
Angular momentum in spherical coordinates

We wish to write Lx, Ly, and Lz in terms of spherical coordinates. Recall that the gradient
operator is

~∇ = r̂∂r + θ̂
1
r
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1
r sin θ

∂φ .

You should be able to write this down from a simple geometrical picture of spherical coordinates.
Using ~L = −ih̄~r × ~∇ and the orthogonality of the unit vectors r̂, θ̂, and φ̂
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.

Since we know ~L in spherical coordinates we need the Cartesian unit vectors in terms of r̂, θ̂,
and φ̂:

x̂ = r̂ sin θ cosφ + θ̂ cos θ cosφ − φ̂ sinφ

ŷ = r̂ sin θ sinφ + θ̂ cos θ sinφ + φ̂ sinφ

ẑ = r̂ cos θ − θ̂ sin θ .

Since Lx = x̂ · ~L etc., we compute the scalar products and find
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The raising and lowering operators are given by

L± ≡ Lx ± iLy = ±h̄ e±iφ
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Given the cartesian components we can compute L2 = ~L · ~L. A straightforward calculation
yields
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We note that the Laplacian in spherical polar coordinates is given by
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This is an important identity and you should be familiar with it (you need not remember it but
you must recognize the form, be able to use it and know what its implications are.)
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