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1 | OVERVIEW

The use of dielectric continuum models in quantum chemistry dates to the mid-1970s,'® to when the field itself was
still in its infancy. In their simplest form, these models describe the solvent in terms of a single parameter &, the (static)
dielectric constant. This is a dimensionless quantity equal to the electric permittivity relative to vacuum and ranging
(for simple liquids) from &5 ~ 2 for nonpolar solvents such as benzene and hexane, up to ¢, = 78 for water and &5 = 110
for formamide. This constant describes the solvent's ability to screen charge, and the Coulomb interaction between
charges Q; and Q, separated by a distance r is modified from V(r) = Q,Q,/4re,r in the gas phase to V(r) = Q,Q./47epesr
within the dielectric medium. The continuum description of a solvent represents the ultimate in coarse-graining, reduc-
ing it to a single parameter, with obvious advantages for quantum chemistry where cost rises steeply with system size.
Within a continuum description, there is no need for sampling over solvent degrees of freedom (e.g., reorganization in
response to an electron transfer event that modifies the solute's charge distribution), because this averaging is implicitly
encoded into the value of &;. While advantageous from the standpoint of cost, limitations of the continuum description
are equally apparent: “specific” solvation effects such as hydrogen bonding are not captured, and dielectric continuum
theory alone does not describe nonelectrostatic interactions including dispersion and Pauli repulsion. Absent the latter,
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there is nothing to imbue the molecules with finite size, necessitating ad hoc introduction of a “solute cavity” to define
the interface between the atomistic solute and the continuum solvent, as depicted in Figure 1.

Some of the aforementioned limitations can be overcome, in principle, by admission of a small number of explicit
solvent molecules into the atomistic part of the calculation, in what is often called a “semicontinuum” or a “cluster-con-
tinuum” approach.® As such, the continuum description serves as a flexible starting point for the description of solva-
tion effects in quantum chemistry. The development of continuum models for quantum chemistry was pioneered by
Tomasi and coworkers in Pisa,” '® originally as an outgrowth of efforts to use the electrostatic potential to understand
chemical reactivity.'”"2° Tomasi and coworkers introduced the term polarizable continuum model (PCM), which will be
formally introduced in Section 2.3 to refer to a particular class of continuum solvation models that replace the three-
dimensional differential equations of continuum electrostatics with a two-dimensional boundary-element problem,
defined on the surface of a cavity I" (Figure 1) that represents the interface between atomistic solute and continuum sol-
vent. Although PCMs are ubiquitous in quantum chemistry, they are not the only continuum solvation models that are
used in the field, and not the only ones discussed herein. In any case, the combination of a quantum-mechanical
(QM) description of the atomistic solute sets up a self-consistent reaction-field (SCRF) problem in which the solute's
charge distribution both polarizes, and is polarized by, its environment. The two effects must be iterated to self-
consistency.

The remainder of this review is organized as follows. Section 2 provides the elementary specification of the contin-
uum electrostatics problem, starting from the Poisson and Poisson-Boltzmann equations. The mechanics of turning
that formalism into a computationally tractable model are discussed in Section 3, with an emphasis on the smooth dis-
cretization approach developed by this author's group.?*~>* The focus here is on continuum solvation models in quan-
tum chemistry but the formalism in Sections 2 and 3 is perfectly applicable to biomolecular implicit solvent
calculations, in which a macromolecular solute is described using a classical force field.*® Section 3 also introduces the
various flavors of PCM that can be found in the literature and discusses how they can be understood in relation to one
another. It should be noted that the solution of Poisson's equation or its PCM equivalent specifies only the electrostatic
contribution to the solvation energy. Other contributions including cavitation, dispersion, Pauli repulsion, and hydro-
gen bonding must be included in order to predict free energies of solvation (AgyG) that are in reasonable agreement
with experiment. Section 4 introduces models for nonelectrostatic contributions and provides an overview of the accu-
racy that can be expected for Ag,,G’. Section 5 introduces several “nonequilibrium” formulations of continuum electro-
statics that describe the continuum'’s response to a sudden change in the solute’s charge density, as in photoexcitation
or photoionization. This provides the machinery to compute solvent effects on vertical excitation energies, vertical ioni-
zation energies (VIEs), or fluorescence energies. Finally, Section 6 discusses modifications to the isotropic continuum
model that are necessary in order to describe anisotropic solvation environments, such as the liquid/vapor interface or
the solid-state/aqueous interface.

FIGURE 1 (a) Zwitterionic tautomer of glycine ("O,CCH,NH;") in a molecular van der Waals (vdW) cavity constructed from atom-
centered spheres. Coloring reflects the sign and magnitude of the molecular electrostatic potential evaluated at the cavity surface, ¢”(s) for sel".
(b) Schematic illustration of the same molecular cavity (in green) embedded in a dielectric medium (in blue), illustrating how the continuum
polarizes in response to the solute's electrostatic potential. The orange probe sphere illustrates how the atomic radii that define the vdW
surface might be augmented to afford a “solvent-accessible surface” (SAS). The region interior to the solute cavity is designated as Q, and for
a sharp dielectric interface one sets e(r) = ¢, for reQ. If the solute is described using quantum chemistry then the natural choice is ¢;, = 1.
Outside of the cavity, the permittivity function e(r) takes the value &y, Which is usually the static dielectric constant of the solvent, ¢;. Panel
(b) is adapted from Ref. 7; copyright 2008 John Wiley & Sons
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This review is focused on the theoretical framework and computational mechanics of continuum solvation models,
not on applications. Some limited data are provided in order to describe the performance of the models, but the reader
is directed to several general reviews for a more complete overview of continuum solvation methods in
action.>"*7'%2"2%  Other, more specialized reviews describe the application of PCMs to specific types of
spectroscopy.>*° In lieu of a great deal of data, the present work provides copious references to the primary literature.
More so than other aspects of quantum chemistry, this author finds that solvation modeling is often treated by users
more as engineering than science, in the sense that acronyms are quoted from software manuals and models are used
seemingly without introspection. A primary goal of the present work is to elucidate the underlying physics of these
models, which is not monolithic, emphasizing both similarities and differences between various approaches.

2 | CONTINUUM ELECTROSTATICS

This section reviews the basic electrostatic formalism that underlies continuum solvation theory. The physical model is
defined by Poisson's equation in three-dimensional space (Section 2.1) but is not fully specified without a surface to
demarcate the boundary of the atomistic region (Section 2.2). The PCM approach is introduced in Section 2.3 as a
reformulation of the Poisson problem into a boundary-element or “apparent surface charge” (ASC) method. Common
variants of the PCM approach are compared side-by-side in Section 2.4.

2.1 | Poisson’s equation

The basic tenet of dielectric continuum theory is an assumption that the electric response of a given medium can be
coarse-grained in the form of a dipole density P(r) that defines the macroscopic polarization. In the presence of a dielec-
tric medium, the role of the electric field E(r) in vacuum is supplanted by the electric displacement field (or electric
induction) D(r), which is defined as

D(r) =E(r) + 47P(r) = ¢(r)E(r) . (2.1)

The electric permittivity &(r) is defined by the manner in which polarization P is induced by the external field E, and
Equation (2.1) amounts to the definition of a linear dielectric material, whose polarization is proportional to field
strength. Nonlinear susceptibilities are harder to describe within a continuum formalism and have received less atten-
tion.'*> Whereas a fully general discussion of (linear) dielectric materials would allow for a permittivity that is a function
of frequency also (or even a nonlocal function of space and/or time, in some formulations),>* the ground-state SCRF
problem does not require such generality. Unless otherwise specified, £ will mean the static (zero-frequency) dielectric
constant, & (The continuum electrostatics community has stubbornly resisted the suggestion*® that “dielectric con-
stant” is obsolete nomenclature that should be replaced by “relative electric permittivity”.) If the medium is anisotropic,
then the scalar ¢ is replaced by a 3 x 3 tensor, which could be used to model a liquid crystal in which the electric sus-
ceptibility depends on the orientation of the applied field.*"** Such cases are not considered in this review, although a
different form of anisotropic solvation is considered in Section 6. Herein, ¢ is a scalar.

That said, Equation (2.1) does express the permittivity as a scalar-valued function, &(r), rather than simply a dielec-
tric constant. This allows for a situation such as that depicted in Figure 1b, wherein a “solute cavity” (two-dimensional
surface I') defines an interface between the continuum solvent and an atomistic region. Within the cavity, Coulomb
interactions between electrons and nuclei are included explicitly in the Hamiltonian and therefore ¢ = 1 in this region.
Outside of the cavity, (r) = &,. Given a charge density p(r) for the solute, including both nuclei and electrons, Maxwell's
equation for the displacement field D(r) is

V-D(r) = 47p(r), (2.2)

which can be rewritten in the more familiar form of Poisson's equation,
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V. [g(r)w(r)] = —dnp(r), (2.3)

upon recognizing that the electric field E(r) = — Vg (r) stems from the gradient of the electrostatic potential, p(r). All of
these equations are expressed in Gaussian electrostatic units, where 4ze, = 1.

Poisson's equation is the mathematical starting point for continuum electrostatics. Given p(r) from an electronic
structure calculation, Equation (2.3) is solved for ¢(r) throughout space, including both the atomistic region and the
surrounding dielectric medium. This potential can be separated into two parts,

P(t) = ¢ (1) + Prxn (1), (2.4)

where the first term is the electrostatic potential generated by the solute's charge density:

o (r) = /”i(_r;)/”dr’. (2.5)

The quantity ¢, (r) is a “reaction field” arising from the polarization of the continuum, which results in an additional
charge density ppo(r). Having obtained p(r) from Schrédinger's equation and then ¢(r) by solving Equation (2.3), the
electrostatic solvation energy can be expressed variously as*>**

1

Ga= 5 [ 9al®) p6) dr= [ 7(0) ) (2.6)

In this review, we refer to G5 as the electrostatic energy because that is the terminology that is typically used in the text-
book theory of dielectric materials,* but the same quantity is sometimes called the polarization energy, Gyo1.>> It makes
little sense to separate electrostatics from polarization in this context, although the reader may (if desired) substitute
the phrase “electrostatics + polarization” wherever “electrostatics” is used herein. In any case, G is a free energy inso-
far as the dielectric formalism implicitly accounts for averaging over solvent degrees of freedom. The factor of 1/2 in
Equation (2.6) reflects the fact that the interaction energy is reduced, by precisely half its value, on account of the work
required to polarize the environment.>***>~*’ (This is exemplified by the charging work in the Born ion model,*® and is
valid within linear-response (LR) theory. Alternative justifications for the factor of 1/2 can also be made.”)

From the point of view of electronic structure theory, Gele,p] is a functional of both the permittivity (r) and the
solute's charge density, p(r). The total (free) energy is

Gol¥] = (| Hvac|) + Geistle, ). (2.7)

The first term represents the gas-phase energy functional U[¥] = <‘P|?A’fvac|‘l’> and would equal the electronic energy in
vacuo if |¥) were the gas-phase wave function. Upon solution of the SCRF problem, however, the wave function is
polarized by the medium so the numerical value of ¢/ is not equal to the gas-phase energy. The total energy functional
Go[¥] can also be expressed as

~ 1-
gO[‘P] = <‘P‘%Vac + 5%0

T> (2.8)

in which %, is a reaction-field operator that generates the integral in Equation (2.6).** For electronic structure models

based on density functional theory (DFT), the Schrodinger energy functional U/[¥] is replaced by a functional [p], but
the continuum formalism is unchanged. Minimization of either Gy[¥], or Gy[p], in conjunction with Poisson's equation
to obtain the electrostatic potential that defines %,, defines the SCRF problem. If the electronic structure model sat-
isfies a variational principle, as it does for self-consistent field (SCF) models, then the total energy defined by Equa-
tion (2.7) satisfies a variational principle as well.*>*°

Equation (2.3) is sometimes called the “generalized” form of Poisson's equation, with the “ordinary” form being



HERBERT WIREs —WI LEY. 50f73

eV ¢(r) = —4znp(r). (2.9)

The distinction is that the permittivity function &(r) in Equation (2.3) is replaced by a scalar in Equation (2.9). The ordi-
nary form of Poisson's equation is often taken to define the continuum electrostatics problem, but this requires addi-
tional specification because ¢ = 1 in atomistic QM calculations. Some sort of molecular surface is needed to delineate
the boundary with the continuum, as shown in Figure 1 where the cavity is defined by a union of atom-centered
spheres. Given a cavity surface, Equation (2.9) is shorthand for Equation (2.3) with the permittivity function

Ein» reQ
eg(r)= . 2.10
( ) {8out, I‘%Q ( )

Note that ¢(r) is continuous across the cavity surface but its derivative is not,’ as becomes obvious when the first V in
Equation (2.3) acts upon the step function &(r) in Equation (2.10). For QM applications it makes sense to set &, = 1,
and in fact any other choice represents an inconsistent treatment of the Coulomb interactions unless the Coulomb oper-
ators that define ??Vac are modified, which is seldom done. In classical biomolecular electrostatics calculations, how-
ever, larger values (typically &, = 2-4,”°>" but sometimes &, = 10-20""%°) are frequently employed in an effort to
approximate a “dielectric constant of protein”. It should be noted, however, that the very notion that such a “constant”
exists has been vociferously criticized.’>** If the surrounding environment does not have orientational freedom then
it is unclear that any single dielectric constant is appropriate; heterogeneous systems of this sort formally require a spa-
tially nonlocal permittivity function, &(r, r').*

This discussion illustrates the fact that Equation (2.3) is widely used in classical electrostatics calculations,®** even
if the focus of the present work is on the QM-SCRF problem. In the classical case, p(r) is comprised of point charges
(or higher-order multipoles®>®®) that come from a force field, for example,

atoms

p(r)= " Qu8(r—Ry). (2.11)

Moreover, for biomolecular applications the aqueous solvent of interest often contains some concentration of dissolved
ions. The continuum analogue of that situation is described by the Poisson-Boltzmann equation,”*”~"°

V-[e0)Vax)] = ~ 4l (x) + pions ()], (2.12)

in which the right side of Equation (2.3) is augmented with a term that accounts for a thermal distribution of “mobile”
jons.”%® Whereas the solute's charge density p(r) reflects atomistic modeling, the density pions(r) is described statisti-
cally.%®”! For an electrolyte with dissolved ion concentrations {c;}, for a collection of species i = 1, 2, ... whose individual
ionic charges are denoted {Q;}, the statistical charge density for the mobile ions is””?

Pions (l‘) = Z Qici/li(r)exp (_g:;—.(r)) . (2.13)

Here, the ion accessibility function A(r) represents some type of step function to exclude the mobile ions from the atom-
istic region. The combination of Equation (2.13) with Equation (2.12) is sometimes known as the size-modified version
of the (nonlinear) Poisson-Boltzmann equation.””®> In the case of a 1:1 electrolyte with monovalent ions
(Q; = e= — Q,), Equation (2.13) reduces to

Pions () = —2¢A(r)sinh (el‘f (;)> . (2.14)

B
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At physiological ionic strengths, the hyperbolic sine function can be linearized without significant error,”*”>

resulting in

v[e(r)w(r)} = —47p(r) + K2A(r) o (r) (2.15)
where
zetc\
= (2)” 216)

Equation (2.15) is known as the linearized Poisson-Boltzmann equation.”’® (Historically, it is the linearized version
that was solved by Debye and Hiickel,”®"’® for a spherical cavity surface.) The dissolved ions screen electrostatic interac-
tions over a length scale ~x~' known as the Debye screening length, such that the potential that appears in Debye-
Hiickel theory is the Yukawa potential e™*"/(egr).”%%777°

Within the biomolecular electrostatics community there has been significant discussion regarding the accuracy of
the linearization approximation, with various studies noting that the nonlinear form affords better agreement with
explicit solvent simulations when the ionic strength is high.”>®*® Deficiencies in the Poisson-Boltzmann model itself
(even in its nonlinear form and especially for polyvalent ions) have also been pointed out.®! These arise due to statistical
correlations between ion positions that are neglected by the model in Equation (2.13). It is therefore worth noting that
for the small solutes that characterize most quantum chemistry applications, the effect of the mobile ions on Gy is
quite modest,”>”® although there are effects on activity coefficients.”>®* These effects are presumably magnified for a
solute the size of a protein, but the intermediate size regime has hardly been explored.

Methods for solving the partial differential equations introduced in this section will be described below. Before that,
however, there is one more aspect of the model problem itself that must be considered, namely, the definition a surface
to define the boundary between atomistic solute and continuum solvent.

2.2 | Solute cavity

For the case of a sharp dielectric boundary [Equation (2.10)], the generalized Poisson equation has an analytic solution
if the cavity surface is spherical and contains the entire charge density p(r). For a solute consisting of a single point
charge, Q, centered in a spherical cavity of radius R in a medium with dielectric constant &, this solution affords the
well-known Born model,*%33

2 —
AGo= — S_R (%) . (2.17)

Here, AG indicates the change in G from its gas-phase value of zero to the solution-phase value obtained from Equa-
tion (2.6). Replacing the point charge Q by a point dipole y, the solvation energy is

(e=1)p?

AG,=———F
G (2e+1)R’

(2.18)

(This result is often attributed to Onsager,** although it was derived somewhat earlier by Bell,*® and is a special case of

multipolar formulas derived by Kirkwood,*® which also predate Onsager's work.) The dipole solvation energy can alter-
natively be written AG, = — %([bErxn), where
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" @j;ll)) p=g(e. R (2.19)

—_——
g(&R)

Exn =

is the “reaction field” induced by p.*> For a polarizable dipole (u = gy + a - Eyy), the reaction field feeds back into the
value of the dipole moment.*>®” This was the model considered by Onsager,** and it constitutes the earliest example of a
SCRF model. It has been used to formulate a microscopic theory for the bulk dielectric constant in polar liquids,®*#"-**
going beyond the Clausius-Mossotti equation,”* although the results are not particularly quantitative.®

For modern purposes, a dipolar description of the solute constitutes a needless approximation. The aforementioned
results for AG and AG, are special cases of a general formula derived by Kirkwood,*® which describes an arbitrary mul-
tipole centered in a spherical cavity. (These formulas have since been considered in detail by many others.®>**%) Rec-
ognizing that any charge distribution has an expansion in spherical multipoles ®, = <‘P]C:)fm“l‘>, the general result

: 098,100
1S 8.

1 L[ +1)(e-1)] ©2,
g‘ﬂs“_iz > [f+(f+1)s]R2§+1' (220)

>0m=-¢

This is often expressed in terms of reaction-field factors

_ {(z,”+1)(8—1)] 1 (2.21)

g(eR)= £+ (C+1)e |REHY
with the # = 1 factor appearing in Equation (2.19). Kirkwood's original result is actually more general, in that it allows
a value &, 7 1 inside the cavity,*® whereas Equation (2.20) holds for &;,, = 1 and &, = &. In the many decades since
Kirkwood's original result, analytic formulas have also been derived for multipoles centered in ellipsoidal cavities,”>'!
for off-center point charges'®” and higher-order off-center multipoles,” for multipoles in a layered dielectric
material,’®>'** and for interactions between multipoles contained in disjoint spheres with a dielectric medium in
between.'®®> The point-multipole model has also been generalized to include frequency dependence e(w), within the
Debye relaxation model.'*®

Insofar as any charge distribution p(r) can be expressed in terms of a single-center multipole expansion, if carried to
sufficiently high order, these analytic results provide a general solution to the continuum problem for charge distribu-
tions of arbitrary complexity in spherical or ellipsoidal cavities, assuming that there is no penetration of p(r) into the
continuum region. (The latter effect, known as volume polarization,'®’ '3 is discussed below.) Use of Equation (2.20)
has been called a “generalized Kirkwood” solvation model,*> a Kirkwood-Onsager model,''*'"> or simply “SCRF” in
older literature. The latter term is ambiguous because any model that iterates the solute-continuum electrostatic inter-
action to self-consistency can be described as an SCRF model, including all of the PCMs described in Section 2.3 as well
as methods based directly on Poisson's equation.”®* The term “Kirkwood-Onsager model” similarly risks confusion
with the Onsager model of a polarizable point dipole. It is therefore less ambiguous, and also more straightforward, to
refer to Equation (2.20) as the multipolar expansion method.'® Using multipolar formulas for %, in Equation (2.8), this
method can be turned into a multipolar SCRF for quantum chemistry. Multipolar methods are reviewed elsewhere, '
but have largely been rendered obsolete by the PCMs described in Section 2.3. In the absence of volume polarization,
the latter afford an exact (albeit numerical) solution to the continuum electrostatics problem but unlike the multipolar
expansion formulas, PCMs can used in conjunction with a molecule-shaped cavity.

Spherical boundary conditions make more sense if a large number of explicit solvent molecules are included as part
of the atomistic solute region, and such approaches are known as solvent boundary potential methods."'”"'® These have
been developed as replacements for periodic boundary conditions in both QM/MM simulations'***?° and in QM-only
calculations.'?”**° Spherical cavities make little sense for single molecules, however, and it is clear from the
multipolar formulas that AG will be quite sensitive to the cavity radius. Onsager's suggestion for the radius is
R=(3Vy/4zN A)l/ 3 3% where Vy, is the molar volume of the solute and N, is Avogadro's constant, but this proves to be
impossible to reconcile with the macroscopic dielectric constant, using any value of R that resembles molecular
size.”1?113% Stated differently, there is no reason to expect that a cavity radius that affords the experimental solvation
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energy should coincide with a realistic estimate of molecular size. Even for molecule-shaped cavities, results in Sec-
tion 3.3 demonstrate that G is quite sensitive to cavity construction.

Examples of some molecule-shaped cavity constructions are provided in Figure 2. A simple union of atom-centered
spheres is often called a van der Waals (vdW) cavity surface. The atomic radii might simply be empirical parameters of
the model,’*® or they could be estimates of atomic radii that are either calculated'** or deduced from crystal struc-
tures.*>'® In the case that the radii are intended to represent realistic measures of atomic size, the implicit solvent
should not be allowed to approach all the way to the vdW radii of the solute atoms. This exclusion effect can be incor-
porated in several ways, most commonly by scaling the atomic vdW radii by a factor ayqw > 1. A scaling factor
avaw = 1.2 was used in early models,"*’ and factors ayqw ~ 1.1 - 1.2 have since become standard choices, albeit with lit-
tle theoretical justification to choose one value over another within a modest range. Alternatively, and with somewhat
better justification, the atomic vdW radii can be augmented by a “probe radius” representing the assumed size of a
solute molecule, which can be estimated from the liquid structure of the neat solvent. For example, the
value Ryrope = 1.4 A is often used for water, representing half the distance to the first peak in the oxygen—oxygen radial
distribution function.'*® However, values for water as small as Rprobe = 0.2 A have sometimes been used in an effort to
match solvation energy benchmarks from simulations with explicit solvent."** The cavity surface generated using
atomic radii R4 = Ryqw,4 + Rprobe is known as the solvent-accessible surface (SAS), which was first introduced in the con-
text of protein crystallography, as a means to measure accessible surface area. The SAS is often used to define the ion
accessibility function A(r) in Equation (2.15). Note that it does not make sense to augment a scaled vdW radius
(Ra = avawRvaw 4) With a probe radius, as that would double-count the size of the exclusion layer.

Both the vdW surface and the SAS exhibit cusps where atomic spheres intersect. These cusps are eliminated in the
solvent-excluded surface (SES) that is generated by the probe sphere as it rolls over the vdW surface; see Figure 2.
(In principle, this procedure could be applied to eliminate cusps in the SAS as well, however those cusps are less prob-
lematic, numerically speaking.>”) The center of the probe sphere traces out the SAS while its points of contact with the
vdW surface, combined with concave arcs of the probe sphere that smooth over the cusps, constitute the SES. The SES
is also known as the Connolly surface,'* or sometimes simply the “molecular surface,”**! as it is intended to approxi-
mate the true shape of the molecule. However, these names have sometimes been used interchangeably or ambiguously
in the literature,"** and in particular the term “Lee-Richards surface”'** has been used to mean either the SAS or the
SES.?>13142 (The nomenclature used here is standard in the quantum chemistry literature, however.'**) The SES has
an analytic construction,®'*® although it has most often been constructed numerically, for visualization
purposes,' #7148

To a greater or lesser degree, each of these cavity definitions seems physically reasonable. Beyond that, there is little
theoretical justification for any of them, and no guarantee that small changes in the atomic radii will not have a signifi-
cant impact on computed observables."'*'* It has been suggested that the “optimal” atomic radius for a given atom
likely ought to vary as a function of its partial atomic charge,"**'*' and probably as a function of the solvent's dielectric
constant as well.”!3>15153 In quantum chemistry, the latter effect is generally neglected whereas the former is handled

solvent-excluded surface (SES)

solvent probe ~

sphere
P van der Waals

(vdW) surface

solvent-accessible —»
surface (SAS)

FIGURE 2 Various constructions of the solute cavity surface, using a set of atomic spheres (in gray) whose envelope defines the van der
Waals (vdW) surface, shown in black. The solvent-accessible surface (SAS, in green) is defined either by augmenting the atomic radii by a
probe radius (R4 = Rvaw,4 + Rprobe) OF €quivalently as the center point of the probe sphere as it rolls over the vdW surface. (In the example
that is shown, Rpope is smaller than any of the vdW radii.) The solvent-excluded surface (SES, in magenta) is traced out by arcs of the probe
that connect points of contact between the probe and the vdW surface. The SES, which has sometimes been called simply the “molecular
surface,” eliminates cusps that appear in the vdW surface along seams of intersection between atom-centered spheres
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empirically, if at all. A less empirical definition uses an isocontour of the molecule's own charge density p(r) to define
the cavity surface,''*''*1>*1% recognizing that p(r) is ultimately responsible for molecular size and shape. The
isodensity definition is technically challenging, however. It is discussed further in Section 3.3.

With the introduction of a molecule-shaped cavity, one must forego analytic solution of Poisson's equation. A
variety of numerical algorithms have been introduced,”? both for classical biomolecular applications'>’"'*” and for
electronic structure calculations.**'°®"'7° The Poisson and Poisson-Boltzmann equations are partial differential
equations for ¢(r), whose solution requires discretization of three-dimensional space extending well into the con-
tinuum region. Slow asymptotic decay, ¢(r) ~ (er)”", necessitates the use of multiresolution techniques for effi-
ciency.**6370:157159.167 yyorth mentioning also is the Langevin dipoles model,’”*"'”* which discretizes the
continuum solvent using a three-dimensional grid of point dipoles, and is therefore a direct realization of the con-
ceptual notion that P is a dipole density. As compared to these approaches, each of which requires discretization of
three-dimensional space, a much more efficient two-dimensional formulation of the continuum electrostatics prob-
lem is often feasible. Transformation of the continuum electrostatics problem into an integral equation defined on
the cavity surface I' forms the mathematical basis underlying the class of methods known as PCMs,"*> which are
described next.

2.3 | Polarizable continuum models

In quantum chemistry, PCMs are so ubiquitous as to be nearly synonymous with continuum solvation itself. This popu-
larity stems from efficiency, which in turn derives from a transformation of the volumetric polarization theory embod-
ied by the Poisson and Poisson-Boltzmann equations (Section 2.1) into a surface charge problem that can be solved far
more efficiently, using numerical methods that are described in Section 3.2. This transformation, and basic working
equations for PCMs, are introduced in this section.

Physically speaking, polarization of the continuum extends beyond the solute cavity surface, as indicated pictorially
in Figure 1b. Transformation of the three-dimensional polarization problem into a two-dimensional problem defined
on the cavity surface I" thus relies on a characteristic feature of a sharp dielectric interface, namely, a discontinuity in
the electric field and a concomitant buildup of charge at the interface. This occurs at any dielectric interface, including
the one that defines the boundary between atomistic solute and continuum solvent. Let s€I" denote a point on the sol-
ute cavity surface, and let ng be the outward-pointing unit vector normal to the cavity surface at the point s. At a sharp
interface in the electric permittivity, as in Equation (2.10), the surface-normal component of the electric field satisfies a
“jump” boundary condition:*"*'%®

eout(Ms-V)(8)|s_ o+ = €in(05-V)p(8) | - - (2.22)

This ensures that the electric displacement D(r) = (r) E(r) is continuous across the interface.*>** The notation s* indi-
cates that these are one-sided derivatives, to be evaluated either immediately inside (s~ €Q) or outside (s ¢Q) of the
solute cavity, since ¢ is only semi-differentiable at the interface.

Polarization of the continuum manifests as a surface charge that accumulates at the boundary between the atomis-
tic and continuum regions, in order to satisfy Equation (2.22), and whose magnitude is proportional to the normal elec-
tric field at the dielectric interface.*® Let us call that charge o(s), where s€I’, so as to distinguish it from a volume
charge such as p(r), where r € R3. Introducing the notation 35 = nsV to indicate the normal derivative, the surface
charge at the dielectric boundary can be expressed in several equivalent ways,'*'°® two of which are

1 [eout—€in\ 2 1 [eout—€in\ 2
o(s) < t )ascp(s) T an <€t , )&scp(s)
= ou

- E Ein
These differ depending on whether the normal electric field is evaluated immediately inside or outside of the cavity. In
the usual quantum chemistry case where ¢;, = 1 and &,,; = &, the first form of this equation (in which the field is evalu-
ated within the continuum region) is merely the definition of the polarization,

(2.23)

S=s
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P= (85_1> E, (2.24)

4z

as obtained from Equation (2.1). If the entirety of the solute charge p(r) is confined within the cavity surface, then
Equation (2.23) is simply a reflection of Gauss' law. For cavities that are realistic approximations to the size and shape
of a molecular solute, however, the tails of a QM charge distribution penetrate into the continuum region.'®”"''* This
outlying or “escaped” charge is discussed in more detail below, but will be ignored for now.

It has been argued that the second form of Equation (2.23), in which the derivative is evaluated inside of the cavity,
should be used in order to avoid “self-polarization” of the medium.” Then taking &;, = 1 and &, = & and recognizing
that E= —@(p, one obtains a model

o(s) = — ﬁ <88i> [E7(s) + E°(s)] -0 = % (88‘ 1) (5—2) o (2.25)
E(s)

that corresponds to the original PCM introduced by Tomasi and coworkers.>>° Here, the induced surface charge den-
sity o(s) is proportional to E,(s) = E(s) - ng, which is separated into two contributions in Equation (2.25), analogous to
how ¢(r) is partitioned in Equation (2.4). One contribution to the electric field is E’ = —@(pﬂ, which comes directly from
the solute, whereas the reaction-field contribution is E° = — @(p" with

9°(r)= / o) g (2.26)

erlls—rll

To compute ¢°(r), it is only necessary to discretize the cavity surface I' rather than the whole of three-dimensional
space. Historically, Equation (2.25) was the first example of an ASC formulation of the continuum electrostatics prob-
lem. In contemporary quantum chemistry, the term “ASC model” is essentially synonymous with PCM; multipolar
expansions and other simplified treatments see very little use, because the model defined by Equation (2.25) makes it
easy to use the exact charge density p(r), in conjunction with a cavity of arbitrary shape. For a spherical cavity, Equa-
tion (2.25) is equivalent to the use of the Kirkwood multipolar expansion formulas if the latter are carried to arbitrary
order.'”*

In early literature, the model defined by Equation (2.25) was often called “the” ASC-PCM,’ whereas in contempo-
rary literature it is usually called D-PCM."*'® The somewhat arbitrary decision to use the second form of Equation (2.23)
can be avoided by noting that the discontinuity in E, at the cavity surface can be expressed as'®®

Is¢’(8)]s—s- =270(s) + ds9”(s), (2.27a)

s’ (S)|g=g+ = —27m0(S) 4+ ds@”(8). (2.27b)

Adding these two equations and combining them with Equation (2.23) affords a different expression for the surface
charge, 747> namely

o(s) = (f f)ésws)ﬂf(s)], (2.28)

2n

in which the normal derivative is evaluated at (rather than near) the point s€I'. The permittivity-dependent prefactor
in this expression is

_ €out —¢€in

= . 2.29
Eout t €in ( )

&
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For a QM solute the only sensible choice is €;, = 1, and much of the literature assumes this a priori. (For an exception,
see Ref. 176.) The more general notation in Equation (2.29) is retained for now, in order to accommodate different
values of ¢;, that are sometimes used in biomolecular electrostatics calculations.”*">°

The model of Equation (2.28) can be recast in a convenient form by defining an operator D' that acts on surface

functions according to''*"'*?
Dlets) / as'ols) 5o (- ES(s) (2.30)
o = o B S R . |
r ong \ ||s—s'|| 1

The first equality defines D' and the second follows upon realization that d/ong =ng- .V can be pulled outside of the
integral, leaving (ns-V)g°(s) = —E¢ (). The operator D' is often called D" in the literature,' 012176177 byt the notation
used here reflects the fact that D' is the adjoint of the double-layer operator D that is introduced below. Using D' to
rewrite Equation (2.28) affords an alternative to Equation (2.25), namely

K?’)l D} o(s) = —E(s). (2.31)

£

This equation makes clear that the sole ingredient needed to determine the induced surface charge is

E(s)= (ns v)w(s) - - <aﬂ> (2.32)

ong

which is the surface-normal electric field originating with the solute. Chipman refers to Equation (2.31) as the surface
polarization for electrostatics (SPE) method,"™! but others have called it D-PCM,"”” or simply PCM,'”® though the latter
is ambiguous and should be discouraged.

The D-PCM approach, which requires explicit calculation of the electric field at the cavity surface, has been largely
superseded by alternative ASC-PCMs that determine o(s) using only the electrostatic potential and not its derivatives,
as the latter may be more sensitive to discretization error. The modern approach is known as the integral equation for-
malism (IEF-) PCM,"””'7° and is based on a reformulation of the continuum electrostatics problem as a boundary-value
problem.'®*"'#2 This reformulation is exact provided that the escaped charge is zero (e.g., for a classical solute), and we
continue to defer a discussion of the escaped charge problem. IEF-PCM is formulated in terms of integral operators S
and D that, in the language of integral equations,'’” act on surface functions to generate the single- and double-layer
potentials, respectively. These operators are defined by

So(s) = /r ds ") o(s), (2.33)

[Is" sl
which generates the electrostatic potential associated with the surface charge distribution o(s), and

Do(s) = /F ds’a(s’)ais, <”S,1_s”>, (2.34)
—

D(s,s’)

which generates the double-layer potential. The operator D is the adjoint of b in Equation (2.30)," as becomes clear
upon reversing the indices of the kernel D(s, s). Using S and D, the continuum electrostatics problem can be recast as
an integral equation on the surface of the cavity:"

(F)i-tlse=astenpoe) a9

Equation (2.35) is the basic working equation of IEF-PCM. In early papers, the working equation was formulated some-
what differently and required E/ in addition to ¢”.'**'®* That form is sometimes called simply “IEF,”"'"'"” to
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distinguish it from IEF-PCM, the latter of which requires ¢” but not its derivative and should therefore be more stable
towards discretization. Equivalence of the two forms is demonstrated in Ref. 183. In fact, Equation (2.35) can be cast
into a variety of equivalent forms,'**'''”” by taking advantage of the fact that S=S "and

DS=38D". (2.36)

However, except for spherical cavities (for which D= D' ),''° the operator identity in Equation (2.36) is typically not pre-

served upon discretization,>*'”® with the practical result that various forms of Equation (2.35) are inequivalent as finite-
dimensional matrix equations.”** This point is discussed further when these matrix equations are introduced in
Section 3.1.

For now, we simply note that Equation (2.35) is an exact reformulation of the classical continuum electrostatics
problem, meaning the problem that is defined by Poisson's equation with a sharp dielectric boundary and where the
solute's charge density p(r) is contained entirely within the cavity. For such cases, which includes any classical force-
field description of the solute, the solution of Equation (2.35) for o(s) constitutes an exact solution to the electrostatics
problem, and the electrostatic solvation energy is**

G = % /R (1) plr) dr= % /F #(s) o(s) ds. (2.37)

These integrals are analogous to the two forms of G in Equation (2.6), but the second form in Equation (2.37) requires
only surface integration. Use of this ASC formulation in lieu of discretizing three-dimensional space offers significant
advantages over the traditional approach to biomolecular electrostatics, which require discretization far enough into
the continuum such that ¢”(r) has decayed to zero. Moreover, n%ost contemporary biomolecular electrostatics calcula-
tions are based on finite-difference evaluation of the Laplacian V' ¢(r) that appears in Poisson's equation,'®*'%° but this
leads to problems obtaining smooth forces for molecular dynamics."**"'*® In contrast, discretization of Do(s) and So(s)
can be accomplished in a manner that affords inherently smooth forces;*'~>* see Section 3.2. Especially for biomolecular
applications, it is worth noting that IEF-PCM has been adapted to provide a solution to the linearized Poisson-
Boltzmann problem,”®'#18118% including the “size-modified” version that accounts for the finite size of the mobile
ions.” Large biomolecular solutes have been tackled in this way,*>'?°'* although this requires iterative solvers for the
matrix equations that define the PCM. Linear-scaling implementations that can handle biomolecular solutes are dis-
cussed in Section 3.4.

For QM solutes there is always escaped charge for realistic cavity sizes, therefore IEF-PCM is not a fully equivalent
substitute for Poisson's equation. The extent to which this is a problem is unclear from the original derivation of IEF-
PCM provided by Cances et al.,'””'8%132 which does not provide much physical insight, nor does it emphasize the
assumption (inherent in the derivation) that there is no outlying charge. That issue was addressed directly by
Chipman,'®®™"!" who assumes from the start that there is outlying charge and consequently the correct reaction-field
potential is not ¢°(r) but rather

Pon (1) =7 (1) + ¢/ (x). (2.38)

As above, ¢°(r) arises from the accumulation of charge o(s) at the dielectric interface, but in an exact formulation it
must be accompanied by an additional potential ¢”(r) due to “volume polarization,” that is, polarization arising from
the outlying charge. Introducing ¢”(s) as an additional term contributing to the surface potential in Equation (2.28),
and recognizing that s ¢°(s) =D'6(s), an exact equation for o(s) that includes the effects of volume polarization is'*°

- (L)p']ots) =L [ors) 40070

2
_Je
2

(2.39)

{E’i(s) + Eﬁ(s)} .

The potential ¢”(r) can be modeled as the electrostatic potential generated by a charge density
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_ 0 for reQ
p= (ecm—ent)p(r) for r¢Q’ (2.40)

and this density satisfies a vacuum-like Poisson equation

V2ol (r) = —4np(x). (2.41)

Numerical solution of Equations (2.39) and (2.41) constitutes an exact solution to the continuum electrostatics
problem,'®” even in the presence of outlying charge. Chipman refers to this approach as the surface and volume polari-
zation for electrostatics (SVPE) method.™" It is challenging in practice, because the volume charge density f(r) is discon-
tinuous at the cavity surface, but Equation (2.39) can be recast into a form that requires only the surface-normal
electric field E’, (s) along with the solution of the ASC-PCM that is introduced next."'? This provides a practical means
to access exact electrostatics, even in the presence of outlying charge, while staying within a two-dimensional surface
integral (boundary-element) formalism.

A simplified (if approximate) treatment is possible that eliminates the normal electric field in Equation (2.39) and
ultimately connects back to IEF-PCM. This model is obtained by introducing an additional surface charge a(s), distinct
from o(s) and defined by the condition

Sa(s) =g’ (s). (2.42)

This condition implies that the electrostatic potential ¢* = Sa arising from a(s) must reproduce ¢” on the cavity surface,
seI.1977110 This also ensures that ¢*(r) = ¢’(r) for all interior points reQ, and while the two potentials may differ out-
side of the cavity, those contributions are scaled by ;! and are therefore less important. (This is confirmed in numeri-
cal tests.'*”'"*) Assuming that the true surface charge, augmented to reflect volume polarization, is 5(s) = a(s) + o(s),
the term és(pﬂ (s) in Equation (2.39) can be manipulated into a form that is consistent with the ASC formalism."'° The
result is a model that Chipman calls surface and simulation of volume polarization for electrostatics [SS(V)PE], 012

3(1— %fa*)&(s) =f, (ﬁ b —i)(pﬂ(s). (2.43)
- 7 2 T2

Using the identity in Equation (2.36), this equation is easily rearranged to afford the IEF-PCM working equation in
Equation (2.35); as such, SS(V)PE and IEF-PCM are equivalent at the level of integral operators.''*''"®* (They differ
in practice, as described in Section 3.1.) Importantly, what the derivation of SS(V)PE makes clear is that the surface
charge determined by Equation (2.35) implicitly contains the (approximate) effects of volume polarization; this was not
evident from the original derivation presented by Cancés and coworkers."””'*"'%2 Chipman's derivation clarifies that
both approaches constitute an exact treatment of continuum electrostatics in the limiting case that there is no escaped
charge.

24 | Comparison of boundary-element methods

Section 2.3 introduced both exact and approximate reformulations of Poisson's equation within a surface integral or
boundary-element formalism, so it is instructive to compare some of these methods side-by-side. Table 1 provides
electrostatic solvation energies (Geist ) for several small molecules and ions,!! in both a nonpolar solvent (toluene,
gs = 2.4) and in water (¢, = 78). The SVPE method [Equation (2.39)] provides the exact result but the approximate
SS(V)PE approach predicts G to within 0.1 kcal/mol, smaller than typical discretization errors.”* However, the SPE
method of Equation (2.31), which is equivalent to the older D-PCM approach, exhibits noticeable differences, especially
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TABLE 1 Electrostatic solvation
energies in toluene (g5 = 2.4) and in
C-PCM® water (&g = 78.3), computed with
various approaches.?

gelst (kca.l/ mOI)

Solute £ SVPE SS(V)PE SPE =0 (=1/2 Quu(aun.)*
H,0 2.4 -3.9 -3.9 —-4.0 -4.8 -3.9

CH;CONH, 2.4 -5.3 -5.0 —5.2 -5.9 —4.8

NO* 24 =522 =522 -553 =525 434

CN~ 24 -394 -394 —350 -394 -325

H,0 78.3 -8.6 -8.6 -8.7 -8.6 -8.6 -0.06
CH;CONH, 783 -109 -108 -111  -109 -108 -0.15

NO* 783 —-89.5  —89.5 -947 -89.5 —889 -0.07

CN- 783  —674  —67.3 -56.8 —67.3 —66.9 —-0.17

Note: The SVPE method [Equation (2.39)] affords the exact result and SPE is the method in Equation (2.31).
*From Ref. 111. All calculations used an isodensity cavity with p, = 0.001 a.u.

"Using a renormalization factor f, (¢); see Equation (2.46).

°From Ref. 113.

for ions. The amount of outlying charge (Qoyt) is also quantified in Table 1. For future reference we note the obvious
definition

Qout :‘/RSP(I‘) dr—Qin’ (2.443)
where
Qin:/ p(r) dr. (2.44b)
reQ

The charge density p(r) includes both nuclei and electrons, so Q;, + Qout = 0 for a neutral molecule. As typified by the
examples in Table 1, the magnitude of the escaped charge is generally |Quy| ~ 0.1 — 0.2¢ for small solutes.'®”'*3

By arbitrarily dropping the D- and lA)T-dependent terms in Equation (2.43), one obtains a model So = — f.¢’. Let us
rewrite this as

So(s) = =f.(5) #(s), (2:45)
where the scaling factor
fo=22 (246)

is reminiscent of f, in Equation (2.29), with ¢, = 1 and ¢,,; = &, but introduces a parameter {. The model defined by
Equation (2.45) has a long history and a variety of names, one of which is the conductor-like screening model (COSMO),
introduced by Klamt and coworkers.'***®” The name hints at the original derivation: for a conductor (e; = o), the total
electrostatic potential vanishes at the cavity surface and the ASC formulation of the Poisson problem is simply
So = —¢.1% A scaling factor f,(¢) is then introduced to account for the fact that & is finite. With ¢ = 0, the model in
Equation (2.45) has variously been called the conductor-like PCM (C-PCM),"*®° or else “generalized COSMO”
(GCOSMO).2%0-203

Note that the neglected double-layer operator embodies the electric field discontinuity at the cavity surface, and as a
result the model defined by Equation (2.45) fails to satisfy the correct jump boundary condition.”'”” Perhaps for this
reason, Klamt and coworkers use a “dual cavity” implementation of this model,'**'*2°*-2%¢ jn which Equation (2.45) is
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first solved using a SAS cavity and then the surface charge o(s) is projected inward, onto a smaller vdW cavity
(i.e., omitting Ryobe from the atomic radii). The smaller cavity is used to evaluate Geys. This strategy can be understood
as an attempt to mimic the effects of the double-layer operator, D, although it is discussed by Klamt and coworkers as a
correction for outlying charge.'”® These authors claim that dual-cavity COSMO is less sensitive to outlying charge as
compared to what they characterize as “dielectric boundary conditions” (meaning other PCMs),"**?%* but this is simply
a reflection of the fact that the outlying charge is smaller when the cavity is larger. Equation (2.45) for o(s) is solved
using the same boundary conditions as any other ASC-PCM. By way of nomenclature, the term “COSMO” should prob-
ably be reserved for a dual-cavity implementation of Equation (2.45), since the model has been implemented in this
way across several different electronic structure programs.'®*2°#207-2%% The term “C-PCM” can be used for the single-
cavity implementation, with { = 0 unless otherwise specified. The literature is not always consistent with this conven-
tion, however. Whereas the term “C-PCM” almost always implies a single-cavity construction (like other PCMs),
“COSMO” has been used for both single- and dual-cavity implementations of Equation (2.45).

