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Abstract In this paper we consider symmetric games where a large number of play-
ers can be in any one of d states. We derive a limiting mean field model and charac-
terize its main properties. This mean field limit is a system of coupled ordinary dif-
ferential equations with initial-terminal data. For this mean field problem we prove a
trend to equilibrium theorem, that is convergence, in an appropriate limit, to station-
ary solutions. Then we study an N + 1-player problem, which the mean field model
attempts to approximate. Our main result is the convergence as N — oo of the mean
field model and an estimate of the rate of convergence. We end the paper with some
further examples for potential mean field games.
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1 Introduction

Mean field games is a recent area of research started by Peter Caines and his co-
workers [11, 12], and independently by Pierre Louis Lions and Jean Michel Lasry
[18-21] which attempts to understand the limiting behavior of systems involving
very large numbers of rational agents which play dynamic games under partial in-
formation and symmetry assumptions. Inspired by ideas in statistical physics, in this
class of models the individual player’s contributions are encoded into a mean field
that contains all relevant statistical properties about the ensemble.

The literature on mean field games and its applications is growing fast. For recent
surveys see [23] or [4], and reference therein. Mean field games arise in the study of
growth theory in economics [22, 24], production of exhaustible resources [23], or en-
vironmental policy [3], for instance, and it is likely that in the future they will play an
important role in economics and population models. There is also a growing interest
in numerical methods for these problems [1, 3]. A related concept, called oblivious
equilibrium, corresponds to the case where players are assumed to make decisions
based only on its own state and knowledge of the long-run average industry state and
stationary equilibrium models were introduced and studied in detail in, respectively,
[31] and [2]. Mean field models correspond to the limit of N player games under sym-
metry assumptions. The Markov perfect equilibria notion for these games has been
studied (mostly in discrete time or stationary setting) in [17, 25, 27, 29], and refer-
ences therein. In [26, 28] symmetric Markov perfect equilibria are also considered,
and in the last paper the case with an infinite number of players is studied. In [14] the
passage from discrete time to continuous time is considered for N players in a war
of attrition problem. The techniques in the present paper are, however, substantially
different from the above references.

In this paper we begin by presenting a mean field model for a continuous time
dynamic game between a large number of rational agents, which we call players.
These players are allowed to switch among a finite number of states, looking forward
to optimizing certain functionals, which depend on the statistical distribution of the
other players. We discuss the concept of Nash equilibrium, which allow us to derive
a system of ordinary differential equations for the distribution of the players, as well
their value function. After, we consider the N + 1-player game, which corresponds to
the previous problem before taking the mean field limit. In the N + 1-player games
each player knows only the state but not the identity of the remaining players. We
are particularly interested in understanding the limit of the N 4 1-player game as the
number of players increases to infinity.

In discrete time, finite number of states mean field models were studied in [5].
In his PhD thesis, [8], O. Guéant considered a problem with two states, modeling
a labor market. In this work he considered a continuum of individuals and a labor
market consisting of 2 sectors. Each individual has to decide on which sector he or
she is going to work. This model consists in a coupled system of ordinary differential
equations of the type that will be derived in Sect. 2. More recently in [9, 10] several
discrete state problems have been also studied in detail, namely its connection with
systems of conservation laws. Further models with discrete state spaces were also
considered in [13, 30]. In these models, each individual in a large population interacts
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with randomly selected players. This interaction determines the instantaneous payoff
for all involved players. In particular these authors establish several very interesting
limit results. We should note, however that these last works do not study mean field
games in the sense of this paper, namely they lack the forward-backward structure of
the equilibrium as in the works by Caines, Lions-Lasry, among others.

We start in Sect. 2 by describing the mean field game. We derive a mean field
model for the optimal switching policy of a reference player given the fraction
6(r) € [0, 114 of players in each of d states. Then we introduce the concept of Nash
equilibrium. This equilibrium turns out to be determined by a coupled system of or-
dinary differential equations, where one equation governs the evolution of 6, and is
subjected to initial conditions, whereas the other equation models the evolution of a
value function and has terminal data. We call this problem the initial-terminal value
problem. These models are similar to the ones in [9, 10]. Initial terminal value prob-
lems are in fact a general feature in many mean field game problems, see for instance
[18-20], though not very common in ODE problems. In fact, existence and unique-
ness of solutions are not immediate from the general ODE theory but, adapting the
methods of Lions and Lasry we are successful in establishing both. We also study a
class of contractive mean field games for which a-priori bounds on suitable norms
can be established. In particular under this condition one can prove existence of sta-
tionary solutions. The main result of this section is a trend to equilibrium theorem, in
the spirit of the results in [5]. The proof relies on a reverse Gronwall inequality (i.e.
when an integral of a function is controlled by the function at the endpoints).

