean that 

the user-specified subsystem atoms of interest should reside at the 

center of the unit cell in order to prevent edge effects. (Solvent 

molecules may extend beyond the unit cell in order to preserve 

bonds.) This is not done automatically. Some tools for manipulating 

the unit cell can be found elsewhere. 

88

III. APPLICATIONS
We first consider several applications involving aqueous sys-

tems (Sec. III A), as these are common targets for ab initio molecular 

dynamics (MD) using pDFT. Covalent periodic systems are con-
sidered in Sec. III B. All calculations were performed using CP2K 

v. 2025.1. 

96 The external embedding interface is available in Q-
Chem v. 7.0. 

95 The absolute localization scheme that is described in 

Sec. III B 2 will be released with Q-Chem v. 7.0.1.

A. Aqueous systems
For a molecular liquid, the SPADE algorithm selects orbitals 

that localize onto individual molecules, and it suffices to specify 

the high-level subsystem in terms of what molecules it contains. 

Nevertheless, the MOs on one molecule do hybridize with its non-
bonded neighbors, because the underlying MOs for H ⊕ L were 

computed from a full-system DFT calculation. In particular, this 

means that solvent–chromophore hybridization is included even if 

the high-level region contains only the chromophore.
In what follows, we first present convergence tests for the pseu-

doperiodic embedding approximation (Sec. III A 1) using neat liq-
uid water. Following that, we examine two spectroscopic examples 

involving aqueous chromophores. First, TDDFT-in-pDFT embed-
ding is applied to the aqueous hydroxyl radical (Sec. III A 2), 

where configurations featuring a two-center, three-electron hemi-
bond have been implicated in the liquid structure 

131–135 and in 

the valence spectroscopy, 

26,27,136 yet the description of that hemi-
bonded state is sensitive to delocalization error in DFT. 

26,27,137–139 

In a second example, equation-of-motion (EOM-)CCSD is used for 

the high-level subsystem (Sec. III A 3). In particular, we use EOM-
CCSD-in-pDFT embedding to estimate solvatochromic shifts for the 

S 1 
and S 2 

excited states of aqueous uracil and to establish whether 

“microhydration” is sufficient to describe these effects.

1. Convergence tests: DFT-in-pDFT
We first describe two sets of convergence tests for neat liq-

uid water, using the Perdew–Burke–Ernzerhof (PBE) functional for 

both the high- and low-level regions in an effort to evaluate the 

physical consistency of the pseudoperiodic embedding scheme. In 

these tests, the model high-level region consists of a single water 

molecule in periodic unit cells of increasing size, ranging from L = 6

to 20 Å [Fig. 4(a)]. These tests establish the impact of truncating 

the Hamiltonian for this active subsystem in a non-periodic Q-
Chem calculation. Convergence is quantified using the gradient with 

respect to orbital rotations, 

111 which is reported as the error from 

the direct inversion in the iterative subspace (DIIS) procedure. 

140 

The DIIS error measures stationarity of the pDFT MOs (or lack 

thereof) when they are used as guess orbitals for a non-periodic DFT 

calculation using the same functional.
Results in Fig. 4(b) demonstrate that the initial DIIS error 

(for the single H 2 
O molecule that defines the subsystem) decreases 

monotonically as the environment region increases in size. As more 

water molecules are included in the environment, corresponding 

to larger simulation cell sizes L, the model region becomes further

FIG. 4. Validation and convergence tests at the PBE/def2-SVP level. (a) Water 

boxes of increasing size, with a single H 2 

O molecule selected as the high-level 

subsystem. (b) Initial SCF convergence error for MO optimization of the high-level 

subsystem, serving as an indicator of the accuracy of the periodic CP2K MOs 

within the non-periodic Q-Chem embedding framework. (c) Absolute deviation of 

the subsystem (H 2 

O) dipole moment (∣Δμ∣), relative to a reference computed from 

the corresponding supersystem pDFT calculation. The value of μ is computed for 

the H 2 

O molecule in question using CM5 atomic charges obtained from optimized 

MOs. The line in (b) and the curve in (c) are guides for the eye.
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polarized by the periodic MOs, and a better description of periodic-
ity is obtained. Correspondingly, the quality of the MOs used as an 

initial guess for the non-periodic embedding calculations improves. 

The same convergence can be illustrated by considering the 

dipole moment (μ) for the single-H 2 
O subsystem. We estimate μ 

using CM5 atomic point charges, 

141 computed using subsystem-
optimized (PBE-in-PBE) MOs. Results in Fig. 4(c) demonstrate that 

this dipole moment converges to the bulk pDFT value (for the 

central H 2 
O molecule) as L increases.

Together, these tests suggest that a box with L ≈ 13 Å is suf-
ficient to recover the essential periodic influences on the active 

subsystem and to minimize finite-size artifacts. At that point, the 

error in the H 2 
O dipole moment is ∣Δμ∣ ≈ 0.04 D, and the DIIS error 

in the energy is ≈10 

−5 Ha. The latter value is comparable to the con-
vergence threshold for single-point self-consistent field (SCF) energy 

calculations in Q-Chem.
Building on this, we performed a secondary stress test to evalu-

ate sensitivity with respect to the size of the subsystem. Considering 

a cubic box with L = 15.2 Å that contains 128 water molecules, 

we systematically increased the number of water molecules in the 

high-level region, up to a radius of r = 7.5 Å [Fig. 5(a)]. Results in 

Fig. 5(b) demonstrate that the initial DIIS error increases monoton-
ically with the radius of the high-level region. As the subsystem size 

increases, the active sphere (of radius r) approaches the boundaries 

of the simulation cell (r ≈ L/2), where the CP2K orbitals were ini-
tially influenced by MOs of the periodic image cell. Those images 

are absent in the non-periodic Q-Chem calculation, and the embed-
ding potential cannot fully compensate, so the transferred orbitals 

become a progressively poorer initial guess, as quantified by the 

rising DIIS error as a function of r.
Ultimately, however, the quality of the initial guess is of sec-

ondary importance. The relevant question is whether the converged 

electronic structure of the active system correctly reproduces the 

properties of the chemically relevant site. This question is addressed 

by considering the dipole moment of the central water molecule 

and its deviation from a bulk CP2K reference value [Fig. 5(c)], 

computed using CM5 charges as indicated above. Here, PBE-in-
PBE embedding serves as a particularly stringent test case, since it 

should precisely reproduce the supersystem result in the limit of 

an exact embedding potential. In fact, ∣Δμ∣ remains essentially con-
stant (∣Δμ∣ ≈ 0.03 D) across the entire range of subsystem radii. This 

confirms that the local electronic structure of the central molecule 

is consistently reproduced, independent of the active system 

size.
Figure 5(d) extends this test by treating the active region and 

the environment at different levels of theory and examining conver-
gence of the O(1s) orbital eigenvalue for the central water molecule. 

The active region is described using the range-separated SRC1-R1 

functional, 

47 which is parameterized for K-edge spectroscopy and 

can be used to obtain accurate core-orbital energy levels. 

142 The 

environment is described using PBE. The value of ε O(1s) 

converges 

already at the smallest active system size to a value distinctly dif-
ferent from the reference PBE-in-PBE value. This indicates that 

the improved description of core orbital energies by the SRC1-
R1 functional is effectively captured. Moreover, the value of ε O(1s) 

remains stable across all tested radii, demonstrating robustness for 

DFT 

′ -in-DFT embedding.

FIG. 5. Convergence tests with respect to active system size, for a water box with 

cell parameter L = 15.2 Å. (a) Illustration of the active region defined by a radius 

r . (b) Initial SCF error following MO read-in, as a function of r , reflecting the self-
consistency demands of the embedding as the active system grows. (c) Deviation
∣Δμ∣ in the dipole moment of the central water molecule (estimated using CM5 

point charges) relative to the pDFT reference value computed in the same way. (d) 

O(1s) orbital energy for the central H 2 

O molecule, computed using DFT 

′ -in-PBE 

embedding, where DFT 

′ 

= PBE or SRC1-R1. The PBE-in-PBE value, ε O(1s) 

≈

−510 eV, is simply the reference CP2K bulk PBE value. All calculations use the 

def2-SVP basis set.

These convergence tests confirm that the local properties of the 

central molecule are robust with respect to the size of the active 

region, irrespective of the level of theory applied within the embed-
ding, provided that the overall simulation box is sufficiently large.
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This demonstrates the efficacy of the pseudoperiodic approach to 

PBET and also informs the user regarding how to select a reason-
able subsystem size within the framework of wavefunction-in-pDFT 

embedding. One must ensure that the periodic simulation cell is 

sufficiently large with respect to the size of the model region.

2. Spectroscopy of OH(aq): TDDFT-in-pDFT
As a first spectroscopic application, we select the aqueous 

hydroxyl radical, OH(aq), whose electronic absorption spectrum 

exhibits a band maximum that is blueshifted by 1.4 eV relative 

to the Ã 

2 Σ 

+ ← 

˜ X 

2 Π transition of the gas-phase radical. 

143 It has
been suggested that the latter transition is not actually responsi-
ble for the solution-phase absorption maximum, 

136 which may arise 

instead from an intense 1b 2 
(H 2 

O) → 2p( 

● OH) charge-transfer 

transition that is unique to the aqueous phase and is assigned to 

hemibonded configurations of the radical that are characterized 

by a short oxygen–oxygen distance in the H 2 
O ⋅ ⋅ ⋅ ● OH contact 

pair. 

26,27,136 These hemibonded configurations in OH(aq) have long 

been regarded as artifacts of self-interaction or delocalization error 

in DFT, 

131,137 although more recent simulations suggest that early 

ab initio MD simulations of OH(aq) may have suffered from arti-
facts arising from too-small simulation cells. 

133 Recent simulations 

with hybrid functionals suggest that hemibonded configurations 

may persist as a minority population, albeit one that plays an outsize 

role in the spectroscopy. 

27

For these tests, we use TDDFT-in-pDFT embedding. This fits 

seamlessly within the same wavefunction-in-DFT formalism inso-
far as linear-response TDDFT has the structure of a configuration 

interaction wavefunction with single substitutions only, 

46,144 and 

we have previously considered a finite (cluster) version of this 

approach. 

57 Here, we generalize this approach to include a pseu-
doperiodic treatment of the environment. Although it is possible to 

run TDDFT under periodic boundaries in CP2K, 

145–147 an embed-
ding approach may still be advantageous as it allows a different 

functional to be used for computing excitation energies, as com-
pared to that used to propagate the ground-state ab initio MD using 

pDFT. For example, a hybrid or LRC functional might be used 

in TDDFT to avoid charge-transfer contamination and to position 

water’s bandgap appropriately, with a semilocal functional used for 

efficient ground-state dynamics. In such a scenario, periodic exact 

exchange is needed only for those snapshots that are used to obtain 

an absorption spectrum, not at every time step.
An ab initio MD trajectory for (OH)(H 2 

O) 63 
at the PBE/def2-

TZVP level, in a unit cell with L = 12.42 Å, was taken from 

previous work, 

27 where it was run at T = 370 K. Here, we com-
puted an absorption spectrum from 600 snapshots sampled every 

25 fs, applying TDDFT with the LRC-ωPBE functional to a high-
level subsystem defined by a radius of 4.5 Å around the radical. 

(This amounts to 18.8 ± 1.9 water molecules in the TDDFT sub-
system.) The range separation parameter in LRC-ωPBE is set to
ω = 0.38 bohr 

−1 using the optimal tuning procedure based on the 

ionization energy theorem of DFT. 

41 As in previous work, 

45 we 

refer to this functional as LRC-ω IE 
PBE to denote the system-specific, 

tuned value of ω.
In previous work, 

57 we demonstrated that embedding affords 

stable excitation spectra from snapshot to snapshot, despite fluctu-
ations in the number of solvent molecules that are included in the 

TDDFT region, with embedding errors that are much smaller than

FIG. 6. Absorption spectra for OH(aq) computed using TD-LRC-ω IE 

PBE-in-PBE 

embedding, decomposed into various contributions based on the number of water 

molecules included in the TDDFT calculation. The average number of water 

molecules in the TDDFT calculation is 18.8 ± 1.9. Absorption spectra were com-
puted using 15 excited states per snapshot, weighting the transition energies by 

oscillator strength and broadening using a 0.6 eV Gaussian. All calculations use 

the def2-TZVP basis set.

step-to-step fluctuations in the excitation energy itself. In Fig. 6, we 

decompose the absorption spectra of OH(H 2 
O) 63 

into different con-
tributions based on the number of water molecules that are in the 

TDDFT subsystem in a given snapshot. These spectra are not nor-
malized, i.e., what is plotted is the absolute oscillator strength from 

the TDDFT calculations, and the apparently low intensity for the 

(OH)(H 2 
O) 24 

contribution is a result of there being only one snap-
shot (out of 600) having that many water molecules in the TDDFT 

subsystem. The absorption maxima are reasonably consistent across 

subsystem sizes.
The absorption spectrum for the total ensemble is plotted in 

Fig. 7 alongside experimental absorption intensities at selected wave-
lengths. 

148 This comparison demonstrates the excellent consistency 

of the TDDFT-in-pDFT spectrum despite fluctuations in the size 

of the TDDFT region. Furthermore, the embedded spectrum is a 

good match to a spectrum computed by applying TDDFT to the 

full (OH)(H 2 
O) 63 

unit cell, treated as a finite cluster. The latter 

spectrum, which is taken from Ref. 27, used a smaller basis set 

(6-31++G 

∗ ) due to the large size required, whereas embedding 

enables a high-quality spectrum to be obtained using a much smaller 

number of the surrounding water molecules.
Previous theoretical studies of the OH(aq) absorption spectrum 

demonstrate that instantaneous configurations exhibiting a small 

transfer of ground-state spin density from 

● OH to H 2 
O play an out-

size role. 

26,27 This spin-density transfer also provides an electronic 

(as opposed to geometrical) definition of the hemibonded con-
figurations that support a 1b 2 

(H 2 
O) → 2p( 

● OH) charge-transfer 

transition.
Following previous work, 

26,27 we apply Mulliken analysis to 

the spin density ρ spin 

= ρ α 

− ρ β 

, in order to quantify the spin charge 

s(OH) on the radical. We then partition the ensemble, using a 

numerical cutoff for s(OH) that was determined to be a proxy for 

hemibonded geometries. 

26,27 The hemibonded subset, defined by the
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FIG. 7. Absorption spectra for OH(aq) computed using TD-LRC-ω IE 

PBE and jux-
taposed with experimental data from Ref. 148. The TDDFT-in-pDFT spectrum 

uses def2-TZVP for both levels of theory and applies TDDFT to a subsystem 

defined by a 4.5 Å radius around the radical, using 15 excited states per snap-
shot and 0.6 eV Gaussian broadening. Also shown are a spectrum obtained 

from applying TD-LRC-ω IE 

PBE/6-31++G 

∗ to the entire unit cell and a decom-
position of the TDDFT-in-pDFT spectrum into sub-ensembles based upon the 

radical’s spin charge. That decomposition employs a cutoff value for s(OH) that 

is indicative of hemibonded configurations. Note the 1:3 population ratio of the two 

sub-ensembles.

criterion s(OH) ≤ 0.97, is just 25% of the total population of the 

ensemble yet supports a roughly equal integrated oscillator strength 

as compared to the 75% of the ensemble with s(OH) > 0.97, for 

which the spin density is almost completely localized on the 

● OH 

moiety; see Fig. 7.
This application demonstrates how a variety of wavefunction-

like tools (including TDDFT) can be brought to bear on a hard-won

ab initio MD trajectory as a post-processing step. The subsequent 

spectral analysis can employ alternative functionals (different from 

the one used for ground-state dynamics) and higher-quality basis 

sets, because it only requires a high-level calculation on a limited 

subset of solvent molecules. In Sec. III A 3, we explore a simi-
lar application using a correlated many-body wavefunction for the 

high-level subsystem.

3. Spectroscopy of uracil(aq): EOM-CCSD-in-pDFT
As a second spectroscopic application, we consider EOM-

CCSD-in-pDFT embedding for the S 1 
and S 2 

states of aqueous 

uracil, Ura(aq). EOM-CCSD-in-DFT embedding has previously 

been considered for EOM-CCSD excitation energies in finite aque-
ous clusters, 

149 and the present approach provides an alternative that 

can be made consistent with ground-state ab initio MD simulations. 

Geometries for these calculations were sampled from a classi-
cal MD simulation using the AMBER99 force field. 

150 Snapshots for 

EOM-CCSD-in-pDFT calculations were extracted at regular inter-
vals, and the embedding calculations were performed using the 

PBEh(40) functional (with 40% exact exchange), which sets the 

water bandgap appropriately. 

1,151 We will compare these results 

to gas-phase EOM-CCSD calculations on microhydrated clusters, 

(Ura)(H 2 
O) n 

, with n = 5 and n = 10 water molecules. Geometries 

for the cluster calculations were taken from the same trajectory by 

selecting the n water molecules closest to uracil and deleting the 

rest, but otherwise keeping the same geometry. Thus, the geometry 

of the cybotactic region is the same in both the finite cluster cal-
culations and the EOM-CCSD-in-pDFT embedding calculations, so 

that results of both can reasonably be juxtaposed along the entire
trajectory.

Vertical excitation energies computed at regular intervals along
the MD trajectory, for the S 1 

(nπ 

∗ ) and S 2 
(ππ 

∗ ) states of the chro-
mophore, are shown in Fig. 8. These results use the def2-SVP basis
set, but results using 6-311G 

∗ are almost identical, as demonstrated

FIG. 8. Vertical excitation energies for the (a) S 1 

(nπ 

∗ ) and (b) S 2 

(ππ 

∗ ) states of aqueous uracil, evaluated along a classical MD trajectory. The legend explains the methods 

used: either gas-phase EOM-CCSD applied to microhydrated (Ura)(H 2 

O) n 
clusters (n = 0, 5, 10), or EOM-CCSD-in-pPBEh(40) embedding, with two different high-level 

regions. All calculations use the def2-SVP basis set. For the embedding calculations, two concentric shells of virtual orbitals were used (C 0 

⊕ C 1 

).
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TABLE I. EOM-CCSD excitation energies for hydrated uracil. 

a

Excitation energy (eV)

Ura(H 2 
O) n 

(microhydrated) Ura(H 2 
O) n 

-in-(H 2 
O) 118 − n 

(embedded) 

b

State Basis set n = 0 n = 5 n = 10 n = 0 n = 5

S 1 def2-SVP 

c 4.95 5.21 5.27 5.37 5.33 

S 2 def2-SVP 

c 5.72 5.54 5.52 5.68 5.62 

S 1 6-311G 

∗ 4.98 5.23 5.27 5.32 

c 5.30 

d 

S 2 6-311G 

∗ 5.64 5.49 5.49 5.70 

c 5.64 

d

a Averaged across 50 ps of simulation data, as in Fig. 8.
b PBEh(40) functional.
c C 0 
⊕ C 1 

truncation of the virtual space, meaning two concentric shells or 2n basis 
virtual MOs. 

d Minimal set (C 0 
) of n basis 

virtual orbitals.

in the statistical summary that appears in Table I. As expected, 

152,153 

solvent effects on the 

1 ππ 

∗ excitation energy are modest, but they 

are more substantial for the 

1 nπ 

∗ state, where there is a significant 

blueshift upon microhydration that increases in the embedded cal-
culations. (The EOM-CCSD result for isolated uracil is also shown 

in Fig. 8, in order to establish the magnitude of the solvatochromic 

shift.) EOM-CCSD-in-pDFT results are presented using a high-
level region that consists of either the chromophore only, or else 

(Ura)(H 2 
O) 5 

, keeping the five closest water molecules in the high-
level region. Those two calculations are in excellent agreement 

across the MD trajectory, to within an average of ≤0.06 eV (Table I) 

using either of two basis sets and two different virtual orbital trunca-
tion schemes, either C 0 

(only) or C 0 
⊕ C 1 

, as described in Sec. II B 3. 

This outstanding agreement indicates that convergence has been 

achieved without the need for any water molecules in the high-level
region.

Let us comment briefly on the cost of these calculations. For
the (Ura)(H 2 

O) 5 
-in-(H 2 

O) 113 
embedding, we had to constrain the

virtual MOs to the single shell defined by C 0 
in Eq. (18). A scheme

with two concentric shells of virtual orbitals (C 0 
⊕ C 1 
) has been 

recommended in order to converge ground-state correlation ener-
gies, 

129 and Fig. 9 shows results for the same Ura(aq) systems using 

the def2-SVP basis set and the C 0 
⊕ C 1 

truncation scheme. These 

results are extremely similar to the 6-311G 

∗ results with the min-
imal set (Fig. 8), suggesting that demands on the virtual space are 

reduced for excitation energies, at least for localized valence excited 

states.
Timing data for the EOM-CCSD portion of the calculation are 

shown in Fig. 10. When two concentric shells of virtual orbitals 

are used, the Ura(H 2 
O) 5 

-in-(H 2 
O) 113 

calculation is considerably 

more expensive than the corresponding gas-phase Ura(H 2 
O) 5 

cal-
culation although the embedding calculation also captures solvation 

effects that are missing in the gas-phase calculation. While the tim-
ing result might seem puzzling at first, it can be understood based
on the number of virtual MOs, which is n 

H
v 

= n 

H
basis − n 

H 

o for a gas-
phase calculation on the high-level subsystem. For an embedding 

calculation using the same subsystem, the number of virtual MOs is 

n basis 

if one shell is used (C 0 
) or 2n basis 

for two shells (C 0 
⊕ C 1 
). For

FIG. 9. Vertical excitation energies for the (a) S 1 

(nπ 

∗ ) and (b) S 2 

(ππ 

∗ ) states of aqueous uracil, computed using EOM-CCSD-in-PBE(40) embedding with two different 

basis sets. The def2-SVP data are the same as those of Fig. 8 and use C 0 

⊕ C 1 

for the virtual orbitals. The 6-311G 

∗ results use C 0 

⊕ C 1 

for uracil-in-(H 2 

O) 118 

but use one 

shell of virtual orbitals (C 0 

only) for Ura(H 2 

O) 5 

-in-(H 2 

O) 113 

.
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FIG. 10. Wall-time cost for the EOM-CCSD portion of the gas-phase and the 

embedded calculations on hydrated uracil. Data were obtained on 48 threads 

of a dedicated node (Dell Intel CPU Max 9470) with 128 GB of available mem-
ory. These data represent the most expensive single snapshot for gas-phase 

Ura(H 2 

O) 10 

. All of the embedding calculations employ two concentric shells of 

virtual orbitals (C 0 

⊕ C 1 

truncation) except for Ura(H 2 

O) 5 

-in-(H 2 

O) 113 

, which uses 

only one shell (C 0 

).

Ura(H 2 
O) 5 

-in-(H 2 
O) 113 

in the 6-311G 

∗ basis set, where only C 0 
is 

used, the timings are similar to the gas-phase Ura(H 2 
O) 5 

calculation 

because the number of virtual MOs is more comparable.
Our results indicate that neither the second shell of virtual 

MOs nor the explicit water molecules in the high-level region are 

necessary. This reduces the cost of the embedding calculation to 

something comparable to gas-phase Ura(H 2 
O) 5 

.

B. Extended systems
So far, we have only considered systems and properties that 

are predominantly governed by noncovalent interactions. A major 

strength of PBET, however, is its ability to partition systems across 

covalent bonds. It does so by partition of the MOs, which are 

hybridized according to the chemical bonding of the whole system, 

rather than using link atoms (as in most QM/MM calculations) or 

relying on frozen orbitals at the high-level/low-level boundary. For 

extended materials, including polymers, a description of the periodic 

environment is often crucial, as it may substantially influence the 

electronic structure even for local properties. For systems with delo-
calized electronic structure, such as semiconductor materials, PBET 

avoids the need for pseudopotential “caps” around a finite cluster 

model. Although there are successful reports of such approaches 

in the literature, 

154–157 our experience suggests that this approach 

requires considerable care and cannot be regarded as “black-box.” 

Chulhai and Goodpaster previously reported a “cluster-in-
periodic environment” approach to PBET, 

64 in which the environ-
ment is described using pDFT with a k-point-dependent embedding 

potential. An important prerequisite of this formulation is that 

the active subsystem should not interact significantly with its own 

periodic images, which requires a sufficiently large unit cell. This 

additional cost, relative to a simple pDFT calculation in a smaller 

unit cell, is justified by the ability to treat the active cluster with 

high-level methods.

Our implementation adopts and simplifies the cluster-in-
periodic environment approach in order to make it more straight-
forward and to reduce the cost. The low-level pDFT calculation is 

performed using CP2K, and the resulting periodic MOs are subse-
quently used in Q-Chem to construct the embedding potential for 

the active subsystem. In contrast to the formulation of Chulhai and 

Goodpaster, 

64 which employs a freeze-and-thaw procedure in the 

periodic basis to pre-optimize subsystem densities in an absolutely 

localized monomer basis, our implementation uses the supersystem 

density obtained from CP2K, avoiding this additional optimization 

step. As such, the embedding potential is constructed and applied 

without periodic boundary conditions. The impact of the periodic 

environment is inherently encoded in the environment’s MOs, how-
ever. Phenomenologically, this does not introduce any additional 

approximation because negligible interaction between the active 

subsystem and its periodic images is already a prerequisite of the 

cluster-in-pDFT approach. Our implementation is restricted to the 

Γ-point in the pDFT calculation and is, therefore, primarily suited 

to localized active regions with molecular-like electronic structure, 

embedded in a periodic material.
Below, we test our pseudoperiodic PBET approach using two 

test systems that were also considered by Chulhai and Goodpaster. 

64 

In Sec. III B 1, we consider bond-stretching in a one-dimensional 

polymer, using a sequence of high-level regions of different sizes 

and describing the remaining polymer as a one-dimensional peri-
odic environment. In Sec. III B 2, we consider adsorption of CO to a 

periodic slab model of the Si(100) surface.

1. One-dimensional polymer
We first consider the neoprene polymer using a unit cell that 

contains two C–Cl bonds. We call this system “neoprene-2,” follow-
ing the notation in Ref. 64. (A neoprene-4 system, with four C–Cl 

moieties in the unit cell, will be considered below.) We calculate the 

potential energy curve for the dissociation of one C–Cl bond, using 

high-level regions of varying size as depicted in Fig. 11(a) and labeled 

(II)–(V), again following Chulhai and Goodpaster. 

64

PBE-in-LDA embedding results, where LDA denotes the local 

density approximation, are presented in Fig. 11(b) and are compared 

to reference pDFT calculations using either functional. Taking peri-
odic PBE as the reference, we see that periodic LDA overestimates 

the C–Cl bond energy by 10.7 kcal/mol. For PBE-in-LDA embed-
ding, even the smallest choice for the high-level region reduces this 

error to 1.9 kcal/mol. For the larger regions (III)–(V), this error is 

reduced below 1 kcal/mol.
B3LYP-in-LDA embedding is considered in Fig. 11(c). As 

above, we observe significant improvement compared to the peri-
odic LDA calculation and convergence toward the fully periodic 

B3LYP result with increasing size of the active region. For the small-
est subsystems, (II) and (III), the embedding results differ by 1.6 

and 2.9 kcal/mol in the C–Cl bond energy, respectively, as com-
pared to the periodic B3LYP reference. Subsystems (IV) and (V) 

afford results within 1 kcal/mol of the reference value. This is com-
parable to the 1.2 kcal/mol error that was reported in Ref. 64 using 

B3LYP-in-LDA embedding with subsystem (III). We consider this 

to be excellent agreement, given that the implementation in Ref. 64 

used a fully periodic embedding potential and the freeze-and-thaw 

approach that was mentioned above.
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FIG. 11. PBET results for neoprene-2, a neoprene unit cell containing two C–Cl 

moieties. (a) Illustration of high-level regions II–V, with the high-level atoms indi-
cated by the larger ball-and-stick models. (b) Dissociation potentials along one of 

the C–Cl bonds, illustrating how PBET interpolates between PBE and LDA using 

DFT-in-pDFT embedding. (c) Convergence behavior of B3LYP-in-LDA embedding. 

All calculations use the def2-SVP basis set.

At the level of DFT-in-pDFT embedding, the present approach 

comes with substantial computational benefit for hybrid functionals 

because only the high-level MOs need to be described with hybrid 

DFT. For model (II) of neoprene, this means 15 of the 46 occupied 

MOs in the unit cell are described using the hybrid functional (for 

spin-restricted MOs), or 20 out of 46 for model (III). This highlights 

the potential of DFT-in-pDFT embedding, since hybrid pDFT calcu-
lations are typically one or two orders of magnitude more expensive 

than semilocal pDFT, depending on the size of the unit cell. For

hybrid DFT embedded in semilocal pDFT, increasing the unit-cell 

size to mitigate finite-size effects adds a cost that scales like the 

low-cost, semilocal pDFT calculation.
This advantage is even more pronounced for wavefunction-in-

DFT embedding, due to the more severe computational scaling of 

correlated wavefunction methods with system size, but also because

FIG. 12. CCSD-in-pDFT embedding results for C–Cl bond stretching in neoprene, 

using two concentric shells of virtual MOs. These results include dissociation 

curves for CCSD-in-pLDA embedding in (a) neoprene-2 and (b) neoprene-4, con-
taining either two or four C–Cl moieties in the unit cell. Subsystems (II)–(V) are 

illustrated in Fig. 11(a) and color-coded in the same way here. (c) Convergence 

of the C–Cl bond energy for neoprene-4 as a function of the high-level region 

size (top), and difference with respect to the converged result (bottom). That con-
verged CCSD result from (c) is indicated by the horizontal black line in (a) and (b). 

Calculations were performed using the 6-311G 

∗ basis set.
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those methods exhibit slow convergence with respect to the size of 

the unit cell or k-point sampling, 

158–164 even as compared to pDFT. 

The problem is illustrated by the CCSD-in-LDA calculations on 

neoprene-2 that are shown in Fig. 12(a), which exhibit finite-size 

effects that do not systematically diminish with increasing size of 

the high-level region. The smallest subsystems, (II) and (III), devi-
ate from a converged CCSD reference by only 2.0 and 2.1 kcal/mol, 

respectively, but calculations using subsystem (IV) fail to converge 

and those using (V) deviate by 6.2 kcal/mol from the reference value. 

Moreover, the dissociation minimum is also shifted relative to the 

periodic LDA curve. These artifacts disappear for calculations on a 

neoprene-4 model that has four C–Cl moieties in the unit cell. This 

confirms that the poor behavior in neoprene-2 is an artifact of the 

unit cell size.
The CCSD-in-pDFT calculations in Fig. 12 use two concentric 

shells of virtual orbitals (C 0 
⊕ C 1 

truncation). For these test cases, 

however, it is possible to run the calculation without any truncation 

of the virtual space, and doing so confirms that the two-shell result is 

converged to within ∼0.01 kcal/mol. This is quantitatively consistent 

with the convergence behavior reported by Claudino and Mayhall 

for ground-state energies computed at the MP2-in-DFT level. 

129 

Together, these results demonstrate that our pseudoperiodic 

implementation of PBET reliably describes both DFT-in-pDFT and 

correlated wavefunction-in-pDFT interactions, in systems where the 

high-level/pDFT partition occurs across covalent bonds. Favorable 

results are predicated on an adequately large unit cell, as was also 

the case for the solvated subsystems considered in Sec. III A. This 

requirement does not compromise the overall computational effi-
ciency, however, due to favorable scaling of the low-level pDFT 

treatment.

2. Surface adsorption
For surface models, finite-size effects can become even more 

severe and we consider CO@Si(100) as a test case [Fig. 13(a)]. Using 

the pseudoperiodic setup described above, we were unable to obtain 

a smooth dissociation curve for the surface-adsorbed CO molecule 

due to severe convergence issues. This poor behavior arises because 

the MOs of the adsorbate are expressed in the basis of the super-
system and contain contributions from basis functions centered on 

environment atoms. When those orbitals are used in the (finite) Q-
Chem SCF calculation, the absence of the corresponding periodic 

environment can cause the density to relax artificially into basis 

functions centered on the environment, which now lack adequate 

Pauli repulsion from periodic-image functions. This introduces spu-
rious “dangling-bond” character into the high-level subsystem. In 

principle, this effect is present in the one-dimensional polymer cal-
culations considered in Sec. III B 1 but is considerably more severe 

for the periodic Si(100) slab.
To address this problem, we consider an “absolutely localized” 

monomer basis, 

64,165 in which the high-level subsystem MOs are 

constrained to use only those AO basis functions that are cen-
tered on the subsystem atoms. This partition begins with a SPADE 

decomposition of the occupied orbital space, which affords a nearly 

block-diagonal separation between active and environment orbitals. 

That is,

C̄ occ 
≈ (

¯ C 

H
occ 0
0 ¯ C 

L
occ
), (22)

FIG. 13. CO dissociation from a Si(100) surface. (a) Illustration of the slab model 

that is used, with the active system (OC⋅ ⋅ ⋅Si) indicated by large spheres, the peri-
odic unit cell indicated by smaller green spheres, and periodic images in gray. 

(b) Dissociation curves for the OC⋅ ⋅ ⋅Si bond computed using CCSD-in-pLDA and 

CCSD(T)-in-pLDA embedding with absolute localization. (c) Dissociation curves 

computed using CCSD-in-pPBE and CCSD(T)-in-pPBE embedding based on the 

same setup. In all of these dissociation curves, the Si(100) lattice was held rigid 

at the relaxed geometry obtained in the presence of the adsorbate, but bind-
ing energies are referenced to the fully relaxed, dissociated surface structure. 

The def2-TZVP basis set is used for Si and cc-pVTZ is used for {H, C, O}. No 

truncation of the virtual space is applied.

although the indicated off-diagonal blocks are not exactly zero. 

Absolute localization is achieved by setting them to zero. The result-
ing orbitals are no longer strictly orthonormal, and the Löwdin
transformation is applied to C 

L
occ to restore orthogonality. To opti-

mize the active subsystem self-consistently using only its own
monomer basis, the Fock matrix 

˜ F 

H−in−L must be restricted to
the subsystem block and orthogonality enforced at every SCF iter-
ation. Following the formalism of absolutely localized cluster-in-
periodic embedding, 

64,165 this is achieved by adding a Fermi-shifted 

Huzinaga-type projector to the active-fragment block of the Fock 

matrix. This approach prevents density leakage into the environ-
ment and ensures that the finite-cluster calculation contains only 

the degrees of freedom associated with the high-level subsystem. 

The reduced basis also provides a substantial computational advan-
tage, particularly for correlated wavefunction-in-DFT calculations, 

because the expensive MO transformations are restricted to the 

active-region basis. For this reason, it was not necessary to truncate 

the virtual space for these wavefunction-in-pDFT calculations.
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Results using absolute localization are shown in Fig. 13(b). We 

obtain CO binding energies of 22.5 kcal/mol for CCSD-in-pLDA 

and 20.5 kcal/mol for CCSD(T)-in-pLDA. These are much larger 

than the experimental value of 11.6 kcal/mol, 

166 and also larger than 

a fully periodic CCSD(T)-in-pLDA value of 13.0 kcal/mol obtained 

using the freeze-and-thaw method of Chulhai and Goodpaster. 

64 

However, our results are in much better agreement with experiment 

when PBE is used for the environment [Fig. 13(c)]: 11.0 kcal/mol 

at the CCSD-in-pPBE level and 11.8 kcal/mol at the CCSD(T)-in-
pPBE level, as compared to a fully periodic CCSD(T)-in-pPBE value 

of 10.3 kcal/mol. 

64

Although the wavefunction-in-LDA results improve markedly 

on the well-known over-binding of pure periodic LDA, as docu-
mented in Fig. 13(b), the wavefunction-in-pLDA results are still 

significantly overbound with respect to experiment. The present 

calculations also exhibit greater sensitivity to the choice of low-
level environment method than is observed in the fully periodic 

approach. 

64 This difference is attributable to the simplified descrip-
tion of the environment density in the present calculations, which is 

not pre-optimized in the monomer basis. Nevertheless, good agree-
ment with experiment can be obtained using the PBE functional for 

the environment, which is a reasonable choice that is widely used 

in applications. (LDA calculations are reported here only to make 

contact with analogous calculations in Ref. 64, not because LDA 

is a reasonable functional for practical applications.) Our approach 

reliably reproduces both the cluster-in-periodic environment ref-
erence and the experimental binding energy for CO@Si(100), at 

greatly reduced computational cost as compared to a fully periodic 

wavefunction treatment, and using a simplified version of PBET as 

compared to the use of a k-dependent embedding potential.

IV. CONCLUSIONS
A pseudoperiodic version of wavefunction-in-pDFT embed-

ding, based on exact projection, has been implemented and tested 

using low-level calculations performed with pDFT in the CP2K 

code and wavefunction embedding as implemented in Q-Chem. 

Although the latter calculations are non-periodic, test calculations 

demonstrate that this introduces errors in the SCF convergence 

criterion that are ∼10 

−5 Ha, on par with a typical stopping cri-
terion for SCF convergence. Thus, periodic effects remain in the 

low-level MOs that are used in the subsequent non-periodic wave-
function calculations, provided that the periodic simulation cell is 

large compared to the high-level wavefunction region. 

Spectroscopic applications using EOM-CCSD-in-pDFT 

embedding for aqueous chromophores suggest that converged 

results can be obtained even when the wavefunction calculation is 

limited to the chromophore only, with all water molecules described 

using DFT. The solvatochromic shift converges only when water 

molecules beyond the chromophore’s immediate solvation shell 

are included. That result is easy to reach with embedding but 

challenging to obtain with microhydrated EOM-CCSD alone, where 

the requisite explicit water molecules are cost-prohibitive.
An important caveat is that some wavefunction-in-pDFT 

embedding calculations reported here have been performed using 

basis sets such as def2-SVP and 6-311G 

∗ . In augmented double-
ζ basis sets such as aug-cc-pVDZ, EOM-CCSD excitation ener-
gies sometimes exhibit convergence errors of 0.1–0.2 eV for small

molecules, 

167 although convergence errors are typically smaller 

for larger organic chromophores. 

168 For the Ura(aq) calculations 

reported here, there is virtually no difference between def2-SVP 

and 6-311G 

∗ results, even with aggressive truncation of the in 

situ-optimized virtual orbitals that are used in the embedding 

calculation.
Our attempts to substitute def2-SVPD, def2-TZVP, cc-pVDZ, 

and cc-pVTZ for the EOM-CCSD-in-pDFT embedding calcula-
tions led to intractable convergence problems in CP2K. Indeed, 

such problems are the reason that “MOLOPT” basis sets were 

developed for condensed-phase DFT, 

169 and versions designed for 

excitation energy calculations (containing additional augmentation) 

have been introduced recently. 

170 DFT-based schemes to accelerate 

the basis-set convergence of wavefunction methods have also been 

explored. 

167,171,172 These afford converged results for EOM-CCSD 

excitation energies in double-ζ basis sets. 

167 Such methods are a nat-
ural choice for an embedding scheme that already incorporates DFT 

as part of its workflow, and these alternatives should be explored for 

spectroscopic applications of wavefunction-in-DFT going forward. 

We have also considered several materials science examples 

where the wavefunction subsystem is covalently bonded or strongly 

adsorbed to its environment. Examples include C–Cl bond stretch-
ing in a one-dimensional periodic neoprene polymer and CO 

adsorption to a slab model of Si(100). These applications demon-
strate that strongly interacting environments can yet be described by 

pseudoperiodic embedding. This may require an absolutely localized 

subsystem basis, 

165 but that basis also serves to reduce the compu-
tational cost of wavefunction-in-pDFT embedding. This method is 

a promising way to move beyond DFT accuracy in many materi-
als science applications, without incurring the high cost and adverse 

convergence behavior of fully periodic wavefunction approaches.

SUPPLEMENTARY MATERIAL

See the supplementary material for the raw data used to make 

the figures and for Cartesian coordinates for the systems studied.
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