The earliest applications of COSMO set ¢ = 1/2,"**'°® but much later the value ¢ = 0 was recommended for ions.*'°
Some justification for these choices can be found in the reaction-field factors that appear in the multipole expansion
method, whose form suggests { = £/(¢ + 1) for an #th-order multipole in a spherical cavity [¢f. Equation (2.21)]. Thus
£.(0) looks like the e-dependent factor in the Born ion model [Equation (2.17)] while f,(1/2) affords the prefactor for
dipole solvation in a spherical cavity [Equation (2.18)]. These are the leading-order multipolar terms for ionic and neu-
tral solutes, respectively. At a pragmatic level, setting { = 1/2 for neutral solutes and { = 0 for ions works remarkably
well in comparison to the IEF-PCM and SS(V)PE methods, even in low-dielectric solvents. This is suggested by the
smattering of data for C-PCM (single-cavity construction) in Table 1,""! and confirmed by calculations on a much larger
data set.?!® Statistical difference between these methods are <0.1 kcal/mol for neutral solutes and ~0.5 kcal/mol for
ions, even at e, = 2.*'° With appropriate choice of ¢, the conductor-like approach is thus little different from SS(V)PE or
IEF-PCM in practice, and considerably simpler to implement. It can be extended in a straightforward way to solvents
with nonzero ionic strength, with or without ion-size exclusion.”® For large biomolecular applications in aqueous sol-
vent there would seem to be little reason not to use this approach, in lieu of exact but more complicated models and as
an alternative to finite-difference solution of Poisson's equation.

Regarding the outlying charge, we note that the total ASC-PCM surface charge (Qgut = f o(s) ds) satisfies a nor-
malization condition'%®'81-2!1

qurf:/rf’(s) ds= — (i— ! >Qin~ (2.47)

€in Eout

This is a consequence of Gauss' law and holds rigorously (up to minor discretization errors) for any PCM.** For &, = 1
and &4yt = &, the result is Qqur = — [(es — 1)/e5]Qun, therefore rescaling of the surface charge by fg(é ) helps to correct
for outlying charge, at least if { % 0. In fact, the normalization condition in Equation (2.47) forms the basis of various ad
hoc attempts to rescale the surface charge.®>'%179:181,196.207.212-215 Tegtq against exact results, however, suggest that
none of these schemes is very satisfactory,’®” and these methods complicate the formulation of analytic energy gradi-
ents.?'® It was later pointed out by Chipman'®® that the various conductor-like models already contain an implicit cor-
rection for volume polarization (i.e., for outlying charge), insofar as they are approximations to the SS(V)PE working
equation, without the need for a posteriori renormalization of the surface charge.

Finally, it is illustrative to note that C-PCM can be derived in an alternative way that generalizes this method to the
Poisson-Boltzmann case, in which the solvent contains a dissolved electrolyte.”® This can be accomplished by introduc-
ing an ansatz for the electrostatic potential, of the form>>”°

o(r) = {ga’(’)(r) + @i(r) forreQ (2.48)

@(r)/e for r¢Q’

where

o) = / o) SR (2.49)

[[r—r'|
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Inside of the cavity, the ansatz in Equation (2.48) corresponds to the usual PCM reaction field, whereas outside of the
cavity the potential includes the screening effects of dissolved ions, using the same Yukawa potential e™"/(egr) that
appears in Debye-Hiickel theory,”*®7””® with screening length «~* that is defined in Equation (2.16). For k = 0, the
C-PCM method is recovered by requiring ¢(r) in Equation (2.48) to be continuous across the solute cavity surface,” but this
simple ansatz cannot be made to satisfy the jump boundary condition in Equation (2.22) and incurs an error of O(1/¢).>*”°
(This is consistent with the observation that C-PCM can be “derived” from IEF-PCM simply by dropping the D- and D
-dependent terms from IEF-PCM and rescaling the surface charge to compensate.'””*'°) The model in Equation (2.48)
is easily modifiable to incorporate the effect of an ion exclusion layer around the solute cavity, as in the size-modified
Poisson-Boltzmann Equation (2.12), where the ion accessibility function A(r) serves the same purpose. In homage to
GCOSMO, and in recognition of the fact that this approach generalizes Debye-Hiickel theory to cavities of arbitrary
shape, this approach has been named the Debye-Hiickel-like screening model (DESMO).*>"*

3 | IMPLEMENTATION

The topic of this section is numerical implementation of the models introduced in Section 2, beginning with matrix
equations for ASC-PCMs (Section 3.1). This requires discretization of the integral equations introduced above, proce-
dures for which are discussed in Section 3.2 with an emphasis on methods that afford smooth potential energy surfaces
that are free from discontinuities. This is absolutely vital for exploration of the potential energy surface, for which gradi-
ents of the total energy functional G,[¥] are required. In addition, many spectroscopic observables can be formulated as
analytic energy derivatives,”’’*'® so a solution-phase theory that encompasses molecular properties also requires a dif-
ferentiable model. Sections 3.1 and 3.2 focus on PCMs but then the discussion is extended to include methods that solve
Poisson's equation in three dimensions (Section 3.3). Linear-scaling implementations, which are necessary for hybrid
QM/MM simulations with PCM boundary conditions, are discussed in Section 3.4.

3.1 | Matrix equations for PCMs

In practice, the integral equation that defines any PCM must be discretized to obtain a finite-dimensional matrix equa-
tion. For that purpose, it is convenient to rewrite Equation (2.43), which defines SS(V)PE and IEF-PCM, as

K.o(s) =Y./ (s). (3.1)

This equation encompasses a whole family of ASC-PCMs, using various definitions for K, and Y, .2*?*!11155 T dis-
cretize this equation, one first generates a surface grid of points s;€I'. The surface charge o(s) is thereby replaced by a
set of point charges {q;} at the discretization points {s;}. Details of this procedure are discussed in Section 3.2 but for
now it suffices to introduce a matrix notation for the discretized form of Equation (3.1):

K.q=Y.v". (3.2)

Given the vector v* consisting of the molecular electrostatic potential evaluated at the cavity surface, v/ = ¢”(s;), Equa-
tion (3.2) is solved for the vector q of surface charges. Matrix forms for various PCMs, corresponding to different choices
of K, and Y,, are given in Table 2. In discretized form, surface integrals are replaced by scalar products, so that Equa-
tion (2.37) for the electrostatic solvation energy becomes Gy = %q-vﬂ, for example.

Equation (3.2) is sometimes rewritten as q = Q,v’ where Q,=K;'Y.. Whereas the corresponding operator
Q. :IZS_I]AQ. is self-adjoint, this property is generally not preserved upon discretization, except in the special case of C-
PCM.?? This means that the ma}?ping from Equation (3.1) to Equation (3.2) is not unique, because discretization fails to
preserve the condition DS=SD".** In matrix form, this implies that DAS 7 SAD" (except for spherical cavities),>*'”®
where A is a diagonal matrix consisting of the surface area a; associated with each discretization point s;. This leads to
an ambiguity in the matrix representation of the operator K, = S—(f,/27)SD" in Equation (2.43), since it can be argued
that any matrix of the form
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TABLE 2 Matrices that define

Method Matrix K, Matrix Y,
various PCMs according to K.q = Y.v’.

C-PCM? S —f.(0)1

DESMOP S -1+ (1/eM

SS(V)PE® S — (f./47)(DAS + SAD") —f.[1 — (1/27)DA]

[EF-PCM® S — (f./27)DAS —f.[1 — (1/27)DA]

Foll)=(e=1)/(e+0).
My = 6% (1) /(1)
fo=(-D/(e+ D).
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FIGURE 3 (a) Comparison of electrostatic solvation energies in aqueous solution, |Geisi(PCM) — Geist(APBS) |, computed using either an
ASC-PCM or else by numerical solution of Poisson's equation using the apss software. The data set consists of amino acids described using
atomic partial charges from a force field, so that there is no outlying charge. The traditional implementation of IEF-PCM corresponds to

X = DAS (see Table 2) but results are also shown for the transpose X = SAD". (b) Convergence of G for classical histidine as a function of

the solvent's dielectric constant, using the SwiG discretization scheme described in Section 3.2. Adapted from Ref. 24; copyright 2011
Elsevier

K.=S- (f:—ﬂ) (c:DAS + ¢,SAD") (33)

X

is an equally valid representation, provided that ¢, + ¢, = 1.** Historically, IEF-PCM has been implemented using
X = DAS (ie., ¢; = 1 and ¢, = 0), whereas SS(V)PE is implemented using the symmetrized matrix X = (DAS
+ SAD")/2,211! a5 indicated in Table 2. Precise definitions of the matrices S and D that represent the operators S and
D can be found elsewhere.'*?>724144155 These depend somewhat upon the discretization algorithm that is selected, but
generally S;; represents the Coulomb interaction between g; and g; (which is straightforward to discretize except when
i = j), whereas D;; incorporates the effects of the outward-pointing electric field.

In the absence of outlying charge, the IEF-PCM and SS(V)PE models are exact up to discretization errors that can
be driven to zero in a controlled way. Although this follows from the derivation in Section 2.3, it is worth emphasizing
via numerical calculations. For classical solutes with no outlying charge (described using atomic partial charges from a
force field), Figure 3a presents a comparison between PCM solvation energies and those obtained by numerical solution
of Poisson's equation,?** using a standard multiresolution algorithm in the apss program.*** To examine the ambiguity
regarding the choice of X, these calculations test both X = DAS (i.e., IEF-PCM) and also X = SAD"; the SS(V)PE model
is essentially the average of these two choices. Calculations in Figure 3 use dense but finite discretization grids, and a
small systematic discrepancy is evident between the two choices of X, indicating a systematic discrepancy between
SS(V)PE and IEF-PCM. Numerical values of G obtained using the IEF-PCM choice agree with apgs results to within
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<0.1 kcal/mol, demonstrating the operational equivalence of the ASC-PCM and the volumetric implementation of con-
tinuum electrostatics. This equivalence essentially makes the Kirkwood multipolar expansion formulas obsolete, since
they are only valid for idealized cavity shapes in the absence of escaped charge. Under those conditions, the ASC-PCM
approach furnishes a numerically exact solution to the continuum electrostatics problem,''*''*?!! obviating the need
for multipole approximations.

Formally, C-PCM represents the high-dielectric limit of IEF-PCM, and indeed the two models become equivalent as
£ — 00,°%7%1% a5 demonstrated in Figure 3b. In practice there is little difference between them already for moderately
polar solvents, and thus little justification for the increased complexity of IEF-PCM for ¢ > 10. That said, for non-
spherical cavities only the X = DAS form of K, achieves the correct conductor limit for finite discretization grids, as
demonstrated by both formal and numerical arguments.**

Differences between the X = DAS and X = SAD' forms of K, are generally attributable to the fact that ﬁTa(s)
proves to be more challenging to implement in a numerically stable way, as compared to Do(s),****! specifically in
regions near the cusps that appear between interlocking atomic spheres in the vdW cavity construction. These cusps
are also present in the SAS cavity, but the use of larger atomic radii in that case tends to mitigate numerical problems
associated with the cusps.?® In fact, numerical differences between the X = DAS and X = SAD' forms of K,, and thus
between IEF-PCM and SS(V)PE, disappear almost entirely for a “united atom” cavity in which atomic spheres on the
hydrogen atoms are omitted, with the remaining atomic radii increased to compensate.'”® Differences between IEF-
PCM and SS(V)PE are also negligible when an isodensity contour is used to define the cavity surface (Section 3.3),'*
because the isodensity surface is free of cusps entirely. Thus, differences between the IEF-PCM and SS(V)PE versions of
K, are mostly (if not entirely) limited to the use of vdW cavities. This remains a very common cavity construction, how-
ever, so the absence of D' in the IEF-PCM equation is one reason to prefer this form (X = DAS) as compared to alterna-
tives including the symmetrized SS(V)PE form.

3.2 | Discretization

Having introduced various PCMs in matrix form, we now turn to the details of discretizing the cavity surface. Histori-
cally, this has been accomplished using various tessellation schemes in which small, flat surface elements approximate
the curved surface of the cavity."** The “GePol” (“generate polygons”) algorithm?**%*® is a popular version of this
finite-element approach, and an example of a molecular surface discretized in this way is presented in Figure 4a. This
approach has several limitations, including the fact that the number of tesserae per atomic sphere cannot be increased
arbitrarily and therefore the discretization error cannot be systematically driven to zero.** Furthermore, the solid

FIGURE 4 Examples of surface discretization for continuum solvation: (a) tessellation of the molecular surface using the GePol
algorithm, (b) Lebedev discretization of the van der Waals surface for a segment of double-stranded DNA, and (c) Lebedev discretization of
the solvent-excluded (Connolly) surface for a 384-atom protein. Panel (a) is reprinted from Ref. 15; copyright 2012 John Wiley & Sons. Panel
(c) is reprinted from Ref. 25; copyright 2020 Taylor & Francis
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geometry of the tessellation procedure is complicated, leading to very complex formulas for surface areas®?’ and ana-
lytic energy gradients.>*® In fact, second derivatives of the tesserae areas a; were considered sufficiently complicated that
they were not originally formulated, and the PCM Hessian was implemented in a semi-analytic way, via finite-
difference evaluation of 9°a;/dxdy.'”

More recently, these complexities have been overcome by discretizing the surface using atom-centered Lebedev
grids,?' 23?2931 which are widely used in DFT and therefore readily available in quantum chemistry codes.?**>%*
Example are depicted in Figure 4b,c, where the outline of the surface is evident even though only the discretization grid
points are shown. Relative to GePol and other tessellation schemes, Lebedev grids have the advantage of being system-
atically improvable so that results can be converged to the infinite-grid limit.?>** Fully analytic Hessians have been for-
mulated and implemented.**®

An important issue faced by both tessellation and quadrature is ensuring that the discretization algorithm produces
a smooth potential energy surface as the atoms are displaced. The appearance of discontinuities in some molecular sur-
face area algorithms was noted long ago,?*” and discontinuities are likely the cause of anecdotal complaints about slow
convergence of geometry optimizations using PCMs. These discontinuities arise because grid points may disappear into
(or emerge from within) the interior of the solute cavity, as displacement of the nuclei modifies the extent to which
atomic spheres interpenetrate. An example is shown in Figure 5a, which plots convergence of the energy during geome-
try optimization of a semicontinuum calculation in which the solute is (adenine)(H,0)s,. Two discretization algo-
rithms, the variable tesserae number (VIN) method®*® and the fixed points with variable areas (FixPVA) approach,?’
are shown to exhibit repeated spikes in the energy.>* The VTN algorithm uses a fixed surface grid that unceremoniously
discards surface elements that are swallowed by the cavity, so it is unsurprising that the corresponding potential surface
exhibits discontinuities, although their magnitude (>20 kcal/mol in one case) is disconcerting. The FixPVA algorithm,
on the other hand, specifically introduces a switching function to attenuate the surface area of each tesserae within the
cavity's interior. Sharp changes in energy along the FixPVA optimization in Figure 5a are actually not discontinuities
per se but rather near-singularities induced by the switching function, which allows surface discretization charges to
approach one another much more closely as compared to the VTN scheme.*"** These problems with close approach of
the tesserae are most problematic for vdW cavities and may be less troublesome for SAS cavities, where the atomic radii
are larger.*

These problems can be avoided, even for vdW cavities, using a switching function in conjunction with Gaussian
blurring of the surface charges, as illustrated schematically in Figure 5b. This switching Gaussian (SwiG) discretization

@) (b)
Q1@ ‘o|%+2
-570 : we Al B s
. . o.q
-580 ] % Sa,_ oPe-e.
3 -590 !
S (c)
S —600 ]
> VTN
3 -610 ] -
) ERS
c 5§35
W _620 ; GRS
FixPVA =
-630 ]
0 200 400 600 800 1000 1200
Optimization step Rag (A)

FIGURE 5 Demonstration of the SwiG-PCM discretization approach. (a) Geometry optimization of (adenine)(H,0)s, in a C-PCM
representation of bulk water, using several different algorithms to discretize the vdW cavity surface. (The surface itself is not shown, but the
atomistic region appears in the inset.) Optimizations are performed in Cartesian coordinates so the total number of steps is large.

(b) Schematic of the SwiG discretization algorithm, in which the surface charges {q;} are subject to Gaussian blurring and also to a switching
function that attenuates the quadrature weights near the cavity surface. (c) Nonelectrostatic solvation energy (Gnoneist) as spheres A and B are
pulled part. The value of Gponelst is related to the solvent-exposed surface area and thus inherits any discontinuities in the surface area
function. Panels (2) and (c) are adapted from Ref. 21; copyright 2010 American Chemical Society
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procedure*** ensures that Coulomb interactions between discretization elements remain finite even as the distance
between them approaches zero. Such a procedure was originally introduced by York and Karplus to obtain a smooth
version of C-PCM,** then later extended by Lange and Herbert to the complete family of PCMs.?'>* This scheme uses
Lebedev quadrature to discretize the surface, rather than tesserae with finite areas, nevertheless the solvent-accessible
surface area (SASA) for atom B (whose radius is Rp) is easily defined:

grid
SAR=R} Y wiF;. (3.4)

i€B

Here, w; is the quadrature weight for discretization point s;, and F; is the switching function associated with that
point (0 < F; < 1). Thus a; = w;F; Rg” is the surface area assigned to quadrature point s; on atom B.** Equation (3.4) is
considerably simpler than geometric algorithms for determining the exposed surface area.>”’” Models of the non-
electrostatic contributions to the solvation energy (as discussed in Section 4.2) often include terms proportional to
the solvent-exposed surface area, so continuity of the potential energy surface demands that the surface area be a
continuous function of the nuclear coordinates. For SwiG discretization, it is evident from Figure 5c that this is
achieved.

Analytic gradients of SwiG-PCMs are greatly simplified relative to those of the corresponding GePol-discretized
models.?* SwWiG-PCM potential energy surfaces are provably continuous and differentiable,>**** and are free of the
unwanted oscillations that plague the FixPVA approach (see Figure 5).>*** SwiG discretization is well-behaved
enough to be used for ab initio molecular dynamics simulations involving bond-breaking, as shown in Figure 6 for
intramolecular proton transfer in glycine. SwiG-PCM forces afford good energy conservation despite significant
deformation of the solute cavity as it transforms between two tautomeric forms of the solute. The energy profile in
Figure 6b provides a closeup view of energy fluctuations during a time window in which a bond-breaking event
occurs.

The SwiG implementation of PCMs first appeared in the Q-Cuem program,®*' and was extended recently to dis-
cretize not only the vdW and SAS cavities but also the SES.>> Related discretization schemes have since been adopted
in other software.>*>*** While alternative discretization methods have been described subsequently,>**>*’ it is unclear
whether these have been formulated with gradients in mind. Given the simplicity and success of the SwiG approach, it
is also unclear what is to be gained from these formulations.
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FIGURE 6 (a) Electrostatic solvation energy along an ab initio molecular dynamics trajectory of glycine (PBE0/6-31+G* level) in
implicit water (SwiG/C-PCM). The simulation starts at ¢ = 0 from the amino acid tautomer (energy data in orange), which is the most stable
form of gas-phase glycine, but in water this species spontaneously transfers a proton to form the zwitterionic tautomer (energy data in blue).
(b) Close-up view of G in the region where the proton transfer occurs. Energy fluctuations are smooth despite the bond-breaking event.
Data are from Ref. 22 and the time step is 0.97 fs
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3.3 | Isodensity and self-consistent cavity surfaces

Smooth discretization algorithms solve the practical problem of discontinuities but do not alter what is arguably a more
fundamental problem, namely, that construction of the solute cavity itself remains a significant source of arbitrariness.
There are good reasons to be skeptical of any "universal" definition based on a set of atomic radii. From a theoretical
point of view, careful examination of the Born ion model*® and the generalized Born (GB) formalism'>**>* suggests that
the cavity radius is not strictly a property of the solute but ought to depend on the dielectric constant as well, and prob-
ably also on temperature.>*® A universal set of radii cannot capture changes in atomic size with respect to oxidation
state, although empirical schemes have been suggested to modify the radii based on atomic charge."”>'*! At a practical
level, it is simply a fact that solvation energies’**** and other properties®® can be quite sensitive to the particular
atomic radii that are used, and often the atomic radii that work well for small-molecule solvation energies do not work
well for proteins.>>' Known differences between properties in protic versus aprotic solvents may be missed unless the
atomic radii are adjusted.>>**>
Both the vdW and SAS cavity constructions consist of atom-centered spheres with radii

R4 = avawRvaw,a + Rprobe- (3'5)

The atomic vdW radii {R,qw 4} might be taken from crystal structure data (e.g., Bondi's set of radii and its subsequent
extensions),"**'*® or might simply be parameters of the model."** For vdW cavities, Rprope = 0 and a typical scaling fac-
tor is ayqw = 1.2,” whereas one generally does not scale the vdW radii for SAS cavities. (Note that the choice ayqw = 1.2
does not result from any kind of elaborate fitting procedure and is intended only as a rough guide;’ common choices
range from a,qw = 1.1 - 1.4.) As an example of just how sensitive G is to cavity construction, Table 3 reports calcula-
tions for the two tautomers of glycine from Figure 6, using various cavity definitions. A change from ayqw = 1.2 to
either ayqw = 1.1 or ayqw = 1.3 results in changes of anywhere from 3 to 9 kcal/mol in Gej.

For solutes described using electronic structure theory, a more satisfying choice is to define the cavity surface
using an isocontour of the solute's own electron density.'**!>*1%° It is possible to settle on a numerical isocontour
value that appears to have some universal validity, typically p, ~ 0.001 a.u.****° Results for glycine using
po = 0.001 a.u. are listed in Table 3 and agree quite well with solvation energies obtained using vdW cavities with
avaw = 1.2. Results from two SAS cavities are reported as well, using either Ryrgpe = 0.2 Aor Rprope =1.4 A. The latter
is a realistic estimate of the size of a water molecule,'*® yet the solvation energies obtained from that particular SAS cav-
ity are much too small in comparison to isodensity results. In contrast, Rprope = 0.2 A affords more consistent solvation
energies but is much too small to represent the actual size of a water molecule. Nevertheless, this value is commonly
used in biomolecular Poisson-Boltzmann calculations,'* and values in the range Rprope =0.2-0.3 A have been used
since the early days of continuum solvation models.*™ This is consistent with the idea that the “electrostatic size” of an

TABLE 3 Electrostatic solvation
Geist (kcal/mol)

energies in water, computed with the Cavity Ayaw Ryrobe A)
SS(V)PE model for two tautomers of Amino acid Zwitterion
glycine using atomic radii as in vdw? 1.0 0.0 261 —63.2
Equation (3.5) vdWw?* 1.1 0.0 —20.2 -56.0
vdw? 1.2 0.0 -16.1 —46.8
vdw? 1.3 0.0 —-12.9 —-39.0
vdw? 14 0.0 -10.6 -32.6
SAS? 1.0 0.2 —-18.0 -51.4
SAS?* 1.0 14 —4.3 -13.9
Isodensity” -16.4 —48.1

Note: Electronic structure calculations were performed at the B3LYP/6-314+G* level.