In Sect. 3 we consider the Nash equilibrium problem before taking a mean field
limit, i.e. with a finite number, N + 1, of players. As before we suppose that all
players are identical and so the game is symmetric with respect to permutation of
the players. We adopt the point of view of a reference player, which could be chosen
as any one of the players. A reference player in an N + 1 symmetric game is also
called a tagged particle in the area of statistical physics. We assume that the reference
player (as any other) has access to the same information, namely, his/her own state
attime #, given by i; € {1, 2,3, ..., d}, and the number n; € N9 of remaining players
that are in the other states. The objective of the reference player is to minimize, by
controlling the process i;, and given the process n;, the expected value of the integral
of a running cost function added to a terminal cost. We assume that both i, and n,
are controlled non-time homogeneous coupled Markov chains. More precisely, we
suppose that N of the players have a fixed Markov switching strategy §, known by
the reference player, which then chooses a switching strategy «(8). This is a well
know Markov decision problem. The Nash equilibrium corresponds to «(8) = 8,
which can be characterized by a system of ordinary differential equations. In this
setting the equilibrium is characterized by a system of ordinary differential equations
with a terminal condition. This system, as explained in Sect. 5, can be seen as a
discretized version of a partial differential equation (introduced by Lions in his course
in College de France and further studied by Gueant [9, 10]) for the value function that
can be derived for the mean field model, as an alternative to the initial-terminal value
problem formulation. In addition to this characterization we prove various bounds,
uniformly on N, which then allow to address the passage to the limit problem, in
Sect. 4.

@ Springer



102 Appl Math Optim (2013) 68:99-143

In Sect. 4 we prove the main result of the paper, Theorem 7, which is the conver-
gence as the number of players N — oo in L? of the N + 1-player model to the mean
field model of Sect. 2. In a different setting, convergence to a MFG model (with a
rate of the order 1/N, even for large time, but in weak topology) was established by
[15] using very interesting techniques from non-linear Markov processes. We should
note that the techniques in that paper do not apply to the problem we consider, as our
problem has a different structure. Our convergence result, gives, for small 7', a rate of
convergence of the order \/LN For the proof we not need monotonicity assumptions.

In particular this implies uniqueness of solution to the mean field problem for small
time. Our proof uses a double Gronwall-type inequality where part of the integrand
can be estimated forward in time, whereas other part can only be estimated backwards
in time.

In Sect. 5 we end this paper with an important class of examples, namely potential
mean field games. These have been studied in detail by Pierre Louis Lions (College
de France course) and also in [9, 10]. For these mean field games several connections
with Hamiltonian and Lagrangian dynamics can be derived which have interesting
applications to planning problems. We also discuss a variational formulation in anal-
ogy to the results in [7] and [6], as well as some connections with partial differential
equations, numerical methods and Hamilton-Jacobi equations.

2 A Mean Field Model

In this section we derive a mean field model which, as we will show later, corresponds
to the limit as the number of players tends to infinity of symmetric dynamic games
with a finite number of players.

We consider a continuous time dynamic game where a large number of players can
be in any of d states. The players can switch from state to state and their decisions
depend on certain optimality criteria which we will describe in the following. We
suppose that all players are identical and so the game is symmetric with respect to
permutation of the players. Players only know its own position and the fraction of
players in each of the d states. Each player can control the transition rate from one
state to another and incurs in both a running cost and a terminal cost which depend on
its own state, on the state of the other players (through its distribution among states
but not on individual player’s states) as well as on the controls the player chooses.

We will fix one of the players which will be called the reference player. Because
the game is symmetric, the identity of this player is not important, and all other play-
ers have access to similar information. We further assume the mean field hypothesis,
that is, since the number of players is very large, the only information available to the
reference player is the distribution of players given by a probability vector 6 € S¢,
where S is the probability simplex

01+"+0d=17
0i>0 Vi, 1<i<d.

Under the mean field hypothesis, the evolution of the vector 8 can be approximated
by an ordinary differential equation as discussed in Sect. 2.1.
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2.1 Continuous Time Markov Processes and the Kolmogorov Equation

We suppose that the players distribution among states is given by a probability vector
0(r) € 8. Let B() e Rdxd represent a transition rate matrix depending on the time ¢,
where 8;;(t) > 0if i # j, and B;; = — Zj# Bij. We assume that the players switch
from state to state according to a continuous time (inhomogeneous) Markov process
with transition rate matrix §, which for now we suppose it is known. In the mean
field limit, the fraction of players in each state 6 satisfies the Kolmogorov equation

do’ ;
@ =2 1)
J

The previous equation is complemented by an initial condition 6(0) = 6y € S from
which the evolution of the distribution of players 6f : [0, T] — S? is completely
determined. For convenience, controls are also identified with a vector 8(i) € R4
with the convention that 8;(i) = B;;, where B; (i) denotes the jth coordinate of B (7).

2.2 Running and Terminal Costs

We fix now a reference player and consider the optimization problem according to
his/her point of view. We assume that the state of this player is driven by a continuous
time discrete state optimal control problem in which he/she controls the switching
rates from state to state. These switching rates are chosen in order to minimize a
certain cost which is the sum of a running cost and a terminal cost. The running cost
depends on the player’s state, the switching rate, and the fraction of players in each
state. The terminal cost depends on the player’s terminal state as well as the terminal
distribution of players among states.

Let I; ={1,2,3,...,d}. The running cost of the reference player whose state is i
is givenby acost ¢ : Iy x 8¢ x (R})? — R, ¢(i, 0, a), where § € S is the probability
distribution of players among states, and «; is the transition rate the reference player
uses to change from state i to state j. We suppose c is Lipschitz continuous in 8, with
the Lipschitz constant (with respect to ) bounded independently of «. We suppose ¢
is differentiable with respect to «, and that g—; (i, 0, a), is Lipschitz with respect to 6,
uniformly in «.

We also suppose that c(i, 9, o) does not depend on «;, is uniformly convex (on the
remaining coordinates), that is, for any i € I, 6 € S a0 € (Ra')d, with o # a},
for some j #1,

c(i,0,a) —c(i,0,@) > Vyc(i,0,a) - (& —a) + yllo’ —af?. )

We suppose that ¢ is superlinear on «, j # i, that is,

aj=00 o]

The reference player has a terminal cost denoted by v : I; x S¢ — R, ¥/ (0). We
suppose v is Lipschitz continuous in 6.
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2.3 Single Player Control Problem: The Value Function

Let T > O be the time duration of the game. Suppose the players are distributed
among the d states according to the distribution probability 6 : [0, T] — S¢, which
for now we assume to be known by the reference player. Let

T
uh(t, ) =EY_, [f c(is, 0(s), a(s))ds + T (Q(T))}.
t

We define the value function associated to 6, denoted by ug : Iy x [0, T] — R, as
uly (t) = minuly (¢, @), 3)
o
where i is a continuous time Markov chain controlled by o which corresponds to
the state of the reference player at time s, and E(if:i is the expectation conditioned on
the event i, = i, given the transition rate «. Here the minimization is performed over
Markovian controls a(s) = «(iy, s). More precisely

Plis+n = jlis] =0 j(s)h + o(h)

where limy, 0 = oh) — (). In Sect. 2.5 existence of optimal Markovian controls will be
proved.

2.4 Definitions and Preliminary Results

Let A; : R — R9 be the difference operator on i, given by
Aiz= (" =2 = ).

The infinitesimal generator of a finite state continuous time Markov chain, with tran-
sition rate v;;, acting on a function ¢ : Iy — R, is given by

Al @)= vij(¢ —¢') =vi.- Aig.
J
We define the generalized Legendre transform of the function c(i, 9, -), as

h(z,0,i) = min c(z@u)—i—Zul I —7')
ne@®)? J

= min c(,0,pn)+u- Az 4
ne®iH

Because of the superlinearity and uniform convexity of ¢ the function

a*(z,0,i) = argmin c¢(i, 0, 1) + L - Aiz 5)
ne®y)?
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is well defined, except for its ith coordinate, since (A;2)! = 0. We will denote the jth
entry of the vector a«*(z, 0, i) as oe;‘f (z,0,1), and for convenience and definitness we
set

@ (z.0,1)=—=Y af(z.0,i). (©6)
J#i
The definition (6) is consistent because c(i, 8, «) does not depend on the ith entry of
the vector «, and for that reason (5) does not define al.* (z,6,1). The uniform convexity
of ¢(i, 0, -) shows that o™ is well defined. We will write 7(A;z,0,i) and a*(A;z,0, 1)
to stress the fact that 4 and o™ depend only on A;z. Because

h(Aiz,0,i) =h(z,0,1)

there is no ambiguity of this notation.
The following Proposition is proved in the Appendix.

Proposition 1 We have
(a) If h is differentiable, for j #i

o 0h(Aiz,0,1)
* _
o)Az, 0.0) = T
furthermore, in general, for all z and v
h(z+v.0,0) —h(z.0,i) <Y _ef(z.0. i)/, ©)

J

ie. oz;‘ (z,6,i) €3S h(z,0,1i), where 3T denotes the superdiferential.

(b) The function o* is Lipschitz in p and in 0. The Lipschitz constants are uniform.
More precisely,

1
le*(p'.6.i) —a*(p.6.0)| < ;np/ —pl. Vp.p.0.i,
and
le*(p,6.i) —a*(p.0',i)| < ﬁne -0\, Vp.o,0.i,
14

where y is the constant given by (2) and K. is the Lipschitz constant of Vc.
(c) The function h is locally Lipschitz in p and in 6. The Lipschitz constants are
uniform if Az is bounded.

2.5 Hamilton-Jacobi Equation and a Verification Theorem

We continue to assume that 6 : [0, 7] — S¢ is given. As in classical optimal control
we introduce now the Hamilton-Jacobi ODE:

du'
- =h A; 79’. )
T (Aju,0,i) ®)

u' (T) = ' (B(T)).

@ Springer



106 Appl Math Optim (2013) 68:99-143

This is a terminal value problem (TVP) consisting of a system of d coupled ODEs
with a terminal condition given by . It turns out, as Theorem 1 states, that the
solution to this ODE is the value function. Before proving Theorem 1 we begin by
proving a maximum principle for (8), which will be also used to prove existence and
uniqueness.

Proposition 2 Ifu is a solution to the HJ equation (8), and M = max; gyc 1, xsd |1(0,
0,1)|. Then for all 0 <t < T we have

lu@OI < lu(D)|| +2M (T — 1),
where ||u(1)|| = max;e, {lu’ (1)|}.
Proof Let u be a solution to (8). Let u =u + p(T —t). Then

diit .
—E = ]’l(Al‘I/l, 9, l) +p.
Let (i, 7) be a minimum point of i on I x [0, T]. We have i/ (t) — ' () > 0 hence
Ajii = (@ (1) — @' (1), ..., a% @) — @' (1)) > 0. Therefore

di’

dt

(1) =h(Aju,0,i) +p > h(0,0,i) + p,
because if A; p > 0 we have

h(Aip,0,i) > h(0,0,i),
since o™ > 0. Furthermore, if we take M < p <2M we get

dii
dt

(t) > 0.

This shows that the minimum of # is achieved at T hence
u' (1) = —u(T)| = 2M(T —1).

Similarly, let (i, r) be a maximum point of & on I; x [0, T']. In this case we have
A;i <0. Hence

diit

dt

(t) = h(Aiii, 6,0) + p < h(0,6,i) + p.

Furthermore, if we take —2M < p < —M we get

ﬁi
t 0.
dt()<

This shows that the maximum of # is achieved at 7 hence

u' () < lu(T)|| +2M(T —1). O
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As a consequence of the last Proposition (and also using that 4 is Lipschitz), Picard
Theorem allows us to state

Proposition 3 The terminal value problem (TVP) given by (8) has a unique solution.
Now we prove a verification Theorem:

Theorem 1 Suppose u : I x [0, T] — R is a solution to the Hamilton-Jacobi termi-
nal value problem (8). Then u is the value function associated to the distribution 0,
and

a(i,s) = a*(A,-u(s), 0(s), i)

is an optimal Markovian control.

Proof The main tool for proving Theorem 1 is the Dynkin Formula (see [16], for in-
stance): suppose « is a Markovian control continuous in time. Define the infinitesimal
generator of the process iy by

(A%) ) = ) [e/ () — ¢ (5)]. ©)
J

We have that, for any function ¢ : I; x [0, +00) — R, C! in the last variable, and
anyt < T,

i

o i i o r dgl) o \is
EY_ ;[0 (T) — ' ()] =Ef _; [/ o () + (A%) (S)dS], (10)
t

where the superscript « means that iy is driven by the control «, while the subscript
i; =i means we are considering the expectation conditioned on i, = i. We call (10)
the Dynkin’s formula in analogy to the Dynkin’s formula in stochastic calculus.

Now to prove the Theorem we make ¢ = u in (10). Using the terminal condition
ul (T) = 1//‘i (6(T)) we have that, for any control «,

s

. . T i
Ey_ [v'7(0(D) —u' (0] =Ef_,; [/ ;t () + (A%u)® (s)ds:|. (11)
t

Now let o be any control. In the next steps we will use the definition of ué (t, ),
given in (3), and then (11), (9), and (4) to have

T
up(t, ) =K [wif (9(T))+ft c(is,e(s),a(s))ds:|

T iy .
=u'()+ Eg:i [/ d:t (s) + (A“u)l“ (s) + c(is, 0(s), a(s))ds:|
t

ue(RO

T i ) .
> uf (1) + BY_, [/t d:t (5) + mig)d;uj[uf(s)—uns(s)]
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+c(is,9(s),u)}

i T du's .
=u’(t)+IEi°f:i [/ T (s)+h(Aisu(s),9(s),ls)ds:|
t

=u' (),

where the last equation holds because u is a solution to the Hamilton-Jacobi equa-
tion (8). Note that in the particular case where « is given by the specific control
a(i,s) = a*(Ajug, b, 1), we have equality in the all the steps above, and therefore
we have ué(t, &) = u' () which show us that & is the optimal control and that the

objective function ué (1) is indeed given by u' (1). O
2.6 Mean Field Nash Equilibria

The mean field Nash equilibrium occurs when the background players are using a
strategy B for which the best response of the reference player is g itself, more pre-
cisely when the transition rate from j to i at time s is given by

Bji(s) = (Aju(s),0(s), j).

The Nash equilibrium is then characterized by the system of Kolmogorov and
Hamilton-Jacobi equations

d . . _
0= > 0lar(Aju.6. )
4 j (12)
—Eui =h(Aju,0,i),
together with the initial-terminal conditions
00)=6 U (T)=y'(0(I)). (13)

Note that from the ODE point of view this problem is somewhat non-standard as
some of the variables have initial conditions whereas other variables have prescribed
terminal data. We call this problem the initial-terminal value problem (ITVP) for the
mean field game, and a solution of such ITVP is what we call a solution to the MFG
given by T, 6p, c, V.

2.7 Existence of Nash Equilibria in the MFG

We now address the existence of solutions to (12) satisfying the initial-terminal con-
ditions (13). The proof of existence will be based upon a fixed point argument.

Proposition 4 There exists a solution to (12) satisfying the initial-terminal condi-
tions (13).
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Proof Let F be the set of continuous functions defined on [0, 7] and taking values
in 8¢, with the C° norm. Consider the function & : F — F that is obtained in the
following way: given 6 € F, let ug be the solution of terminal value problem given
by the Hamilton-Jacobi equations (8)

du? .
=h(A;u,0,i),
dt (14)

u'(T) ="' O(T)).

We know ugy depends continuously on the parameters 6.
Now get the optimal control % given by the Verification Theorem (Theorem 1):

B(i. 1) = argmin (i, 0, 1) + p - Ajug = a*(Ajug. 0, 1) (15)
ne@®y)Hd

We use Proposition 1 to conclude that ,89 is a continuous function of ug, and
therefore of 6.

Finally, then let £(6) be the solution to the Kolmogorov equation (1) given by the
initial value problem:

deo’ ,
== > 0igl: 6(0)=0. (16)
j

Such solution £(6) depends continuously on the parameters 87, and therefore on 6.

Therefore, using standard ODE theory we just proved that £ is a continuous func-
tion from F to F.

Now, using Proposition 2, we see from (15) that B is bounded, with bounds that
do not depend on 6, and therefore from (16) we have that £(0) is Lipschitz, with
Lipschitz constant A independent of 6.

Now consider the set C of all Lipschitz continuous function in F with Lipschitz
constant bounded by A. This is a set of uniformly bounded and equicontinuous func-
tions. Thus, by Arzela-Ascoli, it is a relatively compact set. It is also clear that it is a
convex set. Hence, by Brouwer fixed point Theorem, & has a fixed point in C. O

2.8 The Monotonicity Hypothesis

In order to prove the uniqueness of the MFG (Sect. 2.10), and also consider the con-
vergence of solutions of MFG to stationary solutions (when T — oco—see Sect. 2.13)
we need to introduce several monotonicity hypothesis as in the original works by Li-
ons and Lasry. We start with a definition:

Definition 1 Let v e R, andset 1=(1,...,1) € R?. In R?/R we define the norm

vl = inf ||v + A1]|.
lvlly AER” I

Observe that

Aiu=Ajv V1<i<d <4 3dceRsuchthatu=v+cl & |u—vl|;=0.
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Furthermore we have
max; (u') — min; (u')
2

llelly =
Assumption 1 We suppose the following monotonicity hypothesis on :

SO -6 e) - v@)=0. (17)

i

The previous assumption holds, for instance, if ¥ is the gradient of a convex func-
tion.

Assumption 2 We suppose that for every M, on the set ||z[lz < M the function
A;z — h(A;z) is uniformly concave in the non-degenerate directions, i.e., there ex-
ists y; > 0 such that

h(Aiz,0,i) — h(Ajw, 0,i) —a*(Ajw, 0,1) - (Aiz — Ajw) < —yi | Aiz — Ajw]|%
(18)

Assumption 3 We also suppose that / satisfies the following monotonicity property:
0-(h(z,0) —h(z,0)+60-(h(z,6)—h(0)) <—ylo -0 (19)
where h(z,0) := (h(A1z2,0,1),...,h(Agz,0,d)),and y > 0.
The last three hypothesis will be satisfied if / can be written as
h(Aiz,0,i) =h(Aiz, i)+ f1(6),

with & (locally) uniformly concave in the sense of (18) and f satisfying the mono-
tonicity hypothesis

(f@) = £©)-©6—8) <—ylo 8%

The previous property holds, for instance, if f is the gradient of a convex function
f(O)=Ve(©).

2.9 A Key Estimate

The monotonicity hypothesis from the previous section can be used to establish both
uniqueness of equilibrium solutions, Sect. 2.10, and a trend to equilibrium type re-
sult Sect. 2.13. For convenience, rather than considering the initial terminal value
problem with initial values for 6 at t = 0 we consider the problem with initial values
at t = —T. This will be convenient when studying the trend to equilibrium, which
corresponds to send 7 — oo and analyzing the behavior of (6, ug).
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Lemma 1 Fix T > 0 and suppose that (0, u) and (5, u) are solutions of (12) with
initial-terminal conditions 6(=T) = 6_7, u' (T) = ¥ (O(T)) and §(—=T) = 6_r,
@(T) = wi(é(T)). Assume further that ||u|ls, lit|ly < C. Then there exists a constant
C independent of T such that, for all0 < M < T, we have

M " 5 B 2 ~ 2 - 2
/M||(9 —O®[ + @ —is|ds < (|© O+ |-
+ |0 =) + [ — D))
Proof Observe that

d

L0 -0 = 310 )l )+ (0~ ) - )]

i=1

+ (0" — 6")(h(A;ii, 6, 1) —h(Aiu,Qvi)):|'

In order to use the hypothesis (18) and (19) we sum and subtract some terms and we
change the names of the variables in the double sums.

d
d = - i -y -
E[(Q —0)-(u— u)] = ;9 [h(Al-u,G, i)—h(A;u,0, l)]
+ 0 [h(Au, 0,i) — h(Aju,0,1)]
d
+ ) 0 [h(AiL, 0,1) — h(Aju,6,1)]

0 ot (Aiu, 0, i) (u —il)

+
- 1
M-

~

I
—-

I
-

+
-

0" [h(Aiu,6,i) — h(Aiii, 0,1)]

—

0'at(Aiit, 0,0) (i) —u).

+
-
M-

~
Il
-
I
-
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Now using that (&’ — u?) Z/ a;’f(Aiu, 0, i) = 0 and remembering that 27:1 a;’f(Aiu,
60,i)(u/ —it/) =a*(Aju,0,i) - (ii —u), we have

d
O—0)-u—i)]= Z@i[h(Aiu, 0,i) —h(Aju,0,i)]

i=1

+0'[h(AiL, 0,i) — h(A;ii, 6, 1)]

d
il

d
+ ) 0 [h(AiL 60, i) — h(Aju. 6.0)
i=l1

— " (Aju, 0,1) - (Ajit — Aju) |
d .
+ ) 0 [h(Au. 0, i) — h(A;ii, 6,1)
i=1
—o* (At 0, 1) - (Aju — AjiD) ).

Now we can use (18) and (19) to get the following estimate

d
O =0 @w=] <=0 = OO =3 y(0" +0) Ol A~ M) D).
i=1
(20)
Integrating (20) between —M and M, for 0 < M < T, we obtain

O —0)- (u—i)(M)— (0 —0)-(u—i)(—M)

M d R
s/M<—y||0—9|l2—Zm(9’ +9’)||A,~u—AiﬁII2>dS-

i=1

Note that (6 — ) - ¢1 = 0. Also for each ¢ there exists ¢; € R such that || (u — 1) (1) +
ce |l = ||(u — u)(®)||;. Hence

M d . ~
f (yne —01P+ > yi(0"+0) 1 Au — A,-ﬁ||2>ds
-M

i=1

<(0—=0)- w—i+c_pyD)(=M)+ (0 =) - (i —u+cyl)) (M)

=

. 1 1 -
16 = )M + Sl = DADIZ + 5116 = ) (=)

NS

Il — @) (—M)|13.

| =

+
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Using that [|Aju — Ajiil| = lu — it — (u' — @) 1|| > infy |u — & + A1 = ||lu — il
and denoting by 7 = 3%, ;6" — §"), we have

M
/Myn(e—0><s>||2+f||<u—ﬁ)(s)ﬂéds

M d
sf (yue —01P+ > yi(0"+6) 1 Au — AianZ)ds

-M i=1
1 - -
< E(n(e — M)+ | — D (M)|F + 110 — O)(—M)|1* + | — D) (= M) 7).

Therefore we have proved

M 5 2 ~ 2 1 1 2 ~ 2
/M 1O =)+ 1w —u)(s)lzds < 2—(|I(9 —OMIN” + I — ) (M)l

- Z
+10 =) (=M)II* + | — D) (=MD |3),
1)
where y = max{y, y}. O

Lemma?2 Fix T > 0. Suppose that (9, u) and @, i) are solutiqns of (12) Xvith initial-
terminal conditions 6(=T) = 0o, u'(T) = ' (O(T)) and 6(-T) = by, i (T) =
Vi (O(T)). Then

T
f 16 = 0)(S)I* + | — i) (s)llds < KT> +4T. (22)
T

Proof Note that [|[(§ — 6)(s)| <2.Let Ko = [l — ¥|lc,. Foreach —=T <s < T, by
the definition of u and # we have

T
u'(s) =minE{ _,; U c(is, 0, ap)dt + YT (er)}

T
= ]Efﬁzi [/ c(is, 0r, ap)dt + T (GT)]
and
. _ T ~ L
i'(s) < IEz:i |:[ c(is, 0, andt +¢'7 (9T)i|.
Hence
. ) B T _ o .

a'(s)—u'(s) < ]Ei:i |:-/ (C(i,, 6, a;) — c(iy, 6, &z))dt + (WIT br) — Y1 (QT))i|
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By the Lipschitz continuity of ¢ and v in 6 (remember that the Lipschitz continuity
of ¢ is uniform in &), we have

i’ (s) —u'(s) <2T Ky + Ko.
Changing the roles of u and & we get
lii(s) —u(s)|} <KT? + K.
Thus
T ~
/ 16 = 0)(SII* + | — D) (s)llzds < KT + (4 +2K)T. O
-7
2.10 Uniqueness of Equilibria for the Initial-Terminal Value Problem

The first consequence of the monotonicity hypothesis is the uniqueness of equilib-
rium solutions for the initial-terminal value problem, which is a simple application of
Lions-Lasry monotonicity method.

Theorem 2 Suppose the monotonicity Assumptions 1,2 and 3 hold. Then the system
(12) and (13) has a unique solution (0, u).

Proof Suppose (0, u) anNd (5, i) are solutions of (12) gnd (13). At the initial point
t =0 we have that (6 —0) - (u — u) = 0, because 0y = 6.
Integrating (20) between O and 7', and using the terminal conditions, we have that

(0(T) —6(D)) - (¥ (0(T)) — ¥ (6(D)))
T ~ d . ~
s/o —y 110 =617 = (6" +6")yill Aiu — Agi])?,

i=1
now, by Assumption 1 we get
0< / —y110 = 011> =Y (6" + 6" )yill Aju — Mg,
0

i=1

which implies that 6(s) = 6(s) for all s € [0, T]. Therefore, we have the uniqueness
for 6. Then, once 6 is known to be unique, we obtain by a standard ODE argument
that u = 1. O

2.11 Contractive Mean Field Games

We now introduce a condition that allow us to establish existence of stationary solu-
tions as well as a-priori bounds for the initial-terminal value problem.
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Definition 2 Let (u) = % Zj ul. We say that & : R? x 89 x I; — R is contractive if
there exists M > 0 such that, V6, Vi, if ||u||z > M, then

(Aiu)! <0 Vj implies h(Aju,0,i) — (h(u,6,-)) <0, (23)

and

(Aju)! >0 Vjimplies h(Aju,0,i) — (h(u,6,-)) > 0. (24)
Conditions (23) and (24) are natural if one observes that
(Aju)) <0 Vj and (Anpu)) =0 Vj
implies
2ully =u't —u'.

So, if u is a smooth solution to (12) and [|u(?)|+ is differentiable with [lu(?)|lx > M
then

d llull; >0

— lu]ly > 0,

dt g

which implies the flow is backwards contractive with respect to the || - ||z norm of the
u component.

The contractivity condition can be verified explicitly in many examples as we will
illustrate in what follows. Consider the particular case

2

c(i,@,a)=2%+fi(9), (25)

J
where f7(0) is continuous on 8 € S?. We have in this case that
. ; 1 i ivE?
h(Aiw,0,0) = f1©0) — 5 Z[(u’ —ul) T (26)
j

We will show now that / is contractive. Suppose first (A;u)/ <0 Vj. As all other
cases are similar we assume i = 1 and

1

ul > u?

> .. >u, (27)
Therefore

h(Aju,60,1) — (h(u,6,-))

[t -]+ g (e -y
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where F1(0) is a bounded function of 6, namely

< 2max f ).

|F10)] = ‘—f ©) — —fow)

j>1
Now we multiply by —2d to have

—2d(h(Au,0,1) — (h(u,0, )

=(d—1)|:2(ul—uj)2]—<2u —ul )3 =)

j>1 j>2 Jj>3

+ (=" - ud)2> —2dFy(0).

Reordering we have

—2d(h(Aju,0,1) = (h(u,06, "))

=S )t (Z(ul L uj)2>

j>1 j>1 j>2
(L0 =) = )
j>1 Jj>3
+ (Z(ul — ) — (" = ud)2> —2dFy(6).
j>1

Now using (27) we have an inequality
—2d(h(Au,0,1) = (h(u,0,))

= S — )+ (Z(ul T uf)Z)

j>1 j>1 j>2

(Lt =) = Sl =) )

j>1 Jj>3
+ (Z(ul —ul)’ = (' - ud)2> —2dF(0),
j>1
which implies

—2d(h(A1u, 0, 1) — (h(w,0,) = Y (' =)’ + (' = u?)?)

j>1

d—1
+ ((u! —u2)2+ (' —u’ (Z u' —u’) ) —2dF(0),
j=1
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and the last inequality implies that A(Aju, 0, 1) — (h(u, 0, -)) < 0 whenever ||u| is
large enough. _
For the case (A;u)’ > 0V} it suffices, as before, to assume i = 1 and

1

ul <u?

Then

h(Alu’evl)_(h(M’ev))
1
2d<Zu —u] —I—Zu —u] + —I—Z —u] )+F1(0).
Jj<2 j<3 j<d
This implies
h(Au,0,1) — (h(u,6,)) >0,

whenever ||u||y is large enough.
2.12 Stationary Solutions

We now discuss stationary solutions to (12). It is clear if, for instance & > 0 (12)
cannot admit stationary solutions in the sense that U= i 6 = 0. Therefore we need
to consider stationary solutions to (12) modulo addltlon of a constant:

Definition 3 A triplet (6, i1, k) € S x R4 x R is called a stationary solution of (12)

if
> 6lar(nji. 6. j)=0,
i (29)
h(Aiii, 0,0) = k.

If (6, i, «) is a stationary solution for the MFG equations, then (6, it — k1) solves
(12).
Proposition 5 Suppose h: RY x S x I; — R given by (4) is contractive.

(a) For M large enough, the set {u € RY, llullx < M} x 84 is invariant backwards in
time by the flow of (12).
(b) There exist a stationary solution of (12).

Proof The first item is a direct consequence of Definition 2 and the observations
thereafter. The second item is a consequence of Brower fixed point theorem for flows
that leave invariant compact and convex sets. O

2.13 Uniqueness of Stationary Solutions and Trend to Equilibrium

We now discuss two important consequences of the monotonicity and contractivity
properties: the uniqueness of solutions and the trend to equilibrium.
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Theorem 3 Suppose that the monotonicity Assumptions 2, 3, and contractivity hold.

(a) Suppose |[u(T)|lzx < M, where u is a solution to (12), and M is large enough.
Then |lu(®)|ls <MVt €[0,T].

(b) The stationary solution @, ) is unique (up to the addition of a constant to u).

(c) Given T > 0, avector 6y, and a terminal condition \r, let (07, uT) be the solution
of (12) with initial-terminal conditions 67 (=T) = 0p and u™*(T) =y (0T (T)).
We have, when T — oo

0T -6,  fu"(©) —il:— 0,

where (0, it) is the unique stationary solution for the MFG equations.

Proof Ttem (a) is again a direct consequence of Definition 2 and the observations
thereafter.

In order to prove items (b) and (c), fix two probability distributions 6y and o
in S, and two terminal conditions v and . For each T > 0, let (7, u”) and
(GT, iT) be the solutions of (12) with initial-terminal conditions 87 (=T) = 6y,
ul"'(T)y =y OT(T)) and 67 (=T) =0y, a1 (T) = ¥ (8T (T')), respectively. By the
contractivity hypothesis, ||u(¢)||; and ||#(¢)]|; are uniformly bounded.

We define

fr) =" =8N @]+ | -]

and, forO<t <T,
T
Fr(z) = fr(s)ds.
-7
By (21), we have
Fr(z) < ;(fr(f) + fr(=1).
Note that Fr(r) = fr(r) + fr(—7), hence
1.
Fr(t) < - