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ABSTRACT

In this work, we outline the development, testing, and application of a novel elec-
tronic structure method for computing the properties of excited states of molecular
aggregates. The method is an ab-inito realization of the molecular exciton model, pro-
posed a long time ago by Frenkel and Davydov to describe excited states of molecular
crystals, and is called the Ab-Initio Frenkel Davydov Exciton Model (AIFDEM).
The AIFDEM ansétz follows the traditional exciton model by expanding the super-
system excited state wavefunction as a linear combination of excitations that are
localized on the component molecules. Our method is a truly ab-inito implementa-
tion of this model as the requisite fragment excited states and the exciton Hamil-
tonian matrix are computed rigorously, including exact Coulomb and Hartree-Fock
exchange interactions, without any neglect of overlap, nearest neighbor, or other
common approximations. We have tested this method and found that it can repro-
duce excitation energies of water clusters, DNA bases, and organic chromophores
within 0.1 eV. A charge embedding scheme is able to reduce the scaling of this
method to only quadratic with the number of fragments and provides near perfect
parallel performance without reducing the accuracy, significantly outperforming tra-
ditional approaches. The method was utilized to investigate the excitation energy

transfer dynamics of a napthalene-diimide nanotube where it was found that model
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systems beyond the scope of traditional methods are necessary for a fully detailed
mechanistic picture, including the role of quantum coherence. Analytic derivatives
of the AIFDEM Hamiltonian are derived and implemented and these provide access
to non-adiabatic couplings as well as Holstein and Peierls electron-phonon coupling
constants. This is applied to the challenging electronic structure of the singlet ex-
citon fission process to identify vibrational modes key to the mechanism. Dynamics
simulations, using parameters computed via the AIFDEM, suggest that singlet fission
in crystalline tetracene is driven by vibronic coherence despite unfavorable electronic
energetics. The AIFDEM approach is shown to be a promising method for excited
states due to its excellent parallel scalability, unambiguous yet analytic description

of the wavefunction, and ability to treat challenging electronic structure.
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CHAPTER 1

Introduction

1.1 Motivation

Breakthrough innovations in energy storage and conversion technologies that will
be required for clean abundant energy for generations to come can be facilitated to
a significant degree by quantum chemical simulations. Indeed, quantum chemistry
has already become an indispensable tool in elucidating insights into chemical phe-
nomenon, predicting properties of new materials, and complementing experimental
results. The remarkable increases in the availability of computational power over the
past thirty years has opened the door to previously inaccessible results from quantum
chemical calculations however, the challenge remains to design algorithms that can
take full advantage of the power of rapidly evolving computer architectures. In this
work, a new quantum chemical method for simulating properties and dynamics of
electronic excited states, that is designed with modern parallel computer architec-
tures in mind, is introduced and demonstrated. This method is applied to several
relevant energy transfer problems that had previously been impractical for traditional

approaches.



1.2 Fundamentals

1.2.1 The Schrodinger Equation

The motion of nuclei and electrons in molecules is described by the time dependent

Schrodinger Equation (TDSE), which, in Hartree atomic units, is written as,

iw = H¥(r,R,1) (1.1)

where H is the Hamiltonian operator describing the system and W is the time-
dependent wavefunction, depending on nuclear, R, and electronic, r, coordinates.
When the Hamiltonian is time independent, or can be approximated as such, the
solution to Eq. 1.1 can be separated into a time-dependent and time-independent
part and written as,

U(r,R,t)=> Cre"'®/(R,1). (1.2)
I

Here, C; are the coefficients of W(r,R,t) in the basis of the eigenfunctions of the

Hamiltonian, ®;(r, R), and their corresponding eigenvalues, E; such that,
H®,(r,R) = E;®;(r,R). (1.3)

Noting that Eq. 1.1 is still central, much of the task of quantum chemistry is to
solve the eigenvalue problem in Eq. 1.3. It is remarkable that chemical properties
can be teased out of such a straightforward equation and it is equally challenging and
captivating to know that analytic solutions do not exist for all but the most simple
model systems. It is the enterprise of quantum chemists to make Eq. 1.3 useful by

finding physically valid and computationally tractable approximate solutions.



1.2.2 The Born Oppenheimer Approximation

The Hamiltonian operator, H for a molecular system of N,,. nuclei and N, electrons

can be written, again using Hartree atomic units, as,

R Za L !
HI_iZi:Vi _Z:ZA:WWZZMJA
. ZaZs
Y vat ZZ|RA—RB|

Here, i, j and A, B index electrons and nuclei, respectively, and Z, indicates the

(1.4)

charge of the Ath nucleus while M, indicates its mass. The Hamiltonian as written
depends on 3 X N, + 3 X N,,,. coupled degrees of freedom however, one may appeal to
the separation of nuclear and electronic energy scales and write its solution as a sum
of direct products (the index of the molecular quantum state is suppressed in what
follows),

= > Wi(r; R)xx(R). (1.5)

k

Here, xx(R) is a nuclear function and Wy (r;R) is an electronic function, depending

parametrically on R, which is solution to the eigenvalue problem,
H, U (r;R) = E(R)U.(r; R). (1.6)
We have introduced an electronic partition of the Hamiltonian from Eq. 1.4,
A~ 1 ~ 2 ZA 1 1
H, =—- . — — 4 - _ 1.7
D LT e
with eigenvalues, & (R) that represent the energy of the kth electronic state at a

given set of nuclear coordinates. The nuclear part of the Hamiltonian is then,
. ZAZp
H,..=-
R ML BT ) B LT

- Anuc + Vnuc(R)

(1.8)
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We may then rewrite Eq. 1.3 as,

(Fe+ Tre + Viie(R)) 3 We(r R)xu(R) = B W1 R)yi(R), (1.9)
k k

Now, left multiplying Eq. 1.8 by ¥j(r;R), integrating over electronic coordinates,

and rearranging, yields,

(The + E(R) + Vo R)) xa(R)+D_ (D (R) + Y (R) ) xu(R) = Ex(R). (1.10)

k
Here we have defined,
(1) 1 " 0 A
v (R) == i dr (rSR)E@k(r;R) v (1.11)
A
and
d(R) = - ! /dr \I/?(r'R)a—zlllk(r' R) (1.12)
tk — 2Ma 7 ORY T

where the integrals in Eq. 1.11 and Eq. 1.12 are known as the first and second
order derivative couplings, respectively. These quantities codify the degree to which
the nuclear and electronic degrees of freedom, which we have chosen to separate, are
in actuality coupled. When these quantities are negligible, Eq. 1.8 is reduced to a
simple eigenvalue problem for the vibrational motion of the nuclei and its solution, Eq.
1.5 contains only a single term. Physically, this amounts to a description of nuclei
that move on a continuous potential energy surface due to Coulombic interaction
with electrons that instantaneously rearrange at every nuclear configuration. In this
situation the electronic and nuclear degrees of freedom are adiabatically separated,
that is they do not exchange energy and the motion of one does induce energetic

transitions in the other. The basis of Born-Oppenheimer approximation is treat

4



the molecular problem as if the derivative couplings are negligible, enforcing these
conditions, and allowing us to solve the electronic and nuclear parts of Eq. 1.10
separately.

It can be shown that the derivative couplings can be written in the so called

Hellman-Feynman form, using Bra-Ket notation and suppressing dependance on R,

(4| TR He | 91)
E — & '

(V| VR| 1) = (1.13)

Eq. 1.13 indicates that in regions of nuclear coordinate space where the electronic
Hamiltonian rapidly changes or where the energies of two different electronic states ap-
proach degeneracy, the derivative couplings may be large and the Born-Oppenheimer
approximation, and the physical picture it entails, is no longer valid. This is indeed
the case for radiationless transitions in photochemistry, another relevant example is

explored in this work in Ch. 5.

1.3 Electronic Structure

Now that we are equipped with the fundamental approximations we are ready to
approach the heart of quantum chemistry, that is the adiabatic electronic structure
problem; finding a solution for Eq. 1.6. Note, that time-dependent and non-adiabatic
aspects of quantum chemistry are entirely valid areas of fruitful research, indeed
the focus Ch. 3 in this work is in developing an approach for evaluating derivative
couplings (Eq. 1.13). It remains that solutions to Eq. 1.6 are the foundation of
quantum chemical methods and they can provide access, via operators or energy

derivatives, to many chemical properties of interest.



Despite the approximations already introduced, and its apparent simplicity, Eq.
1.6 remains a remarkably challenging problem. The final term on the RHS of Eq. 1.7
describes the Coulomb interactions between electrons and ensures that no analytic
solution exists when there is more than one in the system. Therefore, electronic
structure methods must solve this problem numerically, typically by expanding the
solution in a finite basis set. For molecular electronic structure theory the basis set of
choice is gaussian type orbitals (GTOs) centered on atoms, due to the efficient form
of their integrals. The workhorse GTO based molecular electronic structure methods
generally follow two paths: wavefunction based theories, starting from the Hartree-
Fock method; and density functional theory based on the Kohn-Sham theorem. A

brief outline of these methods follows

1.3.1 Ground State Methods
Hartree-Fock Theory

The Hartree-Fock (HF) method was essentially the first electronic structure method
that was useful, however it remains relevant to this day as the foundation of wave-
function theory and the technologies developed for its evaluation are useful in many
aspects of electronic structure. The HF ansatz approximates Wy is as a single deter-

minant of orbitals, which ensures Fermionic antisymmetry,

Uypr = |d102...0N_10N). (1.14)



Here, |...) represents a Slater Determinant and ¢; represents the ith molecular orbital

(MO). These orbitals are expanded in an atomic orbital (AO) basis of N GTOs as,

m

where g, is a GTO AO basis function, indexed by lowercase Greek letters, and Cy;
is the corresponding expansion coefficient for the MO. Note that, for our purposes,
we can limit ourselves to the use of real valued basis functions, resulting in a real
valued wavefunction. The electron-electron repulsion in HF theory is approximated
as a mean field potential such that the MOs describe single particles moving in the
averaged coulomb potential of all the other electrons and the fixed nuclei. The HF
energy expression is,

1

Bur = Y (6h(Vlo) + 5 3 (ili), (1.16)

where,
A 1 ~ 2 ZA
h(l) = —= . — _ 1.17
V=32 v-E g, (117

is known as the core hamiltonian and,
(ejllig) = (@dljg) — (ijlig)

_ / dry dry 6i(02)5(ra);

ry —I'2|

i(r1)5(r2) (1.18)
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i
are electron repulsion integrals. These integrals are antisymmetrized due to the de-

terminantal structure of the wavefunction and the second term on the RHS of Eq.

1.18 describes the Pauli exchange interaction.



The wavefunction in Eq. 1.14 is optimized variationally by minimizing EFyp with

respect to the MO coefficients. This requires the solution of a set of linear equations,
FC = eSC, (1.19)

where C is the matrix of MO coefficients, S is the overlap matrix of the GTOs,
S = (gulgv), and € are single particle energies. The Fock operator, F, for a closed

shell molecule has elements,
N./2
Fu = (gulh(gn) + > Y CnCoi [2(uA|vo) — (uA|ov)] . (1.20)
% Ao

Eq. 1.19 is solved by diagonalizing F, (interestingly analogous to solving the actual
time independent Schrédinger Equation in some basis) yielding a new set of MOs that
are used to update the Fock operator in Eq. 1.20. This procedure is repeated until
self-consistency is achieved. The HF methods scales formally as the fourth power of

system size, due to integral evaluation, however, screening techniques can shift the

bottleneck to the diagonalization operation which scales cubically.

Post-Hartree-Fock Theory

HF theory offers a first approximation to the solution of the Schrodinger equation, the
difference between the energy of the HF solution and the true energy of the system

is known as the correlation energy,
Ecorrelation =& - EHF (121)

It represents the energy component due to dynamical response of the electrons that is

not described by a mean field potential or single determinant wavefunction. HF theory



provides a jumping off point for finding the exact solution of the Schrodinger equation
to arbitrary precision in what is called configuration interaction (CI). The solution of
Eq. 1.19 yields a set of N MOs, the N, of which that have the lowest single particle
energies are considered to be ‘occupied’ by the electrons of the system and are included
in the HF mean field potential. The remaining N — N, orbitals are called ‘virtual’
and they roughly approximate ionized states. We can form new sets of determinants
by replacing one or more occupied orbital in the reference HF determinant with one
or more virtual orbitals and this set of all replacement determinants forms a basis in

which the exact wavefunction may be expanded,

U = |\IJHF> + Z tia|¢1¢2 e ¢i—1¢a-'-¢Ne—1¢Ne>

1 (1.22)
+ 1 Ztijab|¢1¢2 o Gic1Pa Qi1 PN —1ONe) F

ijab

where t are the CI coefficients and the full expansion is made to determinants with
N, substitutions. A full CI expansion is exact to the degree of completeness of the
AO basis set, Vo = W if basis set fully spans the electronic space. This procedure is
simple conceptually but unfortunately intractable computationally as the cost scales
exponentially with the size of the basis. The majority of electronic structure methods
that aim for accuracy beyond HF theory, post HF methods, begin with the HF
determinant and then seek to approximate the full CI problem in a more affordable
way.

One of the most popular post HF methods is based on a perturbation expansion

of the full CI wavefunction. The Moler-Plesset partitioning of the Hamiltonian is,

9



where vy represents the HF mean field potential and W is the Moler-Plesset fluc-

tuation potential expressed as,

1 1
W = — — — Ugp. 1.24
2@'2]-|ri—1"j| o (1.24)

This partitioning ensures that the HF determinant is the zeroth order solution in
a perturbation expansion and it can be solved to arbitrary order. A second order
truncation is commonplace which is known as MP2 and this method scales as the
fiftth power of the system size.

A second important approximate approach to the solution of the full CI problem
is known as coupled-cluster (CC) theory and based on an exponential ansétz for the
wavefunction,

Too = el |0y ), (1.25)

The excitation operators, T; introduce i occupied — virtual substitutions in the HF

determinant, for instance,
TI - Ztiaﬁiaa (126)
ia
where 7;, generates the excitation and t;, is the cluster amplitude (note that these

are not necessarily the same as the CI amplitudes introduced above). The CC wave-

function is found by left projecting on the set of excited determinants,
(e Tt ) BT (W) = 0. (1.27)

To be practical excitation level in the exponential must be truncated. The generally

accepted ‘gold standard’ electronic structure method for accuracy is coupled cluster

10



truncated to single and double excitations with triple excitations treated perturba-

tively (CCSD(t)), which scales as the 7th power of system size.

Density Functional Theory

While wavefunction based methods are important and widely used, the workhorse of
practical electronic structure theory in the past twenty years has been density func-
tional theory (DFT). Rather than W(r), DFT focuses on the single particle electron

density, p(r) as its central quantity of interest,

p(r) :/d(rl,rz...rNel) U*(ry,rg...rN,1,tn,)V(r, 2. .. TN, 1,TN,).  (1.28)

Thanks to the pioneering work of Hohenberg and Kohn whose eponymous theorem
tells us that the electronic energy of any system of electrons moving in an external
potential is a unique and exact functional of its electron density. That functional can

be written as,

Blpte)] = 1] - 3 [ 2O 4 [inan AP 4 Bl 129)

Here, T'[p(r)] is the kinetic energy functional of the electron density and Exc[p(r)]
is the so called exchange-correlation functional which contains the correlation and
exchange energy components that are not captured by the classical coulomb term. If
the kinetic and exchange-correlation functionals are exact, then the minimization of
the energy with respect to p(r) is equivalent to solving Eq. 1.6 for the ground state of
the system. In principal, this is appealing because the dimensionality of the problem

is reduced from 3 x N, the electronic coordinates, to simply 3, the arguments of the

11



density. Unfortunately, the exact form of T[p(r)] and Ex¢|[p(r)] are not known for
general systems.

In practice, DFT calculations are commonly performed in a way that is a great
deal like HF calculations. Kohn and Sham derived another important theorem in the
liturgy of DFT that introduces a set of auxiliary single particle MOs, of the same
form as those in Eq. 1.14, that themselves are not truly meaningful but together
form the true density. This simplifies the expression for T[p(r)] and the DFT energy
expression reduces to essentially look like Eq. 1.16 with an extra term for the exchange

correlation functional,

Fics = SdbUI6) + 5 S [Gslis) — enlidlid)] + Exclo(®],  (1.30)

i ij
where ¢5 is defined by the exchange-correlation functional and allows some portion
of HF-derived exchange interactions to enter the DFT energy. This expression is
minimized according to a variational principle resulting in a calculation that proceeds
in much the same way as the HF method with similar scaling characteristics. It should
be noted that the exact form of the exchange correlation functional remains unknown,
functionals are continuously being developed and they are the key ingredient for this

method’s accuracy; certain functionals perform well for certain systems and some

don’t work well at all.
1.3.2 Excited State Methods

We have focused thus far on the ground state electronic structure problem however

nearly as much effort has has been made on methods designed to find the higher lying

12



eigenstates of H.. The excited state problem is slightly more complicated for several
reasons: electron correlation tends to be more significant; states are more spatially
diffuse so higher quality AO basis sets are required; but the main difficulty is that
there is no variational principle to rely on in the search for excited state solutions.
The ground state methods described earlier, as well as others, often have excited
state counterparts. Again, various operators and gradients allow access to a variety

of chemical properties. We will briefly outline several methods here.

Configuration Interaction With Single Substitutions

The solutions of the full CI problem, with a complete basis set, are exact for the
excited states as well as the ground state and they are equally computationally in-
tractable for real systems. A particular truncated version the full CI problem that
specifically targets excited states expands the wavefunction in a basis of HF deter-
minants where a single occupied orbital is substituted with a virtual orbital. As
these singly substituted determinants are representative of ionized states a it is ex-
pected that a linear combination of them should qualitatively describe excited states.
Furthermore, according to Brillouin’s theorem, these excited states do not mix with
the HF reference determinant therefore their energies may directly be interpreted
as excitation energies. The configuration interaction with single substitutions (CIS)

wavefunction for the Ith excited state is written as,

Vs = tha|¢1¢2--~¢i—1¢a~-¢Ne—1¢NE>, (1.31)
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where t!, are the CIS amplitudes for the I'th excited state, note that these are again
distinct from the CI and CC amplitudes introduced earlier. The amplitudes are found

by diagonalizing H, expressed in this basis, the elements of which are,

(0102 Gi-10a - ON|He|P102 .. dj1Py .. dN,) = Hiajo
(1.32)
= (Ea — ei)(Sij(Sab + <CL]||Zb>

The size of this matrix grows approximately as the 4th power of system size therefore it
is typically diagonalized iteratively using Davidson’s procedure. This requires matrix-
vector products of the CIS Hamiltonian with trial amplitude vectors to form the so

called sigma vectors,
Oia =Y Hiajitin = [(€a — €)8;50a + {aj|[ib)] t. (1.33)

5b b

The bottleneck step in this procedure is the formation of the two-electron contribution

to the sigma vectors which can be written in terms of a Fock-like matrix, F,

Fu = CuCui ) _{uAllvo) Py, (1.34)
uv Ao
where,
Py = ChjtjnCon, (1.35)
b

The contraction in Eq. 1.35 scales as the fourth power of system size making CIS
roughly equivalent to HF theory in terms of cost. Like HF theory, CIS is generally
considered to be qualitative at best and is lacking the components of the excitation
energy due to correlation, also like HF' theory this can be added in perturbatively.
Nevertheless, CIS remains a useful basic treatment of the excited state electronic

structure problem.
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Linear Response Time Dependent Density Functional Theory

Linear response time-dependent density functional theory, commonly and confusingly
known as time-dependent density functional theory (TDDFT), is the DFT approach
to computing excited states and, like its ground state counterpart, the electron den-
sity is the central quantity. Runge and Gross have shown that the time dependent
wavefunction can be completely determined by the time dependent density, p(r,t).
It follows then that the response of the density to an applied electromagnetic field
presents a means to access many electron excited states. While a detailed derivation
is beyond the scope of this document, the general idea is to expand the linear re-
sponse of the Kohn-Sham density matrix in terms of occupied — virtual excitations
and de-excitations of Kohn-Sham orbitals. The density response can then be can be

cast as a matrix equation,
A B X 1 0 X
(52 )(¥)==(G S)(v) o

Aiago = (€a = €)8i50a + (ajlib) — car{aj|bi) + (ajl fxclib). (1.37)

Here,

Note that this expression is quite similar to that of CIS Hamiltonian matrix elements

with the added quantity,

OF,,
oror’

(ajl fxclib) = / drdr’ $u(r)d;(0) Dz 6, ()i (r). (1.38)

This term is known as the exchange correlation kernel and utilizes the adiabatic ap-

proximation (a different adiabatic approximation than introduced previously) which
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neglects the past-time dependance of the exchange-correlation part of the response
by utilizing ground state exchange-correlation functional derivatives. The elements

of the matrix B are,
Bia o = (ijlab) — cng(ialjb) + (ij]| frelab). (1.39)

Finally, w represents the excitation energies while X and Y are the excitation and
de-excitation amplitudes of the density response, respectively.
It is also common to employ the Tamm-Dancoff approximation (TDA) which

neglects the de-excitation amplitudes reducing Eq. 1.36 to simply,
AX = wX. (1.40)

This reduces the TDDFT problem to a diagonalization of the matrix, A, quite like
the CIS problem and, analogously to the ground state, they are computed following
the same general procedure with similar scaling characteristics. TDA-TDDFT suffers
from the same shortcomings as its ground state counterpart, also due to inadequate
and inappropriate exchange-correlation functionals. However, it remains extremely
popular as TDDFT is generally considered to provide acceptable accuracy for its

relatively low computational cost.

1.4 Computer architectures, fragment methods, and the fu-
ture of electronic structure

The most straightforward means of increasing computer performance, increasing the

clock speed at which processors execute, came to an end almost 10 years ago, foiled
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by the excessive heat that was generated by switching silicon at high frequencies.
Other than modest architectural improvements, enterprise level single threaded soft-
ware performance has quickly approached an asymptotic limit since that point. The
strategy to to increase computer performance since then has been to multiply the
amount of execution hardware per processing unit; two, four, and these days dozens
of general purpose processor cores, or in specialized hardware hundreds of simplified
cores, work in parallel on the same silicon die. Modern workloads are executed by su-
percomputer clusters that are made up of thousands of such cores networked together.
Software must be designed specifically to take advantage of the parallel performance
of modern architectures, a task that is tricky at best and at worst fundamentally
limited by the nature of the problem. The workload of parallel algorithms must be
distributed to many execution units, executed concurrently, and accumulated into a
final result; algorithms with temporal dependencies or intricate control flow do not
conform well to this structure.

Unfortunately, quantum mechanics is formally a non-local problem, that is W(r)
at any point in coordinate space depends on the potential at all of the other points.
Computationally, this amounts to data elements that are strongly coupled to one
another, for instance in Eq. 1.20 and Eq. 1.35 quantities that represent interactions
spanning the entire electronic space are globally coupled through contractions, all of
that data must be accumulated together to arrive at the final answer. While the
arithmetic capabilities of modern computers are truly astounding, moving data from

memory to execution units is fundamentally limited by the speed of electrons moving
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through metal, ultimately any algorithm is bottlenecked by the time it takes to move
data. Indeed, there is a certain irony to the fact that simulating the laws of nature
is now fundamentally limited by the laws of nature.

For practical electronic structure methods screening techniques, density fitting,
and rational truncation schemes have been productive means of increasing algorithm
performance but in this work we pursue the conceptually appealing avenue of frag-
ment methods. As chemists, we have for a long time approached problems by break-
ing them down into fragments; functional groups that maintain transferable general
properties, biomolecules with an active site and a backbone, solutes and solvents.
In quantum chemistry we can appeal to the concept of nearsightedness of electronic
matter, described by Walter Kohn of DFT fame, where primary electronic structure
is non-local but the details of the electronic correlation are short ranged. There are
quite a few mainstream electronic structure methods, such as many-body expansions,
multilayer methods, and embedding schemes, that start from calculations on portions
of a chemical system and then use clever schemes to put them back together. Com-
putationally, this amounts to breaking apart a globally coupled problem to one of
localized data domains, which can naturally be executed in parallel, and the infor-
mation content of which can then be reassembled with a low dimensional reduction.
While most fragment methods tend to focus on the ground state, here we introduce

one based on an old idea that is a fragment method for excited states.
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CHAPTER 2

Ab Initio Implementation of the Frenkel-Davydov
Exciton Model: A Naturally Parallelizable
Approach to Computing Collective Excitations in
Molecular Aggregates

A fragment-based method for computing vertical excitation energies of molecular clus-
ters is introduced based on an ab initio implementation of a Frenkel-Davydov exciton
model consisting of singly-excited monomer basis states. Our strategy is to construct
and diagonalize exact Hartree-Fock Hamiltonian in such a basis. Matrix elements
between non-orthogonal determinants are computed via the corresponding orbital
transformation and the resulting generalized eigenvalue problem is solved to deter-
mine collective excitation energies and wave functions. The basis may be expanded
to include higher-lying fragment excited states in order to account for inter-fragment
polarization affects. Absolute errors relative to supersystem methods are < 0.1 eV for
water clusters and ~ 0.3 eV for conjugated organic chromophores. Preliminary tests
for a nine-chromophore subunit of an organic nanotube suggest that it is possible
to target the optically-bright state, even when it is a high-lying excitation, by using

carefully-selected basis states. The highly parallel nature of this method provides a
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foundation for further developments to treat collective excitations in large molecular

assemblies.

2.1 Background

Quantum chemical calculations of excited-state properties have played an important
role in numerous fields of modern chemical research, such as solar energy conver-

46 panomaterials,”® and more. However, the potential of quantum chemistry

sion,
as a tool that can dramatically benefit the research and development of novel ma-
terials is only beginning to be realized. The challenge for excited-state methods, as
with much of quantum chemistry, is the highly nonlinear scaling of the computa-
tional cost; even the cheapest excited-state methods formally scale as O(N*) with
system size.? Systems such as conjugated polymers or the light harvesting complexes
in photosynthetic proteins push the boundaries of conventional quantum chemistry,
even when simplified model systems are used. Accurate computations of isolated
chromophores in the gas phase are now computationally feasible but most excited
state processes of interest take place in the condensed phase and their properties are
often profoundly affected by the solution or solid-phase environment. Approximate
wave function methods have been introduced that are capable of scaling into these

regimes, 1011

and often these are very successful but they introduce approximations
that may not be appropriate in all cases. Time dependent density functional theory !?

(TDDFT) is generally regarded as the method of choice for excited-state properties in

large systems, however the proper choice of exchange-correlation functional (including
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significant problems with their long-range behavior in large systems introduces

13-19)
system-specific complexity that may significantly impact the success of the method.

On the computational side, it has been the case for some time that single-threaded
CPU performance has essentially reached an asymptotic limit. Today, Moore’s Law is
realized by improvements in concurrent multithreaded performance by the continued
addition of processor cores to computer systems. Modern supercomputers include of
tens of thousands of CPU cores, and even an average workstation may have dozens,
and these numbers are only increasing. To continue to push the boundaries of quan-
tum chemistry research, algorithms must be designed to scale efficiently across these
massively parallel, peta-scale architectures. The simplest way to do so is to exploit
the “embarrassing parallelizability” of an algorithm whose effort can be sub-divided
into a large number of completely independent processes.

Here, we introduce a novel method for computing excitation energies for systems
of weakly interacting fragments such as liquids or molecular aggregates. The method
is based on the molecular exciton model that was first introduced by Frenkel in 1931,2°
who described the excited states of solids as superpositions of excitation waves. This

idea was further expanded by Davydov in 1964,2! who wrote the Hamiltonian for a

molecular crystal as
A A 1 N
H:;Hn+§%vmn, (2.1)

where H,, is the Hamiltonian operator for the molecule located at lattice site n, and

A

Vinn 1s the coupling between sites. Energy is variationally minimized and solutions to
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the requisite secular equation have the form

V=32 ko I om (22)

m#n
Here, U is the Ith excited state of the supersystem and ¢, is the ith singly-excited
eigenstate of the nth monomer unit, whereas ¢,, is the wave function for monomer
m in its ground state.

It is important to make clear the physics that distinguishes excitonic behavior,
in no small part because “exciton” is a confusing term in the literature. We take
“exciton” to mean an excited state of a collection of chromophores that is delocal-
ized across one or more of them, but which can nevertheless be represented as a
linear combination of excited states that are spatially localized on particular sub-
units. This representation is the fundamental ansatz that we make in putting forth
an “exciton model”. Note that cases where the excitation s actually localized on
one subunit emerge naturally as a special case. Molecular (as opposed to solid-state)
exciton theory has been applied in the past to explain the spectroscopic behavior of
oligomeric systems of interest in biology and photosynthesis,?? and more recently in
characterizing the aggregation of light harvesting complexes.?3

Historically, the coupling matrix elements between direct-product basis states were
computed as Coulomb integrals over transition densities,?* or even more simply within
a dipole approximation. Some improvements beyond this have been made, as sum-
marized in Ref. 25, but electronic overlap and exchange effects are still typically

neglected. More recently, new approaches have been developed that construct and

diagonalize an effective Hamiltonian projected onto an excitonic basis,?%?” with the
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aim of reducing computational cost as compared to construction and diagonalization
of the full Hamiltonian for the aggregate.

As an alternative, we present a fully ab initio implementation of the original
Frenkel-Davydov exciton model. The full Hartree-Fock Hamiltonian is diagonalized in
a basis of singly-excited fragments, as in Eq. (2.2), so that the Coulomb and exchange
interactions from Hartree-Fock theory are treated exactly, as is the non-trivial overlap
of the fragment wave functions. The basis states are constructed by forming direct
products of configuration state functions computed from N, independent fragment
self-consistent field (SCF) calculations and results in a basis whose dimension is at
least Nggm + 1, including the direct-product ground state. Fragment states used to
construct the basis are adiabatic in the sense that they are determined in the absence
of inter-fragment interactions. The basis space can be expanded to include higher-
lying fragment excitations, which increases the flexibility of the direct-product ansatz,
or to include charge-transfer basis states to explore the mixing of neutral and charge-
transfer excitons. To the best of our knowledge, our approach is the first to include
exact Hartree-Fock exchange interactions in the excitonic coupling. These prove to
be crucial for accuracy at short intermolecular distances.

In its current implementation, the aggregate CPU time required for our method
scales more steeply, as a function of system size, than does the CPU time required
for traditional supersystem methods such as configuration interaction singles (CIS).
However, the overwhelming computational bottleneck in our approach is calculation

of individual matrix elements of the exciton Hamiltonian, and these concurrent tasks
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are embarrassingly parallelizable. As such, the required wall time should be reduced in
nearly direct proportion to the number of available CPU cores. We provide examples
of several exciton calculations for relevant systems of interest where this combination
of parallelism and a priori simplification of the problem results based on chemical
intuition results in significantly reduced wall times and memory requirements, relative
to a traditional supersystem calculation, while maintaining accuracy of < 0.3 eV with

respect to supersystem CIS results.

2.2 Theory

2.2.1 Direct-Product Configuration State Function Basis

The strategy of our ab initio fragment exciton approach is to construct and diago-
nalize the Hamiltonian in an excitonic basis made up of direct products of fragment
configuration state functions (CSFs). The fragment CSFs are computed from ground
and excited-state SCF calculations for the independent fragments. CSFs on different
fragments are generally non-orthogonal, and may be comprised of multiple determi-
nants. The notation we use is as follows: for fragment M, W,, indicates a CSF, &,
indicates a Slater determinant, gbI])V[ is a molecular orbital (MO), and n,, indicates
the total number of occupied orbitals, including both a and S spin states. The total
number of occupied orbitals in the system of Nggp, fragments is denoted by N.
Consider a system of two chromophores, A and B, and a direct product state

|0 W) involving excitation of fragment A. The ground-state CSF for fragment B,

L PP A (2.3)

Up) = |Pp) = n
|>!@>\/@ i
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is a single Slater determinant constructed from a set of SCF MOs. The spin-adapted
CSF for the excited fragment A,

W) => ") Cit o), (2.4)

ia o=a,B

is a linear combination of singly-substituted determinants |®%) weighted by CI coef-
ficients C® that are computed for the spin-restricted singlet or triplet state of each
isolated fragment. We use restricted SCF calculations for the fragments, so the spa-
tial orbitals and CI coefficients are identical, up to a possible sign change, for o and
[ spin, but we must treat both spin components explicitly in order to account for

spin coupling between states. The overall excitonic basis state can then be written

n,—1
W5 W) = ZC%A I1 ¢ | oves o2 (2.5)
iao J#

For clarity, the notation in Eq. (2.5) only includes two fragments, A and B.
More generally, basis states |V W W ---) will simply append ground-state (MOs)
¢SS - - - ”c’ etc., to the Slater determinant in Eq. (2.5). In this way, every basis
state includes all of the occupied MOs for the entire system. This stands in contrast
to traditional exciton theory that considers only pairwise Coulomb interactions of
the excited sites and neglects the overlap of the remaining fragments. In order to
include non-pairwise additivity in the exchange interactions, and therefore enforce
antisymmetry in the excitonic wave functions, all MOs must be included. However,
the fragment MOs computed from independent SCF calculations are not orthogonal

therefore the excitonic basis states are not orthogonal. Therefore overlap matrices
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must be computed, in addition to matrix elements of the Hamiltonian, and a gener-

alized eigenvalue problem must be solved. These matrix elements between CSFs are

(WRUp[UaTE) =Y > ClO (@5 ep|@40) (2.62)
iaoc kbt

(UL HW,Up) = ) CrCi (P40 H|D DY) . (2.6b)
iao kbt

In our spin-restricted implementation there are only two distinct spin terms for each
pair of transitions. The sign of the coupling term is derived from the spin of the
fragment: positive for singlet and negative for triplet. This, in turn, determines the

spin of target state.
2.2.2 Natural Transition Orbital Representation

In order to minimize the number of terms in Eq. (2.6), we transform the fragment
excited states into the natural transition orbital (NTO) basis.?® 3% The n3% x nyr®
single-particle transition density matrix, T, couples occupied and virtual orbitals with
coefficients C* from a CIS or TDDFT calculation, the latter performed within the
Tamm-Dancoff approximation (TDA).3! NTOs are computed from a singular value
decomposition of T:2°

A =OTN' . (2.7)

Here, O and N are separate unitary transformations of the canonical occupied and
virtual MOs, respectively, which transform these orbitals into a set of (state-specific)

paired hole and particle NTOs. This transformation reduces the dimension of the
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CI expansion to no more than n$® particle-hole excitations and the diagonal ma-

trix A contains the coefficients of these excitations in the NTO basis. This re-
sults in no more than n,, terms for a single excited state and no more than n,ng
terms in Eq. (2.6). Similarly, only n,ny; appear in the more general expression for
(U0 pVo - [HW W - ).

In practice, the number of significant NTOs needed for the CSF expansions de-
pends on the size and complexity of the fragment; for small molecules, we typically
find that only one or two A; are significant. The NTO expansions may therefore be
truncated at a specified fraction of the excitation amplitude (norm of T) in order to

reduce the length of the summations in Eq. (2.6).
2.2.3 Corresponding Orbital Transformation

To compute matrix elements between non-orthogonal Slater determinants, we turn
to the corresponding orbital transformation of Amos and Hall.?? For a given term in
Eq. (2.6), the two sets of spin orbitals associated with the bra and ket will be denoted
1 and r, respectively. The sets are Schmidt-orthogonalized amongst themselves and
expanded in a common atomic orbital (AO) basis, {x}:

1= yL

(2.8)

r=xR.
Let S = LSR denote the (non-diagonal) overlap matrix between the left (L)
and right (R) sets of orbitals, where S denotes the AO overlap matrix. We can

then apply left and right unitary transformations that diagonalize S™® but leave the

original Slater determinants unchanged, except possibly for a phase that is equal to
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the determinant of UT or VT:
U'LISRV = LfSR = §"* . (2.9)

Here, 8"% is diagonal and the matrices U and V are computed from the singular value
decomposition of SR,

The corresponding orbitals transformation leads to a set of generalized Slater-
Condon rules®® that may be used to compute the Hamiltonian and overlap matrix

elements in terms of the AO basis. The overlap matrix element is

HLR <(I)'Laq)B|(I)A(I)kb>

2.10
= det(U) det VT H SLR - ( )

Note that the transformations L and R depend, implicitly, on the MOs ¢z, ¢2, ¢Z,
and ¢f that are involved in the excitation, but for brevity the indices in question

are subsumed into the “LR” in Z*!. The corresponding matrix element of H can be

written
(DUD 5| H|D 4 DR = QIR 4 QLR (2.11)
where
LR =R Tt
Q ZZRM <~LR) Lm</\|h|p> (2.12)
and

R
ot = ZZRM (—) IANAROVIIES (2.13)

ij Apuv i 9jj

The interaction terms for a and S electrons are computed explicitly, so

QY = et 47Ot (2.14)
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and

Q%R _ aaQIQ_R + ﬂﬁQ%R + aﬁQliR + ﬂan‘R , (215)

where the spin coupling terms in Eq. (2.15) cause the the antisymmetrized AO in-
tegrals, (Au||pr) in Eq. (2.13), to be replaced with with Coulomb integrals (Au|pv).
This fundamentally comes from the vanishing of the exchange contributions to the
generalized density matrices in the a3 case, reflecting the lack of exchange interaction

between « and [ densities.

2.3 Accuracy

A preliminary version of our ab initio fragment molecular exciton method has been
implemented in a developer’s version of the Q-Chem electronic structure program. 33
Unless otherwise noted, all fragment and supersystem calculations were carried out
at the CIS level of theory, and “error” in excitation energies obtained for the exciton
models is defined with respect to a supersystem CIS calculation using the same basis
set. (Since our exciton model is based on the Hartree-Fock Hamiltonian, this is
the most appropriate comparison.) A few calculations use monomer basis states
computed from density functional theory (DFT), but these results will nevertheless
be compared to supersystem CIS calculations because matrix elements of the exciton
Hamiltonian are evaluated at the Hartree-Fock level. In this sense, DF'T serves only
as an alternative means to obtain basis states, but does not fundamentally change

the exciton model. Unless otherwise noted, the 6-31G basis set was used for all

calculations except those for He,,, for which the 6-311G basis set was used.
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2.3.1 Linear Helium Chains

Linear chains of He atoms (with each atom separated by the He, equilibrium distance
of 1.581978 A) are a potentially difficult test system as their excited states tend to be
fully delocalized across the entire chain. Figure 2.1 plots errors in excitation energies
for He,, chains (n = 2-30) computed using our exciton model. Results are shown for
a variety of exciton bases.

There are two primary approximations in our model. First, the isolated fragment
excited states are computed in the absence of interactions with the surrounding frag-
ments. The severity of this approximation can be reduced by including higher-lying
fragment excited states in the direct-product basis, which add variational flexibility
and allow the excitonic wave functions to deform in response to inter-fragment per-
turbations. For the weakly-polarizable He,, test systems, however, this approximation
is not a significant source of error.

The second approximation is fundamental to the exciton model itself: we as-
sume that each supersystem excitation can be described as a linear combination of
excitations localized on individual subunits. Helium chains put this assumption to
the test, because their excited states qualitatively resemble those of a particle in a
one-dimensional box. Our data show that even such highly delocalized states are
well described by the model, so long as the fragment size is sufficient to capture the
(relatively localized) charge transfer character of the excited state. For triplet and
singlet excited states, fragments made up of two and three He atoms, respectively, are

adequate to achieve reasonable accuracy (Fig. 2.1). That the description of singlets
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Figure 2.1: Absolute errors (relative to a supersystem CIS/6-311G calculation) in the
excitation energy predicted by the exciton model for the lowest triplet and singlet
states of He, chains. Results are shown for several versions of the exciton model,
using fragments ranging in size from He to Hes, in conjunction with an excitonic
basis consisting of 1-3 excited states per fragment. CIS/6-311G calculations are used
also for the fragments. The number of NTOs retained per fragment is equal to the
number of He atoms per fragment, as this is sufficient to recover essentially the full
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Figure 2.2: Plots of the two dominant NTOs for the lowest singlet and triplet exci-
tations of a Hejg chain. (An isosurface value of 0.05 a.u. is used in each case.) Each
pair of particle/hole NTOs for the triplet state accounts for 38.5% of the norm of the
transition density matrix, while in the singlet case the two NTO pairs account for

60.3% (upper pair) and 24.1% (lower pair) of the norm.
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requires additional fragment states, relative to the triplet case, makes sense in view
of the fact that Pauli repulsion tends to delocalize singlet excitations to a greater
extent than triplet excitations. Analysis of the supersystem NTOs for Heyq (Fig. 2.2)
shows that the overall excitation is well represented as a combination of relatively
localized excitations, the sizes of which correspond roughly to the two and three He
atoms per fragment that afford good results in the triplet and singlet exciton models,

respectively.
2.3.2 Water Clusters

The collective nature (or lack thereof) of the excited states of water has been a subject
of some debate.?® We have used our method to compute the excitation energies of
water clusters at their equilibrium geometries and the results are given in Fig. 2.3.
(Geometries are MP2/cc-pVDZ, from Ref. 2.) Relative to the He,, results, the excited
states of (Hy0),, are not well represented by adiabatic fragment states, as reflected in
the large errors reported in Fig. 2.3. By including three excitations per H,O fragment,
however, we obtain excellent agreement with supersystem calculations, with errors
that are generally less than 0.1 eV. We find that these results are robust with respect
to the choice of AO basis set as well, and similar results are obtained in the 6-31+G*
basis.

We select an (H50)7 cluster from our test set as an illustrative example. As shown
by the NTOs in Fig. 2.4, the excitation primarily involves transitions localized on
monomers 1 and 3 with minimal intermolecular excitation transfer. Comparing this

picture to the coefficients of the exciton eigenvector computed with our method, as
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Figure 2.3: Absolute errors® for the lowest triplet and singlet excitation energies
for various isomers of water clusters, relative to supersystem CIS/6-31G excitation
energies. The various colors refer to different cluster isomers.
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Figure 2.4: Plots of the two dominant NTOs for the first triplet excitation of an
(H30)7 cluster. The NTO particle/hole pairs account for 76% and 14% of the overall
transition respectively. (The isosurface value for all plots is 0.05 a.u.) Numbers
indicate the monomer index of the adjacent molecule.

Table 2.1: Amplitudes for the first triplet excitation of the (H,O); cluster shown in
Fig. 2.4.

Monomer 1 2 3 4 5 6 7

One State Per Monomer
0.581 —0.000 0.813 —-0.001 —0.009 —0.009 0.000

Three States Per Monomer

State 1 0.832  —0.000 0.078  —0.001  —0.010  —0.000 0.000
State 2 0.034 0.000  —0.000  —0.000 0.003 0.000  —0.000
State 3 0.421 —0.000 —0.353  —0.000 0.020  —0.000 0.000
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provided in Table 2.1, we find that the excitonic wave function is dominated by basis
states involving excitation of precisely these two water monomers. This behavior is
typical, and shows how the exciton approximation still captures the fundamentals of
the supersystem excited state for realistic molecular clusters. Note that the relative
magnitude of the dominant states are reversed when compared to the corresponding
localized NTO amplitudes. This is due to neglect of intermolecular polarization,
and largely disappears when higher-lying monomer excited states are included in the

excitonic basis.
2.3.3 Alternative Basis States

An exciton approach is essentially a variational energy minimization in a strategically
chosen trial basis. Accordingly, determination of the fragment orbitals for the basis
states need not be limited to a particular quantum chemistry method, so long as they
accurately represent the excited state(s) of the fragment. Kohn-Sham orbitals and
TDA-TDDFT coefficients C*@ offer a basis that includes some intra-fragment electron
correlation. It is also well known that Kohn-Sham orbitals are more representative
of electronic excitations as compared to Hartree-Fock orbitals,?” which bear more
resemblance to ionized states. Indeed, we find that NTO expansions are generally
more compact for TDDFT excited states as compared to their CIS counterparts,
which proves useful in reducing computational time when the monomer units are
large (see Section 2.3.4). Here, we use the B3LYP functional to compute monomer
basis states for water clusters. The results, shown in Table 2.2, demonstrate that

the B3LYP-based approach is slightly more accurate for water clusters, as compared
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to the same exciton model constructed from CIS monomer wave functions. (This
conclusion is not true for all of the systems that we have explored, however; see
below.)

For systems comprised of polar monomers, another way to augment the adiabatic
approximation is to compute monomer wave functions in the presence of some classical
representation of the electrostatic environment of the supersystem, e.g., by embedding
the monomer calculations in a field of atom-centered point charges on the other
monomers. The variational “XPol” (explicit polarization) approach of Xie et al.®
uses a self-consistent charge embedding procedure to accomplish this, and here we use
XPol in conjunction with “ChEIPG” charges that are fit to reproduce the molecular
electrostatic potential outside of the van der Waals region. (See Refs. 39 and 40 for
details of the combined XPol + ChEIPG algorithm.) The polarized MOs generated
by the XPol procedure are then used to perform CIS calculations on the fragments.

Results in Table 2.2 show that the use of XPol wave functions significantly en-
hances the accuracy of the exciton model for water clusters; in particular, use of
a single XPol CIS state per monomer is as accurate as three adiabatic (gas-phase)
states per monomer. This combination presents a highly appealing route for eco-

nomical excited-state calculations in clusters, providing accuracy within 0.2 eV of

supersystem calculations with only a minimal basis.
2.3.4 Results for Large Systems

We next consider whether comparable accuracy is maintained in larger systems. Ta-

ble 2.3 shows errors in the exciton model for several snapshots of a (H,O)s7 cluster and
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Table 2.2: Mean unsigned errors® (MUEs, in eV) for Sy — S; and Sy — T} excitation
energies for small water clusters computed using various exciton models.

Basis State No. of Water Molecules

2 3 4 5 6 7 8 9 10
T 0.09 057 0.77 054 0.77 0.65 1.06 0.88 0.82
S 014 114 090 065 091 079 1.25 1.04 0.98

7y 0.09 057 071 053 076 0.65 1.04 087 0.81
Sy 012 0.08 0.08 0.08 0.07 0.13 0.11 0.07 0.12

7y,  0.09 0.08 0.08 0.06 006 0.13 0.09 0.06 0.10
Sy 012 0.08 0.08 0.09 0.09 0.14 0.12 0.08 0.14

7y 021 051 065 052 068 0.66 096 0.77 0.75
Sy 027 061 077 065 0.82 0.80 1.15 0.92 0.94

7y 020 050 063 051 066 0.65 094 0.75 0.74
Sy 015 018 021 0.21 0.22 0.22 038 0.24 0.33

7, 013 0.13 0.15 0.14 0.15 0.15 021 0.14 0.21
Sy 016 0.190 0.26 0.28 0.32 0.36 0.52 0.43 0.60

7y  0.01 048 0.65 0.44 0.64 0.55 1.00 0.52 0.66
Sy 0.05 1.01 074 052 0.74 0.63 1.11 0.64 0.78

7y  0.01 047 0.64 044 0.63 054 098 0.51 0.65
Sy 0.04 047 0.06 0.04 0.06 0.13 0.28 0.27 0.02

7y 0.01 0.02 0.06 0.04 0.05 0.12 0.28 0.27 0.03
Sy 0.04 047 0.06 0.04 0.06 0.12 0.28 0.27 0.02

7, 0.06 0.06 0.07 0.07 0.06 0.06 0.14 0.08 0.10
Sy 011 0.06 0.07 0.08 0.07 0.07 0.16 0.08 0.11

7y 0.10 0.17 0.65 0.52 0.68 0.66 0.98 0.77 0.75
Sy 013 020 077 065 0.82 0.80 1.19 0.92 094

7y 0.0 0.17 0.24 0.22 027 0.25 0.57 029 047
Sy 010 020 025 024 027 0.28 038 0.34 0.32

7, 0.07 0.12 0.16 0.14 0.16 0.16 0.27 0.18 0.22
Sy 010 017 020 0.20 0.23 021 038 0.23 0.31

HF/6-31G (1 state)
HF/6-31G (2 states)
HF/6-31G (3 states)
HF/6-31+G* (1 State)
HF/6-31+G* (2 State)
HF/6-31+G* (3 State)
B3LYP/6-31G (1 state)
B3LYP/6-31G (2 states)
B3LYP/6-31G (3 states)
XPol-HF /6-31G (1 state)
XPol-HF /6-31+G* (1 state)
XPol-HF /6-31-+G* (2 state)

XPol-HF /6-31+G* (3 state)

“With respect to a supersystem CIS calculation using the same AO

basis set.
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Table 2.3: Absolute errors® (in eV) in Sy — S; and Sy — 17 excitation energies for
large water clusters extracted from a simulation.

Snapshot (H20)57 (HQO)117
T, Sp Ty Sh
1 0.154 0.232 0.054 0.148
2 0.106 0.177 0.049 0.084
3 0.246 0.323 0.046 0.159
4 0.181 0.261
D 0.296 0.178

“With respect to a supersystem CIS/
6-31G calculation, using a one-state

Hartree-Fock basis.

a (HyO)117 cluster that were extracted from simulations of liquid water. The errors
for these systems tend to be less than similar calculations in Table 2.2 including one
excitation per fragment. The water molecules from these simulations are generally
further apart than those in equilibrium (i.e., cluster) geometries with fewer hydrogen
bonds between adjacent molecules. This results in weaker inter-fragment interactions
such that the unperturbed fragment MOs better represent the supersystem than they
do in the case of geometry-optimized clusters. Furthermore, increasing the number of
fragments effectively increases the variational space and stabilizes the excited states,
as can be seen by the decrease in error going from the (HyO)s53 to (H2O)q17.

Tests for clusters of conjugated organic chromophores are shown in Table 2.4.

These include clusters of pentacene, CooHy4, a material that has been widely discussed
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Table 2.4: Absolute errors® in the Sy — T7 excitation energy for two systems com-
posed of larger monomers.

Cluster Exciton Threshold Error
Basis (%) (eV)
(NDI), AF/6-31G 05 0.014
(NDI), HF/6-31G 85 0.142
(NDI), HF /6-31+G* 85 0.129
(NDI), B3LYP/6-31G 90 0282
(NDI)s B3LYP/6-31G 00 0.327
(NDI)g HF/6-31G (Bright State) 85 0.108
(pentacene)s HF/6-31G 95 0.010
(pentacene)s HF/6-31G 85 0.110
(pentacene)s HF/6-31+G* 85 0.114
(pentacene)s B3LYP/6-31G 85 0.357
(pentacene)s B3LYP/6-31G 85 0.364

*With respect to a supersystem CIS calculation in the same
AO basis set, using one state per monomer. *Bright state

error, relative to supersystem Ssg.
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Figure 2.5: Structures of (a) (pentacene)g and (b) (NDI)g.

