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ABSTRACT: An efficient procedure is introduced to obtain the basis-set limit in
electronic structure calculations of large molecular and ionic clusters. This approach is
based on a Boys−Bernardi-style counterpoise correction for clusters containing arbitrarily
many monomer units, which is rendered computationally feasible by means of a truncated
many-body expansion. This affords a tractable way to apply the sequence of correlation-
consistent basis sets (aug-cc-pVXZ) to large systems and thereby obtain energies
extrapolated to the complete basis set (CBS) limit. A three-body expansion with three-
body counterpoise corrections is shown to afford errors of ≲0.1−0.2 kcal/mol with
respect to traditional MP2/CBS results, even for challenging systems such as fluoride−
water clusters. A triples correction, δCCSD(T) = ECCSD(T) − EMP2, can be estimated
accurately and efficiently as well. Because the procedure is embarrassingly parallelizable
and requires no electronic structure calculations in systems larger than trimers, it is
extendible to very large clusters. As compared to traditional CBS extrapolations,
computational time is dramatically reduced even without parallelization.

SECTION: Molecular Structure, Quantum Chemistry, and General Theory

For electronic structure calculations of dimer binding
energies (BEs), it is well-known that naıv́e attempts to

use the formula

= − −E E EBE AB A B (1)

usually result in significant overestimation of the A···B binding
energy, owing to the basis-set superposition error (BSSE) that
disappears only very slowly as the monomer basis sets approach
completeness. BSSE is a manifestation of the fact that eq 1 is an
unbalanced approximation in the sense that EAB is computed
using a more flexible basis set than is used to compute the
monomer energies. The widely used Boys−Bernardi counter-
poise (CP) procedure1 corrects this imbalance by computing all
three energies using the dimer (AB) basis set. The obvious
generalization of this CP correction to N-body clusters is2−4
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where Ei
IJK... denotes the energy of monomer i computed using a

basis set with functions on monomers I,J,K,··· Operationally,
this means placing “ghost atoms” on all monomers J ≠ i.
Although the generalized CP correction in eq 2 has

sometimes been criticized for neglecting “basis-set extension”
effects,5 which are further discussed below, we will show that
this approach correctly reproduces known complete basis set
(CBS) energetics if the individual energies are evaluated in
large basis sets and extrapolated to the CBS limit. We will
furthermore demonstrate how the cost of such calculations can
be dramatically reduced, without substantial loss of accuracy, by

consistent application of a truncated many-body expansion
(MBE) to each of the energies in eq 2. We thereby aim to
reproduce the whole sequence of CP-corrected MP2/aug-cc-
pVXZ energies (abbreviated MP2/aXZ, for X = D, T, or Q)
and thereby perform MP2/CBS extrapolations in a small
fraction of the computer time that is required for traditional
calculations. Finally, we will show that a triples correction

δ = −E ECCSD(T) CCSD(T) MP2 (3)

can also be accurately approximated by means of truncated
MBEs. Together, these techniques extend well-established
techniques for estimating CCSD(T)/CBS-quality energetics
to clusters that are far larger than what was previously possible.
Equation 2 nominally requires N + 1 calculations in the full

N-body cluster basis set. Our strategy is to replace each
individual energy in this equation with a MBE and then apply a
consistent truncation of each. For the cluster energy EIJK···, this
looks like a traditional MBE
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where

Δ = − −E E E Eij ij i j (5a)
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Δ = − − − + + +E E E E E E E Eijk ijk ij ik jk i j k (5b)

For the monomer energies Ei
IJK···, however, some of the

“bodies” I,J,K,... are simply ghost atoms, and the energy of any
term in the MBE that contains only ghost atoms is zero. The
nonvanishing terms can be written

= + Δ + Δ + ······E E E EI
IJ N

I
I
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where ΔEI
(2) and ΔEI

(3) represent the nonvanishing two- and
three-body terms in the MBE of EI

IJ···N. After rearranging some
terms, one obtains the following explicit formulas for these
corrections:
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Here, EI
IJK··· denotes the energy of monomer I, computed in the

IJK··· basis, which therefore contains ghost atoms in place of
monomers J,K,···
The basic idea of this many-body counterpoise correction is

illustrated in Figure 1, which provides a pictorial representation

of some two-body contributions to the binding energy of a
cluster IJKL. The term ΔEIJ is a traditional two-body energy
correction, where dimer IJ is computed using the IJ basis set,
and an estimate of the binding energy is obtained by
subtracting the monomer energies, computed using their
respective monomer basis sets. The term ΔEI

(2) in the lower
portion of Figure 1 represents a two-body correction for the
energy of monomer I computed in the IJKL basis. This term
consists of three calculations involving a dimer basis with one
ghost monomer, along with a one-body calculation in a one-
body basis set.
An n-body, CP-corrected approximation to the binding

energy is obtained as the difference between the cluster energy
(eq 4) and the monomer energies EI

IJK··· (eq 6), each truncated
at the n-body level. We refer to this procedure as an nth-order
many-body CP correction, MBCP(n), and its aim is to

reproduce the CP-corrected binding energy in eq 2, albeit at
significantly reduced cost. As such, extrapolation is still required
in order to obtain CBS-quality energetics, but this can be
accomplished by traditional means insofar as a high-quality
approximation to eq 2 can be obtained for a whole sequence of
correlation-consistent basis sets. It is worth noting that
alternative fragment-based approaches such as the fragment
molecular orbital (FMO) method6 appear to work best in small
basis sets7 and therefore cannot be exploited for what we aim to
accomplish here.
The CP correction that is embodied by eq 2 has been

criticized5 for neglecting so-called “basis-set extension” effects,
which are best defined in the context of the projection-operator
formalism of the chemical Hamiltonian approach8 but that
should disappear in the CBS limit. An alternative CP correction
that directly addresses basis-set extension effects has been
proposed by Valiron and Mayer,5 but the number of
independent electronic structure calculations required for this
Valiron−Mayer function counterpoise (VMFC) approach
grows factorially with the number of monomers. Truncated
two- and three-body versions, which we will call VMFC(2) and
VMFC(3), were introduced later.9,10

In fact, VMFC(2) is completely equivalent to MBCP(2),
though the two approaches differ starting at n = 3. For n ≥ 3,
our MBCP(n) approach requires fewer independent electronic
structure calculations; at the n = 3 level, for example, MBCP(3)
requires only monomer calculations in the trimer basis set,
whereas VMFC(3) requires both monomer and dimer
calculations in the trimer basis. For a cluster with N = 11
monomer units, as in some of the numerical examples that
follow, the VMFC(2)/MBCP(2) method requires 110 distinct
electronic structure calculations, whereas three-body ap-
proaches require an additional 990 calculations for VMFC(3)
but only half of that number for MBCP(3).
Before considering CBS extrapolations, which is the main

topic of this Letter, we first consider a numerical comparison of
the VMFC(n) and MBCP(n) schemes. Figure 2 shows the
binding energy errors for various two- and three-body methods
applied to two different systems, F−(H2O)10 and Gly(H2O)10,
where “Gly” denotes the zwitterionic tautomer of glycine.Figure 1. Illustration of one particular two-body term (ΔEIJ, eq 5a)

that contributes to the binding energy of cluster IJKL and also a two-
body term ΔEI(2) that appears in the monomer energy EI

IJKL (eq 7a).
Monomers labeled with letters are actual molecules containing
electrons, whereas unlabeled monomers are comprised of ghost
atoms. Monomers shaded red are included in the calculation, whereas
monomers shaded gray are not.

Figure 2. Comparison of two- and three-body counterpoise
corrections, with and without electrostatic embedding (EE), for
MP2/aDZ calculations on two different systems. Errors are reported
with respect to a calculation performed on the entire cluster, for which
the CP-corrected binding energy is defined by eq 2. To better
resemble the self-consistent charge-embedding used in the VMFC(n)
calculations in ref 10, embedding charges are computed using the self-
consistent XPol-CHELPG procedure.16,17
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(These are challenging test cases owing to large many-body
polarization effects, and we have previously used them to test a
variety of fragment-based approaches.11−16) Ten different
isomers of both systems were used to generate error statistics,
and “error” is defined in this work as deviation from the binding
energy computed using eq 2.
Some of the monomer-based methods considered in Figure 2

utilize electrostatic embedding (EE) for the n-body (dimer and
trimer) electronic structure calculations, and in the VMFC(n)
calculations originally reported in ref 10, this was done in a
sophisticated way based on charges and point dipoles that were
iterated to self-consistency. In the interest of making a fair
comparison, the EE results in Figure 2 also employ self-
consistent embedding charges, determined using our
CHELPG-based version16,17 of the “explicit polarization”
(XPol) procedure.18