2Using Ryaqw = 1.10 A (H), 1.70 A (C), 1.55 A (N), and 1.52 A (O), discretized using SwiG with 302 points
per atom.

Using an isocontour p, = 0.001 a.u. and 1202 grid points.
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atom is not the same as its physical size, as discussed in the context of the Born model*® and also in the GB formalism
that is discussed in Section 4.2.

Although the isodensity cavity is an appealing choice on physical grounds, existing algorithms to compute this sur-
face are subject to occasional failure for certain molecular geometries.'>>'® These difficulties could likely be overcome
using an implementation based on the “marching cubes” algorithm,*>*** or variants thereof,**® which are well-known
approaches for surface rendering in computer graphics. A more fundamental problem is that the surface-normal vectors
n, become density-dependent,****5+15

(3.6)

The surface area associated with the discretization point s; inherits a density dependence as well, which significantly
complicates the formulation of analytic energy gradients. To date, these are not available for any isodensity PCM. This
complexity could be sidestepped using an analytically differentiable pseudo-density to define the cavity,?*»>>20%>
which has sometimes been used for biomolecular applications. However, although this might remove some arbitrari-
ness from the selection of atomic radii, in QM applications it does not represent a self-consistent determination of the
cavity surface that can deform to reflect changes in the molecular electronic structure. Conversely, a pseudo-density
that is determined in order to reproduce the molecular electrostatic potential might afford better solvation energies as
compared to the use of fixed vdW radii,” but reintroduces the problem of how to compute the analytic gradient. As
such, it is unclear whether pseudo-density constructions offer genuine advantages relative to the very simple vdW cav-
ity, whereas the isodensity cavity offers clear advantages for single-point calculations but lacks gradients to explore
potential energy surfaces. As a workaround, united-atom radii (in which hydrogen atoms are not given atomic spheres)
have been parameterized in an effort to reproduce results obtained with an isodensity cavity.'*® Similar to the isodensity
construction,”® the united-atom cavity virtually eliminates differences between symmetric and asymmetric forms of
the K, matrix in IEF-PCM versus SS(V)PE.!”®

Stepping outside of the ASC-PCM formalism, a self-consistent definition of the solute/continuum interface that
responds to the electronic structure of the solute has been implemented (with gradients) in the context of Poisson's
equation.”® Originally pioneered by Fattebert and Gygi,>**>®° then later refined by others,®'">** this approach takes
&(r) to be a functional of the solute’s charge density, with limiting values € = 1 near the nuclei and ¢ = ¢ far away. In
practice, “near” and “far” are determined not by distance but by comparison of p(r) to a pair of parameters p;,x and
Pmin, the latter of which establishes what constitutes the “tail” of the density. In a sense, this is the QM descendent of
the smooth permittivity functions that are typically used in biomolecular electrostatics calculations, which interpolate
between limiting values ¢;,, and ¢, in order to improve convergence of the iterative solver and also to mitigate disconti-
nuities in the forces.’>**>?*® Smooth permittivity functions also facilitate convergence of Poisson's equation in QM
applications.*®’

For QM applications, the modern incarnation of this idea defines the self-consistent continuum solvation (SCCS)

model.?® At its heart is a permittivity functional,**
1 p(r> >pmax
elp](r) = { exp[t(Inp(r))] pimin <p(F) < Prax (3.7)
Es p(l‘) < Prmin

in which #(x) is a switching function that interpolates smoothly between values #(Inpy;,) = Ineg and t(Inpy,.) = 0, so that
&(r) achieves the limits indicated in Equation (3.7). Inserting this ansatz into Poisson's equation [Equation (2.3)] affords a
model in which the dielectric interface is smooth, rather than sharp as it is in PCMs, yet one where the definition of the
interface is updated self-consistently as the density p(r) is iterated to convergence. The dependence of &(r) on the density
does mean that the Fock operator 5G/8p acquires an extra term relative to what was discussed in Section 2.1, namely>®*

vgo(r))]z(‘%w). (3.8)

Ve LU] (l') = 5p(1’)

1
8z
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The SCCS model is increasingly being used in ab initio simulations of materials, for example, to model the aqueous
electrolyte/solid-state interfaces relevant in electrochemistry.?*#%264268-274 gome of that work points to limitations of
the linear dielectric model itself (i.e., a breakdown of the assumption that P « E), which can result either from high
field strength (“dielectric saturation”),>”>*’® or else because the rotational response of the water molecules saturates at
the electrode interface and consequently the susceptibility is smaller than it is in bulk water.>”"*”* Limitations in the
linearized Poisson-Boltzmann description of electrolyte effects have also been demonstrated.*’*2"2

3.4 | Linear-scaling algorithms

The electrostatic solvation energy obtained from IEF-PCM should be exactly equivalent to that obtained by solving
Poisson's equation, in the case of a classical solute for which there is no outlying charge. (This equivalence holds only
up to discretization errors, but those are controllable and can be driven to zero if systematically improvable grids are
employed.) It is therefore surprising that the PCM formulation of continuum electrostatics has seen very little use
within the protein electrostatics community. Biomolecular calculations are almost always performed in water, meaning
that the simpler C-PCM should be essentially exact, and modifications of the PCM formalism are available to treat the
linearized Poisson-Boltzmann problem,”'#1#1:18% including modifications to simulate an ion exclusion layer.”” Never-
theless, it continues to be the case that in nearly all applications of Poisson-Boltzmann thg(%ry to proteins, Equa-
tion (2.12) is solved in three dimensions using finite-difference evaluation of the Laplacian V" ¢(r).***’” This poses
serious problems for molecular dynamics simulations with implicit solvent, because the forces are generally not contin-
uous when the problem is discretized in this way. Although significant effort has gone into obtaining high-quality
forces, 8018826278281 from a certain point of view this looks like engineering an elaborate means of escape from the
very deep hole created by a numerical framework that admits discontinuities. A better strategy is not to get trapped in
that hole in the first place. The SwiG discretization procedure for PCMs (Section 3.2) was designed as a starting point
that is free of discontinuities.

All of this suggests that SwiG-PCMs could be very attractive replacements for the finite-difference Poisson-
Boltzmann solvers that are commonplace in biomolecular electrostatics calculations. Efforts to do so, however, will
quickly run up against the size of the PCM matrix equation, which is equal to the number of discretization grid points,
itself proportional to the number of solvent-exposed atoms. This means that a straightforward solution of Equation (3.2),
based on construction of Q. =K 'Y, or its equivalent, incurs a CPU cost of O(N3 () and a memory footprint of
O(Nﬁwms) , with significant prefactors in both cases that reflect the number of discretization points per atom. In
QM/MM/PCM calculations (i.e., QM/MM with implicit solvent), it is the size of the MM region that dictates the matrix
dimension; for small QM regions with large MM environments, one can easily encounter scenarios where the cost of
the classical electrostatics calculation exceeds the cost of the QM calculation!*

A straightforward solution to this problem is to introduce iterative solvers that do not require storage or inversion of
K,,”>*>%3 such as conjugate gradient (CG) or biconjugate gradient algorithms.?® In these iterative approaches, the bot-
tleneck step becomes the calculation of Coulomb interactions between surface discretization points, which can be accel-
erated using the fast multipole method (FMM),*® in either its original formulation or using a simpler tree-code
approach.>'%®?% parallelization strategies have also been discussed.*® Data for polyalanine helices (Ala), show that
wall times for iterative solution of the PCM linear equations can be reduced to a few seconds for (Ala),so (Figure 7a).
For (Ala),g0, With 5.6 x 10° surface discretization points, wall times can be reduced to less than a minute on modest
hardware (Figure 7b). Proof-of-concept MM/PCM molecular dynamics simulations have been reported involving
~22,000 classical atoms in the MM solute, with ~124,000 point charges used to discretize the surface.?

An alternative algorithm for fast iterative solution of the PCM equations is based on a domain decomposition
procedure,'?*19%2857288 Here the solute cavity is divided into overlapping domains, each consisting of a single atomic
sphere, and single-sphere solutions form the basis for an iterative solution of the PCM equation for the full domain.
This can be formulated in terms of sparse matrix equations that can be solved in O(Noms) time. This method was orig-
inally developed for C-PCM and called “ddCOSMO,”"?%"19328¢:287 a]though it has since been extended to arbitrary PCMs
(“ddPCM™).**® The name ddPCM is used here to avoid confusion with COSMO's dual-cavity construction that was
described in Section 2.4. Timing data on just a single compute node (Figure 7c) show that the method is competitive
with a parallelized CG-FMM solver. The ddPCM algorithm has been implemented for MM/PCM molecular dynamics
in the Tinker-HP code,”® using a switching function eliminate discontinuities.*®® This method seems promising as a
replacement for finite-difference Poisson-Boltzmann solvers.
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FIGURE 7 Timings and parallel scalability data for O(N) PCM solvers applied to polyalanine helices, using a classical force field
description of the solute. (a) Strong-scaling data for a CG-FMM algorithm applied to (Ala),so, running on 12 shared-memory cores per node.
(b) Weak-scaling data for (Ala), helices of increasing length, versus the number of Lebedev grid points used to discretize the cavity surface.
(c) Comparison of timing data for CG-FMM versus the ddPCM algorithm, for (Ala),. The CG-FMM data in (c) are the same as those in (b),
but all ddPCM calculations were run on a single 12-core node. Data in (a) and (b) are from Ref. 23 and ddPCM data in (c) are from Ref. 190
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4 | SOLVATION ENERGIES

Perhaps the single most important property afforded by a solvation model is the free energy of solvation, A, G . This
can be used to compute solution-phase reaction energies (Ax,G’) and reaction barrier heights (AGY), by performing
reactant, product, and/or transition state optimizations with implicit solvent. This is sometimes called the “isodesmic
approach” (especially in the context of pK, calculations),?*~*** in order to distinguish it from an alternative that is
based on the thermodynamic cycle shown in Figure 8. In the latter approach, the gas-phase reaction energy might be
computed at a high level of quantum theory and then combined with solvation energies for reactants and products,
computed at a different (usually lower) level of theory, in order to estimate the solution-phase reaction energy
Axn G’ [solv]. This strategy can be used, for example, if no appropriate solvation model is available at the target level of
theory. The method based on thermodynamic cycles has long been considered to be more accurate (especially for pK,
calculations) as compared to the direct (isodesmic or “absolute pK,”) approach,*** although it is no longer clear that this
is true when the best-available solvation models are used.?*>**® Furthermore, the use of a thermodynamic cycle is pred-
icated on the assumption that neither reactants nor products undergo major conformational changes or isomerization
upon solvation; if this assumption is questionable or invalid then the direct approach should be employed instead.?***%°

A subtle point concerns vibrational and rotational contributions to the reaction entropy.>*>?°?*® The reaction free

energy A G is related to the internal energy change A, U4’ via partition functions Z for reactants and products,

Z
ArnG’ = Apnld"—RTIn (m) . (4.1)

reactants

These partition functions might be evaluated within the harmonic oscillator and rigid rotor approximations, or with
more sophisticated approaches.”®® However, thermal corrections are seldom included in the parameterization of solva-
tion models, which are typically fit to reproduce experimental values of As,yG" for small molecules and ions using rigid
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gas-phase geometries. In principle, this leads to an inconsistency when rovibrational entropies are included via Equa-
tion (4.1),%°” though it appears that this inconsistency is numerically small in practice (~0.2 kcal/mol for molecules in
typical training sets),*® meaning that intramolecular entropic contributions to A, G" largely cancel in the parameteri-
zation of solvation models. (This is consistent with parameterization based mostly on small molecules, as in the Minne-
sota Solvation Database of experimental solvation energies,’*>**> which is widely used to parameterize solvation
models.) These observations suggest that the best strategy for including vibrational contributions to Ay,G’[solv] is to
compute partition functions (vibrational frequencies) in the presence of the solvent model,**® which also sidesteps the
need to account for translational and rotational contributions in the gas phase. When using a composite level of theory
and a thermodynamic cycle such as that shown in Figure 8, this means that the higher-level electronic structure
method is used only to compute Al [gas], bypassing the need for vibrational frequency calculations at the higher
level of theory.

4.1 | There is more to solvation than electrostatics

The dielectric continuum formalism that has been described up to this point defines only the electrostatic contribution
to the free energy, and thus only the electrostatic contribution to Ag,wG’. This is generally insufficient to predict accurate
solvation energies. A vivid example is provided by statistical errors in C-PCM solvation energies, which are presented in
Table 4 alongside results from the “SMD” model,>°? which is described in Section 4.2 and which contains both electro-
static and nonelectrostatic contributions to AgwG . In water, for which differences between C-PCM and IEF-PCM
should be inconsequential, mean unsigned errors (MUEs) with respect to experimental solvation energies are ~2 kcal/mol
for charge-neutral solutes but ~8 kcal/mol for ions. In nonaqueous solvents, especially for ions (in acetonitrile, dimethyl
sulfoxide, and methanol), the errors are even larger. These errors should be compared to the data labeled SMD(C-PCM) in
the same table, as this model is built upon C-PCM electrostatics but includes nonelectrostatic contributions as well. Errors
for the same data set are <1 kcal/mol for neutral solutes and x4 kcal/mol for ions.

To do better than the C-PCM error statistics in Table 4, electrostatics-only models (including sophisticated ones such
as IEF-PCM) need to be augmented to include nonelectrostatic interactions,

G= gelst + gnonelst- (4'2)

It is the quantity G in Equation (4.2) that is used to compute AgwG” = G’[solv]—G’[gas], but only G is included in
PCM or Poisson-Boltzmann calculations. The nonelectrostatic term Gponelst iS @ catch-all that includes

TABLE 4 Mean unsigned errors
(MUES) versus experiment, for

solvation energies (AsoyG") computed SMD*®
using various models.

MUE (kcal/mol)

Data set® Nyata C-PCM” C-PCM IEF-PCM
Aqueous neutrals 274 1.6 0.9 0.9
Aqueous cations 52 7.3 2.9 2.8
Aqueous anions 60 8.1 3.9 3.9
Nonaqueous neutrals 666 2.8 0.7 0.7
Nonaqueous cations? 72 12.0 5.4 5.4
Nonaqueous anions? 148 6.6 4.1 4.1
All neutrals 940 2.5 0.8 0.8
All ions 332 8.1 4.1 4.1

Note: All QM calculations are performed at the HF/6-31G* level and all data are from Ref. 302.

Reference data are from the Minnesota Solvation Database.***>%* Estimated errors in the reference data are
+0.2 kcal/mol for neutral solutes®****** and +3 kcal/mol for ions.>**

®Using a vdW cavity with camess atomic radii (see Ref. 304), which are close to Bondi radii scaled by 1.2.
“Using SMD-optimized radii to construct the vdW cavity for Geys.

9In acetonitrile, methanol, and dimethyl sulfoxide.
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« cavitation, meaning the energy required to carve out a space in the continuum solvent;
« Pauli repulsion, that is, short-range repulsive interactions with the solvent molecules;

« dispersion, which is nonspecific but attractive; and finally

« hydrogen-bonding between solute and solvent.

Harder-to-define entropic (structural) changes to the solvent make a contribution to AgG as well,*® although this
effect could also be classified as part of the cavitation free energy. Indeed, the phenomena on the list above are not
wholly independent; short-range repulsion is related to cavitation, and hydrogen bonding has contributions from elec-
trostatics, repulsion, and dispersion. Furthermore, because cavitation stems from nonelectrostatic repulsion yet cavity
size has a tremendous effect on electrostatic interactions, the separation of As,,G" into electrostatic and nonelectrostatic
contributions is difficult to make in a model-free way that would, for example, define a universal electrostatic model for
solvation energy calculations.>*®

Further confusing these issues is the fact that some versions of the Gaussian software compute nonelectrostatic
interactions by default when a PCM calculation is requested, while other versions implement the same electrostatic
model without Gponelst- This has led to significant confusion on the part of users, with regard to what precisely consti-
tutes a “PCM” calculation.’*****~>% In the opinion of this author (and some others**®), the term “PCM” ought to refer
to the electrostatics model only, which may or may not be augmented by some model of Gyoneist- Absent some treatment
of nonelectrostatic interactions, PCMs should not be expected to produce accurate solvation energies although they can
still be useful as a simple means to incorporate electrostatic boundary conditions into a quantum chemistry calculation.
This can significantly modify frontier orbital energy levels, as compared to vacuum boundary conditions, so even an
electrostatics-only model can provide a useful starting point for spectroscopic applications, where solvent-polarized
MOs are used in a post-SCF step to compute excitation energies. (Models that go beyond this “zeroth-order” treatment
of solvation effects on excitation energies are discussed in Section 5.)

For the purpose of computing absolute solvation energies Aq,1yG’, however, the PCM free energy G, in Equation (2.7)
should not be used as the solution-phase energy. Nevertheless, there are numerous instances in the literature where a
particular solvation model is compared against “PCM” in order to demonstrate its competitive advantage, and it is often
difficult to tell what physics is (or is not) included in “PCM,” because the term is so often used imprecisely. Further-
more, any model that does not contain nonelectrostatic contributions should not be held up as a standard against which
other methods intended to compute solvation energies are compared; such comparisons are fundamentally disingenu-
ous. It is incumbent upon users of electronic structure software to define precisely what physical model is being used in
any calculations that they report, and this specification should be independent of any software-specific keywords or
nomenclature. A software version number is not sufficient because access to that software may be restricted.*'°

Models for Gponelst, Which can be combined with a PCM or other treatment of G, are described below. Before intro-
ducing that material, however, let us first survey the overall performance of the best models. Error statistics for hydra-
tion energies (AnyqG") are listed in Table 5 for six different solvation models, each containing both G and Gronelst
These models are discussed individually in Sections 4.2 and 4.3, but for now it suffices to note that each significantly
outperforms the electrostatics-only approach (C-PCM in Table 4), especially for ions. Specifically for the case of ionic
solutes, several of the methods actually approach the accuracy of the reference data themselves, which has been esti-
mated to be no better than 2-3 kcal/mol,*****"*! as compared to ~0.2 kcal/mol for neutral solutes.*****!

The uncertainties in the reference data warrant some discussion. The much larger uncertainties for ions reflect the
fact that AgwG” cannot be measured directly for a single ion (although it can be extrapolated from gas-phase cluster ion
data),*'®>* and extra-thermodynamic assumptions are required in order to obtain single-ion solvation energies from
thermodynamic data for ion pairs.***~*** Typically, cluster extrapolations and/or semicontinuum calculations are used
to establish the proton's solvation energy, AgnG [H™] ,324-328 from which solvation energies for other ions can be
obtained from ion-pair data using appropriate thermodynamic cycles.*'>*****! However, convergence of the cluster
extrapolations is slow and not monotonic,*®**! and it has been suggested that errors in theoretical solvation energies
for ions may lie partly (or perhaps mostly) in the reference values,*® especially for pK, calculations.’” Indeed, several
different “reference” values of AgyG'[H*] (in various solvents) are available,*'**?*32"332 and these estimates some-
times differ by nontrivial amounts. The worst cases are acetonitrile and dimethyl sulfoxide, for which recent estimates
of AgoG'[H*] span ranges of 5 and 7 kcal/mol, respectively.*'***"33*33% (Although the decision to use H* as an extra-
thermodynamic reference is defensible in view of the importance of acid/base chemistry, proton quantum effects make
this a challenging choice for computations and Li* has been suggested as an alternative.***>**) Complicating the calcu-
lations is the much-debated role of the surface potential of the liquid.**®*~>*® At least for water, a recent literature review
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TABLE 5 Mean unsigned errors (MUEs) relative to experiment, for hydration energies ApyaG” computed using various solvation models.
The method used for electrostatic interactions is indicated in parenthesis but all models contain nonelectrostatic contributions as well.

MUE (kcal/mol)

SM12"© SMD"4 SMVLE"*® CMIRS' SCCs®8 Soft-sphere®®
Data set® Nyata (GB) (IEF-PCM) (SVPE) [SS(V)PE] (Poisson) (Poisson)
Neutrals 274 1.3 0.8 0.6 0.8 1.1 1.1
Cations 52 3.5 34 2.6 1.8 2.3 2.1
Anions 60 3.8 6.3 3.2 2.8 5.5 3.0
All ions 112 3.7 4.9 2.9 24 4.0 2.6

300,301 5 q

Reference data are from the Minnesota Solvation Database.>*°~>°® Estimated errors in the reference data are +0.2 kcal/mol for neutral solutes
+3 kcal/mol for ions.***

0Of the 112 ionic solutes, 31 of them include a single explicit H,O molecule.
“B3LYP/6-31G* level using ChEIPG charges, from Ref. 303.

4B3LYP/6-31G* level, from Ref. 302.

°HF/6-314+G* level using an isodensity cavity with po = 0.001 a.u., from Ref. 312.
'B3LYP/6-31G* level using an isodensity cavity with po = 0.001 a.u., from Ref. 313.
€PBE in a plane-wave basis, from Ref. 314.

hPBE in a wavelet basis, from Ref. 315.

301,302

and new calculations suggest that convergence to a consistent reference for ApgG [H*] has finally been
achieved‘319,323,334

Especially for reactions involving ions in protic solvents, including transitions states with significant ionic character,
specific hydrogen-bonding effects may be critical to obtaining accurate energetics. In such cases, one or more explicit
solvent molecules is often included as part of the atomistic solute. Semicontinuum or “cluster-continuum” approaches
of this kind are common, especially for calculating hydration energies of ions.®301324331341:342 Ap important special
case is pK, calculations,®***7>*° corresponding to the ionization reaction

HA(aq) — H™ (aq) + A~ (aq), (4.3)

for which errors in solvation energies are often the largest source of uncertainty.***°2>! Several of the methods
assessed in Table 5 for aqueous solvation energies include a single explicit water molecule, in cases where an electro-
negative atom on the solute exhibits a partial charge exceeding that of oxygen in H,0.**"*'* For the SMD model in
Table 5, this monohydration approach reduces the MUE for ions by ~1.4 kcal/mol.>** That said, the C-PCM calcula-
tions in Table 4 also include these explicit water molecules yet the errors remain quite large for ions, underscoring the
need for nonelectrostatic contributions even in cluster-continuum calculations.

It is also important to realize that in cluster-continuum calculations, convergence of Ay G is not guaranteed as the
number of explicit water molecules is increased,?*®***3373%* at Jeast not in the absence of sampling over the explicit sol-
vent degrees of freedom. Absent such sampling, the semicontinuum approach fundamentally treats entropic contribu-
tions in an unbalanced way. For a single explicit H,O molecule, or perhaps even one H,O per hydrogen-bonding site,
this inconsistency is likely to be much smaller than the error engendered by omitting the explicit water(s), but if conver-
gence is desired then a theoretically consistent semicontinuum approach must include thermal sampling. A rigorous
statistical-mechanical version of the cluster-continuum approach can be formulated in the guise of the quasi-chemical
theory, developed (in its modern form) by Pratt and coworkers,**>>®® which partitions the solvation energy into “inner
shell” (explicit solvent) and “outer shell” (continuum) contributions.

Nonelectrostatic models appropriate for use with PCMs have been developed over the years on an ad hoc basis.”'?
Much of this work has been driven by Luque, Orozco, and coworkers,'**>**=7° who use the name “Miertus-Scrocco-
Tomasi” (MST) solvation model in acknowledgement of the original authors of the model that is now known as D-PCM
[Equation (2.25)].> The MST-PCM approach combines a PCM (to compute Ggs) with a SASA-type model for Ghonelst
along the lines of what will be discussed in Section 4.2. However, this particular approach has retained something of a
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do-it-yourself aesthetic insofar as “canned” or “black-box” implementations and parameter sets are not readily available
in most electronic structure programs.

Section 4.2 examines several other SASA-type models for Gponeist that have seen more widespread adoption.
Among these, the SMx models developed by Cramer, Truhlar, and coworkers are especially popular,®® % and for
many years have defined the state-of-the-art in solvation modeling within quantum chemistry, although some competi-
tive alternatives have emerged recently and will be discussed. As a counterpoint to the highly empirical SASA-type
approach, Section 4.3 introduces “minimally parameterized” models for Gpopneist, Which attempt to move closer to a first-
principles description of nonelectrostatic interactions. Among these, only the composite method for implicit representa-
tion of solvent (CMIRS), developed by Pomogaeva and Chipman,*”'”> can legitimately be called a black-box model.
CMIRS rivals the accuracy of the best SMx methods but uses fewer parameters, although it is available only for a few
solvents.

As compared to these methods, an even blacker-box approach that is sometimes encountered in chemistry applica-
tions (but more often in the chemical engineering literature) is “COSMO-RS,”**"*7¢3% 3 model developed by Klamt
and coworkers based on COSMO electrostatics (Section 2.4) but designed for “real solvents.” As its basic ingredient,
COSMO-RS uses a coarse-grained version of the COSMO surface charge density o(s), averaged over segments of the
cavity surface to define a “o-profile.” Solution-phase activities are then parameterized in terms of the o-profile, and this
constitutes a QM-based alternative to other parameterized activity coefficient models that are widely used in engineer-
ing thermodynamics.*®'>** However, modern versions of COSMO-RS are available only in the proprietary cosMoTHERM
software,*”® and attempts by other groups to implement (or sometimes even to use) COSMO-RS and related models out-
side of the cosmoTHERM program have been met with harsh criticism from Klamt.*®*>*'* The tenor of those discussions
strongly suggests that insufficient details are available in the literature that would allow others to implement COSMO-
RS.306:387,390,393,396,405,408.411.414.415 Bacayse COSMO-RS appears to be a black box that cannot be opened, it will not be
discussed any further in this review.

4.2 | SMx and other SASA-based models

To compute free energies of solvation, the most successful and popular models within quantum chemistry are the
“SMx” models.*>> These have version numbers through x = 12 but the comparison in Table 5 is limited to the most
recent version (SM12),>*® along with SMD>%? (where the “D” stands for “density”) and SMVLE.*'? Together, these three
models are representative of the SASA-type parameterization of Gnonelst Upon which all of the SMx models are built,
combined with three different treatments of Ggs. A statistical comparison of SM12, SMD, and SMVLE can be found in
Table 5 and similar assessments for earlier models such as SM6**! and SM8*%** can be found elsewhere.*'®*'7 Given the
favorable performance of the versions considered here, however, there is little compelling reason to use these earlier
versions.

To understand how these models work, we first take a step back to discuss implicit solvation in classical biomolecular
simulations. Owing in no small part to difficulties in obtaining stable numerical forces for Poisson-Boltzmann
electrostatics, ¢ '%*%! the most popular implicit solvation models in that context are not based directly on solution of the
Poisson-Boltzmann equation but instead are methods known as GB models.*'®**!° The GB formalism for electrostatics is
used in most of the SMx models as well,**° with the exception of SMD and SMVLE. The GB approach uses the Born ion
formula of Equation (2.17) as a pairwise ansatz to compute the total electrostatic solvation energy according to

. 1(i_i> atoms % (44)

elst — — :
2\&n Eout ABSA fAB

The quantity f, is a parameterized, effective Coulomb potential, the canonical example of which is*'**%#!

Fap= [Rap+ RaRpexp(—R2y/4RaR5)]", (4.5)

where Ryp = ||[R4 — Rp|| is the interatomic distance. The quantity Q% /f,, constitutes a Coulomb self-energy, with an
effective cavity radius f,, = Ra. As such, the quantities {R4} are a set of effective radii that measure the “electrostatic
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size” of each atom, in the environment created by the other atoms and the continuum boundary conditions.***™*** For

a classical solute, in which p(r) is a collection of atom-centered point charges {Q,}, these radii can be computed exactly
by solving either Poisson's equation,** or else its PCM analogue,'** once per atomic charge Q,, in a cavity representing
the entire molecule. This procedure effectively forces the pairwise GB ansatz in Equation (4.4) to reproduce the exact
electrostatic energy defined by the continuum electrostatics problem, and the values of R4 determined in this way have
been called the “perfect” Born radii.****** However, the procedure just described is not a practical one, although it can
be used to generate data sets of exact pairwise interactions,?'>*'>*> which might suggest new analytical forms to replace
Equation (4.5).23,152,153,425,426

For practical purposes the radii {Rx} are usually determined using surface integration procedures, the most popular

Of Whlch is418,419,422,424
1 1 o0(||lr—Rg||-R -
— r— p—
Rg=[—+ —/ (=R de’K)dr : (4.6)
Ruawk 47 Jrco |lr—Rg]|

Here, 6 is a step function such that 8(x) = 1 for x > 0 and 6(x) = 0 for x < 0. This limits the integration domain to the
region of the solute cavity (reQ) that lies outside of the vdW sphere for atom K, which is centered at Rg. The formula
in Equation (4.6) comes from the so-called Coulomb-field approximation, a charge-in-a-sphere model for the reaction-
field potential.”>*'#*%422 This is thought to overestimate electrostatic size, especially for charges close to the cavity sur-
face, and alternatives have been suggested,*'**** but Equation (4.6) is the form used in the SMx models such as SM6,
SMS, and SM12. The requisite integral can be evaluated numerically using concentric atomic radial shells,**’ but its gra-
dient with respect to nuclear displacements (needed to obtain dgg‘jt /dx) is complicated when defined in terms of the
solid geometry of interpenetrating vdW spheres.””” Both the integral in Equation (4.6) and its gradient would be
straightforward to evaluate using SwiG discretization (Section 3.2), but this has not been implemented.

The GB ansatz in Equation (4.4) specifies only the electrostatic component of the solvation energy. The model is
completed by adding a nonelectrostatic term Gnponelst, typically using one of two forms. The first option consists of a term
proportional to the volume of the solute cavity (Vcavity), to model the cavitation energy, along with a second term pro-
portional to the total SASA, which serves to model dispersion:

Gnonelst = f Vcavity +7-SASA. (4'7)

The total SASA can be written in terms of atomic contributions [c¢f. Equation (3.4)],

atoms

SASA= ) " SAg, (4.8)
K

where SAy is the solvent-exposed surface area of atom K. The quantities f and y in Equation (4.7) are empirical parame-
ters. An alternative form for Gnonerst that is also widely used is

atoms

Gnonelst = Z }'KSAK’ (49)
K

with atomic parameters {yx} having units of surface tension. Note that there is no volumetric term in Equation (4.9). It
has been argued, based on the scaled-particle theory of hard-sphere fluids,**® that for small molecules the cavitation
energy ought to be parametrizable in terms of the solvent-exposed surface area.''®'7****%¥ This is borne out by com-
parison to classical atomistic simulations,*****' which demonstrate that both surface and volume parameterizations
can fit the dispersion-repulsion interactions about equally well.**" That said, the model in Equation (4.9) has been used
not just for small solutes in QM calculations but also for macromolecules in implicit solvent.**> Models that combine
GB electrostatics [Equation (4.4)] with force-field charges to represent the solute, using either Equation (4.7) or Equa-
tion (4.9) for Guonelst» are known as “MM/GBSA” methods.***>~**! There is an analogous set of “MM/PBSA” methods that
substitute Poisson-Boltzmann electrostatics in place of the GB model.****** The MM/GBSA approach is the most
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widely-used implicit solvation model in biomolecular simulations,*'* and both MM/GBSA and MM/PBSA are popular
in drug-discovery applications, for calculating ligand—protein binding affinities.******* In that context, these methods
are often used as low-resolution screening tools representing a level of sophistication that is intermediate between
“knowledge-based” (but largely physics-free) docking or scoring-function methods, and much more expensive atomistic
free energy simulations in explicit solvent.

The “numbered” versions of SMx (i.e., SM6, SM8, and SM12 but not SMD or SMVLE) each use GB electrostatics,
with radii obtained from Equation (4.6) and with atomic charges {Q,4} that are derived from the QM charge density by
means of certain charge models, CMx.**»*#¢~*4° The latter are built upon standard atomic partial charge prescriptions
(Mulliken, Hirshfeld, etc.) but include additional empirical parameters designed to improve agreement with the dipole
moment of the original charge density from which they were obtained.**® However, CMx charges inherit the basis-set
sensitivity of the underlying wave function-derived charges, and therefore these GB-based SMx models are each param-
eterized for use with particular small basis sets (e.g., 6-31G*), and even the use of diffuse functions (e.g., 6-31+G*) can
sometimes degrade their performance.*** The SMD model was introduced to overcome this limitation, by substituting
IEF-PCM electrostatics in place of a GB model.*** As a result, SMD can be used with arbitrary basis sets, as can be the
SM12 model based on Hirshfeld charges. Earlier SMx models should only be used in conjunction with the basis sets for
which they were parameterized. Along similar lines, the SMVLE model uses exact SVPE electrostatics [Equa-
tion (2.39)],**? so should also be stable in arbitrary basis sets, although this model has not seen widespread use.

In the nomenclature preferred by Cramer and Truhlar,**® G is the “ENP” term representing electronic, nuclear,
and polarization interactions (i.e., electrostatics plus polarization), whereas Gyoneist is the “CDS” contribution rep-
resenting cavitation, dispersion, and changes to solvent structure. (Solvent structure is primarily an entropic effect.
Notably, only in SM8 are changes in Gponelst parameterized as a function of temperature.***>?) In practice, each of the
SMx models (including SMD and SMVLE) uses Equation (4.9) for Gponelst, although the atomic surface tension parame-
ters {yx} (one per atomic number) are not fit directly but are themselves modeled in a way that includes a coupling
between nearby atoms:

vk =T+ Y Tatsw(|IR —Rgll). (4.10)
J#K

The switching function g, attenuates the coupling as a function of distance, and only a limited subset of the atomic
numbers are coupled. (See Ref. 301 for details.) The fitting parameters are {yx} and {y,}, which are subsequently
expressed as empirically-fitted functions of certain “solvent descriptors” including surface tension, refractive index
(which is related to polarizability), and certain Lewis acidity parameters.*>® The result is a “universal” model,**’ in the
sense that once the fitting procedure is completed, the nonelectrostatic term is defined for any solvent whose descrip-
tors are known. This is quite a wide range; for example, there are 92 solvents in the training set for SM12.*%*

Altogether the SMx fitting parameters include {75} and {y,x} in Equation (4.10) along with the atomic radii
{Ryaw &} in Equation (4.6). (The optimized radii are used to evaluate Ggs Whereas an SAS surface is used for Gronelst-—"Y)
These parameters are fit together, in order to reproduce experimental solvation energies and “transfer energies,” that is,
aqueous/organic partition coefficients. The resulting nonelectrostatic model need not be transferrable between different
treatments of electrostatics,>*>*°®*>* and each SMx model should therefore be taken as an inseparable unit. That said,
SMD appears to be less sensitive in this capacity; results in Ref. 302 (and Table 4) show that other treatments of G
can be substituted for IEF-PCM with little effect on the errors, provided that the SMD-optimized atomic radii are used
to construct the solute cavity. That caveat underscores the difficulty in separating Geis; from Gponese-° Note also that
data from several different density functionals were used to train SMD, in an effort to obtain a transferrable parameteri-
zation;*** nevertheless, comprehensive testing for ions suggests that Hartree-Fock-based SMD calculations consistently
outperform common density functionals such as B3LYP and M06-2X.30%4%

Table 5 compares the performance of several different models for small-molecule hydration free energies. For
SM12, the MUEs for ions are ~4 kcal/mol, which is only slightly larger than the estimated uncertainty of the reference
data.*®" (Similar errors for other ionic data sets have also been reported.** Errors for ions are slightly larger for SM8
than for SMD.?) Especially revealing is the comparison in Table 4 between electrostatics-only C-PCM calculations and
SMD calculations that use C-PCM for G but augment this with Gponelst. For charge-neutral solutes, the electrostatics-
only model affords errors that are larger by modest (albeit chemically-significant) amounts, for example, ~2 kcal/mol
larger in nonaqueous solvents. The impact for ions is dramatic, however: SMD reduces the C-PCM errors by ~4 kcal/mol
in both aqueous and nonaqueous solvents. Given the importance of ionic solutes (e.g., for pK, calculations) and ionic
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transition states (e.g., for Sy2 reactions), electrostatics-only models cannot be considered acceptable for calculation of
AgovG’. The use of PCMs as a metric to gauge the success of new solvation models therefore represents a disingenuous
comparison. On the other hand, for properties that depend on only a single geometry (e.g., vertical transition energies
for spectroscopic applications), the nonelectrostatic contributions may be less important or may cancel altogether. To
compute a reaction profile, however, one should worry that changes in geometry along the reaction coordinate may
affect Ghonelst differently for the various chemical species that are involved.

SMx error statistics for nonaqueous solvents are on par with results for aqueous solvation, with MUEs of <1 kcal/
mol for neutral solutes and 3-5 kcal/mol for ions. Prediction of Ag,G” in nonaqueous solvents is necessary in order to
predict partition coefficients between different solvents. The octanol/water partition coefficient (equilibrium constant
Kow), in particular, is a common measure of lipophilicity (or conversely, hydrophobicity),**®**® and is related to solva-
tion energies according to

AgovG’[octanol] — Agoy G [water] = —RT In Ky, (4.11)
The value of K,,, is widely used in drug-discovery applications,*****° and atomic decomposition of terms contributing
to AAG® in Equation (4.11) has been used to determine similarity indices for predicting quantitative structure-activity
relationships.*® For environmental toxicology purposes, Ko, is an important physical parameter to determine for any
new compound.*®* The octanol/water partition coefficient was the subject of a recent blind challenge for theoretical
methods,*®* with the SMx models emerging as amongst the best performers with a root-mean-square error of 0.44 in
units of log; Koy 163

Note that by using Equation (4.9) for Ghonelst, the SMx models do not contain any term proportional to the cavity vol-
ume, as is often present in MM/GBSA and MM/PBSA models [c¢f. Equation (4.7)]. Volumetric cavitation effects are
therefore included by means of area-dependent parameters. This can be formally justified by appeal to scaled-particle
theory,''® although the argument is perhaps most convincing for small-molecule solutes. As such, the success of SMx
may partly reflect the fact that it was parameterized using experimental solvation energies of mostly small molecules.
(The largest molecules in the training set are n-hexadecane and ethyloctadecanoate, at 51 and 63 atoms, respectively,
but most of the solutes are much smaller.>>*'7) Limitation of the reference data to small molecules was intentional, as
it minimizes the need to account for thermal effects (vibrational entropy) in the parameterization.>*® Because small sol-
utes have limited conformational flexibility, however, there may not be too much difference in the volumes of different
conformers, such that a term that explicitly accounts for cavitation may be largely redundant and therefore not required
to obtain accurate solvation energies. In contrast, MM/GBSA and MM/PBSA methods are usually parameterized for
(or at least tested on) proteins and other macromolecular solutes, using solvation energies obtained from molecular
dynamics simulations in explicit solvent. For a macromolecule, cavity volume may depend sensitively on conformation,
as for example in a folded versus an unfolded protein. Since the SMx models have not been scaled up to macromole-
cules, it is unclear how they would perform in that context.

For many years the SMx methods have been the go-to quantum chemistry models for solvation energies, even if
there are other models that exhibit similar (or occasionally smaller) statistical errors.>’® Focusing on approaches with
parameters sets that are openly available, there are a few alternatives to SM12 and SMD whose overall error statistics
are comparable (Table 5). One such method is actually a little-used variant of SMx called SMVLE.?'? It is based on the
same SASA-type model for Gyonelst that is used in other SMx models [Equation (4.9)], but uses the exact SVPE method
[Equation (2.39)] for G- In addition, this model includes a “local electrostatics” term based on the extremal values of
the normal electric field at the cavity surface, inspired by the observation that those values correlate very well with
hydration energies for ions.****®> As indicated by the statistics in Table 5, the accuracy of SMVLE is comparable to that
of SM12 and SMD for neutral solutes and for cations, but significantly better for anions. It is worth noting that anions
are the most challenging case: like cations, their solvation energies are quite large in polar solvents, yet the volume
polarization for anions is likely to be much larger since the tails of the anion's wave function extend farther into the
continuum. Moreover, with SMVLE the use of explicit water molecules proves to be unnecessary, and the error
increases by <0.2kcal/mol when bare ions are used instead. (For other SMx models, the increase is >1 kcal/mol.*!?)
The SMVLE approach is therefore an improvement upon the accuracy of other SMx models for what feels like the right
reasons. However, the underlying SVPE electrostatic model uses an isodensity contour to define the cavity surface and
for that reason no analytic gradient of SMVLE is available, as discussed in Section 3.3. This probably explains its lack of
widespread use.
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A more recent model, which is somewhat similar in form to SMD but developed independently, is the so-called
“easy solvation estimation” (ESE) approach of Voityuk and Vyboishchikov.**®*¢” This method was designed for rapid
screening of large numbers of molecules and for that reason it employs an approximate, non-self-consistent C-PCM cal-
culation to obtain G . Specifically, CM5 atomic charges are computed from the gas-phase QM charge density, and the
electrostatic potential from these charges is used to polarize the continuum in a one-shot, a posteriori fashion.**® To this
is added a nonelectrostatic term

atoms

Grnonelst = Z (73 + Y/BGB + 7%6123) SAg, (4'12)
B

whose first term is identical to the SASA-type model used in SMx. Additional terms, with additional parameters {yg}
and {yg}, depend on the solvent-exposed surface charge density on each atom:

1

=— . 4.13
SA, bqub ( )

OB

This is reminiscent of the segmented surface charge densities (or “c-profiles”) that are used to parameterize COSMO-
RS.>’6*"7 An “extended” (XESE) model for ions includes in addition a term that depends on the minimum and maxi-
mum values of |og|,**’ similar in spirit to the “local electrostatics” correction in SMVLE but inspired in this case by a
functional form developed by Pomogaeva and Chipman,®’? which is described in Section 4.3. With this addition, XESE
achieves MUEs of 2.9 kcal/mol for cations and 3.1 kcal/mol for anions, on par with the estimated uncertainties in the
reference data.’®’ Further testing is needed to evaluate the robustness of this model and whether its lack of self-
consistency will be problematic for prediction of relative energies. (It will almost certainly be problematic for analytic
gradient theory.) As a quick-and-dirty screening method to estimate ApyG’, however, this method seems quite
promising.

Returning to self-consistent models, new approaches based on Poisson's equation also appear quite promis-
ing *'*315%8 One is the SCCS model that was described in Section 3.3, which uses a density-dependent permittivity
functional ¢[p](r) to determine the continuum interface self-consistently, alongside the charge density p(r). Poisson's
equation is solved in three-dimensional space to obtain G, which is then combined with the simple two-parameter
model for Gponeist in Equation (4.7). More precisely, the nonelectrostatic model is

Gronelst = ((1 + 7)SASA + /))Vcavitya (4'14)

in which SASA = >k SAk is the total surface area. The quantity y is the actual surface tension of the solvent, whereas
a and f are adjustable parameters. The latter are fit, along with two other parameters that define [p](r), in order to
reproduce aqueous solvation energies.*'* Despite having just four adjustable parameters, the SCCS model achieves a
statistical accuracy that is comparable to SM12 or SMD (see Table 5); notably, it does so for ions without using explicit
H,O molecules. Further improvements for aqueous anions are obtained using a “soft-sphere” cavity model,>'> which
constructs the cavity from vdW spheres but then interpolates the dielectric function (from ¢ = 1 to € = 78) over a nar-
row switching region centered on the vdW radius.*> When combined with the nonelectrostatic model in Equa-
tion (4.14), the soft-sphere solvation model affords a MUE of 3.0 kcal/mol for anion hydration energies, improving
upon both SM12 and SMD and (like SMVLE) on par with the accuracy of the experimental data themselves.*”*

The SMx models employ a considerably larger number of empirical parameters as compared to the SCCS-based
approaches, although the former are designed to be “universal” models for all solvents whereas the SCCS model was
originally parameterized only for water.*'* Recently the SCCS parameterization has been extended to 67 nonaqueous
solvents, simply by refitting @ in Equation (4.14) for each solvent.**® (The same volumetric parameter $ was used for all
solvents, and the two parameters that define the interface functional were fixed as well.) The overall average error in
AgowG’ , for neutral solutes in all nonaqueous solvents, is 0.8 kcal/mol,*¢® comparable to the accuracy of the SMx
methods despite the use of only four parameters per solvent. These results seem to defy the notion that continuum elec-
trostatics cannot be separated from nonelectrostatic interactions and made universal. The difference, when it comes to
the SCCS approach, may be the self-consistent determination of the solute/continuum interface without resort to
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atomic radii as parameters, which naturally allows the electrostatic size of an atom to change in response to its environ-
ment and in response to the electronic structure of the solute. The next section describes another minimally-parameter-
ized model that also uses a self-consistent cavity surface (based on an isodensity contour) and attempts to separate Gejs
from Gponeist and to parameterize the latter separately.

4.3 | Physics-based models

Occasionally there have been attempts to put the nonelectrostatic contributions to the solvation energy on a more rigor-
ous footing,>”'>7>#%*~*7% or at least to develop parameterized models that are more closely connected to the physics of
intermolecular interactions as compared to the wholly empirical SASA-type approaches.*"*’>"*7® These physics-based
approaches are considered next.

As a simple example, one might borrow from QM/MM methodology and assume classical intermolecular interac-
tion potentials (e.g., of Lennard-Jones type), centered on the solute atoms. An r~° interaction potential provides a model
for solute-solvent dispersion, but the explicit solvent molecules need to be replaced with parameters. One such model
takes the detailed form™*'*7¢~478

solvent  solute grid <

gdisp = Z Pa Z }’ABZai
B

) @15)
A i€eB

6
3rig

where p, is the average number density of solvent atom A (e.g., oxygen or hydrogen in aqueous solution), and the
parameters {y g} come from a force field. A similar model can be developed to describe the repulsive contribution (Grep),
with r° replaced by ri;'2 or perhaps exp(—r;z).**"*"” The quantity Gyisp—rep = Gaisp + Grep 18 usually then combined with

a cavitation energy of the form

solute SAB
Geav = ZB: <47ZR§) AGms (RB)’ (4'16)

in which AGys(Rp) is the solvation energy for a hard sphere of radius R, obtained from scaled-particle theory.**® Typi-
cally the atomic radii used in these nonelectrostatic terms are SAS radii, that is, they include a probe radius rep-
resenting the assumed size of a solvent molecule. This makes sense from the point of view that r;p represents a first-
shell solute-solvent distance. On the other hand, numerical results for electrostatic energies in Table 3 suggest that
atomic radii Rg = 1.2R,qw p afford results that are closer to the isodensity cavity construction, as compared to SAS radii
Rg = Ryaw,p t Rprobes at least when Ry, is a realistic estimate of the size of a solvent molecule. Therefore it is not
unusual to employ scaled vdW radii to evaluate Ges; but SAS radii for Gyonelst- The same is done in the SMx models,>*
and similarly in the present case the radii used to define G5 need to be optimized in the presence of the electrostatics
term in order to obtain useful solvation energies.*>® Some applications of this “QM/MM-style approach to Gyonelst are
reviewed in Ref. 478, but these models never achieved either the accuracy or the universality of the approaches dis-
cussed in Section 4.2.

Equation (4.15) is a classical model for dispersion but there have also been attempts to derive QM dispersion and
dispersion-repulsion models, within a continuum framework. One such model, due to Amovilli,****”° starts from the
generalized Casimir-Polder expression for the dispersion energy of a supramolecular complex A. - -B:*7%7#%4

2 \ 2 roo A /s B /s
urpo N ( ¢ ) / dw / drldrzdr’ldr’2<)( (kv xifioo)x (rz’rz"“’)). (4.17)
0 R3

WP 2 \dmeg [[e1 =17 [ f[r2 = 1%

The quantity y(r, r'|w) is the frequency-dependent density susceptibility (also known as the polarization
propagator),**>*%* evaluated in Equation (4.17) at imaginary frequencies. When the monomer separation R,y is large,
second-order perturbation theory affords the “uncoupled” approximation,**®**>~*° first derived by London:****!
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UAD(Rap) = Fh / & (i) @ (i) dw} L (4.18)

6
RAB

The quantity a(w) is the frequency-dependent isotropic polarizability and the term in brackets provides a microscopic
formula for the Cy coefficient. Components a,;, of the polarizability tensor, in the spectral representation, are

aab(a)) — %Z [<0|ﬂan><n|ﬂb|0> + <0|ﬂb|n> <nﬂa|0>] , (4.19)

=0 W — Wno ® + wpo

where w,,o = (E, — Ey)/h.** In early work by Résch and Zerner,*? a sum-over-states formalism (at the level of configu-
ration interaction with single substitutions) was used to explicitly evaluate the dispersion, essentially along the lines of
Equation (4.19) and its analogue for excited states, in the interest of understanding dispersion-induced shifts in excita-
tion energies. This approach is expensive, as hundreds of states are required for convergence, but it does correctly
model trends in solvatochromic shifts for nonpolar chromophores in nonpolar solvents (e.g., naphthalene in cyclohex-
ane). However, these shifts are generally <0.1 eV and this work has not been pursued further.

Returning to Uﬁi's'bB in Equation (4.17), a sum-over-states expression (Lehmann representation) can be introduced

for the requisite density susceptibilities, writing them in terms of transition densities pg,(r):*5>*%*
Won pOn pOn( )
7(r,Y|iw) = . (4.20)
hr;) W2 + @?

Inserting this formula in place of y (rl,r’1 ]ia)) in Equation (4.17) affords an expression for the dispersion (free) energy
of “A-in-B,” that is, solute A interacting with an implicit representation of B:**’

o= [ e s o oo (B, 2

In writing this equation, the susceptibility y® in Equation (4.17) has been eliminated by first introducing a polarization
density

pB(r2) / dr’ dr ( (k2. 53]i) p A(Iﬁ)), (4.22)

v -5

induced on B by the presence of A. This quantity is then replaced with a surface charge op(s), in the spirit of the ASC-
PCM formulation of continuum electrostatics, except that in the present case the surface charge depends on the
frequency-dependent dielectric function e(iw) evaluated at imaginary frequencies. The function e(iw) is the central
quantity in the Lifshitz theory of the Casimir force and the dispersion energy.*’*****°° In a separate approach, Ninham
and coworkers*’**7* use the frequency-dependent dipole- and higher-order (hyper)polarizabilities for the solute, a(iw),
and so on, in conjunction with models for e(w), to model solute-solvent dispersion.

Models for Ggigp, the dispersion contribution to Gyonelst, can now be constructed based on Equation (4.21) by model-
ing the function e(iw) as well as the surface charge density op(s) that is induced by various excited states of solute
A. The transition densities pj, (r) and excitation frequencies @, that appear in Equation (4.21) could be computed
explicitly, since the solute A is described by quantum chemistry,**® or perhaps modeled using SCF eigenvalues.*’*** A
suggested model for the surface charge is*”°

b= () (52t 423
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where E| [p4,](s) is the normal electric field generated by pj, (r). Modulo a factor of Q/(Q + ), Equation (4.23) looks
just like the ASC in the D-PCM method [Equation (2.25)], albeit generated by the transition density p, (r) rather than
the ground-state density and with the “optical” dielectric constant ¢, replacing the static dielectric constant &;. (As will
be discussed in Section 5, ¢, is the appropriate dielectric constant for polarization upon sudden or vertical excitation,
without orientational contributions from the solvent.) The quantity #Q is the characteristic ionization energy of the sol-
vent, which comes from the approximation of setting every w,, equal to Q.** [In practice, #Q = e, X (IE)soient has
been used.*’**’"] The integral over w in Equation (4.21) remains to be evaluated and the factor of Q*/(Q*+ »?) interpo-
lates between limits of unity for @ = 0, for which the solute sees the full induced polarization response, and zero as
@ — oo because when o > Q the excitation frequency is so large that the response averages to zero. These models have
interesting possibilities for the description of solute-environment dispersion in excited states, which are only starting to
be explored.*’"*72

A rather different formulation of Ggis, has been put forward by Pomogaeva and Chipman,®”® who borrow from the
nonlocal correlation energy functional developed by Vydrov and Van Voorhis.**”~>% This functional, usually known as
VV10,”" represents an attempt to incorporate dispersion interactions into DFT in a rigorous way, and is itself a simpli-
fied form of the nonlocal functional developed by Langreth and Lundqvist.’**>~>°* (In a mildly annoying bit of physicist
reductionism, the Langreth-Lundqvist functional is often known as “the” vdW functional, as if such a designation
could possibly be unique.) These nonlocal correlation functionals are already based on a pairwise ansatz,”** and to use
them in conjunction with a continuum representation of the solvent one simply replaces the density of one interacting
partner with the bulk solvent density, . The functional form is then®"*>"3

- p(l‘) I(l‘)
Gaisp A/ wip] () (wlp] () + 72 )

dr, (4.24)

where

dr’
r)= e 4.25
) /r’gEQ <||r—r’|6+66> (4.25)

and

R 4\ 1/2
%)
. pe)t |

wlpl(r) = | p(r) + (4.26)

The parameter C in Equation (4.26) is taken without modification from VV10,**%% but a parameter 6 is introduced in
Equation (4.25) to prevent the integral from diverging. Aside from that, the only additional parameter that has been
introduced (beyond those already present in VV10) is an overall scaling factor A in Equation (4.24). The density p(r) is
the solute's electron density and the integral in Equation (4.24) is evaluated over the solute cavity (r€€2). However, the
integration domain in Equation (4.25) is the region ¥'¢Q that is outside of the cavity, which requires integration of
three-dimensional space. (In practice, the discretization need not extend very far beyond the cavity, since the integrand
decays rapidly.) It is worth noting that analytic gradients have not been implemented for any of the QM-based disper-
sion models described in this section, although they have been implemented for the QM/MM-style approach of Equa-
tion (4.15).*’® The functional form for Gaisp in Equation (4.24) may better lend itself to analytic gradients as compared
to other approaches, insofar as the analytic gradient of VV10 has already been reported.**

In contrast to dispersion, a functional form for Pauli repulsion is rather straightforward. This effect arises from
interpenetration of the tails of two nonbonded densities, and one functional form that has been suggested is simply

Gexch :B’/ p(r) dr, (4.27)
r¢Q
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where B’ is an empirical parameter.*’”® (Note also that the integration domain is over the solvent, r¢Q.) An alternative

iS373

Gexer, =B / Hﬁp(r)H dr. (4.28)
r¢éQ

The latter form is suggested by an exact result for the exchange-repulsion between two hydrogen atoms,’ but both
models have been used in practice. For example, the model in Equation (4.27) has been used to develop an “extreme
pressure” (XP-)PCM,**”>% based on the thermodynamic relation p = —(9G/dV), and calculation of analytic derivatives
of Gexch and Gegy With respect to the cavity volume. XP-PCM has been used to study how pressures p > 1 GPa affect both
molecular geometries and the equilibrium positions of chemical reactions.’**'° The model in Equation (4.28) has been
used as part of a black-box solvation model that is described next.

In an attempt to develop a first-principles implicit solvation model that can compete with SMx, Pomogaeva and
Chipman®”'”> combined SS(V)PE electrostatics (using an isodensity cavity construction) with a “minimally parame-
terized” nonelectrostatic model of the form

Gnonelst = gdisp + Gexch + GFEsk- (4'29)

The components Ggisp and Gexen are modeled as in Equations (4.24) and (4.28), respectively, and Grgsr is “field-effect
short-range” (FESR) term for hydrogen bonding.*”* The latter takes as inputs the maximum and minimum values of
the normal electric field at the cavity surface, and has the form

Grpsk = C(min|E, |)* + D(max|E, |)°. (4.30)

This form is inspired by the observation that ion hydration energies correlate well with local electric field
strength.****%% Further evidence comes from a correlation between hydrogen bond strength and local electric fields in
water (as noted in classical molecular dynamics simulations),”''* as well as an observed correlation between PCM
surface charge densities (which themselves correlate with electric field strength) and hydrogen bond energies for small
solutes that form a single hydrogen bond.>*>'> Indeed, the ansatz in Equation (4.30) would only seem to accommodate
a single hydrogen-bond donor site and a single acceptor site. Nevertheless, this simple form is remarkably effective in
reducing errors for ionic species. As discussed in Section 4.2, both the SMVLE?*'? and xESE*®” solvation models use a
local electric field correction, albeit not precisely the same as the one in Equation (4.30), and these two models both
exhibit rather small errors for ion hydration energies, approaching the accuracy limits of the data. A downside to using
min|E, | and max|E, | (or min{g,} and max{q,}, as suggested in Ref. 514) is that these are not differentiable with respect
to nuclear positions. The SMVLE model introduces a modified form of the field-dependent local electrostatics term,
with a switching function to ensure continuity as the nuclei are displaced.**?

It is often considered that the separation G = Geist + Gnonelst 1S difficult to accomplish in a rigorous manner,>%° leading
to nonelectrostatic models that cannot be used interchangeably with different treatments of continuum
electrostatics,”* although recent results with SCCS suggest this may not be entirely true,**® as discussed in Section 4.2.
It appears that the worst aspects of nontransferability are related to cavity construction, as SMD works well with vari-
ous models for G.i; provided that the atomic radii used in the electrostatics calculation were optimized together with
the nonelectrostatic parameters.”2 Using an isodensity implementation of SS(V)PE to define G, Pomogaeva and
Chipman®”*~"> have attempted to make a universal separation between electrostatic and nonelectrostatic interactions,
with Gnhonelst given by Equation (4.29), in a model they call CMIRS. This model contains five empirical parameters for a
given solvent: the linear coefficients A, B, C, and D that appear in Ggisp, Gexch, and Grgsg, as well as the exponent £ in
Gresr- The FESR term is omitted for nonpolar solvents, leaving just two parameters. These parameters were originally
determined for benzene,*”* cyclohexane,*”* water,>”* dimethyl sulfoxide,*’> and acetonitrile,>”” by fitting to experimen-
tal solvation energies, but were later adjusted to fix an error in the original implementation of the model.*'® Parameters
for methanol have also been reported, based on the original implementation.”'® As with the SCCS approach, this is con-
siderably fewer parameters (for any given solvent) as compared to the SMx models, although the latter are designed as
“universal” models in which the nonelectrostatic parameters are determined only once, and then the model is available
for any solvent whose macroscopic descriptors are available.®®® For example, the training set for SM12 contains
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92 solvents,>** as compared to the six for which CMIRS parameters are currently available. As noted above, however,
the SCCS model has recently been extended to 67 nonaqueous solvents by refitting just a single parameter per
solvent,**® and it would be straightforward to attempt something similar with CMIRS, adjusting only the A and B
parameters that appear in Ggisp and Gexcn.

Water is the solvent to have if you are only having one, and error statistics versus experimental hydration energies
(Table 5) demonstrate that CMIRS is somewhat more accurate than SM12 or SMD, especially for ions, despite fewer
parameters in the model. It is also more accurate than SCCS, especially for anions. Given the 2-3 kcal/mol uncer-
tainties in the reference data for ions,*****3!* CMIRS has achieved the practical lower limit for any solvation model
trained on these data. Correlation with experimental hydration energies is excellent; see Figure 9.

However, despite all of the physical considerations that went into the CMIRS approach to modeling Gponeist» and
despite the limited number of parameters used per solvent, an error in the original implementation of Gy, Went
unnoticed despite the fact that it modifies dispersion energies in the training set by up to 8 kcal/mol.*"* This was able
to escape notice because the B parameter in Gexnh, [Equation (4.28)] absorbs the discrepancy, rendering Gexen €ven more
repulsive in order to offset a dispersion energy that is too attractive.>’* A similar cancellation between cavitation and
dispersion has been noted elsewhere,*’**!” and in fact Ggisp + Gexen is Often parameterized together as a single entity in
empirical models, including SMx and others that use the atomic surface tension ansatz of Equation (4.9). This may hide
certain subtleties, such as the fact that cavitation effects are more important than dispersion to explain binding affinities
of rare-gas guest atoms to cucurbituril host molecules,”® or that the unfavorable hydration energies of small nonpolar
polymers are well approximated by the cavitation energy (Ahydgzgca\,),s19 suggesting near-cancellation of other effects.

5 | NONEQUILIBRIUM SOLVATION
51 | Conceptual overview

How does a continuum solvent respond to a sudden change in the solute’s charge distribution? This question must be
considered for electronic spectroscopies, including absorption to (or emission from) an excited electronic state, or pho-
toelectron spectroscopy that removes an electron. The general theory of time-dependent processes in dielectric mate-
rials introduces a frequency-dependent dielectric function &(w), such that the induction field D responds to a
frequency-dependent electric field E according to D(r, ) = &(w)E(r, »).>°>** In the presence of a time-dependent
field, the frequency-dependent permittivity is complex-valued, in order to describe the phase lag between E and
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FIGURE 9 Comparison of experimental hydration energies (Minnesota solvation database***~°*) with values computed using CMIRS:
(a) all solvation energies, including both neutral molecules as well as ions (with the number of data points indicated in each case), versus
(b) results for charge-neutral solutes only. Reprinted from Ref. 313; copyright 2016 American Chemical Society
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D.>2%°3 This complex-valued permittivity is often denoted & or £ but we will not do so here. Where needed, we will
simply indicate the frequency dependence explicitly.

The permittivity is real-valued in two important limits, namely, 5 = £(0), which is the static (zero-frequency) limit,
and also in the high-frequency limit, where the limiting value ¢, = lim,, _, .&(®) is known as the optical dielectric con-
stant, for reasons that are described below. That ¢, > 0 describes the fact that there is always some part of the polariza-
tion that is able to remain in phase with the applied field. Switching to the time domain and labeling that part of the
medium'’s response as “fast” polarization,

Pt (t) = (8“_1)E(t), (5.1)

4
the remaining (“slow”) component is then defined by a time-dependent analogue of Equation (2.1):>*
D(t) = e E(t) + 47Pgow (t). (5.2)

The frequency components of Py (t) depend on &(w), but generally speaking the slow polarization response consists of
vibrational contributions with timescales of 107'2-10"'* s, along with even slower orientational components. (The pri-
mary relaxation timescale for neat liquid water is 8-10 ps under ambient conditions.®*-***7>2¢)

It is possible to model the frequency dependence of &(w) directly.*’~>*! A phenomenological model is

e(w) =€ + (es—eoo)z Ck

k

— 5.3
1+ iwty (53)

in which the parameters {r;} represent characteristic time constants for microscopic relaxation processes, with
Skck = 1.°%° (The version with only a single timescale was originally introduced by Debye and usually bears his
89.523.332) When such a model is used in the context of continuum solvation theory, the polarization charge
becomes explicitly time-dependent and the permittivity for “fast” polarization is the real part of &(w) for frequencies
larger than the perturbation of interest. Such models have been used to simulate the time-dependent Stokes shift in the
fluorescence energy,”>’>*° and to simulate the combined response of the molecule and the medium to an external field
that is resonant with an excited state of the solute.”*~** The latter application makes the most sense when combined
with electronic structure methods that simulate time-dependent electron dynamics,’**>*> but these explicitly time-
dependent approaches are not considered in this work.

The focus here is on the nonequilibrium response to a sudden change in the solute density, that is, a vertical or
Franck-Condon process. For vertical absorption, emission, or ionization, the nuclei are fixed and the continuum sol-
vent “molecules” cannot vibrate or reorient. This limits the continuum response to the fast component of the polariza-
tion, which is electronic in nature and remains in equilibrium with the sudden change in p(r). The slow component is
dictated by the solute's initial electronic state and cannot respond on the timescale of vertical excitation or ionization,
and is therefore out of equilibrium with the final electronic state. Phenomenologically, this picture reduces &(w) to its
limiting values &5 and €.

The value of &, can be related to the polarizability of the solvent molecules (Lorenz-Lorentz equation),>* but in
the present context is simply a measurable property of the solvent, determined from the index of refraction
n(w) = \/e(w).”*** Formally, ., should be determined in the limit @ — co, but at the same time n(w) needs to be mea-
sured away from any resonances and therefore optical wavelengths are often used, hence the “optical” dielectric con-
stant. Values are often measured at the sodium D-line (A = 589 nm),>*” and for water the value obtained is e.,(1) = 1.78
at A = 589 nm, as compared to e,,(1) = 1.95 at A = 200 nm.>*® In older literature (and sometimes repeated more
recently),”**>* values such as ., = 4.0- 5.5 are reported for water,*>>*! and these larger values were originally thought
to agree better with predictions from Onsager's reaction-field theory.>*" In fact, these larger values were based on a false
extrapolation using Debye's model of a single relaxation timescale (7, = 8 - 10 ps), whereas permittivity data that extend
to terahertz frequencies reveal at least two distinct relaxation timescales,”**>**">** including a faster process 7, <1
ps.>26:3425%3 (The microscopic explanation for these timescales remains a topic of current debate.”*®>*”) The data there-
fore appear to approach a limiting value &, ~ 5 in the microwave regime,*”>*® but decay to ¢., ~ 2 at terahertz frequen-
cies.”*>>* The latter value is consistent with n*(1) measured at optical wavelengths.>*®

name.
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Looking at a modern tabulation of the data for common solvents, one finds little variation in refractive indices at
visible wavelengths, which generally range from n ~ 1.3-1.5.*” Consequently, there is considerable uniformity in the
optical dielectric constants (e, = 1.7 — 2.3), despite the fact that the static dielectric constants for these solvents range
from &5 = 2 - 110; see Table 6. The narrow range of ¢, reflects the fact that typical solvents are closed-shell, small-
molecule insulators with band gaps in the vacuum ultraviolet, and which therefore possess roughly similar molecular
polarizabilities. Inorganic solids may have considerably larger indices of refraction,”" for example, n = 2.43 at 589 nm
(and therefore e., = 5.90) for BaTiOs(s),”>* a material used in nonlinear optical applications. These larger values are
attributable to low-lying excited states that facilitate more substantial electronic polarization and therefore significant
dispersion of light, but this behavior is simply not found in common solvents.

Before introducing a modern computational formalism for nonequilibrium polarization, we first consider two his-
torical examples. The first is a well-known result in electronic spectroscopy that relates the Stokes shift
(Av = vaps — Vpuor) to the change in the solute's dipole moment upon excitation (Au), and which is known as the
Lippert-Mataga equation,*>>>373%

hcAv = constant +

2(Ap)? [es— 1 en-l } _ (5.4)

R |les+1 2e,+1

F(Ssn?oo)

In practice, this equation is used to determine excited-state dipole moments (assuming that the ground-state dipole
moment is known) by measuring the Stokes shift in solvents of differing polarity. In fact, a variety of alternative formu-
las for this purpose have been suggested,’”*>** along the lines of Equation (5.4) but differing somewhat in their treat-
ment of excited-state polarization, which leads to differences in the form of the “solvent polarity function” F(e, €.,).
These models (including the Lippert-Mataga one) are so crude that often experimental data can be fit equally well to
any one of them.’®>">’* More important is the basic molecular physics that underlies this approach. Comparison to the
model of a dipole in a spherical cavity [Equation (2.18)] shows that the physical content of Equation (5.4) is to take the
difference dipole moment Ay and solvate it using permittivity ., rather than .

The solvent parameter ¢, also makes an appearance in Marcus' theory of electron transfer,”’>>’” in which the
“outer-sphere” reorganization energy is given by

1 1\/ 1 1 1
outer = (AQ) (800 8s> (2RD * 2Rp ||1'D—rA||> )

This formula is derived from what is essentially a nonequilibrium formulation of the Born ion model [Equation (2.17)],
combined with a Coulomb interaction between charges centered in a donor sphere (radius Ry centered at rp) and an

TABLE 6 Static dielectric

Solvent € £ Solvent & €

constants® (&) and optical dielectric

constants® (e.,) for some common n-Hexane 1.9 1.89 Ethanol 24.3 1.85

solvents. Cyclohexane 2.0 2.03 Ethylene glycol 30.9 2.05
Benzene 2.3 2.25 Methanol 33.0 1.77
Toluene 2.4 2.24 Nitrobenzene 34.7 241
Diethyl ether 4.2 1.83° Acetonitrile 36.0 1.81
Chloroform 4.7 2.08 Dimethyl acetamide 39.6 2.07
Dichloromethane 8.9 2.03 Dimethyl sulfoxide 46.6 2.18
2-Propanol 18.2 1.92 Water 78.4 1.78¢
Acetone 20.8 1.85 Formamide 109.6 2.10

Note: Values are given as dimensionless numbers relative to vacuum permittivity, .

2At 25°C, from Ref. 549.

bAt20°C except where noted, based on refractive indices n(4) measured at A = 589 nm, from Ref. 537.
‘At 16.5°C.

4Valid for 20-25°C, from Ref. 550.
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acceptor sphere (radius R, centered at r,). The electron transfer is assumed to occur instantaneously—before the orien-
tational motion of the solvent molecules can respond—hence the change in G involves ¢, in addition to &s. The pre-
factor of (e;!—e;!) in Equation (5.5) is sometimes called the Pekar factor,***>® and replaces the prefactor of (1—¢;'!)
in the equilibrium version of the Born model. For water, & is large due to the sizable H,O dipole moment, lending a
large orientational component to the dielectric screening effect, but for nonpolar solvents most or all of the solvent
response is electronic since ¢, ~ ¢ (Table 6). The electronic contribution comes from the intrinsic polarizability of the
solvent molecules, and for this reason ¢, has sometimes been called the “dielectric constant for induced polariza-
tion.”>° Onsager calls n? the “internal” (to the molecule) dielectric constant.?*

5.2 | State-specific approach
The phenomenology introduced above can be generalized to a rigorous description of electrostatics,’”***® affording a
continuum theory of nonequilibrium solvation.>**>7¢>78-82 Several variants have been formulated for use with
PCMs,?21°837587 a5 well as for continuum solvation based on Poisson's equation.****® Operationally, a charge density
po(r) corresponding to the initial electronic state |W,) is first equilibrated with a continuum whose dielectric constant is
&s. Then, following excitation (or ionization) from state |¥y) to state |¥y), the difference density Apy(r) = p(r) — po(r) is
allowed to polarize a continuum whose dielectric constant is ¢, representing the change in the fast polarization. We
now consider this in detail.

Consistent with the appearance of the zero- and infinite-frequency dielectric constants in Equations (5.4) and (5.5),
a general nonequilibrium theory of continuum electrostatics is based upon a partition P = Py + P in which the
fast component of the polarization remains in equilibrium with the solute even upon sudden change in its charge den-
sity. The slow polarization is frozen on this timescale, at the value determined by equilibrium solvation of the initial
state. This is accomplished via a partition of the (linear) electric susceptibility, y(@w) = [e(w) — 1]/4x. Separating the sus-

ceptibility y = y¢+ ys into fast and slow contributions, the form of y; is suggested by Equation (5.1). This
affordszzl,564,580,589,590

xi=(e—1)/4nm, (5.6a)

2= (5= ) /4m. (5.6b)

This has been called the “Marcus partition” of the polarization response,”*' although it was actually formalized by
Brady and Carr.>** It embodies the phenomenological concepts introduced above, for example, that Py, originates with
molecular polarizability while Py, is orientational.

An alternative to Equation (5.6) is the so-called “Pekar partition, which was originally introduced to describe
self-trapped polarons,®"*** then subsequently adapted for optical spectroscopy,’>*>**** and still later adopted for use
in ASC-type continuum solvation models.>**>% Its use is prevalent in older literature so the distinction is worth
pointing out even though Equation (5.6) will be used in practice. Within the Pekar approach, the induced surface
charge is partitioned into “inertial” and “dynamic” components, P = Py, + Pgy,. The total surface charge o(s) is given
by Equation (2.25) and the dynamical part by the analogous expression that is obtained by replacing &; with e,

namely”
1 (e—1\ [ g
O'dyn(s) = 4—7[ ( . ) <a_rls) o . (57)

The inertial charge is 6in(s) = o(S) — Gayn(S).
The difference between these two partitions can readily be understood by examining the reaction field for a dipole
Ho in a spherical cavity. The slow contribution to the reaction field is**°

221,590

ES

™Xn

S

_ [Es—Ex
,R M -Brady-C
g, (s )< ) >ﬂ0 (Marcus-Brady arr), (5.8)

[81(e5,R) =81 (60, R) 1y (Pekar)
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where g, (&,R) is the “Onsager factor” defined in Equation (2.21). The Marcus-Brady-Carr result follows from the fact
that the slow polarization constitutes a fraction yo/y = (es—¢€s)/(es—1) of the total polarization, according to
Equation (5.6), whereas the Pekar result is set by fiat. Both partitions afford the same total reaction field,”*® ES_ +Ef_,
and therefore the same nonequilibrium free energy,?>**>**” up to some minor issues involving discretization along the
lines of what was discussed in Section 3.1.?*' However, the partition between fast and slow components is different in
the two schemes. Noting that g (es,R)~1 /R for high-dielectric solvents, Brady and Carr>** observed that the Pekar
result for E}  seems oddly small (and also decoupled from the value of &) in this limit. To wit, for water one obtains

E, . =0.97u, /R’ for the Marcus-Brady-Carr case and E},, =0.63yu, /R’ for the Pekar partition. For that reason, the
Marcus-Brady-Carr partition is the more common choice in modern literature although the Pekar partition has not
vanished.”’ (The Marcus partition is also not free of criticism, and some alternatives have been suggested.>*’) Side-by-side
expressions for the free energy Ge in the Marcus-Brady-Carr versus the Pekar partition are provided by Tomasi et al.'?
As those authors note, there is some confusion in the literature regarding the names, for example, Equation (5.6) is
called Pekar partition by Chipman.®® As such, Tomasi et al. designate these schemes as “partition I,” meaning
Equation (5.6), and “partition II,” meaning Equation (5.7). Although this notation has been adopted in a few
places,*®">°7 the names “Marcus” (for partition I) and “Pekar” (for partition II) remain common.

Having settled on the Marcus-Brady-Carr partition given in Equation (5.6), the basic idea of nonequilibrium polari-
zation is that the susceptibility ys should be used to induce polarization for the initial state (“0”), whose solute charge
density is po(r), and then y¢ should be used in conjunction with the difference density Ap(r) in order to adjust the polar-
ization in the final state. To realize this in practice, one first computes the surface charge oy(s) that is induced by py(r)
in a medium whose dielectric constant is &, according to a normal (equilibrium) solvation calculation. Next, o¢(s) is

partitioned into fast and slow contributions,**->%0-3¢

ot (s) = (e:’_‘ll) o0(s), (5.92)
o3 (s) = (gzs‘_gf) oo(s). (5.9b)

The quantity 63 (s) is retained, whereas o!,(s) is replaced by a surface charge induced by the excited-state charge distri-
bution, in a medium whose dielectric constant is e..

In order to derive rigorous formulas for the electrostatic free energy of the final state, introduce a Schrodinger equa-
tion of the form

. . ~ f
(e + 5+ 5, ) ) = &) (5.10)

>SS
%k

with k =0 infdicating the ground state. The quantity  vac is the vacuum Hamiltonian and the reaction-field operator
Ry = % + %, consists of a slow component 92 that originates with the ground-state density po and susceptibility ys,
along w1th a fast component 935 « based on the ﬁnal state density pi(r) and susceptibility yr Because %k depends on the
wave function |¥) that is needed to compute the final state's electrostatic potential, the Hamiltonian %k = X vac + B
that is introduced in Equation (5.10) is state-specific (SS), and straightforward attempts to solve this equation encounter
significant complications including convergefnce difficulties and ambiguous formulas for transition moments.””® Tlslese
problems can be circumvented by treating &, as a perturbation to zeroth-order states that are eigenfunctions of ) o »as
discussed below.

First, let us consider an expression for the free energy in an excited state. Equation (2.8) for the ground-state free
energy G, could be written in terms of a Hamiltonian

%0—%vac+<%s+f (5.11)
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however G, differs from <T0]§/0]TO> by an amount equal to the work W, = %(‘Po\ﬁfo“{‘o) that is required to polarize
the continuum. For an arbitrary state |¥,), the polarization work is

Wy = %(‘Pk|@k|\{'k> - % /F 6x(s) ¢ (s)ds. (5.12)

In what follows, superscripts “f” or “s” will be added to o,(s) in Equation (5.12), and thus to Ry and W, to signify
the partition into fast or slow charge according to Equation (5.9). With this notation, the excited-state generalization of
go iS221

G =& =Wy =W+ W, (5.13)
where
&5 = (|7 [ ) = (| Hrac + T + 0|9 ) (5.14)
and
Wox = % /F o7 (s) [ (s) — b (s)] ds. (5.15)

Equation (5.13) has a straightforward interpretation. To obtain the free energy gis for state k, which includes the effects
of averaging over implicit solvent degrees of freedom, the eigenstate energy &3> that is obtained from the Schrodinger
equation must be reduced by the work W; + Wi that is required for the ground- and excited-state polarization pro-
cesses. The final term, Wy, accounts for the Coulomb interaction between initial- and final-state surface charge. This
term has sometimes been omitted from similar treatments,”**>°° however its presence is necessary when the Marcus
partition of the polarization is used.'*?*"38%-38%.590.397 The nonequilibrium expression for the excitation energy is
hwy =Gy —Go, or

GBS —Go=AEES WL+ W+ Wy, (5.16)

where A&} = &° — &,.>*' Equation (5.16) also has a straightforward interpretation. The quantity A&? is the difference
between ground- and excited-state eigenvalues of the SS Hamiltonian [Equation (5.10)], but must be corrected by the
difference in the work required to polarize either state, which is restricted to the fast part of the response (Wi —Wg)
since only the fast polarization is modified upon vertical excitation.

As a simple example of the nonequilibrium formalism, we consider calculation of VIEs in aqueous solution. These
can be measured using liquid microjet photoelectron spectroscopy®® *°* and may be quite different from gas-phase
values,®® especially for singly-charged anions X (aq) where the initial state is solvated much more strongly than the
final state. Although equilibrium solvation models might be appropriate for computing adiabatic ionization energies,
for which the solvent has the opportunity to re-equilibrate following ionization, such models do a poor job of predicting
VIEs.®*>®% From a computational perspective, the change in charge upon photoionization means that long-range polar-
ization effects are significant, requiring hundreds of explicit solvent molecules (with concomitant sampling) to obtain a
converged result.®**"*® Convergence is significantly accelerated by continuum boundary conditions, using an atomistic
solute X~ (H,0),, that contains approximately two solvation shells of explicit water.**>*® The limited size of the atomistic
region not only reduces the cost of the quantum chemistry calculation for any one structure, but also reduces the sam-
pling that is required in order to obtain converged averages. PCM boundary conditions have also been shown to acceler-
ate convergence of absorption spectra with respect to inclusion of explicit water,’” although the effects (in absolute
energy shifts) are not as dramatic as they are for ionization.

Table 7 shows aqueous VIEs computed for several small solutes using a cluster-continuum approach with an atom-
istic region extending to a radius of 5.5 A around the solute, containing ~30 explicit water molecules. Shown side-by-
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side are VIEs computed using vacuum boundary conditions (including the explicit water molecules but absent any con-
tinuum model), versus results using equilibrium and nonequilibrium PCMs. In the latter case, results are shown using
either a SAS cavity or else a cavity that consists of a single sphere around the atomistic region, which affords VIEs that
are essentially identical to the SAS values. The nonequilibrium PCM results are ~1 eV too large for Li*(aq) and Na*(aq)
but significantly more accurate for the aqueous halide ions. For the halides, these calculations are also significantly
more accurate than previous QM/MM or equilibrium PCM calculations.®®® For neat liquid water, these calculations rep-
resent the most accurate VIE to date, in line with new experiments,611 and are also one of the most accurate VIE calcu-
lations to date for the challenging e~(aq) system.®"?

More germane to the present discussion is the comparison of various boundary conditions. Using vacuum boundary
conditions, results for X (H,0);, and M*(H,0), are in serious error relative to experiment, with VIEs that are too
small for the anions and too large for the cations. This is consistent in both cases with understabilization of the state
having larger charge. Addition of equilibrium PCM boundary conditions modifies VIEs for these systems by up to 3 eV
for the cations, which is perhaps unsurprising given that the divalent ion M** incurs very long-range polarization
effects in the final state, but even when the solute is neutral H,O, one observes a shift of 3 eV when continuum bound-
ary conditions are activated. While the application of an equilibrium PCM pushes the VIE substantially in the right
direction with respect to experiment, results remain far from quantitative until the nonequilibrium correction is added,
which ranges in magnitude up to 0.6 eV. Other calculations for aqueous nucleobases find nonequilibrium corrections
to VIEs of ~1 eV.*'* For the nucleobases, the calculations suggest that the solvent response upon ionization is the most
important part of the difference between vertical and adiabatic ionization energies, more so than geometric relaxation
of the ionized solute.®**

The nonequilibrium formalism is relatively straightforward for ionization, assuming that the final state is the gro-
und state of the ionized species, but is more complicated for excited states. In the presence of near-degeneracies, the SS
nature of the Hamiltonian in Equation (5.10) can lead to convergence problems,**®®'> and even when the states are
well-separated, properties such as oscillator strengths are ill-defined because the final-state wave functions are not
eigenfunctions of a common Hamiltonian and are therefore not orthogonal.>®® These problems are not unique to con-
tinuum solvation methods and arise for any kind of polarizable model of the environment, including QM/MM methods
that employ polarizable force fields.>*®¢**!” A solution to this conundrum is to treat @k in Equation (5.10) as a pertur-
bation.?21:529:586:387.599.618 1 4 g0, first introduce a set of orthonormal zeroth-order states,

%0"1’,({0)> =g\ “Pi0>>’ (5.17)

TABLE 7 Vertical ionization

. . Computed VIE (eV)
energies (VIEs) for aqueous ions,

comparing experimental results to i . tal Noneq. PCM Equil. PCM
. . - Xperimen
Iculat lib MP2
ia[f(li;/l[ 101115 liSItI.lg no?equl ?EIII(I) Solute  VIE (eV) Spherical®  SAS® Spherical® SAS® No PCM
calculations, from Ref.
Li* 60.4° 61.8 61.6 61.3 61.0 64.2
Na* 35.4° 36.5 36.3 36.0 35.8 38.9
H,0 11.74 11.6 11.6 11.1 10.9 13.8
e 3.7° 3.2 3.2 2.6 2.6 1.8
F 11.6f 114 11.5 10.8 10.9 10.0
Cl™ 9.6° 9.4 9.4 8.8 8.8 7.9

Note: Each system contains ~30 explicit water molecules and each calculated VIE represents an average
over ~100 snapshots from a simulation.

3Single spherical cavity for the entire atomistic region, R=7.525 A.

quuation (3.5) with ayaw = 1.0 and Ryrpe = 1.4 A, with atomic radii from Ref. 136.

Ref. 603.

9Ref. 611.

Ref. 612.

'Ref. 602.
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such that the eigenvalue %,((0) includes the effects of the ground-state reaction field, %,. As a convenient approximation

for gis in Equation (5.13), substitute %;c‘)) in place of %is and use |‘P,(CO)> to evaluate the electrostatic potential for state k.
This avoids the complexities of the SS approach, and is equivalent to first-order perturbation theory with respect to a

Looa o af o . .
perturbation W = %, — %, obtained from a partition

~ SS o ~ f ~ f ~ f
Hy = e+ Ry + Ry~ Ry, (5.18)
————— ——

This approximation has been called the perturbation theory state-specific (ptSS) approach to nonequilibrium solva-
tion.***%*>%7 (In principle, it could be extended to higher-order perturbation theory but it is not clear that this is
warranted.) Note that a widely used “corrected linear response” (cLR) procedure,** introduced for excited-state PCM
calculations at the level of time-dependent (TD-)DFT, is fundamentally a ptSS approach. (The “linear response” in cLR
refers to TDDFT, not to the LR-PCM formalism that is discussed in Section 5.3.) In the context of the ptSS or cLR
approach, it is best to view TDDFT as a form of configuration interaction with single substitutions (CIS), which pro-
vides an eigenvalue equation of the form in Equation (5.17). This is consistent with the idea that the SS version of
TDDFT, as implemented by Improta et al.,***°* is a fully iterative realization of Equation (5.10) within a CIS-style
ansatz. Both the ptSS and the full SS approaches to TDDFT do require construction of the “relaxed” density for the
TDDFT excited state in question,®*'"°* in order to compute its electrostatic potential.

To obtain practical formulas for ASC-PCMs, let us introduce a vector notation for surface integrals. As an example,
we rewrite Equation (2.37) for G in the form

Gasc= 3 /r o(s) o (s) ds= 3. (5.19)

The quantities q and v’ were introduced in Equation (3.2) and the dot-product notation represents how ASC-PCM sur-
face integrals are evaluated in practice, upon discretization of the cavity surface. Using this notation, an expression for
the nonequilibrium free energy for excited state k can be manipulated into the form>**

1 1
g;{leq — g}({o) + EVO'qO + E(Vk _VO). (Aqi) + WO,k’ (520)

where v, and vy represent the electrostatic potentials for states |‘P(()0>> and |‘I’,(c0)>, and Aq =qf —q is the difference in
the fast polarization charges for the two states. The latter quantity is computed according to

Aq;=Q, (Vk—Vo) =Q, v* (5.21)

for a reaction field (Q, =K. 1y,) involving the optical dielectric constant. The second equality in Equation (5.21) recog-
nizes that v’ = v, —v, is the electrostatic potential corresponding to the difference density Api(r) = pi(r) — po(r).
Somewhat similar expressions to Equation (5.20) can be found elsewhere,”®*%'*%%° but the connection to the actual free
energy of the excited state is most explicit in the work of Caricato et al.>* For cases where the solvent polarization has
time to fully equilibrate with respect to the excited-state density, an analogous expression for the equilibrium free
energy G, is obtained from Equation (5.20) by replacing Aq! with qx — qo, where both ground- and excited-state char-
ges are equilibrium values.** In the equilibrium case, q; = Q. Vi.

The solvent-corrected, nonequilibrium excitation energy is simply the difference between ground- and excited-state
free energies,”**%**

1
hog! =G =Gy = A} + 5 (Vie= Vo) (Ag)) + Wy (5.22)

The quantity A%,g)) = %fco) — &, is the excitation energy computed in the presence of the ground-state reaction field,
which is then corrected in Equation (5.22) for the change in the fast polarization upon excitation. These equations
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remain valid for the Pekar partition if W, is omitted from Equations (5.20) and (5.22). As noted by Cammi et al.,*'®
Equation (5.22) is the detailed analogue of the heuristic theories of excited-state solvation developed much earlier by
McRae,***?%%2% by Lippert,®* and by Mataga.>>*> This becomes clear upon considering the special case of a polariz-
able dipole in a spherical cavity.®'®°"°

Although presented here in the notation of ASC-PCMs, an analogous theory of nonequilibrium solvation can be
developed based directly on Poisson’s equation.****® In that context, the total charge density p(t) = p(¥) + ppoi(t)
includes an induced polarization pp,(r) [as in Equation (2.6)], in addition to the solute's charge density p(r). The
reaction-field potential is the electrostatic potential arising from p,,(r), and surface integrals such as the ones in Equa-
tions (5.12) and (5.15) are replaced by volumetric integration. Conveniently, the dot product notation introduced in
Equation (5.19) is ambivalent to this distinction and a formula analogous to Equation (5.20) can be derived,** with the
dot product signifying volumetric integration.

In the interest of brevity, the notation introduced above omits a subscript “elst” on both Qis [Equation (5.13)] and
g;eq [Equation (5.20)], and for that matter on G, in Equation (2.8) as well. In each case, these quantities represent only
the electrostatic contribution to the free energy. Some of the earliest theoretical work on solvatochromatic shifts was
concerned not just with changes in the chromophore's dipole moment, as in the Onsager-style treatment leading to the
Lippert-Mataga equation, but also with the role of dispersion effects.>>**® In modern formulations of continuum the-
ory, however, there have been only preliminary efforts to incorporate nonelectrostatic interactions (as described in Sec-
tion 4) into excited-state calculations.*’!#7%493.629.630 Thjg {5 an interesting problem insofar as solute-solvent dispersion
is likely more attractive in an excited state, whose wave function is probably more polarizable than the ground state
wave function, but at the same time Pauli repulsion will likely increase in the excited state due to the larger spatial
extent of the wave function. To an extent, favorable results for solvatochromic shifts that are obtained with
electrostatics-only models>®**>°7-°1>3! ]ikely rely on some error cancellation along these lines. (That said, early attempts
to model excited-state dispersion afford shifts <0.1 eV,*? and it is likely that electrostatics remains the dominant effect.)
Models that introduce SS nonelectrostatic interactions also do well for solvatochromic shifts.**°

There is one remaining source of complexity when the nonequilibrium theory is applied to excited states, in that the
Schrodinger equation in Equation (5.10) leaves open the question of what level of self-consistency should be sought in
obtaining the excited-state reaction-field operator, @k, which depends on |¥;). The multiple-choice answer to this ques-
tion leads to several categories of methods that are mapped out in Figure 10, and which are called “perturbation to
energy” (PTE), “perturbation to density” (PTD), and “perturbation with self-consistent energy and density” (PTED).*®
This nomenclature derives from efforts to use perturbation theory to include correlation in the ground-state calculation
(e.g., MP2 + SCRF),%** %> where one must decide whether (and how) electron correlation should be included in the
density that is used to polarize the continuum. The same notation has been adopted for PCM calculations using non-
perturbative models such as coupled-cluster theory,***®*” and is used here in a discussion that is formulated specifically
with excited-state calculations in mind. As illustrated in Figure 10a, the PTE scheme involves self-consistent solution of
the SCF + SCRF problem followed by a single-shot post-SCF calculation using solvent-polarized MOs. This represents a
kind of “zeroth-order” inclusion of solvation effects in the correlated calculation.’®® This approach has obvious advan-
tages in terms of cost: assuming that the post-SCF step dominates the cost of the gas-phase calculation, then addition of
SCRF boundary conditions adds little to the overall cost of a PTE calculation. Alternatively, in the PTD scheme the cor-
related calculation is performed in the gas phase and then the correlated density (rather than the SCF density) is used
to polarize the solvent. This introduces solvation effects beyond zeroth-order in perturbation theory,*** at marginally
increased cost: it is still a single-shot correlation calculation but the relaxed density is required, which entails computa-
tional effort along the lines of a gradient calculation at the correlated level of theory. A slightly better-performing vari-
ant of the traditional PTD approach is the PTE-PTD scheme (Figure 10a),°®’ in which the SCF + SCRF calculation is
solved self-consistently and those MOs are used in the post-SCF calculation, but then the correlated density is used in a
final, single-shot PCM calculation to compute the solvation energy, G.s.. None of these schemes constitutes a fully self-
consistent treatment of post-SCF correlation effects, which can be accomplished using the PTED scheme that is mapped
out in Figure 10a. Here, the correlated density is used to obtain the PCM surface charge and this procedure is iterated
to self-consistency. This is significantly more expensive because the correlated calculation is performed at each SCRF
iteration.

These ideas have been extended beyond their perturbation theory origins and represent the available options for
self-consistency in any calculation that combines an SCRF method with a quantum-chemical model that requires a
post-SCF calculation,’®2°86-287:615,636-640 iy clyding TDDFT.”®® An alternative pictorial representation of the simplest
method (PTE) and most complete scheme (PTED) is provided in Figure 10b, which furnishes a flowchart for an excited-
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FIGURE 10 Flowcharts representing various state-specific procedures for combining a polarizable continuum model (PCM) or other
self-consistent reaction-field (SCRF) procedure with a quantum chemistry method that requires a post-self-consistent field (SCF) step.

(a) Hlustration of the perturbation to energy (PTE) and perturbation to density (PTD) schemes, and two different combinations thereof.
Forward-backward arrows (2) indicate where the solute density (p) and the polarization charge (o) are iterated to self-consistency, whereas
downward arrows indicate the points at which various contributions to the energy are extracted. (b) Schematic representation of the PTE
and perturbation with self-consistent energy and density (PTED) procedures for an excited-state (ES) calculation, along with the PTES
procedure designed as a lower-cost approximation to PTED. Panel (a) is adapted from Ref. 587; copyright 2017 The PCCP Owner Societies.
Panel (b) is adapted from Ref. 582; copyright 2019 John Wiley & Sons

state calculation indicating which densities are used to construct the various reaction-field operators %. Due to the
expense associated with the fully self-consistent PTED approach, approximations have been developed in which both
the ground- and excited-state calculations are iterative but those two iterative sequences are uncoupled.®*>®** %! This
scheme, which Caricato calls “PTES” and has implemented at the coupled-cluster level of theory,*** °* is analogous to
a “vertical excitation model” introduced for TDDFT.%* At the TDDFT level, the PTED scheme in Figure 10 is essen-
tially equivalent to the SS-TDDFT + PCM method introduced by Improta et al.®**%*°

Figure 11 presents solvatochromic shifts for a set of nitrobenzene derivatives,”® with excitation energies computed
at the level of the second-order algebraic diagrammatic construction [ADC(2)],*** which is something of an excited-
state analogue of MP2. Solvent contributions in Figure 11 are incorporated using either the PTE or PTD variant of the
ptSS approach. Differences between the two variants are negligible, and both approaches show good agreement with
experimental shifts, without the need to invoke the more expensive PTED scheme. For many of these molecules, the
first-order ptSS contribution to the solvatochromic shift (representing fast polarization) is 0.10-0.15 eV, in total shifts
ranging up to 0.6 eV. The remainder comes from the zeroth-order contribution of simply inserting solvent-polarized
MOs into the correlated part of the calculation.*®® Tests on a more diverse set of systems do reveal a small systematic
error in the PTE approach,®® but the mean error with respect to experiment remains <0.1 eV and the systematic error
can be eliminated by intermediate approaches that do not require the full self-consistency of PTED.®'® In particular, the
PTE-PTD scheme (see Figure 10a) works well in this regard;®” it requires the correlated density but is not iterative at
the correlated level of theory. Other benchmark studies, comparing continuum approaches to large QM calculations
with explicit QM solvent molecules, have suggested that QM/PCM excitation energies may agree better with full-QM
result as compared to QM/MM calculations, but explicit water molecules in the QM/PCM calculation are required to
obtain good agreement for oscillator strengths.®** Simulation of band shapes requires thermal sampling, which cannot
be accomplished without at least some explicit solvent.
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FIGURE 11 Solvatochromic shifts in the lowest 'zz* state for derivatives of nitrobenzene (PhNO,) in different solvents, comparing
experimental values to ADC(2)/C-PCM calculations. Solvent effects are described using perturbation to energy (PTE) and perturbation to
density (PTD) variants of the perturbation theory state-specific (ptSS) approach. Also shown are results for an empirically-scaled version of
the nonequilibrium PTD correction. Adapted from Ref. 586; copyright 2015 American Chemical Society

5.3 | Linear response approach

Despite its computational complexities, the SS approach to excited-state solvation is conceptually straightforward. An
alternative to the state-by-state approach, which has fewer moving parts at the computational level, is based on LR
quantum chemistry methods in which excitation energies are computed from the poles of the frequency-dependent
response to a perturbation, rather than from a Schrédinger equation. To formulate a LR-PCM approach to excitation
energies, first write the PCM electrostatic energy in the form

Gelst = = // ) Q.(s,8') @(s') ds ds', (5.23)

in which Q,(s, s) is the kernel of the solvent-response operator Q, =K . 11?8. The solvent model contributes only a one-
electron potential to the Hamiltonian, 0" (r) = G /8p(r). The matrix elements of this potential are®**

PCM // ) Qc(s,8') ¢, (s") ds ds' = v")'Q.v*, (5.24)

in which ¢,,(s) is the electrostatic potential generated by the function pair uv at the point s’. The second equality in
Equation (5.24) demonstrates how the Fock matrix contribution from »"“™(r) is evaluated in practice, and analogous
expressions exist for three-dimensional Poisson approaches.** The quantities v and v* involve only one-electron inte-
grals, so incorporating the PCM contribution into a LR calculation incurs negligible overhead with respect to the cost of
the gas-phase calculation, meanwhile this approach is free of the iterative complexities of the SS method. A general LR-
PCM formulation has been given by Cammi et al.,*'®®*> and specific formulations for different excited-state methods
are available as well, including for TDDFT and other single-excitation theories,***®** following on earlier
implementations of the coupled-perturbed SCF + PCM procedure for response properties;*'®** for multi-
configurational SCF wave functions;”® for ADC;*****! and for the GW/Bethe-Salpeter equation formalism.®*° Finally,
LR-PCM has been implemented for coupled-cluster theory,®>* %5 based on the coupled-cluster response formalism.®*’

For isolated-molecule quantum chemistry, the LR formalism for excitation energies is generally equivalent to solv-
ing the corresponding Schrédinger equation,®>® but the LR- and SS-PCM formalisms are not equivalent.®*®” The gen-
eral form of the LR-PCM result for excitation energies is®*®

R = ol + (V] %) (% Q' |9, (5.25)

AR* (Hox)

where <‘I‘k|V“I‘0> is the electrostatic potential generated by the transition density pyo(r), and ‘I’O‘Q "Pk> is the ASC
induced by pyo(r). For comparison, the SS-PCM result in Equation (5.22) can be rewritten in similar notation:
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haotsSS = o +% (W, V%) — (| V] 0)] - [<\Pk‘gf'wk> - <1P0‘ Qf‘lpoﬂ . (5.26)

AZ (Apy)

In both cases, the quantity hw(()(,){) = A%,im is the zeroth-order approximation to the solution-phase excitation energy, cal-
culated in the static reaction field of the ground state. The quantity A% represents the change in the dynamical part of
the reaction field, which is a function of the transition dipole moment p, = (¥ol|ft|¥) in the LR case but a function of
the difference density Ap,(r) in the SS case. A detailed analysis of the two formalisms suggests that their differences
arise from the nonlinear nature of the SS Hamiltonian combined with the lack of entanglement between the atomistic
wave function and its continuum environment.®>’

Whatever the origin of the discrepancy, the form of the LR-PCM correction in Equation (5.25) is problematic
because the correction vanishes for optically forbidden transitions, as is readily seen from a model of a dipole in a
spherical cavity, for which A% = —g, (€e,R)pg .**° For the same reason, the LR-PCM correction A% (ue) will be
rather small for any excitation involving significant displacement of charge, whereas intuitively (and in the SS formal-
ism) one expects a significant solvent effect for a charge-transfer excitation in a polar solvent. Indeed, SS-PCM results
are consistently superior to LR-PCM calculations for excited states with charge-transfer character.®®®°** (As discussed
in Section 5.2, the cLR formalism encountered in some of these studies is really a ptSS-PCM approach, and typically
outperforms true LR methods for excitations with charge-transfer character.) Even for states that are not dominated by
charge transfer, the SS-PCM approach generally affords smaller errors for solvatochromatic shifts in the absorption
spectrum as compared to LR-PCM calculations,”**>°”-°*! although it is worth bearing in mind that the experimental
Jmax Need not correspond to the origin (0-0) transition, due to vibrational structure.®®*"°®® The ptSS-PCM approach also
affords more accurate results for emission energies,’®’ though it is found that the accuracy is largely unaffected if the
LR-PCM procedure is used for the excited-state geometry optimization, followed by a ptSS-PCM single-point calcula-
tion, which simplifies the procedure.®®’ It has also been argued that the LR correction A% (uo)) constitutes a solute—
continuum dispersion interaction,>®*®37-%%% insofar as it has the form of the solute charge distribution oscillating at the
Bohr frequency w(o(,){) and coupling to the dynamical response of the environment. As such, some studies have opted to
include both the LR- and ptSS-PCM corrections to o .*

6 | ANISOTROPIC SOLVATION

Up to this point we have assumed that the continuum environment is isotropic, which is usually the case in a bulk lig-
uid environment although there are certain exceptions (notably, liquid crystals) where polarization of the medium
depends upon the orientation of the electric field vector. This can be described by allowing ¢ to take the form of a 3 x 3
matrix, with orientation-dependent permittivities ey, &y, and e,. The ASC-PCM formalism, and in particular IEF-
PCM, has been formulated to handle a permittivity tensor, 89862670 byt this will not be considered here.

A more general class of anisotropic solvation problems are interfacial phenomena. An example is shown in
Figure 12a, in which an atomistic solute consisting of C10;~ with approximately two solvation shells of explicit water is
situated at a continuum representation of the air/water interface. The atomistic region experiences a dielectric environ-
ment characterized by ¢ = 78 on one side but € = 1 on the other. The basic PCM formalism is not equipped to handle
such a situation, as it is predicated on a sharp dielectric interface between ¢;,, = 1 inside the cavity and a bulk solvent
value outside, although it can be accomplished piecewise if the medium is divided into separate domains, each with its
own value of £.°”* Modified versions of IEF-PCM to describe the interface between an aqueous electrolyte and the sur-
face of an electrode have been developed,®’>°7* as have methods to describe the liquid/vapor interface, in which the
PCM matrix elements interpolate between different values of £.7°°** Treatment of nonelectrostatic effects proves to be
crucial at the interface. For example, it is a commonly held view that continuum models are incapable of describing the
interfacial affinity exhibited by soft ions,***°** because (so the logic goes) the ion in a continuum solvent ought to be
repelled from the interface by its own image charge.®®**®®> Despite this conventional wisdom, however, continuum
models that include nonelectrostatic interactions have been shown to predict interfacial free energy minima for drag-
ging a soft ion through the air/water interface.®’>%77:68¢:687

Fundamentally, however, the interfacial solvation problem seems to cry out for a permittivity function &(r) that
assumes different values in different regions of space, that is, a method that solves the generalized Poisson equation
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FIGURE 12 [Illustrations of anisotropic permittivity functions &(r) for use in Poisson's equation. (a) A semicontinuum description of
chlorate ion at the air water interface, in which the atomistic solute is C1037(H,0);o. The background color shows the function &(r),
interpolating between &, = 1 above the Gibbs dividing surface (GDS) and &,,,; = 78 below it, with ¢;, = 1 inside of the solute cavity. The
horizontal line indicates the position of the dividing surface, zgps = 3.5A. (b) Periodic water slab bounded on either side by continuum water
(e = 78, shown in purple), with regions characterized by ¢ > 15 shown in blue. From left to right, the interpolating function is modified
(using a “filling threshold” parameter), in order to exclude pockets of high permittivity that encroach into the interstices between the
atomistic water molecules. Panel (b) is adapted from Ref. 269; copyright 2019 American Chemical Society

with an anisotropic permittivity function, &(r). Such a strategy has been pursued to describe the interface between a
solid-state electrode and an aqueous electrolyte, 822642687274 45 we]] as host/guest systems where the guest experiences
a low-dielectric environment despite the fact that the host is dissolved in water.®®® Finally, anisotropic models have
been used to compute VIEs of solutes at the air/water interface,**® in order to connect with liquid microjet photoelec-
tron spectroscopy.

The setup for an interfacial calculation of this type is illustrated in Figure 12a, which depicts an atomistic (semi-
continuum) model of ClO5;™(aq) at the air/water interface and shows how the function &(r) is defined. In this particular
example, two solvation shells of explicit water molecules are included in the atomistic region in order to account for
hydrogen bonding, and the continuum model takes care of long-range polarization upon ionization of ClO;™. Calcula-
tions based on a nonequilibrium formulation of Poisson's equation suggest that the VIEs of common inorganic anions
are very nearly the same at the air/water interface as they are in bulk water.***'° Even for an exotic anion like
e~ (aq),*>* it appears that the interfacial VIE that is no more than 0.2-0.4 eV different from its bulk value.**>%%6°

In cluster-continuum calculations such as these, one must be careful to parameterize the function &(r) to avoid arti-
ficial penetration of high-dielectric regions into the interstices between molecules. This admonition extends not just to
methods based on Poisson’s equation but also to PCM calculations that use explicit solvent molecules, as in pK, calcula-
tions or other applications involving ions. Oddly, the dielectric penetration problem in semicontinuum calculations has
received scant attention in the quantum chemistry literature,****° although there is an analogous problem in classical
biomolecular Poisson-Boltzmann calculations that is widely discussed, namely, that standard cavity construction algo-
rithms (based on intersecting atomic spheres) may leave pockets of high-dielectric “solvent” within the hydrophobic
interior of a protein.’®3%231:690-693 Thig can be mitigated by appropriate adjustment of the interpolating function that
defines the dielectric boundary. A spatially varying permittivity function has been suggested as a solution to the prob-
lem that there is no single optimal value for the dielectric “constant” inside of a protein.>

Figure 12b presents an example using the SCCS approach. This example is driven by the desire to perform ab initio
molecular dynamics simulations of liquid water, using continuum boundary conditions in order to limit the size of the
atomistic simulation cell that is required. The solute/continuum interface is defined by a functional &[p](r), but care
must be taken to ensure that high-dielectric regions do not appear between the explicit water molecules, as they do on
the left side of Figure 12b. That situation is physically incorrect because the QM calculation is based on Coulomb opera-
tors that assume vacuum permittivity. The undesirable dielectric penetration is eliminated by introducing “solvent
awareness” into the definition of the permittivity function, so that £(r) depends on the coordinates in the atomistic
region directly, not just implicitly via the functional [p].**® Moving from left to right in Figure 12b, this solvent aware-
ness is activated and removes the spurious high-dielectric regions.
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An important aspect of interfacial phenomena are “specific-ion” or “Hofmeister” effects at the air/water
interface,%®>%%* and it is common in that context to encounter blanket dismissals of continuum models based on the fact
that the Born ion model [Equation (2.17)] cannot distinguish between cations and anions. As such, this model cannot
describe “charge hydration asymmetry,” that is, the fact that hydration energies for monovalent atomic anions are sig-
nificantly larger in magnitude than those for cations.®®** %% This asymmetry, which also affects polar but charge-neutral
solutes,”” is partly attributable to water's surface potential,”>’*> however a primary origin of this effect is simply the
fact that an anion sees a much different facet of a water molecule as compared to a cation,”®” leading to a very differ-
ent electrostatic size for cations versus anions. Indeed, it has been understood for a long time that the Born model can
produce reasonable hydration energies for monatomic ions of either charge, but the requisite atomic radii are quite dif-
ferent for anions versus cations.*®’** Charge hydration asymmetry therefore does not reflect a failure of continuum
electrostatics per se, and is arguably better ascribed to the effects of short-range repulsion rather than electrostat-
ics.***7°2 This can be modeled in an ad hoc way by modifying the atomic radii based on the charge state of the
atom,’®*”°> but a more satisfying approach is to modify the jump boundary condition &;,E,(s”) = £, E.(s") in Equa-
tion (2.22), replacing it with

[5in - (8out _Sin)h(EI)]EJ_(S_) = [Sout - (gout _Sin)h(EI )]EJ_(S+ )’ (6'1)

where ET =E, (s7). In this “solvation-layer interface condition,””*""°*7%* a parameterized function h(E]) serves to

enhance or diminish the local permittivity based on the value of the surface-normal electric field. This is consistent with
the idea that the local permittivity is different around an aqueous cation than it is around an anion, a fact that is borne
out by molecular dynamics simulations in explicit water.”*° Note that the original boundary condition in Equation (2.22)
is recovered if h = 0, and since E| is a signed quantity this modification is sufficient to capture charge hydration asym-
metry.””® A numerical complication is that the boundary condition in Equation (6.1) is nonlinear, meaning that the
integral equation derived from Poisson's equation is also nonlinear, yet there still exists a (nonlinear) ASC-type integral
equation formulation wherein the basic variable is the surface charge o(s).””® Along similar lines (but perhaps easier to
execute in practice), the SCCS approach has recently been modified to use a “field-aware” definition of the cavity
surface,”"" which might describe the same physics.

7 | CLOSING REMARKS

With the contents of this review serving as a detailed guide to what continuum solvation models can do, in closing it
feels a propos to comment on their limitations. These are very crude models. That is not inconsistent with being useful
models, but one should not demand too much of something so simple. Perhaps the primary manner in which most
users will encounter the crudeness of these models is in the fact that there is considerable arbitrariness in construction
of the solute cavity, for which there is no “right” choice, although there are certainly plenty of wrong ones. In particu-
lar, there is no “magical” cavity construction or scaling factor for the vdW radii that will make these quantities univer-
sal. Small tweaks that might provide better answers for one system may very well degrade the accuracy in other cases.
That said, the least arbitrary choices are isodensity cavity constructions and smooth interfaces based on permittivity
functionals ¢[p](r), though the former lack analytic gradients and the latter are not yet widely available in Gaussian-
orbital-based electronic structure programs. Nevertheless, evidence is beginning to emerge that these particular
constructions may yield transferrable models of electrostatics that can be separated from the manner in which
nonelectrostatic interactions are parameterized.

The electrostatic part of a dielectric continuum method is perhaps best viewed as an improved boundary condition
for condensed-phase electronic structure calculations, as compared to vacuum boundary conditions. With that in mind,
differences between how G is computed amongst different PCMs seem inconsequential in comparison to the overall
quality of these models, to the point where these differences can likely be parameterized away, or are simply washed
out, by minor changes in cavity construction. The COSMO method, for example, performs well in comparison to more
exact formulations of the continuum electrostatics problem, even in low-dielectric solvents.*'® For the SS(V)PE
approach, discretization of D'6(s) proves to be challenging when vdW cavities are used,2*?2 but these problems disap-
pear for cavity constructions in which interatomic cusps are absent or less severe,'>>'”® or can be avoided by reordering
the operators to obtain the IEF-PCM method.**
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In view of this, there would seem to be little room to further improve the electrostatic part of continuum solvation
models. A corollary is that efforts to make the solvation model fully consistent with correlated wave function methods,
either in the ground or excited states, seem misguided. For spectroscopic applications the “zeroth-order” solvation
model, in which solvent-polarized MOs are inserted into a post-SCF correlation calculation, likely recovers the most
important effects, and a ptSS-style correction for the fast polarization response affords a simple-to-use estimate for the
excited-state (e.,-dependent) polarization correction to excitation energies.’®® Differences with respect to a fully self-
consistent model are likely considerably smaller than errors introduced by the introduction of implicit solvent in the
first place. Keeping those caveats in mind, the continuum solvation approach can be highly effective in situations where
vacuum boundary conditions are dubious, for example, due to significant charge rearrangement in a polar solvent
(including redox chemistry), or to modulate the energy levels of the frontier, solvent-exposed orbitals that control the
electronic and valence photoelectron spectroscopy.

For calculation of solvation energies, which is arguably the most important application of continuum solvation
models in chemistry, electrostatics alone is insufficient but a variety of black-box solvation models are available that
incorporate nonelectrostatic contributions such as cavitation, dispersion, Pauli repulsion, and hydrogen bonding. The
best contemporary models afford errors (with respect to experimental values of Ay, G ) of <1kcal/mol for charge-
neutral solutes, whereas for ions the best methods approach the accuracy of the experimental data
themselves,**>3°*3127315 which is 2-3 kcal/mol.>°*>°"*!! Recent versions of the SMx models remain the computational
mainstays (with good reason),’*****3'? but new methods including CMIRS and SCCS are now competitive,>33!5468
despite using only a few empirical parameters per solvent. These new methods use a self-consistent, density-dependent
definition of the solute/continuum interface, rather than relying on predetermined atomic radii. This eliminates much
of the arbitrariness associated with continuum models and may be the key to obtaining a universal, transferable electro-
statics model. That said, all of these models (including SMx) have been trained on relatively small solutes and it is
unclear whether the same level of accuracy can be expected for significantly larger molecules. This is a relevant ques-
tion, as new algorithms begin to facilitate application of PCM methodology to macromolecules.****-19?

Regarding macromolecular solutes, it is clear that PCMs with linear-scaling solvers ought to be seriously considered
as replacements for biomolecular electrostatics calculations based on finite-difference solution of the Poisson-
Boltzmann equation. The ASC-PCM formalism provides an exact solution to the classical electrostatics problem,*>** up
to controllable discretization errors, and can be formulated in such a way that potential energy surfaces are inherently
continuous and smooth.>** It is this author's opinion that theorists should not accept as their starting point any
approach that does not provide intrinsically smooth potential energy surfaces, as the finite-difference Poisson-
Boltzmann approach fails to do. The ability to explore the potential energy surface, and thus to have a well-defined
“model chemistry,””*? is too important to sacrifice.
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