41



L along with clusters of a methylated napthalenedi-

in the context of singlet fission,*
imide (NDI) chromophore that forms the basic building block of a self-assembling nan-
otube.”® These structures are shown in Fig. 2.5. (The pentacene cluster is obtained
from the crystal structure of the “LT” polymorph reported in Ref. 42. Structural pa-
rameters for the NDI nanotube were obtained from Ref. 8.) We find that the exciton
model affords excellent agreement with supersystem calculations for these systems,
with errors as low as 0.01 eV, however the accuracy is highly sensitive to the choice
of fragment MOs included in the basis. As compared to previous examples, the NTO
expansions for these more complex molecular fragments include a greater number of
significant terms that must be included in Eq. (2.6) for the matrix elements. Whereas
in previous examples we included a fixed number of NTOs, in these examples it is
prudent to truncate the expansions at some fixed fraction of the excitation amplitude.
We have found that a threshold of 85% of the norm of T provides a reasonable bal-
ance of performance and accuracy. The use of fragment MOs from DFT calculations,
in this case calculated with the B3LYP functional, is another means of reducing the
computational cost since their NTO expansions tend to include fewer terms. For the
examples in Table 2.4, however, we find that the accuracy of BSLYP MOs in the ex-
citon model is inferior to that of HF MOs. Further testing is required to understand

whether this is a deficiency related to the use of BBLYP or, more fundamentally, to

the very use of Kohn-Sham MOs.
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2.3.5 Comparison to the Renormalized Exciton Model

Recently, Ma and co-workers?®?7 developed a “renormalized” exciton model (REM),
in which an effective Hamiltonian is constructed by projecting various n-body Hamil-
tonians (for n = 2 or 3 subunits) onto an excitonic direct-product basis. In Table 2.5,
we compare the results of that approach to the present Frenkel-Davydov-type model,
in the case that both techniques employ CIS/STO-6G wave functions. As with the
linear helium chains, this is an extreme case due to the highly delocalized nature of
the excited states, and results using our method are rather poor when the excitonic
basis is constructed from Hy dimers. Adding higher-lying excited states does not
improve the situation, because it is delocalization rather than polarization that limits
the accuracy in these cases. However, results are improve significantly when larger
segments of the chain are used to construct the basis states, and for basis states con-
structed using half the chain [(Hs),/, in Table 2.5], errors in the Sy — T} excitation
energy are comparable to those obtained using REM-CIS, although generally larger
for the Sy, — S; excitation.

In comparison, the REM-CIS results do an impressive job of capturing these highly
delocalized excitations using smaller monomer units. Note, however, that extension
of the REM approach to more realistic three-dimensional systems is slightly compli-
cated, given that the number of n-body interactions included in the REM effective
Hamiltonian scales as (]Z ) for N fragments. Terms beyond n = 2 are often critically
important to the accuracy of ground-state many-body approaches,*® and their impor-

tance should presumably increase in the excited state, given the increased size and
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Table 2.5: Errors for linear Hy chains® from the REM-CIS method and our Frenkel-
Davydov exciton model.

System Error’ / mHartree
So — 1T Sy — 51
REM this work® REM this work®

(Ref 27) (HQ)Q (Hg)n/g (Ref 27) (HQ)Q (Hg)n/g
1.5 R,
(Hs)g —8.68 69.78 39.60 —17.73 128.92 77.22
(Hs)s —13.31 76.52 29.40 —22.27 142.53 60.92
(Hs)10 —15.86 79.70 22.14 —23.24 149.15 48.28
(Hs)12 —17.39 81.38 17.02 —23.23 152.73 38.76
2.0 R,
(Hs)g —5.58 32.01 16.64 —17.73  81.87 44.79
(Hs)s —8.53 34.42 11.23 —24.29  87.51 31.63
(Hs)10 —10.13 35.49 7.93 —27.55  89.89 23.30
(Ha)12 —11.08 36.03 5.83 —29.22  91.05 17.85

2Using the equilibrium bond length of R, = 0.7414 A and an
intermolecular separation of either 1.5 or 2.0 times R,.. *With
respect to a supersystem CIS calculations, STO-6G basis.
°“With basis states as indicated.
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polarizability of the excited-state wave function. Our ab initio exciton approach, on
the other hand, includes many-body Coulomb and exchange effects and is essentially

a “black box” and whose application to any system is straightforward.
2.3.6 Size-Consistency Considerations

Supersystem CIS calculations are rigorously size-consistent,? in the customary su-
permolecular sense of the term. Non-orthogonal CI can be made to satisfy size-
consistency of the total energy (meaning that the total energy for a system of well-
separated fragments is equal to the sum of the fragment energies), and also size-
intensivity of excitation energies (meaning that the excitation energy is unaffected by
the addition of a distant and therefore non-interacting fragment).?* These facts are
straightforward to verify since off-diagonal coupling elements of the exciton Hamilto-
nian vanish in the limit of large inter-fragment separation.

Although often conflated with size-consistency, size-extensivity is more properly
defined as a non-vanishing correlation energy per particle in the thermodynamic (in-
finite, periodic) limit. This property has been considered carefully by Hirata,*® al-
though he calls it size-consistency, for reasons explained in Ref. 45, and concludes
that CIS is rigorously size-extensive provided that the HF determinant is used as
the reference state. In contrast, the reference state for our Frenkel-Davydov exciton
model is composed of HF MOs from multiple, independent fragment calculations,
hence the formal requirements of size-extensivity are not met. This opens the possi-
bility of increasing, size-dependent errors for interacting systems. This issue was also

pointed out by Sundholm and Head-Gordon,* who note that in a non-orthogonal

45



CI calculation, an increasing [but only as O(N?)] number of determinants may be
required to achieve a comparable level of accuracy as system size grows, yet excitation
energies remain size-intensive in the sense defined above.

Our model does not satisfy Brillouin’s theorem, hence size-inconsistency may man-
ifest as spurious stabilization of the ground-state direct-product wave function via
mixing with the excitonic basis functions. This could potentially result in an unbal-
anced treatment of the excited states relative to the ground state, and errors that
might increase as the size of the excitonic basis increases. Since the basis functions
are spin eigenstates, for a singlet ground state this stabilization appears only when
computing singlet excited states. We may therefore quantify the extent of this stabi-
lization by comparing the ground-state eigenvalue of the exciton Hamiltonian in the
singlet (So — S,) and triplet (Sy — T;,) excitation cases.

For linear He chains, using single He atoms as monomer units, the aforemen-
tioned stabilization is found to increase linearly with system size at the rate of 0.005
mHartree/monomer. However, errors in singlet excitation energies mirror those for
triplet excitation, and are essentially constant for N > 10 He atoms (see Fig. 2.1).
Despite the linear growth in the ground-state stabilization per monomer, in actuality
this effect is dictated not so much by system size but rather by the size of the direct-
product basis. This is particularly evident in our data for water clusters computed
using the 6-31+G* basis (Table 2.2), where the inclusion of three excited states per
monomer slightly increases the errors in excitation energy of the singlet case, rel-

ative to errors obtained using two excited states per monomer. No corresponding
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effect is observed for triplet excitations, and we attribute this effect to ground-state
stabilization in the singlet case.

This effect can be ameliorated using XPol monomer wave functions, as is evident
in the water cluster data in Table 2.2. XPol allows the primary orbital relaxation
effects in the ground state to be included explicitly in the monomer wave functions,
so that there is less of a driving force for mixing excited-state direct-product wave
functions into the ground state. In general, we find that errors stemming from size-
inconsistency are quite small and our exciton method performs well when compared to
rigorously size-consistent supersystem CIS calculations, even for the sizable systems

that we have explored.

2.4 Performance

2.4.1 Bottlenecks

The SVD step of the corresponding orbitals transformation in Eq. (2.8) formally scales
as O(N3) but with a very small prefactor. In practice, the overall computational cost
is dominated by contraction of two-electron integrals with a density matrix to form

a Fock-like matrix:

Fyp = Z<>‘N||9V>Pzw . (2.16)

uv

For the exciton model, P,, is a generalized density matrix whose form is suggested

by Eq. (2.13):
- =LRN\
Pu =Y Ry (SL_R) Lt, . (2.17)
j i
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The cost of the contraction in Eq. (2.16) scales as O(N?

basis

) where 2 < z < 4,
depending on system size and integral thresholds.

Construction of each exciton matrix element [Eq. (2.6b)] requires O(NZro) con-
traction steps, where Nyto is the number of NTO pairs retained in the CI expansion
of the individual fragment excited states. We note that the primary bottleneck is not
generation of the AO integrals (Au||pr), but rather their digestion [Eq. (2.16)] with
numerous generalized density matrices. We are currently pursuing ways to accelerate
this step.

In total there are Nggm(Npgm + 1)/2 matrix elements of the exciton Hamiltonian

NZE

basis

to compute so total CPU time scales as O(N?

fram ). Memory usage is favorable;

each matrix element requires several N X n,,,. arrays, where n,, 4. is the number
of basis functions per monomer, although our implementation will happily exploit
additional memory for efficient integral evaluation. The same is true for disk storage,
requiring only the occupied and a few virtual NTOs from each fragment to be stored
in the fragment basis sets.

Traditional supersystem CIS and TDDFT calculations employ Davidson iteration
to diagonalize the singly-excited block of the CI Hamiltonian. The number of iter-
ations required to reach convergence varies with the system and number of desired
eigenvalues but is typically 10-30 iterations when several (but < 30) eigenvalues are
requested. For each Davidson iteration, the rate-determining step is the contraction
of the AO two-electron integrals with subspace trial vectors. This is directly related

to the contraction step written in Eq. (2.16), in that P, is the pseudo-density matrix
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of Maurice and Head-Gordon.%® Memory requirements are the same as above but all
occupied and virtual orbitals in the supersystem basis set must be stored.

In view of these considerations, one can straightforwardly conclude that total CPU
time is minimized by the method that requires the fewest instances of the digestion
step in Eq. (2.16). In general, supersystem methods are highly efficient at minimizing
this step as well as the overall single-threaded CPU time. However, the scaling of this
performance is limited for modern computer architectures, and below we discuss the
performance of an implementation in which calculation of the exciton matrix elements

is distributed across cores.
2.4.2 Parallelization

The serial efficiency of traditional supersystem methods is highly optimized but the
potential for parallelization is fundamentally limited by their iterative nature; each
step requires the results of the previous iteration before it can proceed. The work done
in each iteration can be parallelized, e.g., the integrals in Eq. (2.16) can be batched
into different tasks. This approach scales fairly well across the cores of a single node
but efficiency is reduced, often significantly, by latencies in communication when
scaling across nodes is required.

Our method is designed to overcome both of these limitations. Iterations are lim-
ited to fragments only, and the matrix element calculations are entirely independent
of one another and thus trivial to distribute across any arrangement of processors.
In fact, inter-node parallelism could further be augmented by shared memory intra-

node parallelism. We have a implemented a parallel version of our method (based on
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Table 2.6: Wall clock times for parallel computation of the lowest triplet excitation
of GC base pair clusters.

Negm  No. Wall Time / sec

cores Exciton Model® Full

75%° 85%¢  CIS

2 3 43 158 2961
4 10 347 1130 9553

6 21 908 3175 14178

8 36 1760 6253 9886
12 75 4605 15578 24096

2Estimated wall time for parallel calculation
on N(N + 1)/2 processers. ®Absolute errors
are ~0.2 eV for this threshold. ¢Absolute
errors are ~0.1 eV for this threshold.

the Message Passing Interface, MPI) that parallelizes matrix element computations
across cores within a distributed memory model. Given Npgm (Nggm + 1)/2 cores, the
total wall time is essentially reduced to the time to compute a single matrix element.
Given this degree of parallelism, the wall time required for our exciton model will be
less than that of a traditional supersystem CIS calculation if the number of terms in
Eq. (2.6), each of which requires one instance of a contraction such as that shown in
Eq. (2.16), is fewer than the number Davidson iterations necessary to converge the
supersystem calculation. Due to the efficient scaling of our method across processors
this can still be true when considering parallel performance of supersystem methods
on equivalent hardware, as shown below.

Chemical insight into the nature of the electronic states of the system of interest
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can be applied to the fragment partitioning in order to minimize cost while main-
taining accuracy. For example, the lowest triplet excitation of a gas-phase guanine—
cytosine (GC) base pair is highly localized on the the cytosine moiety but is signif-
icantly stabilized by hydrogen bonding to the other base. This suggests using base
pairs, rather than individual nucleobases, to generate basis states for clusters or =
stacks. Timing data for various clusters of GC base pairs are given in Table 2.6 (The
GC dimer structure was taken from Ref. 47 and stacked to form larger systems.)
The timing data for the exciton models presented in Table 2.6 are estimated from
the time required for the computation of a single matrix element, as the fragment
SCF and CIS calculations represent negligible overhead, as does diagonalization of
the exciton Hamiltonian matrix, therefore the wall time is essentially limited by the

8 was used fas a

computation of a single matrix element. The NWChem program®*
benchmark for the parallel supersystem calculations, which is somewhat incongru-
ous because the exciton model is implemented in Q-Chem, which exhibits far better
serial performance as compared to NWChem. However, NWChem is generally recog-
nized as a state-of-the-art for scalability (and Q-Chem’s implementation of TDDFT
does not scale to the number of cores indicated in Table 2.6), thus the comparison
presented in Table 2.6 is at least interesting. By taking advantage of nearly perfect
parallel scaling, the exciton method can indeed outperform a traditional supersystem
calculation on equivalent hardware by up to a factor of 15, with errors in excitation

energies of ~ 0.2 eV. Of course, for systems composed of very large monomer units,

the embarrassing parallelism of the exciton model could be combined with a parallel
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implementation of CIS to compute the fragment excited states, and (more impor-
tantly) a parallel version of the digestion step in Eq. (2.16), in order to parallelize

calculation of the individual matrix elements.

2.5 Possible Improvements and Extensions

Results presented above suggest that our ab initio exciton model is indeed a useful
starting point for efficient calculation of collective excitations in multi-chromophore
systems. Several ways in which this basic model might be improved or extended are

sketched in this section.
2.5.1 Targeted States

Thus far we have only discussed application of our ab initio exciton method to the
lowest-lying excited state of a given spin symmetry. Due to the physically-based
nature of the model, however, we can use it to target specific higher-lying states of
molecular aggregates, with potentially dramatic savings in computational cost. For
example, in the (NDI)g calculations reported in Ref. 8, the lowest optically-bright
state was Sag, with spacings of ~ 0.05 eV between lower-lying, optically-dark states.
TDDFT Calculations reported in Ref. 8 used the 3-21G* basis set, but for a larger
number of NDI chromophores or a higher-quality basis set, the position of the bright
state would inevitably move further up the manifold of singlet excited states. The
need to calculate so many eigenvalues manifests as very large storage (memory and/or

disk) requirements.
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Application of chemical insight into the properties of the aggregate state of interest
can dictate the proper choice of fragment states to include in the exciton basis, such
that the specific supersystem excitation of interest is targeted. An example is the
calculation of the lowest optically-bright state of (NDI)g. The bright state of the NDI
aggregate involves a linear combination of the monomers in their spectroscopically
active excited states. Supersystem methods that utilize the traditional Davidson
algorithm simply solve for the requested number of lowest-lying eigenstates, and the
state of interest is determined a posteriori by the user.

In a supersystem CIS or TDDFT calculation, the contraction in Eq. (2.16) must
be computed for each unconverged root at each Davidson iteration, and the resulting
matrices [F), in Eq. (2.16)] of dimension Nyasis X Npasis must be stored. (Recall that
Nyasis refers to the supersystem.) For large systems composed of large monomers, this
is a significant burden and parallel scaling suffers from the same limitations outlined
earlier. The exciton model effectively sidesteps this increase. In order to target the
bright state of the cluster, basis states are chosen to be the spectroscopically active
excited states of the monomers, determined by the orientation and magnitude of the
monomer transition dipole moments.

For NDI at the CIS/6-31G level of theory, the fourth CIS root corresponds to
the spectroscopically-bright monomer excitation. Using these fragment states as an
excitonic basis will then target the bright state of the cluster. Unlike supersystem

methods, computing higher-lying excited states for the exciton model has essentially
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has the same computational cost as computing low-lying states because diagonaliza-
tion of the exciton Hamiltonian matrix is trivial. Any increase in cost for higher-lying
states arises from computing a few extra excited states for the fragments. The CPU
and memory requirements for the exciton calculation are effectively unchanged. The
results for this exciton calculation, reported in Table 2.4, agree well with supersystem

methods while finishing 30% faster when both calculations were run on 12 cores.
2.5.2 Correlation Corrections

As a final demonstration of the value of the distinct physical partitioning used in our
method, we present (albeit without rigorous derivation in this work) an approximate
means of including electron correlation effects in the excitation energies without in-
creasing the cost of the calculation. Due to the locality of electron correlation effects,
it is not unreasonable to make the approximation that their contribution to excita-
tion energies in an aggregate are primarily due to electron correlation within fragment
units and thus to neglect inter-fragment electron correlation. If we then consider cor-
relation to be a weak perturbation that only minimally deforms each fragment wave
function, correlation effects can also be neglected in excitonic couplings. With these
two approximations we can then treat the correlation for an exciton calculation as
straightforward perturb-then-diagonalize correction.

In practice, we compute the correlation energies of the ground and excited states of
each fragment at the MP2 and CIS(D) levels,* respectively, then add this correlation
correction to the diagonal elements of the exciton Hamiltonian, weighted by the cor-

responding overlap elements. Even given this seemingly crude set of approximations,
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Figure 2.6: Absolute errors for water clusters with and without correlation corrections
to the exciton model. Different colors at a given cluster size refer to different isomers,
and the basis consists of a single CIS/6-31G state per monomer.

we have found that the resulting errors for excitation energies, relative to correlated
CIS(D) supersystem calculations, is not significantly worse than the agreement docu-
mented above when the uncorrelated exciton model is compared to supersystem CIS
calculations.

Both sets of errors [versus CIS and versus CIS(D)] for water clusters are presented
in Fig. 2.6, and we have similar accuracy for organic chromophores as well. A cor-
relation corrected calculation on the GC dimer had the same 0.1 eV absolute error
relative to a supersystem CIS(D) as an equivalent uncorrected exciton calculation
relative to supersystem CIS. Errors approach or exceed 1 eV for the larger systems
in Fig. 2.6, probably because only a single excited state per monomer is included in

the excitonic basis. [The formalism to include more than one state per monomer at
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a correlated level of theory is under development in our group.| Although the corre-
lated supersystem calculations scale as O(N?®), this correction is effectively free for
the exciton calculation, since the computational effort in computing excited states of
any one monomer, even including correlation effects, is small in comparison to the

cost of computing the matrix elements of the exciton Hamiltonian.

2.6 Conclusions

We have introduced a novel method for computing excited states of aggregates based
on an ab initio implementation of an exciton model. An excitonic basis is constructed
from direct products of fragment configuration state functions and exact matrix ele-
ments of the Hartree-Fock Hamiltonian are computed using the corresponding orbitals
transformation. This approximation has been shown to maintain accuracy, even for
highly delocalized excitations, so long as basis states are chosen appropriately. Errors
< 0.1 eV for water clusters and ~0.3 eV for organic chromophores are reported. Fur-
thermore, the excitonic basis can be expanded with higher-lying fragment excitations
in order to capture polarization effects and thereby increase the accuracy. Kohn-Sham
orbitals and especially explicitly polarized (XPol) fragment orbitals perform well as
an excitonic basis. A straightforward application of chemical insight can help specify
the choice of the excitonic basis to increase accuracy and reduce cost. Notably, it is
possible to target a specific aggregate excitation based on the choice monomer states

included in the basis.
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Due to its near-perfect scaling with parallel hardware, our method can outper-
form supersystem methods for certain systems despite the fact that, as of now, total
CPU time scales unfavorably relative to supersystem methods. We believe that our
approach presents a strong theoretical and computational foundation for the design
of excited-state algorithms that are capable of scaling to massively-parallel computer
architectures while maintaining an unambiguous physically motivated strategy. Fu-
ture work will focus on reducing the scaling of this method, most likely by reducing
the dimension of the orbitals included in the exact Hamiltonian via distance-based
charge-embedding approximations. Accurate correlation effects, hinted at in Sec-
tion 2.5.2, will be rigorously derived, along with a formal derivation of a perturbative
approach applicable to an exciton Hamiltonian. Finally, we note that this method
is potentially well-suited to be implemented on GPUs and other massively-parallel

vector accelerators. We intend to report on these developments in future publications.
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CHAPTER 3

Low-Scaling Quantum Chemistry Approach to
Excited-State Properties, via an ab Initio Exciton
Model: Application to Excitation Energy Transfer

in a Self-Assembled Nanotube

We introduce a charge-embedding scheme for an excited-state quantum chemistry
method aimed at weakly-interacting molecular aggregates. The Hamiltonian matrix
for the aggregate is constructed in a basis of direct products of configuration-state
functions for the monomers, and diagonalization of this matrix affords excitation
energies within ~0.2 eV of the corresponding supersystem calculation. Both the ba-
sis states and the coupling matrix elements can be computed in a distributed way,
resulting in an algorithm whose time-to-solution is independent of the number of
chromophores, and we report calculations on systems with almost 55,000 basis func-
tions using fewer than 450 processors. In a semiconducting organic nanotube, we
find evidence of ultrafast, coherent dynamics followed by energy localization driven
by static disorder. Truncation of the model system has a qualitative effect on the
energy-transfer dynamics, demonstrating the importance of simulating an extended

portion of the nanotube, which is not feasible using traditional quantum chemistry.
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3.1 Introduction

Excitation energy transfer is a fundamental step in both natural and artificial light
harvesting systems and quantum chemical approaches can provide crucial mecha-
nistic insight into these processes. A well-studied example is the Fenna-Matthews-
Olson (FMO) complex, where the suggestion that quantum coherence enhances the
energy transfer rate has received significant attention.’®? The FMO complex is a
trimer in which each monomer is composed of eight bacteriochlorophyll chromophores,
hence ab initio description of the chromophores within a single monomer is already
fairly ambitious using traditional excited-state electronic structure methods, yet semi-
empirical studies have shown that consideration of the full trimer has a significant
impact on the energy transfer dynamics, even within a single monomer of the FMO
trimer.®® In simulations, the role of quantum coherence in FMO is highly sensitive
to how the chromophore energies and couplings between them are described,?*5°
and recent model studies of the full light harvesting complex (involving thousands of
bacteriochlorophylls) have demonstrated efficient long-range energy transfer in these
nanoscale systems.%® Large-scale, atomistic ab initio studies may provide valuable
insight into energy transfer in light harvesting systems, organic photovoltaics, and
other interesting optical materials, yet these calculations are prohibitively expensive
using traditional ab initio quantum chemistry.

The challenge stems from the steep computational scaling of quantum chemistry
with respect to system size combined with the sizable model systems necessary to

describe solar light harvesting. The cost of even the most affordable ab initio methods
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for excited states grows as the fourth power of system size. Moreover, traditional
quantum chemistry methods (at least when they are optimized for efficiency on one
or a few processors) tend to scale poorly on modern, massively-parallel platforms, and
are thus fundamentally ill-suited to scale to peta- or exa-scale computer architectures.
Conversely, software that is highly scalable is often comparatively slow for small- or
medium-size jobs run on a modest number of processors. To take highly efficient
codes and scale them to large numbers of processors, new paradigms are needed.
Our approach to this challenge is based on the idea of a molecular exciton model. 12921
Within such a model, collective excited states of an aggregate are represented as su-

perpositions of excitations localized on molecular sites. The wavefunction for such a

state can be expressed as

sites states

En=) Z KL 0) 1T 1) (3.1)

m#n

where |U!) represents an excited state of monomer n and |¥,,) is the ground-state
wave function for monomer m. This ansatz is quite flexible: additional excited states
i can be included to increase the variational flexibility of the basis,’ and the basis
can be further expanded to include charge-transfer excitons (in which an electron
is transferred between monomers) or multi-exciton states in which several molecular
sites are excited simultaneously. The coefficients K are determined by diagonalizing
the Hamiltonian in the exciton-site basis.

Historically, matrix elements within the exciton framework are often approximated
by taking the diagonal elements to be some estimates of the site energies and off-

diagonal elements that are computed within a transition-dipole approximation. More
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recently, off-diagonal elements have been computed by numerical evaluation of the
Coulomb integral between transition densities on different sites, 24257 although this
neglects exchange coupling. Our approach! is based on a fully ab initio realization of
the ansatz in Eq. (3.1), in which basis states are constructed from independent config-
uration interaction-singles (CIS) calculations on individual monomers. The method
is embarrassingly parallelizable, since calculation of monomer basis states and cou-
pling matrix elements can be distributed with near-unit parallel efficiency. As such,
this model significantly outperforms parallel implementations of traditional single-
excitation methods on equivalent hardware, yet remains faithful to CIS excitation
energies within ~0.1 eV.!

Despite this favorable performance and parallel scalability, the cost to evaluate
each individual matrix element scales as the fourth power of the overall size of the
aggregate, as a result of the “corresponding orbitals” transformation®? that is neces-
sary to cope with the fact that orbitals on different monomers are not orthogonal.?
In this work, we introduce a charge embedding scheme that dramatically reduces the
formal scaling and drastically increases performance, while maintaining the accuracy
and simplicity of the original approach. The efficiency of the new implementation
enables us to treat system sizes well beyond the reach of traditional methods, with

only modest hardware requirements.

61



3.2 Theory

3.2.1 Exciton Model

Basis states in our model are constructed in the form of Eq. (3.1) from direct products
of configuration state functions (CSFs) computed for each isolated monomer. The
ground states of fragments A, B, C, ..., F are described by a single Hartree-Fock (HF)
determinant, ®4. Excited states are described at the CIS level, as linear combinations

of singly-excited determinants ®%:

i) = Celer) . (3.2)
We use i, 5, k,... and a, b, ¢, ... to index occupied and virtual molecular spin-orbitals,

respectively. To construct the exciton Hamiltonian, we need to evaluate matrix ele-
ments such as

(WU H|Ws W) = N C O (O Op| H|DADR) . (33)

waoc kbt

Orbitals on different sites are not orthogonal, hence Schrodinger’s equation has the
form of a generalized eigenvalue equation and we must also compute overlap integrals

such as

(TR TaT5) =) 0 ClrCE (D05 DAL . (3.4)

waoc kbt

In these equations, we have introduced spin indices ¢ and 7 in constructing CSF's
from the monomer CIS calculations, as described in Ref. 1
Matrix elements in Eqgs. (3.3) and (3.4) are computed exactly, including full

Coulomb and exchange coupling, using the generalized Slater-Condon rules®? that
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can be derived following application of the corresponding orbitals transformation. 32
To reduce the number of terms in Eqs. (3.3) and (3.4), we transform the individual
monomer excited states into the basis of natural transition orbitals?® (NTOs, which
are equivalent to CIS natural orbitals®®). Coefficients can then be discarded based
on a controllable, occupation-number threshold, and this procedure generally results
in no more than a few significant coefficients per monomer. For systems comprised
of polar monomers, the accuracy can be improved if the individual monomer ground-
state orbitals are computed using the “explicit polarization” (XPol) procedure,® a
variational, self-consistent charge embedding scheme. Our group has previously re-
ported an implementation of XPol using “ChEIPG” atomic charges derived from the

39,40
1,

electrostatic potentia which are stable in large basis sets.