Examining the MP2/aDZ results in Figure 2, we see that the
two-body method is simply unacceptable unless electrostatic
embedding is employed, consistent with the results of MBEs in
which no attempt at CP correction is made.19 The difference
here is that CP-corrected MP2/aDZ is an acceptable (if
qualitative) level of theory for clusters, whereas small-basis
MP2 calculations with no correction for BSSE whatsoever
should not be trusted. The fact that fragment-based methods
can accurately approximate supersystem energies in clusters is
largely meaningless unless BSSE is addressed by means of large
basis sets and/or CP corrections.
The VMFC(3) method, with or without electrostatic

embedding, exhibits larger errors for the very challenging
F−(H2O)10 system, as compared to MBCP(3), and the EE-
MBCP(3) method appears quite promising. For this reason,
our primary focus will be on extending EE-MBCP(n) methods
to larger basis sets and evaluating their performance in CBS
extrapolations, although a few additional results using the
VMFC(n) approach will be considered below, for comparative
purposes.
Electrostatically embedded MBEs are often remarkably

insensitive to the details of the embedding scheme,20 at least
for clusters composed of small, polar monomers, and in view of
this observation, the remaining calculations presented herein
employ a very simple embedding in which those monomer
units that are not included in the electronic structure
calculation are replaced with gas-phase Mulliken charges
computed at the B3LYP/6-31G* level. (Ghost atoms do not
contribute embedding charges.) This approach is admittedly
more simplistic than a self-consistent embedding procedure,
and it is possible that a more sophisticated embedding might
improve the EE-VMFC(n) results. In view of the favorable
performance of EE-MBCP(n) with this simple embedding,
however, we have not considered such alternatives.
Figure 3 shows the convergence toward the basis set limit of

MP2/aXZ binding energies for the “bag” isomer of (H2O)6.
(Analogous plots for seven other isomers can be found in the
Supporting Information, but the behavior of the methods
discussed here is very similar in each case.) Extrapolating to the
CBS limit using standard techniques (see the Computational
Methods section for details), we obtain the same binding
energy, to four significant digits, that was previously reported21

as the MP2/CBS limit, based on MP2-R12 calculations in a
very large basis (modified aug-cc-pV5Z). CBS extrapolation
using aug-cc-pVXZ through X = 5 agrees with these results as
well,22 which gives us confidence that the MP2/CBS binding
energy has been accurately determined for this system. Results

in Figure 3 demonstrate that we can accurately approximate
this limit via a low-order MBE, provided that CP corrections
are included.
When attempting to compute cluster binding energies in the

CBS limit, it is commonly assumed that the CP-corrected and
uncorrected results place error bars on the value that would be
obtained in the CBS limit.22,23 For this (H2O)6 example, we do
obtain usable error bars, but even at the quadruple-ζ level, these
bounds are no better than ±1 kcal/mol. On the other hand, the
average of the CP-corrected and uncorrected binding energies
affords a quite accurate estimate of the CBS limit at the triple-ζ
level (<0.04 kcal/mol error). The same cannot be said at the
double-ζ level, where even this average is in error by 1.4 kcal/
mol. This is important to consider in the context of fragment-
based electronic structure methods, which have often10,19,24−27

(though not always28−34) been performed using double-ζ basis
sets.
Here, we observe monotonic convergence of the many-body

approximations to the binding energy, as a function of X (=
D,T,Q). The EE-MBCP(3) method affords a very accurate
approximation to the CP-corrected MP2 binding energy in
each basis set (errors < 0.3 kcal/mol and improving with basis
size) and can be used on its own to obtain the MP2/CBS result
(error = 0.12 kcal/mol). Better still, having done that
calculation, one has all of the information required for a
more traditional three-body approximation without CP
correction. This method, which we call EE-MB(3), affords a
highly accurate approximation to the uncorrected MP2 binding
energy (except at the double-ζ level, where the error is 0.8 kcal/
mol). Together, the EE-MBCP(3) and EE-MB(3) methods can
be used to bracket the CBS limit in the usual way but without
the need for any electronic structure calculations on systems
larger than trimers.
Furthermore, these MP2/CBS binding energies can be

extended to CCSD(T)/CBS quality by means of a MBE
applied to the difference ECCSD(T) − EMP2, eq 3. This difference
converges more rapidly with respect to basis expansion than do
either of the individual energies,35−38 and basis sets of triple-ζ
quality are sufficient to converge this correction term. In the
case of (H2O)6, the haTZ basis set (aTZ without diffuse
functions on hydrogen) has been used for this purpose, and

Figure 3. Convergence to the CBS limit for the bag isomer21 of
(H2O)6. CP-MP2 denotes traditional counterpoise-corrected MP2 (eq
2), whereas EE-MBCP(3) is a three-body approximation to CP-MP2.
The EE-MB(3) method is a three-body approximation to the
uncorrected MP2 energy. The shaded region delineates ±1 kcal/mol
of the MP2/CBS binding energy.
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values of δCCSD(T) for eight different isomers are reported in ref
21.
Table 1 compares these benchmark values to corrections

obtained based on a two- or a three-body approximation to

δCCSD(T). Both approximations prove to be quite accurate, with
mean unsigned errors (MUEs) of only 0.09 kcal/mol for the
EE-MB(2) approximation and <0.01 kcal/mol for the EE-
MB(3) approximation, with respect to an exact calculation of
δCCSD(T) requiring CCSD(T)/haTZ calculations on the full
hexamer. In terms of accuracy, the EE-MBCP(3) method,
applied to approximate the sequence of MP2/aXZ energies and
thereby to extrapolate the MP2/CBS limit, augmented with a
two-body CCSD(T) approximation, affords results that differ
by <0.1 kcal/mol as compared to the best existing estimates of
the CCSD(T)/CBS binding energies for isomers of (H2O)6.
It is certainly true that the triples correction for (H2O)6 is

small relative to values obtained for some dispersion-dominated
systems. An example of the latter is the benzene dimer, for
which δCCSD(T) ≈ 2.0−2.5 kcal/mol.39 On the other hand,
three-body effects are no larger than 0.33 kcal/mol for any
isomer of the benzene trimer40 and are more often an order-of-
magnitude smaller than that.40,41 In acetylene clusters, the
triples correction is not much larger than it is for the water
hexamer.33,42 In view of the general success of two-body
approximations to the correlation energy,24,29,30,43 we expect
the combination of fragment-based and CP-corrected MP2/
CBS extrapolations, in conjunction with a two-body CCSD(T)
correction, to be a robust and accurate approach.
Moreover, this approach requires only a fraction of the

computer time that is required for traditional supersystem
calculations. Considering only the MP2 calculations, Figure 4
shows the total aggregate computer time required to perform
CP-corrected MP2/aXZ calculations for the F−(H2O)10 system,
for X = D, T, and Q. For X = Q, the 12 different calculations
required by eq 2 consume a total of 87 days of wall time.
Setting aside, for the moment, the fact that the MBCP(n)
calculations are embarrassingly parallelizable and instead
focusing simply on the total wall time required for all of the
individual calculations, we find that the MBCP(3) approach
reduces the total time for X = Q by more than 70%, and
MBCP(2) reduces it by more than 98%! Moreover, no single
electronic structure calculation is more expensive than 1737 s

[MBCP(2)] or 8510 s [MBCP(3)]; therefore, the total waiting
time can be made as short as that, given a sufficient number of
processors. (For N = 11 monomers, that “sufficient number” is
445, which nowadays does not even constitute “massively
parallel”.)
To test the robustness of these procedures, we examine

errors (with respect to MP2/CBS benchmarks21) for eight
isomers of (H2O)6. Figure 5a shows error statistics obtained
using a variety of MBE-based methods to approximate the
MP2/aXZ energies, which are then extrapolated to the CBS
limit and compared to the benchmarks to determine the error.
(Several of these methods represent “control experiments”
designed to understand the limits of the methodology rather
than practical procedures intended for production calculations,
as will become clear in the discussion below.)
Consistent with the results for the bag isomer in Figure 3,

where extrapolation of uncorrected MP2 binding energies does
not afford the correct MP2/CBS limit, we observe MUEs > 0.4
kcal/mol for the EE-MB(2) and EE-MB(3) methods that do
not employ CP correction. In fact, the three-body approx-
imation actually affords the larger error, owing to fortuitous
error cancellation in the two-body case. Specifically, three-body
effects contribute ∼10 kcal/mol to the binding energy of
(H2O)6; therefore, a two-body approximation would underbind
by about this much except that BSSE overstabilizes the cluster
by approximately the same amount. This error cancellation is
also the reason why CP correction slightly increases the mean
error at the two-body level, but when the important three-body
interactions are included, CP correction serves to significantly
decrease the mean error. Together, these results demonstrate
the importance of CP correction even when CBS extrapolation
is employed, as is also seen in the basis-set convergence
behavior shown in Figure 3, which is smoother for the CP-
corrected results than for the uncorrected ones.
As another experiment, we use an n-body [EE-MB(n)]

approximation to the cluster energy and subtract from this a
“full” CP correction, in which each monomer energy is
computed using the entire cluster basis set. (In other words,
we use an n-body approximation for EIJK··· in eq 2 but not for
Ei
IJK···.) We consider this to be an unbalanced approximation

Table 1. Triples Corrections, δCCSD(T), for Isomers of (H2O)6
and Errors Engendered by Low-Order Many-Body
Approximations to δCCSD(T)

a

errorc

isomer δCCSD(T)
b EE-MB(2) EE-MB(3)

bag 0.33 −0.08 0.00
boat1 0.53 0.04 0.01
boat2 0.51 0.04 0.01
book1 0.33 −0.04 0.00
book2 0.33 −0.04 0.01
cage 0.13 −0.20 0.00
cyclic 0.53 0.05 0.01
prism −0.06 −0.20 0.00
MUEd 0.09 0.00

aAll values in kcal/mol. bValues obtained from CCSD(T)/haTZ
calculations in ref 21. cErrors engendered by two- and three-body
CCSD(T)/haTZ calculations. dMean unsigned error for all eight
isomers.

Figure 4. Timing data for RI-MP2/aXZ single-point calculations on
F−(H2O)10. The total aggregate wall time required for a CP-MP2
calculation is shown on the logarithmic scale at the right, whereas the
linear axis on the left shows the ratio of the MBCP(2) or MBCP(3)
time to the CP-MP2 time, which indicates the speed-up for the
fragment-based calculations. All calculations were run in serial on a
single 2.5 GHz Opteron processor, meaning that we have not taken
advantage of the embarrassingly parallel nature of the MBCP(n)
methods.
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and one that is rather expensive as compared to EE-MBCP(n),
but we include it here simply to demonstrate that such a
correction cannot rescue the n = 2 calculations from errors >
0.4 kcal/mol. On the other hand, a balanced, two-body
approximation to eq 2, that is, the EE-MBCP(2) method,
actually affords slightly larger errors as compared to this
unbalanced “full CP” correction.
To achieve an accuracy of ≲0.1 kcal/mol, three-body terms

are evidently required, as has been found in previous studies
where CP-corrected two- and three-body terms have been used
in a MBE.44−46 For the EE-MBCP(3) method, the MUE is an
acceptable 0.1 kcal/mol. A “full” CP correction reduces this
MUE only very slightly (and not in all cases, as shown below)
and does not justify the greatly increased cost of adding a
cluster’s worth of extra virtual orbitals to each monomer
calculation.
In Figure 5b, we consider a larger and more challenging test

case, namely, 10 isomers of F−(H2O)10, where binding energies
for our unrelaxed structures are on the order of −115 kcal/mol
and span a range of 10 kcal/mol. Here, the performance of EE-
MBCP(3) exceeds even that of EE-MB(3) with a full CP
correctionpossibly owing the unbalanced nature of the latter
approachand affords a MUE of 0.18 kcal/mol with respect to
CP-corrected MP2/CBS benchmarks. The EE-VMFC(3)
approach affords a MUE that is only slightly larger, 0.28

kcal/mol, demonstrating that any “basis extension” effects5,8

still present in the CP-corrected binding energy defined by eq 2
must be quite small. The MUE for the relative isomer energies,
computed at the EE-MBCP(3) level, is 0.24 kcal/mol, which
demonstrates that not only total binding energies but also
relative conformational energies are predicted accurately by this
low-cost approximation.
In summary, we have shown that the EE-MBCP(3) method,

which incorporates counterpoise corrections in a simple way
and requires electronic structure calculations on subsystems no
larger than trimers, can be used to approximate the sequence of
CP-corrected MP2/aug-cc-pVXZ calculations (X = D,T,Q).
The MP2/CBS limit can thus be obtained (via traditional
extrapolation techniques) at low cost, even in challenging
systems such as F−(H2O)10. This many-body counterpoise
correction may also be useful in studies of noncovalent
interactions in even larger systems, where no attempt may be
made to extrapolate to the CBS limit but where CP correction
is nevertheless useful for avoiding large artifacts in potential
energy surfaces that are caused by BSSE.47−51

Total computational time is dramatically reduced by our EE-
MBCP(3) procedure, even if no parallelism is exploited at all.
Owing to the embarrassingly-parallel nature of the truncated
MBE, wall times can be reduced even further by farming out
the subsystem calculations to a large number of processors. For
rough screening of the energy landscape at a slightly lower level
of accuracy, two-body EE-MBCP(2) calculations can be
performed at a total cost that is dramatically reduced even in
comparison to the three-body method.
In conjunction with two-body CCSD(T) calculations in a

triple-ζ basis set, binding energies within ≲0.2 kcal/mol of
CCSD(T)/CBS benchmarks are obtained for hydrogen-
bonded clusters whose total binding energies exceed 40 kcal/
mol, which represents an error of <0.5%. Previous work at
much lower levels of theory (e.g., B3LYP/double-ζ) has shown
that we can reproduce lower-level binding energy benchmarks
quite accurately in systems as large as (H2O)57,

11−13 which
makes us optimistic about our ability to scale up the techniques
presented here to significantly larger cluster sizes. This paves
the way to obtaining CCSD(T)/CBS-quality energetics in
clusters of hitherto unthinkable size, as well as to geometry
optimizations on BSSE-free potential energy surfaces. Such
applications, along with a fuller characterization of the accuracy
of the methodology in large systems, are currently underway in
our group.

■ COMPUTATIONAL METHODS

For (H2O)6, we use the MP2/haTZ geometries from ref 21,
whereas Gly(H2O)10 and F−(H2O)10 structures are taken from
our own simulations, using the AMOEBA force field,52 and
were not relaxed. Only valence electrons were correlated in
MP2 and CCSD(T) calculations, and MP2 calculations for
Gly(H2O)10 and F−(H2O)10 employed the resolution-of-
identity (RI) approximation, in conjunction with standard
auxiliary basis sets.53 For CBS extrapolations, we first
extrapolate the Hartree−Fock energy using a three-point (D,
T, Q) exponential ansatz54 and then use a two-point (T, Q)
extrapolation of the MP2 correlation energy, using an X−3

ansatz.55 All electronic structure calculations were performed
using Q-Chem.56,57 A home-built code, Fragme∩t (as described
in refs 12 and 13) was used as a driver.

Figure 5. MUEs with respect to MP2/CBS binding energies for (a) 8
isomers of (H2O)6 and (b) 10 isomers of F−(H2O)10, computed by
basis-set extrapolation using an assortment of low-cost many-body
methods to approximate the MP2/aXZ energies (X = D, T, Q). For
(H2O)6, the benchmark MP2/CBS results are taken from ref 21. The
“full CP” correction means that the entire cluster basis set is used to
compute the monomer energies.
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