3.2.2 Charge Embedding Scheme

For brevity, the matrix elements in Eqs. (3.3) and (3.4) are given for the dimer AB, but
in fact the basis states are direct products over all monomers, e.g., [¥5VpWe - Wg).
Such a treatment is, in principle, required for exact Coulomb and exchange coupling.
As a result of the corresponding orbitals transformation, the rate-limiting step in
the calculation of any individual matrix element is the calculation of two-electron
integrals for the entire system and their digestion with generalized density matrices
for a particular monomer.! However, because the exchange interaction is short-ranged
and the Coulomb interaction can be approximated via charge embedding, we propose
here to retain the direct product ansatz but to simplify the evaluation of the matrix

elements by partitioning the electronic coordinates in such a way as to distinguish
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significant and insignificant inter-fragment interactions:

(VU VeV p|H| WA U TcT)p)
~ (U] (Pel (¥ |Hap + Vo (3.5)

+ He + Hp + Vi [ VAT 3) W) Up) .

Such partition divides the system into two regions, for which we adopt the termi-
nology of “QM” and “MM”. Coulomb and exchange interactions for all electrons in
the significant (QM) region are treated exactly and inter-fragment interactions with
electrons in the insignificant (MM) region are approximated as point charges. All
intra-fragment interactions are described at the Hartree-Fock level.

Neglecting inter-fragment orbital overlap within the MM region, we can evaluate

Eq. (3.5) as

(VU UV p|H| U403 TcTp)
=~ <\PZ\DB‘]:IAB+VQM|\IJA\IJ*B> (36)

+ (Ec + Ep + V](4M)<\IIT4\IJB|\I/A\IJ*B> ,

where Eo and Ep are the ground-state Hartree-Fock energies for the isolated frag-
ments C' and D. The operator

Vou= > Y. |R1 m—w (3.7)

IeMM i€QM

describes the interaction between the QM and MM regions. Matrix elements of

VQM are evaluated analogously to those for the core (one-electron) Hamiltonian; see
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Eq. (12) of Ref. 1. The quantity

Vi = Z Z |RIqI—QJRJ|

2 e
P 33)
I1eQM JEMM R; - RJ|
AV,
+> D
1EQM JeQM |RI -Ry|

describes the self-interaction of the point charges in the MM region, with the primed
summation restricted to fragments J # I.

There is some flexibility in how the system is partitioned. It is natural to include
in the QM region those monomers that are excited in either the bra or the ket, as
we have done with monomers A and B in Egs. (3.5) and (3.6), but other nearby
monomers might need to be included in the QM region in order to capture exchange
effects. have implemented the charge-embedding scheme in a dynamic way so that
fragments within a user-definable distance threshold from any excited fragments are
automatically included in the QM region. We will investigate the accuracy of the

method as a function of this threshold.

3.3 Results

Results for the lowest singlet and triplet excited states of small water clusters are
presented in Fig. 3.1, and for several geometries of a (Hy0);17 cluster in Fig. 3.2. Both
sets of calculations use XPol self-consistent embedding for the monomer calculations,
which adds minimal extra cost but was shown to be important in previous work,

specifically in the case of water clusters where strong hydrogen-bonding interactions
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Figure 3.1: Mean unsigned errors in excitation energies, relative to supersystem CIS
results, for various water cluster isomers. (Vertical lines represent the standard devi-
ation.) Results without embedding correspond to the original ab initio exciton model
of Ref. 1, and the “0 A” threshold means that only the excited monomers are included
in the QM region. All of the exciton calculations use XPol monomer wave functions
and one CIS excited state per monomer. Cluster geometries are taken from Ref. 2.
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Figure 3.2: Mean unsigned errors in excitation energies, relative to supersystem CIS
results, for five snapshots extracted from a liquid water simulation. (Vertical lines
represent the standard deviation.) Results without embedding correspond to the
original ab initio exciton model of Ref. 1, and the “0 A” threshold means that only
the excited monomers are included in the QM region. All of the exciton calculations
use XPol monomer wave functions and one CIS excited state per monomer.
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may significantly deform the H,O molecular orbitals.! We examine the use of both
Mulliken and ChEIPG embedding charges. It is immediately clear from these results
that the use of Mulliken charges in the 6-31+G* basis set leads to significantly larger
errors as compared to other approaches, which is not surprising given the generally
unreliable behavior of Mulliken charges in the presence of diffuse functions. Apart
from this anticipated outlier, however, all of the errors are much smaller, and results
using a “0 A” embedding threshold (meaning that only those monomers that are
excited in the bra or the ket are included in the QM region) generally lie within a
few tenths of an eV from supersystem CIS excitation energies. Results for (HyO);17
(Fig. 3.2) are even better, with errors < 0.1 eV when ChEIPG embedding charges are
used.

Results using a 3 A embedding threshold are reasonably close to the 0 A results,
and also close to results from the original model in which all monomers are described
at the QM level. Note that a non-zero distance threshold does introduce a degree
of inconsistency, however, especially for water clusters, because the number of QM
monomers varies from one calculation to the next. In matrix elements of the form
(Ui WpUe - - - |H| U, U5 T - - - rangle, the two excited monomers A and B may not be
spatially proximal, thus in the case of (HyO);17 a 3 A cutoff around each of A and
B results in anywhere from 20 HyO molecules in the QM partition (when A and B
are nearby) up to 50 QM H,0O molecules (when they are not). This added expense
and inconsistency seems unjustified based on the accuracy of the 0 A results. The

latter calculations run up to 6 times faster than full supersystem CIS calculations,
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when both calculations are parallelized over a single, 20-core node using Q-CHEM
v. 4.3.1.3* We will use the 0 A threshold exclusively in what follows.

We next consider results for various organic chromophores, which are perhaps
more realistic target systems for the exciton model. Systems examined here include

tetracene, which has been widely studied in the context of singlet fission;®® 6!

naph-
thalene diimide (NDI), which self-assembles into a nanotube with potentially inter-
esting excited-state dynamics;® and guanine-cytosine (G-C) base pairs, since exciton
models have long been employed to understand DNA photophysics.®?7% In the latter
system, we find that a judicious definition of the fragments is paramount for accu-
rate description of the delocalized states. Watson-Crick base pairs provide a better
description of the T state while m-stacked G-C pairs along the same strand prove to
be a better choice for the S; state. Results in Table 3.1 show that the charge embed-
ding scheme performs quite well, with errors relative to supersystem calculations of

0.1-0.2 eV for all systems. This level of error is consistent with that obtained in our

previous version of the model, in which all monomers were described at a QM level.

3.4 Parallel Computational Performance of the Charge Em-
bedding Scheme

Regarding computational performance, even without charge embedding the ab initio
exciton model exhibits better parallel scalability and outperforms traditional CIS
calculations.! This is in spite of the fact that the cost of calculating each matrix

element scales as O(N*) with respect to the size of the entire supersystem, N, where
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Table 3.1: Absolute errors® (in eV) in excitation energies for organic chromophores,
using the ab initio exciton model.b

6-31G 6-31+G*
F None ChEIPG None ChEIPG

(NDD),,
T, 2 0.14 0.14 0.14 0.13
4 0.14 0.15 0.14 0.13
S, 2 0.12 0.12 0.12 0.12
4 0.17 0.17 0.16 0.11

(Tetracene)
T, 2 0.16 0.16 0.16 0.16
4 0.15 0.15 0.15 0.16
S, 2 0.15 0.10 0.15 0.16
4 0.19 0.18 0.19 0.20
(Guanine-Cytosine) ¢

a4 2 018 014 0.07  0.09
' 4 013 0.18 0.08 0.13
g e 2 0.11 0.00 0.03 0.10
Y4 018  0.08 024  0.07

“Relative to supersystem CIS with
the same basis set. *Using an 85%
NTO threshold. ¢Using XPol
monomer wave functions.
dWatson-Crick base pairs used as
exciton sites. “m-stacked base pairs

used as exciton sites.
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the exponent x reflects the cost of computing electron repulsion integrals. (The oft-
quoted value® z = 4 is correct for small molecules, but trivial integral screening will
reduce this to z = 2 even for medium-size systems.) Charge embedding reduces the

scaling of exciton calculations to O(F? x Mpair

) where np; represents the size of a
pair of monomers. Parallel efficiency remains excellent, as the matrix elements can be
computed entirely independently of one another and are thus distributable without
communication or cache coherency overhead. We have implemented the method in
Q-CHEM using distributed-memory MPI parallelization that allows scaling across
multiple nodes, and with enough cores the time-to-solution can be made to scale as
O(n3,;,) regardless of the size of the supersystem.

In Fig. 3.3 we compare the parallel scaling performance to that of a multi-threaded
implementation of CIS, for G-C base stacks. (The speedup is defined as the ratio of
the wall time required for a supersystem CIS calculation to that required for the exci-
ton calculation, when both calculations are run on the same number of processors.) In
previous work, ! we compared parallel efficiency versus NWCHEM,*® due to the good
scalability of that code. However, Q-CHEM’s multi-threaded CIS code is much faster
than NWCHEM’s on a small numbers of processors, so the performance of the exci-
ton model is evaluated here versus Q-CHEM. The comparison is limited to a single
node (20 processors), since Q-CHEM’s CIS implementation does not scale well across
multiple nodes. This means that even greater speedups are possible for the largest

systems in Fig. 3.3, since the exciton model does not suffer any performance degra-

dation when extended beyond a single node. Nevertheless, we still observe speedups
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Figure 3.3: Parallel performance of the exciton model relative to a multi-threaded
(OpenMP) version of supersystem CIS, as implemented in Q-CHEM v. 4.3.1. Calcu-
lations were run on F'(F —1)/2 cores up to F' = 20, which is the number of cores on
a node.
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Table 3.2: Resources required for an exciton calculation® on different (NDI)z nan-
otube substructures.

F = 2 4 9 42 156
No. basis functions 876 1,752 3,942 14,700 54,600
No. processors 3 10 20 150 440

%In less than one week of wall time.

of up to 200x, using an NTO threshold of 75% that was sufficient to achieve ~0.2 eV
accuracy in previous calculations.! Note that the both NTO threshold and the size
of the atomic orbital basis set contribute only prefactors to the O(F? x nf,;,) scaling,
independent of the overall size of the system.

This scalability allows us to treat systems that would otherwise be intractable on
commodity hardware and would instead require running a code like NWCHEM on
thousands of processors (or more). As a demonstration, we have performed calcula-
tions on (NDI)g substructures of varying sizes taken from the nanotube structural
model in Ref. 8. Table 3.2 shows the size of each system (in terms of the number of
basis functions) and the number of processors on which it was run; in each case, the
calculation was complete in under one week. As shown in the table, our method can

be applied to nanoscale systems with upwards of 50,000 basis functions on hardware

that might readily be available in a laboratory cluster.
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3.5 Excitation Energy Transfer in a Napthalene Diimide Nan-
otube

A uniquely valuable aspect of an exciton model is the unambiguous diabatic repre-
sentation of localized excited states that is inherent in the exciton-site basis. Using
operators in this basis, it is very straightforward to use a density matrix formalism to
study excitation energy transfer in extended systems, and we have used the Redfield
master equation® " to investigate exciton dynamics in substructures of the NDI nan-
otube. In this approach, system-bath interactions are entirely described by a spectral
density function S(w), for which we use a temperature bath spectral density with an

Ohmic form and a Lorentzian cutoff:

) = (o) moele) (39)

The parameters A and () are the reorganization energy and the characteristic bath
cutoff frequency, respectively, and npg(w) is the Bose-Einstein distribution. The
parameters were computed from excited-state geometry optimization and frequency
calculations on a NDI monomer at the same level of theory that is used in the exciton
calculations, CIS/6-31G*. (The values are A = 0.013 a.u. and A2 = 0.015 a.u.)
Although the spectral density in Eq. (3.9) can sometimes average out potentially
important details of the vibrational structure,” and Redfield theory itself has known
shortcomings,” in the regime of weak electron-nuclear coupling this approach is a
simple and computationally tractable way to probe ultrafast electronic processes and

has provided insight in various contexts.”
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Figure 3.4: Redfield dynamics of 9- and 42-monomer substructures of an organic
semiconductor nanotube. The initial wavepacket is localized on a single exciton-site
basis state, and the plots on the left show the projections of the wavepacket onto
various other basis states, which are color-coded according to the figures on the right.
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Quantum dynamics calculations were performed on (NDI)g and (NDI)4s, starting
from an initial wave packet corresponding to populating an excited state on a single
NDI monomer. The density matrix was propagated in time (using the QUTIP soft-
ware®), and projections onto the significant exciton-site basis states are plotted in
Fig. 3.4. Following a period of < 50 fs in which the initial state delocalizes over multi-
ple monomers, the dynamics in both NDI substructures are dominated by a 100-500 fs
time period during which the excitation re-localizes on a different monomer. This is
primarily the result of static disorder; excitation energy flows downhill to a monomer
that is lower in energy. (Heterogeneity in the site energies is easily confirmed by
examining the diagonal elements of the exciton Hamiltonian.) These observations are
generally in agreement with results presented in Ref. 8 where an incoherent hopping
model based on pairwise couplings and Fermi’s Golden Rule predicts energy-transfer
time scales ranging from 0.2-1.0 ps. One point that is specifically raised in Ref. 8 is
the importance of atomistic resolution in the electronic structure studies, since even
small variations in the site energies of an otherwise homogenous system are enough
to significantly modulate the flow of energy.

We selected (NDI)g for this comparison because it was the model system used in
time-dependent density functional theory (TDDFT) calculations in Ref. 8, where the
primary limitation to the system size is a serious memory bottleneck due to the large
density of states. Those calculations were performed at the TDDFT/3-21G* level,

and to locate the lowest-energy bright state of (NDI)g at the TDDFT/6-31+G* level

we estimate that ~ 30 Gb would be required to store the subspace vectors for the
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Davidson iterations. No such bottleneck exists in the exciton model.

In view of this, another crucial message from these calculations is the significant,
qualitative difference between the exciton dynamics in (NDI)g versus (NDI)s. The
former exhibits rapid dephasing, with coherent oscillations in the site populations
only within the first 100 fs, whereas in the larger model, the population transfer is
coherent for nearly 500 fs. This is understandable, as the greater number and range
of couplings in the larger system provides more instances of accidental degeneracies in
the site energies, whereas the 9-unit model is much more susceptible to “edge effects”
in the distribution of energies and couplings. The distinct differences between these
two simulations highlights the benefit of large-scale simulations, as coherence can
significantly alter to the energy-transfer timescale. The results suggest that this nan-
otube, and similar systems, undergoes ultrafast coherent excitation energy transfer
that can potentially be guided through strategic functionalization of the monomers.
Our ab initio exciton model, in its more efficient formulation presented here, is well

suited to investigate such processes.

3.6 Conclusions

In summary, we have significantly improved the performance of our ab initio exci-
ton model, without sacrificing its accuracy or physically-motivated simplicity. Tests
on water clusters as large as (HyO)p17 indicate that only a minimum number of
monomers need be treated quantum-mechanically in computing matrix elements of

the exciton Hamiltonian, eliminating a key bottleneck in our original implementation
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of the method. Accuracy of ~0.1-0.2 eV with respect to supersystem CIS calcu-
lations is obtained, for these systems as well as for coupled organic chromophores
such as tetracene and DNA nucleobases. The embarrassingly-parallelizable nature of
the method, combined with the fact that the cost of each matrix element does not
increase with (super)system size in our new formulation, allows us to treat systems
that would be completely intractable with conventional approaches, using only com-
modity hardware. Preliminary studies of excitation energy transfer in substructures
of an organic semiconductor nanotube demonstrate that large-scale simulations may
suggest qualitatively different energy flow as compared to the smaller models that are
the only tractable choices when applying conventional approaches.

Further extensions of the model are possible, and become more feasible due to
the reduced cost of the implementation reported here. Inclusion of electron corre-
lation effects in the monomer excited-state calculations will be crucial for obtaining
accurate values for the on-site energies, for example, but should be feasible within a
perturbative framework.**"” Because the model comes with a well-defined wave func-
tion for the collective excitation, molecular properties (such as transition moments)

are straightforward to calculate. Such developments are currently underway in our

group.
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CHAPTER 4

Accelerating Integral Digestion with Graphics
Processing Units

4.1 Introduction

The working equation for the ab-initio Frenkel Davydov Exciton Model (AIFDEM)

is,

Hyp =) > t/&I¢iTT . (4.1)

i€A jEB

where,
' =(GY+GY) -h+1iGY-II-GY
y o ) (4.2)
+G’BJ-H-GZBJ+G2-H°-G?.

Here, A -B = sz A;; x B;j, where the matrices A and or B is assumed to be
symmetric. The letters ¢ and j index terms of the natural transition orbital (NTO) ex-
pansion of the fragments which contribute to the generalized density matrices, G and
«, 8 index their spin. The matrix h is the core Hamiltonian, ¢ are the fragment con-
figuration interaction coefficients, and { ensure consistent normalization and phase;

these are all explained in more detail along with a full a derivation of the method

in Chapter 5. Our concern, at this point, is with the two electron part. Above, the
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Figure 4.1: Call graph diagrams for an a) AIFDEM and b) CIS calculation, both
within Q-Chem. The diagrams outline all the major routines called by the program
during the course of the calculation. The size of the boxes in the diagrams indicates
the relative amount of wall time spent in the indicated routine. The routines that
perform integral digestion are labeled.

Exchange EXChange

Digestichl || o
gﬂ

Digestion

a) AIFDEM b) CIS

four-index tensor of antisymmetrized electron repulsion integrals is indicated by II
where a superscripted circle indicates Coulomb integrals only. Generally, the dimen-
sion of the ij subspace is on the order of dozens to several hundred densities and it
is the contraction of the integrals with the many densities that is the overwhelming
computational bottleneck of the AIFDEM. This is also the case with other methods,
such as CIS and TDA-TD-DFT, in certain situations. A call graph diagram, shown
in Fig. 4.1 demonstrates graphically the proportion of an AIFDEM calculation taken
up by the digestion step; this is on the order of 80% compared to approximately 30%
for traditional a CIS job.

The digestion procedure in question can be written as the contraction of a 4-index
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tensor, the two-electron integrals, with a three-index tensor, the set of generalized

densities, to form another three-index tensor of Fock-like matrices,

FlL = (u]|ro) G, (4.3)
Ao

Here, the ij indices of the generalized density matrices have been replaced with
the compound index, I and urAc index atomic orbital (AO) basis functions. Es-
sentially the same digestion procedure is undertaken in traditional CIS and TDDFT
calculations as well where the generalized density matrices are replaced with trial
transition density matrices in the AO basis and the I subspace are the excited roots
sought. In CIS/TDDFT The contraction is performed at every Davidson iteration
and the dimension of the I subspace is the number of unconverged roots.

An analogous digestion step is performed during SCF calculations as well, with
the simplifications due to the symmetry of the SCF density matrix. However, in
the SCF case only a single density needs to be digested per SCF cycle, making the
digestion far less demanding and a task for which typical integral libraries are well op-
timized. Typically, integrals are generated and immediately digested in batches that
are small enough to fit in CPU caches. When the dimension of the density subspace
exceeds a certain point, these quantities can no longer fit in cache and the requisite
trips to main memory severely impact the performance. The bright side is that a
large degree of data parallelism becomes apparent when many densities are present,
essentially the same operation is performed for each density and the integrals can be

reused. This general concept is the foundation of vector processing operations, often
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termed single instruction multiple data (SIMD), for which specialized instructions
and execution units are present in modern processor architectures. These types of
operations are abundantly common in 3D graphics rendering therefore, graphics pro-
cessing units (GPUs) are designed around this type of work; although typical GPUs
are designed such that parallel operations execute in their own register spaces so a
better label for these instructions is single instruction multiple thread (SIMT). With
these considerations in mind, it is expected that a GPU implementation of Eq. 4.3

should potentially accelerate AIFDEM calculations by a significant degree.

4.2 Algorithm Design

4.2.1 Double Buffered Heterogenous Algorithm

Our GPU implementation of Eq. 4.3 is actually a heterogenous CPU+GPU im-
plementation, integral generation is executed on the CPU and they are digested by
the GPU. In some ways, this approach plays to the strengths of each machine: in-
tegral generation requires branching recursion relations and generates many shared
intermediate quantities; digestion entails straightforward, if copious, fused-multiply-
add operations. However, this strategy runs directly up against what is perhaps the
biggest challenge in GPU algorithm design, that is the transfer of data from CPU
memory to GPU memory via the high-latency PCIE bus, potentially incurring sig-
nificant performance penalties. Recent versions of NVIDIA’s CUDA platform have

introduced capabilities for concurrent data transfer and compute on GPU devices as
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well as APIs that allow for asynchronous calls from the perspective of the CPU. Uti-
lizing these capabilities, our algorithm is implemented using a double buffer strategy
that hides the PCIE transfer latency by executing digestion on the GPU, data trans-
fer over the bus, and integral generation on the CPU concurrently, avoiding stalls
while one part of the machine waits for data. The approach is outlined schematically

in Fig. 4.2 and compared to a traditional CPU digestion algorithm.

Figure 4.2: Schematic of the double buffer scheme used in our heterogenous
CPU+GPU approach compared to a traditional CPU digestion implementation

Traditional Digestion Algorithm

Integral ' ; Integral ; ; Integral ; :

Generation LA Generation Digestion Generation Ligeatiar >
Heterogenous CPU/GPU Algorithm
Buffer O

Integral Integral Integral Integral

Generation Generation Generation Generation Buffer 1
Transfer To Transfer To Transfer To Transfer To
Device Device Device Device
Digestion Digestion Digestion Digestion

83

The scheme involves pre-organizing integrals into batches that fit in available




device memory and makes use of two instances of a buffer data structure with host and
device components. At step N, the CPU generates the Nth batch batch of integrals
and stores them in host buffer 0, a synchronization call here will block the CPU until
device buffer 0 is available and then the integrals are transferred asynchronously to
the device so the CPU can immediately begin to generate batch N + 1 in host buffer
1. Meanwhile, the GPU had been digesting batch N — 2 while batch N — 1 had been
transferring to device buffer 1 so these integrals are now available for the GPU to
digest when batch N —2 is complete. By the time batch N —1 is digested, the integrals
for batch N are available on the GPU and the cycle continues until all batches are
digested. While we have found that, in practice there are occasionally bubbles in this
pipeline, typically delays due to high angular momentum integral generation cause
the GPU to stall, the majority of the work overlaps nicely on our testbed system and

the scheme is quite performant.

4.2.2 Kernel Design

The heart of any GPU algorithm is the computational kernels that run on the device
and the challenge is to map the particular problem to its hardware layout. Due to the
symmetry of the two-electron integrals, we can avoid computing all of the integrals
by transposing the tensor during digestion to include all of the contributions to the

coulomb and exchange matrices. The necessary transpositions are,

Jh, =Y (uv|Aa) P, (4.4a)

Ao
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I, =" (holuw) P, (4.4b)

Ao

KL =S (udvo) P, (4.4c)
Ao

KL, = 3" Owlvo) PL, (4.40)
Ao

Kl =3 (udlov) P, (1.4¢)
Ao

K, =Y (Aulov) Py, (4.4f)

Ao

When asymmetric densities are utilized, as is the case for the AIFDEM and

CIS/TDDEFT, the following terms are also required.

Ky, = ; (uA|va) Py, (4.5a)
Ky, = ; (Aulva) Py, (4.5b)
K}, = ; (uM|ov) Pyy (4.5¢)
Kl = ; (Ap|ov) PL. (4.5d)
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As is fairly common, the integrals are generated in blocks corresponding to shell
quartets with the dimension of each block determined by the number of functions on
each center, typically the angular momentum components. Rather than accumulate
the entire tensor it is sensible to digest the integrals blockwise by quartet, leading to
contraction operations with a finite number of possible dimensions. Our strategy was
to write a single kernel and utilize C++ templates to generate specialized code for
each quartet dimension and integral transposition, this can maximize opportunities
for the compiler to make optimizations and simplifies the implementation as a new
kernel can be implemented in single line of code. Tuning kernels by hand for every
quartet and contraction could potentially result in better performance, but the sheer
number of different parameters ensures each individual kernel only runs for a fraction
of the total job time making specialized optimizations impractical.

The basic contraction kernel assigns a group of GPU threads to compute a J/K
matrix contribution from a given integral quartet for a portion of the I subspace, each
thread accumulates a single J/K matrix element. Integral quartets are presorted by
dimension so all contractions for a given quartet class are launched simultaneously,
these will run concurrently on the device. The kernel will initially load the current
block of integrals and densities into fast level 2 cache, called shared memory in CUDA
parlance. After contraction, the matrix elements are summed into the global J/K
matrices in device memory using atomic add operations, provided by the CUDA
API. We have found, in our case, the atomic operations are not a major bottleneck

in our implementation, furthermore, they eliminate the need for temporary buffers
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significantly reducing memory requirements.

4.3 Results

All of our benchmarks were run on a single node with 2x Intel Xeon E5-2680 v4
CPUs (28 total cores), 128 GB of main memory, and a NVIDIA Tesla P100 GPU
with 16 GB of memory. We have tested our algorithm in a set of synthetic bench-
marks against the equivalent CPU only integral routine in Q-Chem 5.0. For this test,
densities are generated randomly in the AO basis set of the given test systems, the
densities are asymmetric and restricted to a single spin. The results, shown in Fig.
4.3 demonstrate impressive speedups. The Hejoy test case demonstrates a 3 to 12.5
x speedup improvement over CPU only Q-Chem when going from 8 to 256 densities.
This case represents an upper bound on performance because the dimension of the
single quartet class that is present in this basis, 6 x 6 x 6 x 6, provides an optimal bal-
ance of memory and arithmetic operations for the kernel. For real systems, the GPU
algorithm is already slightly faster than CPU-only Q-Chem at 8 densities and ap-
proximately twice as fast at 32 densities. For a pentacene molecule in the CC-PVDZ
basis, the CPU+GPU algorithm is able to achieve up to a 4x speedup over Q-Chem
when digesting 256 densities, note that this is not an uncommon number of densities
to be digested in a typical AIFDEM calculation. A pentacene dimer in the same basis
achieves approximately a 6x speedup, indicating that relative performance improves
as the system size increases.

We have also tested real AIFDEM calculations with our CPU+GPU algorithm on
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Figure 4.3: Synthetic benchmarks of the speedup offered by our CPU+GPU imple-
mentation relative to a CPU only digestion implementation. A set of n randomly
generated density matrices are digested to build n Coulomb and n exchange matrices
and n is plotted on the x-axis.
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a pentacene dimer using multiple AO basis sets and NTO thresholds, their timings
compared to CPU-only Q-Chem are given in Table 4.1. The NTO threshold represents
an accuracy knob, of sorts, for the AIFDEM by setting the percentage of the norm
of the fragment transition density matrices that is retained when truncating their
excited wavefunctions in the NTO basis. The greater this percentage, the closer
the AIFDEM excitation energy is to that of a supersystem calculation, however, the
number of densities that are required for digestion in Eq. 4.1 grows approximately

quadraticly, thus determining the cost of the calculation. We have found previously in
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Chapter 2 that an 80% threshold is sufficient for acceptable accuracy. The number of
densities for digestion that correspond to the given basis and threshold are also given,
and at first glance, the timings might not seem to correlate with those in Fig. 4.3. For
instance, a calculation with pentacene dimer in the CC-PVDZ basis set yields a 2.3x
speedup relative to CPU-only Q-Chem, which while impressive, is not a 6x speedup
one might expect for this system with 162 densities based on 4.3. This is because
the AIFDEM requires integrals over spin-unrestricted densities, that is one for o and
B spin (although the J matrix may be formed from the total density). Therefore,
the effective number of densities digested is approximately twice the value given in
Table 4.1 and CPU-only Q-Chem calculations, perhaps due to being dominated by
overhead, does not increase in wall time to the same degree as the GPU algorithm
when moving from a restricted to unrestricted case. Regardless, the GPU algorithm
is still quite performant, yielding speedups near than 4x for the aug-CC-PVDZ test

case, again indicating the value of this algorithm for larger systems.

4.4 Conclusions

Here, we have appealed to the data parallel nature of the operation and implemented
an efficient heterogenous CPU+GPU algorithm for the digestion of 2-electron inte-
grals with many density matrices. This is specifically targeted at speeding up AIF-
DEM calculations but there are other cases where this algorithm may be useful as
well, specifically TDA-TDDFT/CIS calculations where high lying roots are sought.

The GPU+CPU algorithm demonstrated a speedup of over 6x, relative to CPU-only

39



Table 4.1: Wall time for AIFDEM calculations of the singlet excited states for a pen-
tacene dimer, CPU only Q-Chem is compared to the CPU+GPU digestion algorithm
for several basis sets and NTO thresholds.

Basis Set CC-PVD aug-CC-PVDZ
NTO Threshold* | 75% 85% 75% 85%
No. of Densities’ 162 648 200 648

AIFDEM Time® (s)

CPU-only
CPU + GPU
Speedup

3462.05 13679.09 114865.81 365567.12
1533.38  5265.49  31659.87  97149.45
2.26 2.60 3.63 3.76

¢ Percentage of the norm of the transition density matrix
retained in the fragment state NTO truncations

b Representative; for a single diagonal matrix element

¢ Excluding fragment calculation time

Q-Chem in synthetic benchmarks on real systems. AIFDEM calculations demon-

strate speedups on the order of 2-4 x due to the spin unrestricted densities; greater

speedups are expected for larger systems and basis sets. We intend to take advantage

of the speedups provided by this algorithm in our research group.
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CHAPTER 5

Analytic derivative couplings and first-principles
exciton/phonon coupling constants for an ab initio
Frenkel-Davydov exciton model: Theory,
implementation, and application to compute
triplet exciton mobility parameters for crystalline
tetracene

In chapter 2, an ab initio version of the Frenkel-Davydov exciton model for computing
excited-state properties of molecular crystals and aggregates was introduced. Within
this model, supersystem excited states are approximated as linear combinations of
excitations localized on molecular sites and the electronic Hamiltonian is constructed
and diagonalized in a direct-product basis of non-orthogonal configuration state func-
tions computed for isolated fragments. In this chapter, analytic derivative couplings
for this model are derived and implemented, including nuclear derivatives of the nat-
ural transition orbital and symmetric orthogonalization transformations that are part
of the approximation. Nuclear derivatives of the exciton Hamiltonian’s matrix ele-
ments, required in order to compute the nonadiabatic couplings, are equivalent to

the “Holstein” and “Peierls” exciton/phonon couplings that are widely discussed in
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the context of model Hamiltonians for energy and charge transport in organic pho-
tovoltaics. As an example, the couplings that modulate triplet exciton transport
in crystalline tetracene are computed, these couplings are relevant in the context of

carrier diffusion following singlet exciton fission.

5.1 Introduction

In a variety of important chemical systems the motion of nuclei can induce electronic
transitions, which represents a breakdown of the Born-Oppenheimer approximation.

This is well known in molecular photophysics and photochemistry, !

including the
photochemistry of biologically-important molecules,®2#3 leading to vibronic effects in
molecular spectroscopy,®-# including the Jahn-Teller effect.®> Nonadiabatic effects
are also important in nanoscale systems where they influence charge transport in
organic photovoltaics,®0 charge recombination in photo-excited nanoparticles,®” and
singlet fission in crystalline organic materials,® processes that are challenging to
model using quantum chemistry due to the size of the systems involved.

For molecular crystals and aggregates, a promising approach is an ab initio ver-
sion of the Frenkel-Davydov exciton model that we have recently introduced.!8%% In

129 and of Davydov,?! the wave function for a

keeping with the original ideas of Frenke
(potentially) collective excitation is expanded in a basis consisting of direct products
of monomer wave functions, one or more of which may be excited. However, unlike

the early models (and even many recent ones, e.g., Refs. 62-64,91), we do not make

any sort of dipole-coupling, nearest-neighbor, frontier orbital, neglect-of-exchange,
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or other approximations to the Hamiltonian for the full system. Exact Hartree-
Fock Coulomb and exchange interactions are included, although a charge-embedding
scheme for distant monomer units has been successfully employed to significantly re-
duce the cost.® Our ab initio Frenkel-Davydov exciton model (AIFDEM) reproduces
supersystem excitation energies to within 0.1-0.2 eV for systems including DNA base
pairs, crystalline acenes, aggregates of organic chromophores, and water clusters, %
and we have demonstrated that supersystems containing the equivalent of more than
50,000 basis functions can be treated with modest hardware requirements.!' The abil-
ity of this method to include a large number of monomers in the calculation allowed
us to demonstrate that the signatures of a quantum coherence in excitation energy
transfer may persist to longer time scales as compared to those in smaller models that
are accessible to traditional quantum chemistry calculations.”

Here, we report the derivation and implementation of analytic derivative couplings

for this ab initio Frenkel-Davydov exciton model (AIFDEM). Namely, this means the

first-order derivative couplings
d’% = (U,|V|Tg) (5.1)

where U ; and Vg are adiabatic electronic states and v represents derivatives with
respect to Cartesian coordinates of the nuclei. These quantities codify the coupling
of electronic states due to nuclear motion and can be said to drive nonadiabatic tran-

sitions. If the states ¥; and W ; are exact eigenstates of the electronic Hamiltonian,
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H, then it can be shown that

h'X = <x1/J %—Z‘@K> = (E; — Eg)d’® . (5.2)

The quantities h’¥

are known as the nonadiabatic couplings, and they describe the
topology around the conical intersections between adiabatic potential energy sur-
faces. Knowledge of h’E facilitates the use of more efficient algorithms for locating
minimum-energy crossing points along conical seems between adiabatic electronic
states.??% Although the nonadiabatic couplings could be computed numerically,?
an analytic implementation will be both more efficient and more accurate. For exam-
ple, our group’s implementation of h!/ at the level of configuration-interaction singles
(CIS) and time-dependent density functional theory (TD-DFT) requires very little
overhead on top of a CIS or TD-DFT gradient calculation. %

Some of the first derivations and computer implementations of first-order deriva-
tive couplings were done by Lengsfield, Yarkony and co-workers for multi-reference

96-99 with new implementations as

CI and multi-reference self-consistent field models,
recently as 2016.1%° These quantities have also been derived at the level of equation-
of-motion coupled-cluster theory.!°*192 Each of the aforementioned methods is po-
tentially accurate yet expensive, so for extension to larger systems the quantities

h’E have also been implemented for CIS wave functions, %41037105

spin-flip CIS wave
functions, and their TD-DFT analogues. 1957198 Nevertheless, the scaling of these
methods remains O(N?) with respect to system size. Moreover, the two-electron inte-
gral contraction required at each Davidson iteration, as well as iterative solution of the

09

coupled-perturbed equations,!* are challenging to implement efficiently on modern,
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massively-parallel computer architectures. Furthermore, the single-excitation ansatz
is incapable of treating highly-correlated and multi-reference excited states, includ-
ing the key multi-exciton intermediate in the singlet fission process,!? which will be
considered here.

By exploiting localized basis states and charge embedding, the AIFEM can, in
principle, substantially reduce the cost of supersystem CIS or TD-DFT calcula-
tions in molecular crystals and aggregates, and can qualitatively describe the in-
termolecular electron correlation that defines the aforementioned multi-exciton state.
Here, we derive and implement computational expressions for the quantities H[ff]( =
(U ;|0H /0| W), for wave functions W, and Wy obtained from the AIFDEM. The
derivation requires expressions for the derivative of the transformation from canon-

29,30,111

ical molecular orbitals (MOs) to natural transition orbitals (NTOs), as well

as the derivative of Lowdin’s symmetric orthogonalization procedure. Notably, the
resulting expressions for the derivative couplings HE;C}{ involve intermediate quantities
that are equivalent to the so-called “Holstein” and “Peierls” coupling constants that
are routinely discussed in the literature on organic photovoltaics. Indeed, we have
recently used the AIFDEM formalism to compute these exciton/phonon couplings
from first principles for the process of singlet fission in crystalline tetracene,® but
the details of the implementation are provided here for the first time. Finally, we
use this formalism to compute the exciton/phonon coupling constants that modulate

triplet exciton mobility in crystalline tetracene, quantities that are also relevant in

the context of singlet fission.
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5.2 Theory

5.2.1 Notation

In what follows we adopt the matrix formalism of Maurice and Head-Gordon, ¢ where
boldface symbols represent vector-, matrix-, or tensor-valued quantities, and manip-
ulations of these objects then refer to linear algebra operations: AB indicates matrix

multiplication and

A-B=) AuBun . (5.3)

mn

If A and/or B is symmetric, which will be the case here, then A - B = tr(AB).
Molecular monomer units, whose total number we shall denote as F', are indexed as
A, B,.... Indices i, 7,... and a,b, ... refer to occupied and virtual MOs, respectively;
w, v refer to AOs; and 7 is a spin index equal to o or 5. The superscript [z] will
denote a partial derivative with respect to nuclear coordinate x. Atomic units are

used throughout.
5.2.2 Model

An exciton model describes a collective excitation of the supersystem as a linear
combination of excitations that are localized on molecular sites. Formally, the excited
states are linear combinations of “exciton-site” basis states, each consisting of a direct
product of monomer wave functions wherein one fragment is excited. The collective

wave function for the Ith excited state is thus

E) =) Kpn|UaTy- - Tp- Ty (5.4)
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The exciton-site basis also includes a ground-state configuration and can be expanded
with more states to fit the problem at hand, e.g., by inclusion of charge-separated
states W W5 - U.).3 Coefficients Ky, specify the contribution to eigenstate I of
the supersystem that arises from the excitation on monomer n. These coefficients are

determined by solving the generalized eigenvalue problem
HK[ - GISK] . (55)

The quantities H and S are the AIFDEM electronic Hamiltonian and overlap ma-
trices, respectively. The latter arises because the exciton-site basis states are not

generally orthogonal, although the supersystem eigenstates are, hence
KISK, =4, . (5.6)

We construct an exciton-site basis as direct products of configuration state func-

tions (CSFs) computed for the isolated fragments. The ground-state basis function,
WAV Up) = |PaPp- - Pp) (5.7)

is a direct product of determinants ®,, for each monomer. Excited states are de-
scribed at the CIS or TDDFT level (for the latter, within the Tamm-Dancoff approx-

imation3!) as linear combinations of singly-substituted determinants:
(W5 = > T®%) . (5.8)

The CI amplitude 7 codifies an occupied — virtual (i — a) transition.
A crucial aspect of our algorithm involves the transformation of the monomer

MOs and amplitude matrix T into the basis of NTOs, 2301 the latter of which are
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equivalent to CIS or TDDFT natural orbitals.®® (This equivalence is a unique feature
of single-substitution wave functions, whose natural orbitals do not mix occupied and
virtual orbitals; see Ref. 58.) This transformation reduces the number of terms in
Eq. (5.8) to no more than the number of electrons on monomer M. Typically only
a few of the transformed amplitudes are significant, and this number can be further
truncated, in a controlled fashion, in order to preserve a certain threshold of the
norm of the transition density. The NTOs comprise corresponding occupied/virtual
pairs, hence the dual indices ia are redundant upon transformation and we can safely
denote the CI amplitudes in the NTO bases as t* rather than 7%, A singly-excited,
direct-product basis function can then be expressed as, e.g.,

(WU Uy = £ |4y D) (5.9)

icA

bearing in mind that |®%) might need to be a CSF rather than a single Slater deter-

minant, in order to obtain correct spin symmetry.?
5.2.3 Matrix elements

We require matrix elements of H in the basis of Eq. (5.9),

Hap = (U4 Up- - Up|H|V, Ty - Ty

o . , 5.10
=D Y (DD By |H|D DY D) (5.10)
i€A jeB
as well as the corresponding overlap matrix elements
Sup = <\pj4\1/B . ‘I’F|‘I’A‘I’}§ W)
(5.11)

=D ) (DD DDy Py D)

i€cA jeB
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For each of the terms in Egs. (5.10) and (5.11), the bra and ket sets of orbitals are
symmetrically orthogonalized among themselves and expanded in a common AO ba-
sis. The orbitals can then be represented as a matrix, for instance, the columns of C*
contain the coefficients for the orthogonalized orbitals of |®"®p - - ®r). To compute
the matrix elements between the two sets of orbitals, which are not orthogonal, we use
the corresponding orbitals transformation and generalized Slater-Condon Rules.3%33
Note that, the corresponding orbitals transformation requires the sets of orbitals of
different spin to be treated individually. For simplicity, we will suppress spin in-
dices on expressions treating a single spin and include a spin index when quantities

involving both spin cases are needed.

We proceed by defining an AO overlap matrix s,
S = () (5.12)
and then form the MO overlap matrix
S = (C)TsC’ (5.13)

using the bra and ket orbitals (of a single spin) from a given term in Egs. (5.10) or

(5.11). We then compute the singular value decomposition (SVD) of S¥,
SY = UYAI (V)T (5.14)

which is defined by the diagonal matrix A¥Y of singular values and by the unitary

matrices UY and V¥. A generalized density matrix

G = /v (A9 Uiy (5.15)
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can then be formed from the transformed MOs, and we introduce the quantity
€9 = det[UY(V9)T] det(A¥)
B B (5.16)
=T det(AY)
which is a scalar that will ensure consistent norm and phase. [Note that since AY is
diagonal, det(A¥) is simply the product of the singular values.] This equation also
serves to define T¥ = det[U%(V#)T].
Finally, we can write simple expressions for the overlap matrix elements,
Sap=» Y tHeIed (5.17)
i€A jeB
and for the matrix elements of the Hamiltonian.
Hyp=) > t/&I¢iTT . (5.18)
icA jeB
In the latter equation,
I'=(GY9+GY)-h+iGJ.1I1-GY
} o ) (5.19)
+Gy-II-GY + G -TI° - G .
The quantities £ in Egs. (5.17) and (5.18), and G¥ in Eq. (5.19), and are built
from orbitals and transformation matrices having a spin index 7 € {a,f}. The

quantity h in Eq. (5.19) is the core Hamiltonian, the four-index tensor IT contains

antisymmetrized electron repulsion integrals

e = (uv]lAc) (5.20)
and IT° contains Coulomb integrals,

I\, = (uv|Aa) . (5.21)
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The latter arise in Eq. (5.19) because the exchange integrals vanish for the mixed-spin
term.

In some cases, one or more of the singular values in A% might approach zero,
potentially leading to singularities in G%. The algorithm is then modified to use
special case co-density matrices such that the generalized Slater-Condon rules are

recovered. Such a procedure is described in Ref. 112.
5.2.4 Derivative couplings

We seek to compute the first-order derivative couplings d’* for the AIFDEM. As our
model is essentially a form of non-orthogonal CI, we can adopt the general procedure
that was derived by Lengsfield, Yarkony, and co-workers in the context of CI wave
functions built upon a MCSCF reference state.”® (The same approach has also been
adapted to compute derivative couplings for CIS, TD-DFT, and their spin-flip ana-

94,103)

logues. Applying the chain rule to Eq. (5.4) and acting from the left with (=],

we obtain

(2,1(0/02)|2;)) = KiSKI + KiSPIK, . (5.22)

The quantity ST is the right overlap derivative matrix in the exciton-site basis,

SEE) = (W W | (W0 - U)) (5.23)

]

In order to eliminate the coefficient derivatives, K[f , we differentiate the eigen-

value problem in Eq. (5.5) and left-multiply by KTI,
K/ HYK, + KIHK/"

(5.24)
— KISK, + ¢, K/ SFIK, + ¢, K/ SKI" |
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Here, SI* is the symmetric overlap matrix derivative in the exciton-site basis,
Sl — (U5 )P [0, Wy W)
(5.25)
+ (U T Up|(TaTy - Up)l)
By acting to the left with H in the second term on the left side of Eq. (5.24), and

using the orthogonality of the eigenstates to eliminate the first term on the right, we

obtain after some rearrangement

K/ HYK, — ¢, Kl SHK;

KfsSKl = (5.26)
T (e, —€))
Finally, Eq. (5.26) can then be inserted into Eq. (5.22) to afford
- _,_ K/HVK, — ¢ KISHIK, o gy
(Z51(0/0x)|Zr) = + K S™WIK; . (5.27)

(e —€5)
The term involving KT,H["’C]K 7 is the familiar Hellman-Feynman expression for deriva-
tive couplings and the other two terms are analogous to the Pulay terms that arise
in SCF gradient theory using non-orthogonal basis functions. We identify the term
K/ HWK; in Eq. (5.27) as the nonadiabatic coupling, as established in the context

of multireference CI and adopted by others. %
5.2.5 Derivatives of the matrix elements

To evaluate either the nonadiabatic coupling, the derivative coupling, or the energy
gradient, we need H*!, the derivative of the Hamiltonian in the exciton-site basis.

Derivatives of the matrix elements are given by

Hyip =Y ) ((WEIE)IT v iv e Tl (5.28)

icA jeB
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where
rill = (G7 + G n+ (GY + GY) - hl
+GY. . GY+ gy .- GY
+GEE. . GY + GY - 11° - G (5.29)
+1iGYy.-m. GY +1GY -1 . GY
+GY .1 GY
The quantities h*! and IT*) are one- and two-electron integral derivatives, as required
also to evaluate the SCF gradient, and IT/° again indicates Coulomb integrals only.
The expression in Eq. (5.29) takes advantage of symmetries such as
Gl II.GY = GY . 11 - Gl (5.30)
However, when non-coincidences occur in the corresponding orbitals, necessitating
the use of co-densities, ''? Eq. (5.30) is no longer valid and the terms on the left and
the right must be computed explicitly.
The required derivatives of the generalized density matrices G¥!* can be obtained
by direct differentiation of Eq. (5.15) with the result
Gilel — qilelyii ()\z’j)*l (Ui(chf
+ CjVij[z]()‘ij)—l(Uij)T(Ci)T
+ GV (UY)(C) (5.31)
+ CjVijO\ij)fl(Uij[r])T(Ci)T
+ ijij()‘ij>—1(Uij)T(Ci[ﬂc])T '
Derivatives U7l Vil?l and Al of the matrices that define the SVD are required

in Eq. (5.31), expressions for which can be found in the mathematics literature. 1311

103



(For completeness, the algorithm used to computed the SVD derivative is provided in
Appendix A.) These expressions depend on the derivative of the MO overlap matrix

as defined in Eq. (5.14), which is
sill = ¢ilsC? 4 Clstle? 4 CisCil | (5.32)

in which s/ is the derivative of the AO overlap matrix. Along with h#*! and ITl*) sl*!
is a standard quantity in SCF gradient theory.

Using these quantities, the derivative of the phase and normalization constants
€77l defined in Eq. (5.28) can be evaluated by differentiating Eq. (5.16). Using the
definition of the derivative of a determinant, and taking advantage of the fact that

U% and V¥ are unitary, one obtains
éfij[w] — Yuyutyy (Uij[ﬂE]VijT + UijVij[wH) (det )\ij)
(5.33)
+ T (det A9l
The final derivative in this equation, (det A¥)[?!, is equal to the derivative of the
product of the singular values. Expressions for derivatives of singular values are
given in Refs. 113 and 114, and in Appendix A.
We now turn to the MO coefficient derivatives, C**!. Since the MOs are computed
for isolated fragments their canonical derivatives are also computed at the fragment

level by solving coupled-perturbed (CP)-SCF equations, ''?

much like computing a
SCF Hessian. Note that only fragment-level coupled-perturbed equations are ever
required, and a the coefficient derivatives for a particular fragment vanish if the

nuclear coordinate x does not belong to that fragment. It is possible that the Handy-

Schaefer Z-vector technique!!® could be used to avoid solving CP-SCF equations
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for each perturbation x, though this is potentially complicated by the fact that the
orbital coefficients that appear in Egs. (5.15) and (5.31) are not in the canonical
basis, but rather have been transformed into the NTO basis and then symmetrically
orthogonalized. (Derivatives of these transformations are derived below.) Moreover,
the main bottleneck in AIFDEM derivative coupling calculations is contraction of
integral derivatives with densities, so that the Z-vector technique would likely afford

a modest reduction in the overall cost.
5.2.6 Derivatives of the NTO transformation

Derivatives of the matrices that define the transformation from canonical MOs to
NTOs have not been reported previously but are fairly straightforward. NTOs are

formed from separate unitary transformations of the occupied and the virtual MOs,

CO = 600 (534&)

Cy = CyN. (5.34b)

Tildes indicate canonical MO coeflicients and overbars denote NTO coefficients. For
the AIFDEM, the NTO transformation is performed separately on each fragment.
The unitary matrices O and V arise from an SVD of the matrix T of single-particle

transition amplitudes,

t = OTN' | (5.35)

where t is diagonal.
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Differentiating Eq. (5.34) affords

cll = ¢, 0 + Cllo (5.36a)

cll = CyNM 4+ CUIN . (5.36D)

Derivatives Ol and N of the transformation matrices requires again the applica-
tion of the SVD differentiation algorithm, albeit in an entirely different context as
compared to Eq. (5.31). This will also return the CI amplitude derivatives t/* ex-
pressed in the NTO basis. As an input, the SVD differentiation requires T and the
canonical amplitude derivatives, T, which are found by solving coupled-perturbed
CIS equations on the isolated fragments.'% Like the MO coefficient derivatives, only
fragment level coupled-perturbed equations are required and the amplitude derivative
is zero if the coordinate x is outside of the fragment in question.

5.2.7 Derivatives of the symmetric orthogonalization trans-

formation

To yield the final form of the orbital coefficient derivatives needed in Eq. (5.31) we
require the derivative of the symmetric (Lowdin) orthogonalization transformation,
which to the best of our knowledge has not been previously reported. The transfor-

mation in question is

C' = Ci(S) /2 (5.37)

where

S' = C'sC". (5.38)
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is the overlap among the set of orbitals. The required derivative is simply
Ci[x] — Ci[x](si)—l/Z + Ci[(si)—1/2][x] (539)
where the overbars represent non-orthogonal orbitals and their derivatives. Differen-
tiating the condition
(Si)_l/Q(Si)l/2 =1 (5.40)
and rearranging, we obtain

[(Si)—l/Q} [z] _ _(Si>—1/2[(si)1/2} [x}(sz‘)—ln ‘ (5.41)

In order to determine [(S?)'/?]["l we differentiate the identity S? = (S%)Y/2(S")¥/2 to
obtain
silel — [(S1)1/2)lel(S1)1/2 4 (§1)1/2[(S7) /2]l (5.42)
where
Sl = CllsCt 4+ CislIC 4 ClsCl (5.43)
Equation (5.42) takes the common form of a Sylvester, or more specifically a Lyapunov
equation, solvers for which are available in many linear algebra packages. By solving
Eq. (5.42) for [(S")*/?]l and using the result from Eq. (5.41) the desired derivative is
obtained.

5.2.8 Method validation via the derivation and evaluation of
the direct expression for the CIS derivative coupling in

the NTO basis

At this point it is prudent to digress momentarily and check the validity of our

approach by evaluating some intermediate quantity. The previous derivations rely on
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the fact that that properties of determinantal wavefunctions are invariant to unitary
orbital rotations within occupied and virtual subspaces. Crucial to our approach,
the derivatives of the wavefunction are one such property. It is useful to verify this
condition numerically as a sanity check and, at the same time, verify the correctness
of the SVD derivative algorithm (appendix A). To that end, we assert that the
derivative couplings computed for CIS states in the canonical HF basis must be equal

to the derivative couplings computed for CIS states in the NTO basis,

(T TFTY = (D[ D). (5.44)

For this exercise, we are only concerned with supersystem states, computed for a
single fragment, therefore in this section we will suppress the fragment indices, instead
the subscripts K, and L index CIS states for this single fragment system; overbars
and tildes indicate states in a canonical MO and NTO basis, respectively. Eq. 5.44
states that the derivative couplings should remain constant following the unitary
transformation to the NTO basis, which includes an SVD derivative. Therefore,
numerical evaluation of these quantities for some example systems will serve as an
ideal test case for our general approach.

3

By utilizing derivatives of second quantized operators, Fatehi and coworkers!®

derived the following expression for ‘direct’ CIS derivative couplings,

(| =" Tjery™ = N mieriolaly = > e (jli), (5.45)

ia iab ija
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where (r|si#!) represents the overlap of r with the derivative of orbital s, also known
as the right overlap derivative. This expression is completely valid for the quantity on
the LHS of Eq. 5.44 however, it assumes orthogonality among the CIS states which is
indeed the case for the canonical basis. On the other hand, the NTO transformation
is specific to a particular CIS state meaning that different orbital rotations are per-
formed on different states and they are not guaranteed to be orthogonal among one
another, (W |W;) # dx. Therefore, we need one final ancillary derivation before we
can evaluate Eq. 5.44 and test our approach.

We can follow the procedure set forth by Fatehi et al and write the second quan-

tized form of the direct expression for the derivative coupling,

B
(| T ZZ#“W" )| KTRLLIL;|®r) + £t (3| KK, (L;Lj|<1>L>>

(5.46)

This version of the expression assumes two different sets of MOs associated with
the NTO bases of the different states. The operators K, (K1) and L, (LI) create
(annihilate) orbitals and |®x) and |®.) represent the associated ground state deter-
minants in the K and L NTO bases, respectively. The two sets of orbitals are not

assumed to be orthogonal so the behavior of their non-orthogonal second quantized

operators must be established and this has been has been derived previously,

(vac|K;Lf|vac) = S}, (5.47a)
(vac|K,L]|vac) = S5, (5.47D)
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(vac|K; L] [vac) = 0. (5.47¢)

Here, S}? ;, represents the overlap of the orbitals ¢ and j belonging to the NTO
basis for states K and L, respectively, and the final expression is true because the
occupied and virtual subspaces remain orthogonal. The following anti-commutators

are also required,

(K, K,} =0 (5.48a)
(Kl K.} =6, (5.48b)
{K,, L, =0 (5.48¢)
{K!, L} = Sy, (5.48d)

Now, Eq. 5.46 can be expanded and the second quantized operators can be con-
tracted following the conditions outlined in Eq. 5.47 and Eq. 5.48 and the resulting

expression is reassuringly similar to the canonical case,

(U | Ty ZZt apibgis gab ZZtZ“tﬂ’ S 59 (bye|ct)

ia ia ]bc (549)
—Zzt sty kLS (xlkr),
ia  jkb

where <7’K]s[£3]> is equivalent to the right overlap derivative of orbitals belonging
to the different NTO basis sets.
Now, we can evaluate Eq. 5.44 using MO coefficient and amplitude derivatives

as well as the SVD differentiation algorithm. Results are presented in Table 5.2.8.
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System He, /6-311G LiH/CC-PVDZ LiH/CC-PVDZ

States 51—54 51—54 51—54
Coordinate He:; z Li: z Li: y
Basis Derivative Coupling

Canonical | 1.826657089459 x 107! 1.774421212528 x1072 9.318777557964 x 1016
NTO 1.826657089459 x 1071  1.774421212528 x1072  7.811558751539x 10716

System H,0/6-31G Ethene/CC-PVDZ Cytosine/6-31G
States Sl—SQ 81—84 51—52
Coordinate O:x Ci:y Ci: x
Basis Derivative Coupling
Canonical -2.355290357313 8.194371196657 x 107! -1.424450524868
NTO -2.355290355453 8.19437119666 x10~! -1.424450524868

Table 5.1: Comparison of direct calculation of the CIS derivative coupling in the
canonical and NTO basis sets for a variety of systems. All coefficient and amplitude

derivatives were computed by solving the requisite coupled-perturbed equations in
Q-Chem.

As is readily apparent, derivative couplings evaluated directly in the canonical and
NTO basis agree with each other quite well and validate our overall approach to the

AIFDEM derivatives.
5.2.9 Vibronic Hamiltonian and exciton/phonon couplings

Derivative couplings are of course useful for describing crossings of adiabatic potential
surfaces, and in the case of organic (molecular) semiconductors they also describe the
influence of phonons and intramolecular vibrational modes on exciton or charge carrier
mobility, a crucial aspect of energy transfer.® This requires a somewhat different
approach as compared to methods designed to simulate nonadiabatic dynamics in

finite molecular systems.
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The Holstein-Peierls vibronic Hamiltonian is a popular way to understand energy
transfer organic photovoltaic materials, which successfully reproduces experimental
carrier mobilities in a variety of systems.''” 29 The model consists of molecular sites
A, B, ... with site energies F4, Ep, ... and electronic couplings (“transfer integrals” %9)

Vg, all of which are modulated by a collection of harmonic vibrations, as would seem

appropriate for a crystalline environment. The vibronic Hamiltonian is
H=2
A
+ Z (VAB + Z 9ABY %) alay
AB 0

Eq+ Z 5 (45 + Wi d5) + 9ane (Je] il g
’ (5.50)

where operators dil and a, create and annihilate an excitation on site A, and the
parameters g,,4, and g,p, are exciton/phonon coupling constants. Couplings g, 4,
are said to be of “Holstein” or “local” type, and quantify how the site energy E4
changes along the dimensionless normal mode coordinate gy, whereas “Peierls” or
“non-local” couplings g 4 g, quantify the changes in the intersite couplings. (Vibrations
could be treated quantum mechanically by replacing ¢, and ¢, with the appropriate
operators, as we did in a recent quantum dynamics simulation of singlet fission in
crystalline tetracene that demonstrated the importance of vibronic coupling in driving
the process.?)

In practice, the site energies F4 are often approximated as the HOMO energies of
the monomers and the transfer integrals V4p as HOMO/LUMO couplings.® Exciton/
phonon couplings have always been computed numerically through finite difference

of the site energies and transfer integrals,'?! with variances sampled over molecular
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dynamics trajectories,?? or else back-computed from relaxation energies. 2%123 Often
it is only practical to compute couplings for just a few modes. Up to constants, how-
ever, the exciton/phonon couplings g 444 and g5, in Eq. (5.50) are simply derivatives
of Haa and H4p with respect to g,. Herein, we will compute these couplings for the
unit cell of tetracene, for all of the vibrational modes g,.

To do this, we must first transform the non-orthogonal AIFDEM Hamiltonian
derivatives Hfl]g — DLfJ]B to an orthogonal basis, including the derivative of the or-
thogonalization transformation. For the latter, we use the symmetric orthogonaliza-

tion derivative derived in Eq. (5.41), with S’ replaced by the AIFDEM overlap matrix

S from Eq. (5.5). Following this, only a simple coordinate transformation is required:

9aBe = (QMQWG)_I/Q Z DI[Z}BL:BQ . (5.51)

xT

The matrix L is the transformation whose column # contains the normalized Cartesian
displacements corresponding to gy. This mode has frequency w, and effective mass

ty, Whose inverse is defined by!2*

=1 (5.2)

In some literature the factor of 2712 in Eq. (5.51) is folded into the coordinate trans-
formation L; we follow the convention used in Ref. 125. Exciton/phonon couplings

in this work have dimensions of energy.
5.2.10 Implementation and computational scaling

AIFDEM derivatives were implemented in a locally-modifed version of Q-CHEM,3!

and will be available in the v. 5.0 release. The entire AIFDEM framework, including
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Figure 5.1: Nuclear displacement of He4 that is considered for the comparisons against
finite-difference results in Table 5.2. The two colors indicate how the system is divided
up into a pair of Hey fragments.

the derivatives, is implemented following an object-oriented strategy that simplifies
addition of new types of basis states, e.g., the charge-transfer states that were included
in the singlet fission calculations in Ref. 3. As shown in Table 5.2 for a particular dis-
placement of He, (treated as a pair of He, fragments, as shown in Fig. 5.1), analytic
derivative results for Hﬂ; agree with finite-difference results to within ~ 107% a.u. in
each individual matrix element. Note that because the basis-state orbitals are arbi-
trary up to phase, the sign of the matrix elements is not guaranteed to be consistent
for all displacement steps when numerical differentiation is employed. This necessi-
tates cumbersome sign-matching schemes. A benefit of analytic derivatives is that
the relative signs of the matrix element derivatives remain consistent and meaningful.

Computation of Hfj]g in Eq. (5.28) has three potentially expensive steps. Rec-
ognizing that contractions of the form F¥ = IT - G¥ are the primary bottleneck in
energy calculations using the original AIFDEM,! we expect the analogous contrac-
tions F¥l*l = TI*) . G to be a second potential bottleneck. Formation of Gl
[Eq. (5.31)] is also a potential bottleneck; the cost of this step is dominated by the

cost of evaluating the SVD derivative.

The total time for an AIFDEM derivative calculation and the contributions from
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H][\?N Absolute Finite Difference

(PaVp) VL Va) (PaVE)
W AU5R) 0.027254 0.024589 0.015125
W) 0.024589 0.048970 0.004776
(WA U%) 0.015125 0.004776 0.026642

H ][\?N Analytic Derivative

[V 4¥p) V3 Vs) PAPE)
W 4U5E) 0.027254 —0.024589 —0.015125
U Ug) —0.024589 —0.048970 —0.004776
U0 0.015125 —0.004776 0.026642

SJ[\Z]N Absolute Finite Difference

[WaVp) U3 Vs) (WaVE)
W AUE) 0.000000 0.002105 0.001213
U Up) —0.002105 0.000047 0.000489
R —0.001213 0.000489 0.000062

S][@] v Analytic Derivative

(WaVp) [V Va) (PaVE)
W AUE) 0.000000 0.0021054 0.001213
| Up) 0.002105 —0.000046 0.000489
A0 0.001213 0.000489 ~0.000062

]

Table 5.2: Derivatives H][@ v of the Hamiltonian matrix elements and derivatives S][\?N
of the overlap matrix elements, for three different basis states M and N for (Hes)s,
using the aug-cc-pVTZ basis set. All NTOs were retained in these calculations, and
the SCF and CIS convergence thresholds were both set to 1071° a.u. while the integral
screening threshold was 1071* a.u. The finite-difference calculations used a five-point
stencil central difference with displacements of 10~* A. (The particular displacement
x is shown in Fig. 5.1.)
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(a) (He, )\ AIFDEM Derivative Timings
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Figure 5.2: Timing breakdown for derivative coupling calculations in linear helium
chains in the (a) 6-311G and (b) aug-cc-pVTZ basis sets, retaining all NTOs in each
case. All timings are measured on dual-socket Xeon E5-2680 v4 nodes with 128 Gb

of memory. Timing breakdowns are run in serial while parallel calculations use 28
cores.
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these components for linear chains of He, fragments is shown in Fig. 5.2, for two differ-
ent AO basis sets. Unlike an AIFDEM energy calculation, for calculating derivatives
the cost to construct F¥ is a negligible fraction of the total cost, as our algorithm
reuses these intermediates so that they do not need to be computed for each coordi-
nate x. The bottleneck step is different in the two basis sets, switching from formation
of G¥I (6-311G) to the contraction to form F¥[?l (aug-cc-pVTZ). This is in line with
expectations as the former step formally scales as O(N2,) and the latter (in the ab-
sence of integral screening) as O(N{ ), so that the contraction to form F@7l! will
dominate when Np.gs > Noee. For a more realistic system, namely, tetracene dimer
in a 6-314+G* basis, about 14% of the cost comes from forming G¥*! and about 86%
from forming F#le.

In a standard AIFDEM derivative calculation, the derivative of each matrix ele-

ment H,p must be evaluated for each atomic coordinate x, which is approximately

3]\]atom]\/v2

frag Matrix elements. Each of these calculations is entirely independent, how-

ever, and can therefore be parallelized trivially and with unit efficiency. Our algorithm
parallelizes matrix elements such that derivatives for the three Cartesian coordinates
on a single nucleus are computed in a single batch assigned to one core. Including
a greater number of Hﬂg in a batch could potentially increase the efficiency of in-
tegral derivative evaluation at the expense of reduced parallelism; this is a potential
means of optimization to be explored in the future. Parallelization is accomplished

with MPI, with dynamic load balancing, and parallel performance on a 28-core node

is demonstrated for helium chains in Fig. 5.2. Parallel speedup is nearly ideal and
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this excellent performance allows us to treat moderately-sized systems easily, with

adequate basis sets.

5.3 Computational Details

5.3.1 Tetracene crystal structure and phonon modes

Plane-wave DF'T calculations to obtain the phonon spectrum of tetracene were per-
formed using the Quantum Espresso package.!?® Variable unit cell optimization was

127,128 ynder 1 atm of

performed, starting from the experimental crystal structure,
pressure. As in our previous work on tetracene,® calculations were performed using
the local density approximation (LDA) and norm-conserving pseudopotentials, with
an SCF convergence threshold of 107 a.u., mixing parameter 3 = 0.7, and kinetic
energy cutoff of 60 Rydberg (= 120 Hartree) for the plane-wave (PW) basis. The
Brillouin zone was sampled using a 2 x 2 x 1 k-point mesh, and phonon modes were
then computed for this optimized structure at the I' point.

As noted by Abdulla et al.,'?” lack of support for dispersion-corrected functionals
for phonon calculations presents a major obstacle for studies of conjugated organic
systems. A workaround is to forgo the use of a generalized gradient approximation in
favor of LDA, as the latter has a tendency to overestimate binding energies, thereby
compensating for the absence of attractive dispersion interactions. This is the ap-

proach that we take, and our computed phonon modes are in good agreement with

those reported in Ref. 129
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5.3.2 Exciton model and derivatives

ATFDEM calculations were performed on an asymmetric tetracene dimer extracted
from the DFT-optimized crystal structure, which constitutes the unit cell for crys-
talline tetracene. Exciton-site basis states, Eqgs. (5.7) and (5.9), were constructed
from fragment wave functions computed at the Hartree-Fock and CIS levels. AIF-
DEM calculations for the excited states and AFIDEM derivative calculations used a
threshold of 50% of the norm of the transition vector in the NTO basis to eliminate
terms, e.g., from Eq. (5.9). Triplet basis states were constructed using the appropriate
CSFs, as described in our previous work.?

Derivatives Hfj]g were used to compute the couplings ¢, 4, and gz, for all phonon
modes gyg. To make contact with existing literature, we define the contributions to
the relaxation energy due to the Holstein couplings, sometimes called the polaron

binding energy, as
€ans = Jano/Wp - (5.53)

The off-diagonal contribution to the relaxation energy, which is sometimes called the

lattice distortion energy, is defined as

€ABY = 9%39/2%) . (5.54)

Although slightly different definitions can be found in the literature,® we adopt
those used in Ref. 125, as we will make contact with that work in what follows.
Furthermore, in the following discussion we use the terms “relaxation energies” and

“couplings” interchangeably, as the two are directly related via Egs. (5.53) and (5.54).
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5.4 Numerical Results

Plots of the reorganization energies with the associated phonon mode frequency, as
computed for the unit cell of of crystalline tetracene from the PW-LDA calculations
are presented in Fig. 5.3. Exciton/phonon couplings for triplet exciton mobility in
tetracene have not been reported previously, to the best of our knowledge, but have
been reported for crystalline anthracene.?> As these structures differ only by a single
conjugated ring we would expect some similarity with tetracene, despite the very
different computational methodology that is used in Ref. 125.

For the Holstein couplings in tetracene, we find a large number of significant

! with additional significant

couplings for phonon frequencies w, ~1200-1600 cm™
couplings between 500-1000 ecm~!. There are essentially no Peierls couplings above
~250 ecm !, and these are strongly dominated by a single coupling at the lowest-

frequency mode, 53.67 cm™!.

Each of these observations is in excellent agreement
with results for anthracene in Ref. 125. It is worth noting that the efficiency of
our method allows us to compute the couplings across the whole range of phonon
frequencies, and that this analysis has revealed a cluster of Holstein couplings above
above 3000 cm ™!, which is a frequency range that has not typically been investigated
by others.

Where our results differ from those computed with other methods is in Holstein
couplings in the lower frequency range. The presence of couplings in this region is

125

consistent with previous work on anthracene, = although in the present case the cou-

plings are significantly more prevalent and their intensity is at least several orders
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Crystalline Tetracene (LDA) Relaxation Energies
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Figure 5.3: Relaxation energies due to (a) local (Holstein) and (b) non-local (Peierls)
couplings for crystalline tetracene, computed for the PW-LDA optimized unit cell
of the “herringbone” crystal structure of tetracene. Note the significantly different
vertical energy scales in the two panels.
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Gas Phase Tetracene Dimer (w-B97X-D) Relaxation Energies
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Figure 5.4: Relaxation energies due to (a) local (Holstein) and (b) non-local (Peierls)
couplings for gas-phase tetracene dimer, computed in the herringbone configuration
at the w-B97X-D/6-314+G*level.

of magnitude larger. A potential explanation for this discrepancy is that this is an
artifact of the somewhat crude proxy for dispersion effects in the phonon mode calcu-
lations (substituting LDA in place of a dispersion correction), as these low frequencies

are primarily of intermolecular character. Grisanti et al.!?

computed the intermolec-
ular phonons using force fields instead.?> To examine this possible artifact, we have
performed a gas-phase optimization and frequency calculation using the dispersion-

corrected w-BI7X-D functional.!®® The wB97X-D optimized dimer exhibits a local

minimum in a herringbone-type configuration that is similar to the structure of the
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crystalline unit cell, and we use this structure and its vibrational frequencies to com-
pute exciton/phonon couplings, which are plotted in Fig. 5.4. Overall, there is good
agreement with couplings computed from the crystalline unit cell, although the cou-
plings for the wB97X-D structure are slightly blue-shifted in the higher-frequency
region and slightly red-shifted at lower frequencies. It is also notable that the gas-
phase Holstein couplings g4 44 and ggp, for the dimer pair AB are nearly degenerate
for the wB97X-D geometry, for which the monomers have more flexibility to relax into
similar geometries. The two Holstein couplings in each AB pair also have similar mag-
nitudes, again suggesting that the unexpectedly large couplings in the low-frequency
regime is not an artifact of the frequencies.

Grisanti et al. compute the Holstein couplings for anthracene using a “triplet-in-
a-cluster” scheme, in which a central molecule in a cluster (taken from the crystal
structure) is optimized to the triplet equilibrium geometry of the monomer, in order

to enforce localization of the triplet onto the central monomer. 25

(This represents
a diabatization, of sorts.) Reorganization energies are then computed for the entire
cluster via distortions along the phonon coordinates. With this in mind, it is not
surprising that the result is couplings that are small for low-frequency phonons, as
the triplet is not only in a relaxed geometry but is free to respond to polarization
induced by the vibrations. (A complete SCF calculation is performed at the per-
turbed geometries.) Although this scheme is certainly physically justifiable, as the

intramolecular reorganization and polarization occur on much faster timescales than

the intermolecular vibrations, our approach is arguably a more rigorous realization
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Figure 5.5: Relaxation energies due to (a) local (Holstein) and (b) non-local (Peierls)
couplings for crystalline tetracene computed for the parallel-stacked dimer.

of Eq. (5.50) insofar as our perturbations along the phonon modes are infinitesimal.
A comprehensive assessment of the relative merits of either approach is outside the
scope of this work.

Thanks to the relatively low cost of our method, we can compute couplings for
additional dimer configurations in order to compare pathways of mobility through the
crystal. To that end we have extracted two more dimer configurations from the crystal
structure which were then also used for exciton/phonon coupling calculations. The

first is a parallel-stacked configuration and the second is a parallel but offset along the
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Figure 5.6: Relaxation energies due to (a) local (Holstein) and (b) non-local (Peierls)
couplings for crystalline tetracene, computed for the parallel-offset dimer.
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long molecular axis; these will further be referred to as the stacked and offset configu-
rations, respectively. Couplings for the stacked geometry are presented in Fig. 5.5 and
for the offset geometry in Fig. 5.6. In general, the couplings for both of these config-
urations are quite similar, which is perhaps unsurprising as the geometries differ only
by translation along a single coordinate. There is still qualitative agreement with the
“herringbone stacked” (unit cell) configuration, although both of the new configura-
tions involve symmetric dimers so the variation in and frequencies and magnitudes is
reduced relative to the unit cell configuration. In both cases, the strongest Holstein
couplings lie around ~ 325 cm~! while the remaining lower-frequency couplings are
significantly diminished as compared to the unit cell configuration and, in the case of
the offset configuration, essentially vanish entirely. Interestingly, the couplings in the
frequency range greater than 3000 cm™! significantly increase in magnitude, relative
to the unit cell configuration. On the other hand, the Peierls couplings decrease by
two orders of magnitude for the parallel configuration and essentially vanish for offset,
suggesting that these couplings play a minimal role in exciton transport outside of
herringbone stacked pairs.

Recently, there has been significant interest in the nonadiabatic effects that po-

88,110,131,132

tentially play a role in the singlet exciton fission process . Specifically of

interest are phonon modes that might modulate the crucial transition from a localized

singlet exciton state to the triplet-pair intermediate. Several recent experiments 33134

have implicated high-frequency phonon modes, in the range of ~1200-1600 cm ™1, as

being key to the fission mechanism. It is therefore notable that we have found the
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Wy €A40 €BBo
Mode ™1} (meV)  (meV)

127 1432.19 D7.84 8.02
128 1434.08 45.10  89.32
137 1536.86 128.17 0.41
138 1539.89 244 136.30

Table 5.3: Relaxation energies (in the tetracene unit cell geometry) for the four
phonon modes identified in Ref.3 (in the context of singlet fission) as having significant
S1/Y(TT) coupling in crystalline tetracene.

exciton/phonon couplings for the triplet to be significant in this frequency range.
Very recently, by utilizing AIFDEM nonadiabatic coupling calculations, we identified
four high-frequency phonon modes that appear to drive the singlet fission transition
in crystalline tetracene.® Remarkably, we have found these four modes to be signif-
icant to triplet exciton transport as well, with the corresponding Holstein couplings
possessing substantial magnitude for all three crystal configurations. Reorganization
energies for these modes are provided in Table 5.3. As these modes are predominantly
localized on individual monomers,? these couplings serve primarily to modulate the
individual site energies. This correspondence suggests that the same phonon modes
that induce the singlet exciton to triplet-pair transition [S; — (TT)] also play a

significant role in the subsequent transport of the free triplet excitons.
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5.5 Conclusions

In this work, we have derived expressions for nonadiabatic derivative couplings within
the theoretical framework of our novel AIFDEM excited-state method. This formal-
ism also affords the Holstein and Peierls exciton/phonon coupling constants that are
important in the description of carrier transport in solid-state semiconductors. The
central task in computing of these quantities is the calculation of the derivatives
of the AIFDEM Hamiltonian matrix elements H4p between monomers A and B, a
procedure for which we have derived and implemented. As an ancillary result, we
have derived expressions for derivatives of the NTO transformation and for Lowdin’s
symmetric orthogonalization transformation, formulas for which have not previously
been reported. Our implementation agrees with finite-difference results and exhibits
excellent parallel scalability when matrix element derivatives are distributed across
multiple cores.

We have used this new approach to compute the exciton/phonon couplings that
modulate triplet exciton mobility in crystalline tetracene, comparing our results to
calculations of the couplings for crystalline anthracene, performed with an entirely
different computational method.!?® Mostly the agreement is quite good, with the ex-
ception of the low-frequency intermolecular Holstein couplings for which our approach
predicts significantly larger couplings as compared to Ref. 125. We conclude that
the discrepancies are most likely due to methodological differences; our method com-
putes OH 45 /0x using analytic differentiation of rigorously-defined diabatic states and

is therefore free of the polarization contamination that arises in finite-displacement
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procedures.
Our calculations on tetracene indicate that triplet mobility is influenced by strong
local couplings to intramolecular modes in the range of 1400-1600 cm™!, and to in-

termolecular modes from 50-300 cm™!.

We have also identified a cluster of local
couplings > 3000 cm~!. The distribution of all of these local couplings remains qual-
itatively similar for various dimers selected from the tetracene crystal structure. The
non-local couplings, on the other hand, are due entirely to low-frequency intermolec-

ular modes < 200 cm™*

, which vanish for any dimer configuration other than the
unit cell. Four high-frequency modes that have been previously identified as “driving
modes” for singlet exciton fission® exhibit significant couplings within this model,

suggesting that the same modes that drive singlet fission may also modulate the

subsequent triplet exciton transport.

5.6 Future Work

The AIFDEM ansatz is flexible in that various types of basis states may be included.
An obvious extension is to include charge-transfer states of the form |0} W3), which
were included in the AIFDEM study of singlet fission in Ref. 3 but for which analytic
derivatives have not yet been implemented. Such an implementation would allow
us to treat couplings related charge-carrier mobility [*(TT) — T + TJ. In addition,
we have previously implemented a charge-embedding scheme for the AFIDEM that
significantly reduces its cost,®® but derivatives of the charge-embedded AIFDEM have

not yet been implemented. Finally, analytic derivative couplings provide analytic
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gradients as a special case, so that ab initio molecular dynamics is a possibility if the

aforementioned improvements can reduce the cost sufficiently.
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CHAPTER 6

Evidence for Singlet Fission Driven by Vibronic
Coherence in Crystalline Tetracene

Singlet fission proceeds rapidly and with high quantum efficiency in both crystalline
tetracene and pentacene, which poses a conundrum given that the process in tetracene
is disfavored by the electronic energetics. Here, we use an ab initio exciton model
to compute nonadiabatic couplings in the unit cell of tetracene in order to identify
the modes that promote this process. Four intramolecular modes in the range 1400—
1600 cm ™!, which are nearly resonant with the single-exciton/multi-exciton energy
gap, appear to play a key role. Ab initio calculations of the electron/phonon cou-
pling constants for these modes reveal that they are almost entirely of “Holstein”
type, modulating the site energies rather than the inter-site couplings. The constants
are used to parameterize a vibronic Hamiltonian, simulations with which suggest a
vibronically-coherent singlet fission mechanism that proceeds spontaneously despite
unfavorable electronic energetics. In the absence of vibronic coupling there is no

significant fission, according to our model.
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6.1 Introduction

Singlet fission®*13® (SF) offers the potential for enhanced solar energy conversion
by overcoming the Shockley-Queisser efficiency limit of 30% for single-junction solar
cells, % by means of harvesting states excited by high-energy photons that would
otherwise vibrationally cool before electron transfer could occur. The SF process has
been observed in acene derivatives, carotenoids, and other conjugated systems, often
on an ultrafast time scale and with unit quantum yield for generation of the “multi-
exciton” state, [{(T;T;)). Pentacene-based devices with external quantum efficiencies
137

(ratio of charge carriers to incident photons) of 129% have been reporte

The generally-accepted mechanism for SF is'3
150S0) —% [S0S1) = [(T1Ty)) — |Ty) + [ T4) (6.1)

In crystals of pentacene and its derivatives, 2E(T;) < E(S;) so that SF is energeti-
cally favorable, and the process is observed to occur on a time scale of 80-100 fs. 133138
Theoretical studies, however, indicate that direct electronic coupling between [SyS;)

88,132 Moreover,

and [T, Ty)) is too weak to be consistent with such a fast time scale.
SF occurs spontaneously in crystalline tetracene as well, 1914 with high quantum effi-
ciency and (at certain excitation energies) on a sub-picosecond timescale, %14 despite
the fact that 2E(T;) lies approximately 0.2 eV above E(S;) in tetracene. 38112113 Sey-

eral mechanisms have been proposed to explain this, including thermally-activated

SF from a vibrationally-hot S; state, fission from higher-lying S,, states,®® or an
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entropically-driven mechanism.** However, these hypotheses are difficult to recon-

cile with observations that the SF rate is independent of temperature in tetracene

145)

(or perhaps nearly so, with an activation energy of ~0.06 eV in tetracene'*), and

also insensitive to excitation energy.'*' Here, we propose a mechanism to explain SF

86,146 with parameters

in tetracene based on a Holstein-Peierls vibronic Hamiltonian,
derived from ab initio calculations.

Recently, Zhu and co-workers reported direct observation of the |(T;T;)) state
using time-resolved two-photon photoemission.™ These authors report a ~20 fs rise
time in the triplet population in both tetracene and pentacene, which they attribute
to formation of the multi-exciton state. Although others have attributed this signal
to free triplet excitons, '*” Zhu et al. propose a quantum-coherent mechanism in which
the initial photo-excited state is a superposition with singlet as well as multi-exciton

character, 7144

and a phenomenological density matrix simulation reproduced the
ultrafast rise time in the |(T;T;)) population when charge transfer (CT) states were
included to mediate the process.”™ However, the phenomenological calculations in
support of this mechanism “'44 have been criticized as requiring interactions with a
bath, the demand for which cannot explain the temperature-independence of the SF
rate. 148 Finally, the precise role of CT states in SF has been debated, '*>!4? with some
consensus emerging that these states lie too high in energy to be directly accessed
but that the presence of CT character in the single- and multi-exciton states serves
as a virtual intermediate, where the C'T character contributes to the coupling of the

adiabatic states,61:74:110,132,149,150
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The role of the nuclear degrees of freedom has only recently garnered attention,
with two theoretical studies identifying a crossing point on the Born-Oppenheimer
potential energy surfaces for the single- and multi-exciton states in pentacene, %110
leading to a proposed mechanism involving a conical intersection along an intermolec-
ular “herringbone” coordinate. Indeed, Musser et al.'®® report direct experimental
evidence for SF through a conical intersection in pentacene, driven by high-frequency
vibrational modes, but no such evidence has been reported for tetracene. The study
in Ref. 88 failed to find any such intersection along the corresponding herringbone
coordinate in tetracene.

A crucial quantity to describe nonadiabatic transitions through conical intersec-

tions is the derivative coupling vector
d’% = (U,|V|Tg) (6.2)

where V represents derivatives with respect to nuclear coordinates. This can be

related to the nonadiabatic coupling vector
B = (0, |(0H /0%) V)
(6.3)
= (E; — Eg)d’™®
These quantities describe the topography and topology around conical intersections
and can be said to “drive” nonadiabatic processes.
Derivation and implementation of h’® vectors is technically involved for any elec-
tronic structure model, and the difficulty is compounded in the context of SF by the
doubly-excited character of the |{T;T;)) state. Popular low-cost methods such as

51

time-dependent density functional theory do not capture double excitations,®! and
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are therefore blind to the |(T;T;)) intermediate. Using methods that do incorporate
double excitations, but using the norm of a single-particle transition density matrix

hJK

as a proxy for since the latter is unavailable, Krylov and co-workers have sug-

gested that the nuclear modes that serve to increase electronic coupling do not always
increase the nonadiabatic couplings.10:15%153

We have recently introduced a novel approach for computing excited-state prop-

erties of extended aggregates, based on an ab initio Frenkel-Davydov exciton model

(AIFDEM). 189,90

6.2 Theory

The Frenkel-Davydov ansatz writes the wave function |Z;) for a collective excitation

as a linear combination of direct products of monomer states,

states
Z0) =) KialU5Up0c---) (6.4)
A
where |U,/) and |¥%,) are ground- and excited-state wave functions for the Mth
monomer. This set of direct-products is known as the “exciton-site” basis. Both these
states, and the coupling matrix elements between them, can be computed in a trivially
parallelizable way. Unlike traditional Frenkel-Davydov models, the AIFDEM need
not invoke dipole-coupling, nearest-neighbor, neglect-of-exchange, frontier orbital, or

other approximations to the electronic Hamiltonian that couples the basis states.!
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6.2.1 Multi-Exciton AIFDEM

As in our previous work on the AIFDEM,'® we will describe the monomer wave
functions using only single excitations, but for SF we also need to include multi-
exciton configurations by coupling two triplet monomer wave functions to an overall
singlet. (A somewhat similar approach was recently used to parameterize a lattice
model for SF.1%%) Starting from a direct product that includes two fragments in triplet

configurations, the additional exciton-site basis states that we need are

1(\11}1;%)\1;0...> £+111j’]g*1q10...>

:%(qf

1 T T 1 Toy, T (6.5)
+—)\1f B/ --->——‘\11 O Lo >
valoa T e valia e e

where \IJL"’ is a triplet wave function on monomer M, with magnetic quantum number

m:
Wiy = >l (6.62)
i) =) (6.6b)

1 ) ) =
i) = = > e (o) — o)) (6.6¢)
\/§ ia
Hamiltonian and overlap matrix elements between exciton-site basis functions are
computed as described in our previous work,® and we then solve a generalized the
eigenvalue problem

HK; = ¢,SK; (6.7)

that affords coefficients K; and energies ¢, for the /th eigenstate of the exciton Hamil-

tonian. Very recently, we have derived and implemented analytic nuclear gradients
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and nonadiabatic couplings for this model,'®> such that derivatives H Bgc[}( = 0H i /0x
can be readily computed and used to investigate which vibrational modes strongly

modulate the couplings between eigenstates J and K.

6.3 Results and Discussion

Eigenvectors for a dimer of tetracene extracted from a DFT-optimized crystal struc-
ture (see the Supporting Information for details) are presented in Table 6.1. In the
following, we have corrected the site energies of the basis states to match the exper-
imental values of 2.3 eV for the Sg — S; excitation energy and 2.5 eV for twice the
So/T1 gap. We find that the singly-excited bright states |=g,) and |Zg,) are primar-
ily composed of a single basis state and that the optically-dark multi-exciton state,
|=7r), is dominated by the triplet-pair basis state with only minor contributions from
the singlet states. This is in agreement with other work, % and demonstrates that
both the single- and multi-exciton states can be characterized by a dominant electron
configuration. Relatively weak electronic coupling between the singlet and triplet-pair
basis states also suggests that purely electronically coherent oscillations are unlikely
to play a significant role in the SF mechanism.

Although the states in question are predominantly single-configuration (up to
spin adaptation), mixing with charge-transfer (CT) configurations is thought to be
important, as electronic couplings between CT configurations and both single- and
multi-exciton configurations are about an order of magnitude larger than the di-

rect coupling between |SoS;) and [(TT)).'%131 CT basis states | PP, ---) and

137



Table 6.1: Eigenvectors for tetracene dimer in the non-orthogonal exciton-site basis.”

Eigenstate 1Zs,)  1Zsy)  |Zs,)  |ErT)
Exc. Energy (eV) 230 236 250
Osc. Strength 0.114  0.208  0.000
Basis State Coeflicient

(W AUER) 0.998 0.048 0.035 0.002
U Up) 0.038 -0.994 0.227 -0.009
U, %) 0.047 -0.225 -0.994 -0.011
(TT)) -0.001 -0.012 -0.010 1.114

250% truncation threshold for the NTOs.

|, PLP - -+ ) can easily be added to the exciton-site basis, with the resulting eigen-
vectors listed in Table 6.2. Our model predicts non-negligible couplings between the
excitonic and CT configurations ,with both the single and multi-exciton eigenvec-
tors gaining appreciable CT character. The presence of the CT configurations also
leads indirectly to increased mixing of the single- and multi-exciton states, acting as
virtual intermediates, as predicted by in several previous studies.6!7110:132,149 The
CT-dominated eigenstates, however, lie too high in energy to be accessed directly.
Despite the slight increase mixing, the character of the eigenstates remains predomi-
nantly single-configuration, suggesting that the presence of CT states is not sufficient
to induce meaningful electronic coherence.

Nonadiabatic coupling vectors between |=g,) and |Epr) are provided in the Sup-
porting Information, using both 25% and 50% thresholds for truncating the natural
transition orbitals (NTOs). This change in threshold results in a significant change

in the norm of H([f}(, which more than doubles (from 5 to 10 a.u.) when the tighter
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Table 6.2: Eigenvectors for tetracene dimer in the non-orthogonal exciton-site basis,
including charge-transfer basis states.®

Eigenstate Zs0)  [Es1)  [Esy)  [Err) [E-4) [Eio)
Exc. Energy (eV) 2.30 2.39 2.50 2.69 3.16
Osc. Strength 0.185 0.114 0.011  0.025 0.010
Basis State Coeflicient

WA UE) 0.996 0.000 0.045 0.041 -0.051 -0.049
U5 Up) -0.035 -0.875 0.224 0.308 -0.354 0.070
|V, U%) -0.045 0.164 0.972 0.000 0.177 -0.193
|UHwy) 0.040 -0.448 -0.063 -0.346 0.821 -0.004
U, UE) -0.025 -0.062 -0.163 0.145 0.011 -0.974
[{TT)) 0.002 -0.134 0.080 -0.970 -0.496 -0.170

250% truncation threshold for the natural transition orbitals.

threshold is used. Tighter thresholds tend to stabilize exciton-site energies and in-
crease coupling magnitudes but the differences affect our results qualitatively (see Ta-
bles S2 and S3 in the Supporting Information), at least in this system. As the resulting
eigenstates are only slightly more mixed, this significant change in the norm of the
derivative coupling reflects the sizable magnitudes of the quantities H?}{ Inspection
of the individual matrix elements, which contribute directly to the Hellman-Feynman
part of h’% can be quite significant in magnitude, ~100 a.u.

For intramolecular SF in 2-methyl-1,5-hexadiene, nonadiabatic couplings com-
puted at the CASSCF(4,4) level are found to be as large as ||h|| = 172 a.u. at a

particular intersection of the single- and multi-exciton potential surfaces, yet only

0.182 a.u. at the ground-state geometry.'3! The situation is different in tetracene,
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however, given that the two potential surfaces do not appear to cross in this sys-
tem. %0119 Tt is therefore notable that we find ||h|| ~10 a.u. even at the ground-state
geometry. This fact, along with the sizable geometry dependance of the elements of
H!f}(, suggests significant nuclear/electronic coupling.

Projection of H!ﬂ( onto phonon modes can shed light on the nature of the vi-
brations that promote SF. Four high-frequency modes depicted in Fig. 6.1(a)—(d)
together constitute about 80% of the total projection, which seems sufficiently high
to conclude that these are the primary modes that are driving the SF transition,
and there is a certain symmetry amongst these modes, consisting of two pairs of in-
tramolecular vibrations localized on each of the two monomers. In pentacene, a con-
ical intersection along a low frequency, intermolecular “herringbone” vibration has

88,110
d,

been identifie which would also modulate the electronic coupling, but we find

no such intermolecular contribution in tetracene. The lowest frequency vibration with
any significant projection onto the nonadiabatic coupling vector is vz, = 855 cm™!
[Fig. 6.1(e)], but although delocalized across the dimer, this mode is primarily a
degeneracy-induced linear combination of intramolecular vibrations.
Electron/phonon coupling constants discussed in the context of charge transport
in organic photovoltaics are, at their heart, derivatives of the matrix elements of
an exciton Hamiltonian.’® In this context, derivatives H) are known as “Hol-
stein” couplings and quantify the modulation of site energies due to nuclear mo-
tion, while off-diagonal derivatives Hg'f,]B 24 (“Peierls” couplings) quantify how the

R 86)

electronic couplings (sometimes called “transfer integrals change due to nuclear
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(a) (b)
Vigr = 1432.19 ecm ™ vy, = 1434.08 cm™!
38.31% 18.86%

() ()

16.33% 15.71%
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Voo = 855.49 cm ™!
0.60%

Figure 6.1: (a)-(d) Normal modes that strongly couple the S; and {(TT) states in

tetracene dimer, which together account for 80% of the norm of HB-EI]( (e) Lowest-
frequency vibration having any significant projection onto the nonadiabatic coupling
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motion. 17119120156 Both types of couplings can be computed from the AIFDEM,
by transforming Hfj]g from nuclear Cartesian displacements to dimensionless spec-
troscopic coordinates for the respective normal modes.%® Results for the five normal
modes in Fig. 6.1 are presented in Table 6.3.

It is immediately apparent that the dominant electron/phonon couplings for SF
in tetracene are of the Holstein type, with the Peierls couplings being 103-10* times
smaller. (Note that Holstein couplings are often called “local” couplings, but for the
|=7T) state the wave function, and therefore the site energy, is a function of both
monomers of the dimer.) Values of the Holstein coupling constants (=~ 50-180 meV)
are only somewhat smaller than the ~200 meV energy gap between the single- and
multi-exciton eigenstates, and this is true even for v,,, the lowest-frequency mode
considered here.

In the context of charge transport, it is recognized that the non-local (Peierls)
electronic couplings are coupled strongly to low-frequency intermolecular vibrations,
and can exhibit fluctuations of the same order of magnitude as the couplings them-
selves.!?? In contrast, for SF in tetracene these non-local couplings are insignificant
and so too are their fluctuations. Instead, trends in electron/phonon couplings pre-
dicted by our model suggest that any vibronic character in the eigenstates involved in
the SF transition is due to fluctuations in the site energies, with negligible modulation
of the couplings.

The most striking result of the vibrational analysis is not apparent in the dis-

placements shown in Fig. 6.1 but rather in the frequencies of the modes in question,
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Table 6.3: Electron/phonon coupling constants (in meV) for tetracene dimer.

Basis State |0, WUp) |U5Ug) |U40%) |{(TT))
Vo = 855.49 cm ™!
W4V p) -30.726 -0.384 0.431 0.021
|V Up) -0.384 -34.603  -0.038 -0.041
U, 0,) 0431  -0.038 -42.187  -0.010
{(TT)) 0.021  -0.041  -0.010  10.570
Vigr = 1432.10 cm !
0,0, 117400 -3.9663 0.813  0.042
% W ) 3966 65772 -0.704  -0.084
R 0.813  -0.7043 -76.367  0.014
{TT)) 0.042  -0.084 0014  182.907
Vigg = 1434.08 cm ™!
W AUE) 76.788 -1.143 -4.858 -0.006
0 W) 1144 101980  0.824  0.035
0,07 4858 0.824  -96.317  0.017
(TT)) 0.006 0035 0017  -98.108
Vi3 = 1536.86 cm ™!
040 5) 7124 4509  -1.008  -0.042
U Up) 4.509 -47.105  -0.620 0.094
|V 4 U%) -1.008 -0.620 -4.092 0.063
(TT)) 0.042  0.094  0.063 -170.112
Vi35 = 1539.90 cm ™!
0,0 ) 16454 -0.295  3.052  0.062
% W ) 0295 -17219  -0.723  -0.006
0,03 3.052  -0.7223 54502 -0.029
(TT)) 0.062  -0.006 -0.029  139.292
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corresponding to excitation energies of 170-190 meV for the vibrational fundamen-
tals. This makes vibrational excitation nearly resonant with the energy gap between
the single- and multi-exciton eigenstates. Indeed, of all of the vibrational modes, the
five discussed here are the best match to the energy gap. Other studies have noted the
importance of resonant bath modes in quantum dynamics simulations of SF in pen-

132,157 3]though the vibrational frequencies in those simulations were resonant

tacene,
with the singlet to CT transition rather than the singlet to multi-exciton transition.
Recent experiments on pentacene support the participation of high-frequency vibra-
tions to SF. 133134 Whereas Musser et al.'®3 propose a conical intersection along these
driving modes—a pathway that existing calculations disfavor for tetracene—Bakulin

et al. 13

propose that these modes couple the single- and multi-exciton states to form
a set of vibronic states of mixed electronic character. The suggested mechanism is
then a quantum-coherent one, as suggested also by Chan et al.,”* but one induced
through vibronic resonance rather than pure electronic coupling.

To examine the possibility of a vibronic mechanism for SF, we use a model Hamil-

tonian of the Holstein-Peierls form,86:146

parameterized using our ab initio electronic
and electron/phonon couplings, and phonon frequencies. Exciton site energies are
once again shifted so that excitation energies match experiment. We include a single
vibrational degree of freedom (v,,;), as this mode has the largest projection along the
nonadiabatic coupling vector. The basis used to diagonalize this model Hamiltonian

consists of direct products of the AIFDEM electronic states with harmonic oscillators

|xo) and |x;) having either 0 or 1 quanta in v,,,. The lowest vibronic eigenstates |€2,,)
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Table 6.4: Vibronic eigenstates of a Holstein-Peierls Hamiltonian parameterized using

AIFDEM calculations.®

Eigenstate 120) 1©21) |€22) |23) 1€24) |25) |Q26)
Excitation energy (eV) 2301 2306 2.350 2.500 2.560 @ 2.620
Oscillator strength 0.0876 0.0727 0.0645 0.0184 0.0009 0.0013
Basis State Coefficient

WAV B)|X0) -0.998 0.038 -0.025 -0.035 -0.004 0.012 -0.001
VAT -0.037 -0.810 0.531 -0.194 0.250 -0.038 0.005
U5 Ug)x;) 0.001  0.199 -0.128 0.096 0.955 -0.251 0.012
U AUS) X0 -0.046 -0.186 0.098 0.955 -0.114 -0.265 -0.000
W AU5) xq) -0.001 -0.029 0.018 0.284 0.230 0.952 0.016
ITT)) |xo) 0.001 -0.538 -0.826 -0.016 0.012 0.010 -0.519
ITT))|x,) -0.000 0.281 0436 0.014 0.013 0.009 -0.986

250% truncation threshold for the natural transition orbitals.

are listed in Table 6.4.

According to these calculations, the multi-exciton-dominated dark state, |Q2),

falls higher in energy than in the purely electronic case due primarily to excited

vibrational character. Its energy is approximately 2[E(T;) — E(So)] + hvyy;. The two

lowest excited states, on the other hand, each possess appreciable oscillator strength

and are essentially degenerate with the experimental S; state, yet are of decidedly

mixed single- and multi-exciton character, as well as mixed |y,) versus |y;) character,

suggesting vibronic coherence.

We next use Redfield dissipative dynamics® ™ to investigate vibronic effects at a

qualitative level. The Redfield approach has been used previously to study SF, 74132134
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and we have performed such simulations using three different Hamiltonians: purely
excitonic, exciton + CT, and vibronic. In order to make a direct comparison between
these models we set the exciton-site energies in all three cases equal to those computed
in the vibronic case (Table 6.4). The goal is not to reproduce experimental results for
the two purely electronic cases but to treat the three cases on an equal footing and
thereby identify the role of vibronic coupling. All simulations use a common Ohmic
spectral density to describe the vibrational modes (save for the one that is treated ex-
plicitly in the vibronic model), by means of a temperature bath with a reorganization

energy of 0.3 eV and characteristic frequency of 1450 cm™!.

We initially populate
the the |[¥%WUg)|x,) configuration and then propagate the wave packet and plot its
projection onto each basis state, in Fig. 6.2.

It is immediately clear that the vibronic model is the only case where the wave
packet spontaneously acquires multi-exciton character, despite the electronic energy
barrier. The exciton + CT model exhibits a small amount of initial multi-exciton
population, but this decays to zero almost immediately. Unsurprisingly, the purely
excitonic model does not populate the multi-exciton state at all. The vibronic model,
in contrast, populates the multi-exciton state on time scale of ~0.5 ps, which is consis-
tent with an ultrafast transition to an intermediate state with significant multi-exciton
character, as suggested by Tayebjee et al.'*® and also observed experimentally; 144
independent triplets are then accessed through variety of pathways. 34! We note

that this is a simple model that does not describe all possible SF pathways but these

results suggest that vibronic coupling can provide sufficient impetus to overcome the
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Figure 6.2: Redfield density matrix simulations using different model Hamiltonians:
(a) vibronic, (b) purely excitonic, and (c) an excitonic model including CT states.
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unfavorable electronic energetics and motivate spontaneous, ultrafast SF in tetracene.

6.4 Conclusions

In summary, we have computed nonadiabatic couplings for crystalline tetracene, for
the first time at an ab initio level of theory, finding that the coupling pertinent to the
1SoS1) — |(T'T)) SF transition is significant even at the ground state geometry. Upon
projecting the coupling vector onto phonon modes, we identify several intramolecular
vibrational coordinates that strongly couple the single- and multi-exciton states, and
whose vibrational fundamentals lie in near resonance with the single- to multi-exciton
energy gap. Ab initio electron/phonon coupling constants computed for these modes
are primarily of the Holstein type, serving to modulate the site energies rather than
the inter-site couplings. Dissipative dynamics simulations using a vibronic Hamil-
tonian parameterized from these ab initio calculations demonstrate that vibronic
coupling among these intramolecular modes is sufficient to drive a spontaneous, ul-
trafast transition to the multi-exciton state from which SF can proceed , despite an
electronic energy gap. Although CT states do contribute as virtual intermediates,

spontaneous SF is insignificant in the absence of vibronic coupling.
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CHAPTER 7

Conclusions and future work

In this work we have derived a new method for excited states, the ab-inito Frenkel
Davydov Exciton Model (AIFDEM). The goal of the method was an excited state
approach that was well suited to scaling with parallel modern architectures, while
avoiding the ambiguity and empiricism that comes with many other low cost ap-
proaches. The new method was ultimately able to scale merely quadratically with
the number of molecular fragments and treat systems with tens of thousands of basis
functions while reproducing excitation energies of traditional methods within a few
tenths of an eV. Furthermore, the physically based description of the model is able to
offer insights into excitation energy dynamics and treat complicated electronic struc-
ture. As a representative example, we simulated the dynamics of the excited state of
a napthalene-diimide nanotube and found that the signatures of electronic coherence
in the transfer mechanism were only present in a model system that was too large
to be practical for traditional approaches but could be treated by the AIFDEM with
modest hardware. We have also derived and implemented fully analytic derivatives
of the AIFDEM in order to compute non-adiabatic couplings and electron-phonon

coupling constants. We have computed these quantities for the singlet fission process
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in crystalline tetracene in order to investigate the nature of the fission mechanism.
We have identified four primary vibrational modes that induce vibronic coherence,
driving the fission transition, despite unfavorable electronic energetics.

Despite the efficacy that we have established and the valuable results obtained
thus far, the AIFDEM is still quite a young method with a large degree of unexplored
potential. The most glaring deficiency stems from the fact that, while the AIFDEM
Hamiltonian is exact, the wavefunctions are based off of configuration interaction
singles states computed for the fragments. Therefore, the excited states lack the pre-
ponderance of dynamical correlation effects, making excitation energies inadequate.
A future update would add the missing correlation, perhaps in a perturbative way,
starting from configuration interaction singles with perturbative doubles corrections
on the fragments and properly coupling these states. A density functional based ap-
proach to dynamical correlation is also possible. This extension would lead to more
accurate site energies and a more realistic description of excitation dynamics.

The aspirational goal for many of electronic structure methods is to provide a
driver for all-atom ab-initio molecular dynamics simulations. The ingredients for
this are present in the AIFDEM, energies, as well as forces from the derivatives,
however their evaluation is too computationally costly to perform realistic dynamics
where repeated calculations are required. While the integral digestion required for
energy calculations was accelerated using GPUs in Chapter 4, the derivative-integral
digestions required for the gradients are still quite expensive and this cost would

need to be reduced in order to perform dynamics. A potential avenue is to extend
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the derivatives to the charge embedding scheme via derivatives of the atomic point

charges which would also reduce the cost of the AIFDEM derivatives.
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APPENDIX A

Derivative of a singular value decomposition

This appendix provides the algorithm for taking the derivative of a SVD, adapted
from Refs. 113 and 114. [A minor typographical error in Eq. (8) of Ref. 114 is also
corrected here.] We use a superscript [y] to denote differentiation with respect to 7,
but for simplicity other indices (e.g., for monomer labels) are omitted here.
Consider a matrix function A(y) with m rows and n columns, where m need not

be equal to n. The SVD of this matrix is

A(y) =UM)a(m) Vi(y), (A1)

where a(y) is the m x n diagonal matrix of singular values, U(7) is the m x m unitary
matrix of left singular vectors, and V() is the n X n unitary matrix of right singular
vectors. We seek to compute derivatives of all three quantities with respect to the
perturbation ~. In what follows, we suppress the explicit dependence on 7.

Differentiating Eq. (A.1) affords

AN = ghlgvt £ gablvt - gavhit . (A.2)
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An essential detail of this algorithm is that al”! must be diagonal, as the the matrix
of singular values should remain diagonal for an infinitesimal perturbation. Differen-

tiating the unitarity condition 1 = UTU affords
0=Uulu4+utul =zt + 7 (A.3)
where Z = UtUDI. Similarly, differentiation of the condition 1 = VIV affords
0=Viv 4 vivhl = w' + w (A.4)

where W = VIVDl Multiplying Eq. (A.2) from the left by Uf and from the right by
V and rearranging affords

al = UAPIV — aW'T — Za
(A.5)
= Q- aW' —Za,
where Q = UTAPIV. Note that both Z and W are skew-symmetric, hence the
products aW' and Za are zero along the diagonal and thus these two terms make no
contribution to the singular value derivatives al), which are simply ag] = Q.

To compute the derivatives of the singular vectors we must solve for the elements
of W and Z that force al’! to be diagonal as specified in Eq. (A.5), while enforcing
skew-symmetry as specified in Egs. (A.3) and (A.4). To that end, we solve (’2’) systems
of 2 x 2 equations, where p = min(m, n), each of which has the form

appZik + aj;Wi = Qji
(A.6)
ajj Lk + asWi; = —Qk;j -

Because W and Z are skew-symmetric, we need only solve for either the upper or

the lower triangle of each, so in Eq. (A.6) we assume that 1 < j < min(m,n) and
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Jj < k < min(m,n). Singularities may arise in solving the linear systems in Eq. (A.6)
when there are degeneracies amongst the singular values. The strategy in this case,
as proposed in Ref. 114, is to gather sets of all 2 x 2 systems where a;; = a, and
solve the systems of each set simultaneously using a least-squares approach. We use
a degeneracy threshold |a;; — apx| < 1071,

In the case that m # n so that A is rectangular, there is an additional set of

equations for elements of the larger matrix,

akajk = ij ifm>n

Wi = —Qr; ifn>m . (A7)

Here 1 < k < min(m,n) and min(m,n) < j < max(m,n). Equation (A.7) introduces
another source of potential singularities when some ay; approach zero. In our imple-
mentation , if |ap,| < 1071 we simply set the corresponding elements of W or Z to
zero. Although not technically correct, note that we only require SVD derivatives of
a rectangular matrix when computing the derivative of the NTO transformation, in
which case terms associated with small singular values are neglected anyway, so this
is not an issue for our use of the SVD derivative. This may not be true in general,
however. In the rectangular case, if m > n (or conversely n > m), then the triangle of
Zji, (or Wy;), where min(m,n) +1 < j < max(m,n) and min(m,n) +1 <k <j—1,
remains undefined, but we are free to set these elements equal to zero.!!

Since we solve Eqs. (A.6) and (A.7) only for the upper triangle of Z and the lower

triangle of W, the final forms of W and Z are obtained from the solutions of these

equations by subtracting the transpose of the solution, resulting in skew-symmetric
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matrices. Finally, derivatives of the singular vectors are given by

169

(A.8)



APPENDIX B

Supplementary Material for “Evidence for Singlet
Fission Driven by Vibronic Coherence in
Crystalline Tetracene”

B.1 Plane-Wave DFT Calculations

127,128 was retrieved from the Cambridge Crystal-

The unit cell for crystalline tetracene
lographic Database and used as a starting point for geometry optimization via plane-
wave DFT. As noted by Abdulla et al.,'? lack of support for dispersion-corrected
functionals for phonon calculations presents a major obstacle for studies of conju-
gated organic systems where these interactions play a key role. A crude yet service-
able workaround is to forgo the use of a generalized gradient approximation in favor of
the local density approximation (LDA), as the latter has a tendency to overestimate
binding energies, thus compensating for the absence of attractive dispersion interac-
tions. All plane-wave DFT calculations were performed using the LDA functional
and norm-conserving pseudopotentials.

Plane-wave DFT calculations were performed using the Quantum Espresso pack-
age.'? Variable unit cell optimization was performed on the initial crystal structure

under 1 atm of pressure with the SCF converged to a threshold of 107 a.u., mix-

ing parameter § = 0.7, and kinetic energy cutoff of 60 Rydberg for the plane-wave
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basis. The Brillouin zone was sampled using a 2 x 2 x 1 k-point mesh, and phonon
modes were then computed for this optimized structure at the I' point. The resulting
phonon modes are in good agreement with previous work.!?” The asymmetric dimer
in Fig. B.1 constitutes the unit cell, and clearly shows the herringbone structure.
Coordinates for this dimer are provided in Table B.1 and phonon mode frequencies

are listed in Tables B.2-B.4.

B.2 Exciton Model Calculations

AIFDEM calculations were performed on the dimer in Fig. B.1, using a locally-
modified version of Q-CHEM.?* The exciton-site basis was constructed from monomer
wave functions computed at the Hartree-Fock and configuration-interaction singles
(CIS) levels, using the 6-31+G* basis set. In determinantal form, the triplet-pair

basis states in Eq. (5) take the form

o 1 -7 1 =
ADLZESEDSSY t’“tﬂb(ﬁ@fgq’g@cm)+%|‘I’f®j3b@0”'>
1,a€A j,beB

o 1 . 1 -
‘I’f@g@cm>+%|‘I’f‘l’§@cm>+%|‘I’fq’g<bcm>

|@f§<b§¢c--->)

L
V6
1

V6
(B.1)

where overbars denote orbitals with § spin, and the singly-excited monomer ampli-

tudes t" from Eq. (6) are spin-restricted. Matrix elements between non-orthgonal

determinants such as |<I>i‘f<1>‘g P - -+ ) are computed as in our previous work.!
AIFDEM calculations were performed using both a 25% and a 50% truncation

threshold for the transformation between canonical molecular orbitals and natural
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transition orbitals (NTOs), or in other words insisting that we recover either 25%
or 50% of the norm of the total transition vector, in the NTO basis. Eigenstates
of the exciton Hamiltonian using either threshold are provided in Table B.5 and are
qualitatively similar when comparing the two thresholds. Non-adiabatic couplings
H Bmf](, where J is the Sy state, K is the multi-exciton state, and x is a nuclear Cartesian
coordinate, are listed in Table B.6 for a 25% NTO truncation threshold, and in
Table B.7 for a 50% truncation threshold. Projecting the plane-wave DFT phonon
modes onto these couplings reveals which mode significantly modulate the derivative
couplings, and this information is provided in Tables B.2-B.4 for both values of the
NTO truncation threshold. Specifically, we list what percentage of the norm of the
total nonadiabatic coupling vector is recovered by each phonon mode. This analysis
clearly demonstrates that only a few modes are responsible for the overwhelming

majority of the coupling.
B.3 Vibronic model Hamiltonian

For our vibronic simulations we utilize the well known Holstien-Peierls model., 86:117-120,146

The Hamiltonian is
G

A
+Y ) 14) (vAB +) gf/%a (af, + aa)> (B|

A B#A

Eat+ ) wa (dgda + %) + Jada (414 a)

in atomic units. Indices A and B refer to diabatic electronic states that in our model
correspond to the exciton-site basis states of the AIFDEM. We include the states

U AUg), [U5Ug), |UaP%), and |(TT)), and the electronic AIFDEM Hamiltonian
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is initially subjected to symmetric (Lowdin) orthogonalization. The operators a,
and a, are harmonic oscillator raising and lowering operators for phonon mode «,
whose frequency is w,. Our simulations, however, are limited to a single mode with
w = 1432.19 cm ™!, as computed via plane-wave DFT, and only the |0) and |1) states
of the oscillator are included in the basis.

Diagonal entries F4 represent the exciton-site energies. The AIFDEM lacks in-
tramolecular dynamical electron correlation and therefore does not reproduce the
known singlet/triplet gap in tetracene, so for the purpose of the Redfield dynamics
simulations the computed site energies were corrected to match experimental values of
the Sp — S excitation energy and the So/T; gap. (Similar corrections have been used
in RAS-2SF calculations,®!19 for the same reason: these calculations are capable of
describing the coupled triplet pair but also lack dynamical electron correlation. This
amounts to shifting 4 downwards by 12,251.6 cm ™! for single-exciton eigenstates
and downward by 11,533.7 cm™! for the multi-exciton eigenstate. The electronic cou-
pling elements V45 in Eq. (B.2) were taken directly from the orthogonalized AIFDEM
Hamiltonian.

The quantities g4 4, and g, 5, are electron-phonon coupling constants of the local
(Holstein) and non-local (Peierls) type, respectively. To compute these couplings
we first symmetrically orthogonalize the AIFDEM derivatives couplings, including
the derivative of the orthogonalization transformation. (Details of how to take the
derivative of Lowdin’s symmetric orthogonalization transformation can be found in

Ref.155.) The orthogonalized derivatives are then transformed from atomic Cartesian
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Figure B.1: Tetracene dimer extracted from the optimized crystal structure and used
for subsequent AIFDEM calculations.

coordinates, in which they are initially computed, to the dimensionless spectroscopic

coordinates corresponding to normal modes:

Here, the ath column of the matrix D contains the normalized Cartesian displace-

1
> HYLDao - (B.3)

ments corresponding to normal mode «, and pu, is its effective mass. Following this
transformation, the electron/phonon couplings, which are in practice matrix elements
of the vibronic Hamiltonian, have appropriate dimensions of energy.

Redfield dynamics simulations for the model Hamiltonian in the indicated basis

were performed using the QUTIP program. ™
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Table B.1: Optimized geometry of the crystalline tetracene unit cell (dimer).

atom X y Z atom X y Z

Q

1.10179  4.81008 -4.73772 -2.32282  1.63662 -4.50776
0.15871 4.26741 -3.92745 -3.21899 1.65149 -3.49145
0.37922 4.14461 -2.53904 -2.93377 1.00115 -2.27384
-0.55307 3.57764 -1.69601 -3.83808  0.97847 -1.23419
-0.32233  3.46244 -0.32808 -3.56010  0.31552 -0.04378
-1.25933  2.89562  0.53050 -4.47188  0.27949  1.00699
-1.02206 2.78519 1.88432 -4.18288 -0.36890  2.18822
-1.96559 2.20709  2.75809 -5.08664 -0.38053 3.27138
-1.71759  2.11526  4.08758 -4.76639 -1.00289 4.43120
-0.50647 2.59193  4.62443 -3.53195 -1.66582  4.56887
0.43661 3.13460 3.81416 -2.63577 -1.68069  3.55255
0.21610 3.25740 2.42575 -2.92100 -1.03035 2.33495
1.14839 3.82437 1.58271 -2.01669 -1.00768 1.29529
0.91765 3.93957 0.21479 -2.29467 -0.34473  0.10488
1.85465 4.50639 -0.64380 -1.38288 -0.30870 -0.94588
1.61738 4.61682 -1.99761 -1.67189  0.33969 -2.12711
2.56091 5.19492 -2.87139 -0.76813  0.35133 -3.21028
2.31290 5.28675 -4.20088 -1.08837  0.97368 -4.37010
0.91521 4.88574 -5.81056 -2.56426  2.13780 -5.44540
-0.79274  3.91225 -4.32767 -4.17920  2.15937 -3.60059
-1.49473  3.20942 -2.10806 -4.79819  1.48656 -1.34815
-2.20424  2.53117  0.12120 -5.43284  0.78721  0.89474
-2.90117 1.83838  2.33679 -6.04433  0.13001  3.15570
-2.46090 1.66217 4.74486 -5.46728 -0.98841  5.26790
-0.31989 2.51626 5.69727 -3.29051 -2.16700  5.50650
1.38805 3.48975 4.21437 -1.67557 -2.18857  3.66169
2.09005 4.19259 1.99477 -1.05658 -1.51576 1.40925
2.79955 4.87083 -0.23449 -0.42193 -0.81641 -0.83364
3.49649  5.56363 -2.45008 0.18956 -0.15922 -3.09460
3.05622  5.73984 -4.85815 -0.38749  0.95921 -5.20680

asjjasiasiiasiasiiasfasfiasiasiias oo N ONORONONONORONONONORONONONO RO NGNS
a=liasiiasiiaviasiiasfasiiasiias ool HONONONONONONONONORONONONORONONONO RO

175



Table B.2: Normal mode frequencies (in cm™!) and percentage of the nonadiabatic
coupling projection (1/3).

Mode  Freq. % of coupling Mode  Freq. % of coupling ‘
25% NTO* 50% NTOP 25% NTO* 50% NTO?
1 53.67 0.04 0.03 30 471.72 0.00 0.00
2 69.86 0.18 0.19 31 479.01 0.00 0.00
3 80.96 0.00 0.00 32 483.96 0.02 0.00
4 101.51 0.00 0.00 33 487.53 0.00 0.00
5 103.99 0.11 0.04 34 493.45 0.02 0.00
6 119.02 0.01 0.00 35 497.16 0.03 0.10
7 136.31 0.03 0.00 36 499.11 0.00 0.00
8 147.96 0.01 0.00 37 508.13 0.00 0.00
9 152.79 0.02 0.01 38 515.38 0.00 0.00
10 161.08 0.00 0.01 39 554.09 0.05 0.02
11 169.92 0.01 0.00 40 557.80 0.02 0.01
12 172.20 0.00 0.00 41 568.27 0.00 0.00
13 180.74 0.01 0.02 42 573.03 0.00 0.00
14 182.36 0.01 0.01 43 611.93 0.01 0.09
15 223.31 0.00 0.00 44 614.57 0.01 0.05
16 228.64 0.00 0.00 45 621.34 0.07 0.10
17 274.45 0.00 0.00 46 622.36 0.03 0.02
18 282.42 0.00 0.00 47 628.21 0.02 0.03
19 303.44 0.22 0.08 48 628.29 0.05 0.04
20 304.28 0.01 0.00 49 730.59 0.00 0.00
21 318.67 0.02 0.05 50 731.17 0.00 0.00
22 325.17 0.00 0.01 o1 732.66 0.00 0.00
23 329.97 0.00 0.00 52 735.60 0.00 0.00
24 332.51 0.01 0.00 53 739.80 0.01 0.00
25 392.72 0.00 0.00 54 750.26 0.02 0.00
26 397.54 0.00 0.00 55 759.94 0.34 0.30
27 436.65 0.12 0.05 56 760.86 0.05 0.01
28 438.20 0.09 0.03 57 762.27 0.24 0.03
29 460.44 0.01 0.00 58 762.56 0.47 0.10

“Retaining 25% of the total norm of the NTOs
“Retaining 50% of the total norm of the NTOs
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Table B.3: Normal mode frequencies (in cm™) and percentage of the nonadiabatic
coupling projection (2/3).

Mode  Freq. % of coupling Mode  Freq. % of coupling ‘
25% NTO* 50% NTOP 25% NTO* 50% NTO?
59 770.25 0.00 0.00 88 981.78 0.00 0.00
60 774.71 0.05 0.03 89 983.88 0.01 0.00
61 780.99 0.00 0.02 90 988.49 0.00 0.00
62 782.65 0.01 0.01 91 1013.49 0.11 0.07
63 782.82 0.01 0.01 92 1014.92 0.99 0.97
64 788.38 0.00 0.00 93 1016.20 0.00 0.00
65 835.06 0.00 0.00 94 1016.73 0.62 0.70
66 839.11 0.01 0.00 95 1116.40 0.01 0.01
67 840.38 0.00 0.00 96 1117.82 0.04 0.05
68 852.78 0.23 0.24 97 1121.46 0.02 0.00
69 854.71 0.01 0.00 98 1123.62 0.00 0.00
70 855.49 2.11 1.97 99 1127.33 0.11 0.00
71 868.41 0.38 0.42 100 1136.49 0.02 0.00
72 871.27 0.01 0.00 101 1137.04 0.22 0.14
73 891.62 0.00 0.00 102 1146.23 0.11 0.17
74 891.90 0.00 0.00 103 1152.19 0.44 0.01
75 895.25 0.00 0.01 104  1153.55 0.06 0.01
76 896.24 0.02 0.07 105  1163.50 0.23 0.01
77 910.60 0.02 0.00 106 1165.26 0.01 0.01
78 913.30 0.01 0.00 107 1198.39 0.27 0.28
79 921.93 0.00 0.00 108  1200.36 0.04 0.04
80 926.82 0.00 0.00 109  1201.83 7.03 6.78
81 928.55 0.00 0.00 110 1202.83 0.24 0.55
82 929.30 0.24 0.11 111 1255.88 0.13 0.10
83 959.49 0.00 0.00 112 1257.09 0.00 0.00
84 962.49 0.00 0.00 113 1257.94 0.00 0.00
85 962.91 0.01 0.00 114 1258.62 0.03 0.02
86 964.97 0.00 0.01 115 1299.38 0.10 0.14
87 975.04 0.01 0.00 116  1303.03 0.01 0.00

“Retaining 25% of the total norm of the NTOs
“Retaining 50% of the total norm of the NTOs
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Table B.4: Normal mode frequencies (in cm™!) and percentage of the nonadiabatic
coupling projection (3/3).

Mode  Freq. % of coupling Mode  Freq. % of coupling ‘
25% NTO* 50% NTO? 25% NTO* 50% NTO?
117 1306.73 0.35 0.71 146 1633.73 0.20 0.01
118  1307.81 0.05 0.01 147  1634.41 3.17 0.15
119  1326.01 0.24 0.28 148  1638.34 0.03 0.00
120 1331.41 0.00 0.00 149  1651.22 0.58 0.67
121 1376.44 0.00 0.00 150  1654.52 0.00 0.02
122 1381.08 0.02 0.01 151  3045.06 0.00 0.00
123 1399.32 1.74 0.04 152 3048.49 0.00 0.00
124 1404.17 0.32 0.00 153  3048.91 0.00 0.00
125  1412.63 0.01 0.00 154 3049.05 0.00 0.00
126 1413.25 0.47 0.76 155 3049.36 0.00 0.00
127 1432.19 26.90 27.26 156  3049.65 0.00 0.00
128 1434.08 11.55 14.12 157  3051.26 0.00 0.00
129  1439.99 0.37 0.09 158  3052.40 0.00 0.00
130  1440.63 0.14 0.00 159  3053.13 0.04 0.05
131 1451.91 0.07 0.02 160  3054.34 0.07 0.11
132 1454.72 0.50 0.36 161 3056.79 0.00 0.00
133 1459.51 0.62 0.47 162 3057.27 0.02 0.01
134 1463.87 0.03 0.02 163 3057.65 0.05 0.06
135  1475.26 0.37 0.24 164  3057.90 0.01 0.00
136 1477.13 0.00 0.00 165  3059.50 0.00 0.01
137 1536.86 19.36 19.05 166 3060.04 0.01 0.01
138  1539.89 13.17 18.13 167  3062.67 0.00 0.00
139  1559.22 1.50 0.53 168  3063.27 0.07 0.10
140  1564.22 0.00 0.33 169  3064.60 0.03 0.04
141 1564.94 0.11 0.58 170  3064.67 0.00 0.00
142 1567.89 0.16 0.01 171 3074.15 0.09 0.12
143  1580.55 0.20 0.26 172 3075.62 0.04 0.01
144  1583.70 0.00 0.00 173 3075.74 0.19 0.17
145  1628.80 0.00 0.00 174 3075.99 0.04 0.06

“Retaining 25% of the total norm of the NTOs
“Retaining 50% of the total norm of the NTOs
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Table B.5: Eigenvectors for tetracene dimer in the non-orthogonal exciton-site basis.

25 % NTO Threshold

Eigenstate |=s,) |=s,) |=s,) |= 1)
Excitation Energy (eV) 2.30 2.37 2.53
Oscillator Strength 0.1932 0.3776 0.0
Basis State Eigenvector Coefficient
W AUE) 0.9967 -0.0642 0.0502 -0.0010
| Up) -0.0502 -1.0173 -0.2605 -0.0031
| W4 U%) 0.0686 0.2574 -1.0174 0.0054
I(TT)) -0.0005 0.0050 -0.0052 -1.2193
50 % NTO Threshold
Eigenstate |=s,) |=s,) |=s,) |Z71Tr)
Excitation Energy (eV) 2.30 2.36 2.50
Oscillator Strength 0.1142  0.2078 0.0
Basis State Eigenvector Coefficient
W AUE) 0.9982 0.0476 0.0353 0.0020
|V Up) 0.0375 -0.9942 0.2271 -0.0087
| W4 U%) 0.0466 -0.2254 -0.9942 -0.0111
I(TT)) -0.0010 -0.0118 -0.0097 1.1139
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Table B.6: Nonadiabatic coupling vector (in a.u.) using a 25% NTO truncation
threshold.

atom X y Z atom X y Z

0.02100 -0.02757 0.16775 0.10358 -0.12173  0.16509
0.19179  0.02927  0.25526 0.21218 -0.18228 0.21657
0.63195 0.43264 -0.58823 0.70768 -0.00708 -0.80211
-0.30519 -0.28779 0.63657 -0.31353 -0.17184 0.76639
-0.65980 -0.19976 -0.33843 -0.69541  0.32954 -0.05098
0.10671  0.07588 -0.81563 0.12703  0.33594 -0.90593
0.07336 -0.19846 0.95791 0.19196 -0.55775 1.06989
0.29797  0.13192 -0.09437 0.35392  -0.00980 -0.34702
0.04476  0.04864 -0.02294 0.28100 -0.16420 0.00457
0.02224  0.04370 -0.24636 -0.31568  0.16945 -0.01639
-0.20167 -0.07872 -0.11337 -0.07993  0.27753 -0.39313
-0.43380 -0.28906  0.40450 -0.74163 -0.05135 0.88778
0.28024  0.14057 -0.35481 0.35884  0.20459 -0.77654
0.76584  0.41155 -0.01680 0.69785 -0.32606 0.02170
-0.22952 -0.27373 0.98433 -0.12755 -0.27780 0.94861
-0.41658  0.21476  -2.59315 -0.20841  0.55950 -1.02480
-0.75712  -0.31287 0.37801 -0.33608  0.07240  0.25286
-0.53065 -0.33027 0.11229 -0.16893  0.05827  0.05588
-0.00419 0.01253 -0.00350 -0.00112  -0.00055 -0.00299
-0.01074 0.01374 -0.00637 -0.00535 0.00321 -0.00188
-0.00188  0.01332  0.01203 0.00756 -0.00619  0.00852
0.00298  0.02763  0.00027 0.01159 -0.00289 -0.00879
-0.01020  0.00554 -0.00067 -0.00655 0.00294 -0.00004
-0.00087 -0.00167  0.00080 0.00003 -0.00368  0.00242
0.00105  0.00030  0.00224 -0.00076  0.00091  0.00166
0.00289  0.00326  0.00126 0.00173 -0.01043 -0.00082
-0.01098 -0.00072 -0.00952 -0.00729  0.00652 -0.01022
-0.01066 -0.01148 0.00676 -0.01268 0.00138  0.00704
0.00595 0.00183  0.00002 0.00457 -0.00490 -0.00071
-0.00056  0.00427 -0.00009 -0.00086 -0.00265 -0.00374

asiiasiianiasiasiasilasiiaiias ool HONONONONONONONONORONONONORONONONORO!
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Table B.7: Nonadiabatic coupling vector (in a.u.) using a 50% NTO truncation
threshold.

atom X y Z atom X y Z

-0.05021 -0.04935 0.33738 0.38397 -0.28726  0.22479
0.39801  0.07917  0.44352 0.38960 -0.48138 0.68293
1.05287  0.62966 -1.19994 1.65765  0.04404 -1.96014
-0.69303 -0.48531 1.21856 -0.79431 -0.38381 1.77480
-1.54914  -0.67702 -0.47284 -1.50209 0.73688 -0.04662
0.28439  0.46513 -1.48900 0.27696  0.75338 -2.05299
0.25500 -0.10719 1.73058 0.57992 -1.26406 2.33771
0.55708  0.25833  0.14393 0.74531 -0.11258 -0.56860
0.12765 0.09940 -0.53122 0.45491 -0.16054 -0.13805
0.19279  0.11848 -0.32741 -0.29004  0.26746  -0.28325
-0.48896 -0.12220 -0.44789 -0.47029  0.44558 -0.65419
-1.27871 -0.78895 1.32314 -1.76092 -0.06212 2.01749
0.68319 0.61150 -1.60061 0.80328  0.40872 -1.90918
1.38079  0.41090 1.01228 1.44112  -0.78644 0.23178
-0.09172  -0.23086 1.22630 -0.21110 -0.73296  1.89340
-0.56903  0.44765 -4.36804 -0.50720 1.23894 -2.26993
-0.98815 -0.52283 -0.07502 -0.73674  0.09488  0.54980
-0.91672  -0.42402 0.44792 -0.46780 0.18458  0.09895
-0.00404 -0.00220 -0.01628 0.00195 0.00284 -0.00595
-0.00672 -0.00870 -0.00631 -0.01340 0.00697 -0.00344
0.01320 0.01089  0.02804 0.01681 -0.01434 0.02143
0.01950  0.02166 -0.00622 0.02416 -0.00671 -0.01913
-0.01282  0.00045  0.00405 -0.01446  0.00776  0.00120
-0.00829 -0.00305 -0.00040 -0.00425 -0.00449 0.00439
0.00557  0.00375  0.00518 -0.00211 -0.00262 0.00739
0.00769  0.00663 0.01416 0.01866 -0.00038 0.00899
-0.00894 -0.00133 -0.02564 -0.01301 0.01626 -0.01989
-0.02486 -0.00636  0.00495 -0.02313  0.00751  0.01769
0.01148  0.00618  0.00012 0.01507 -0.00829 -0.00145
0.00831 -0.00174 -0.00114 0.00260  0.00239 -0.00511

Q
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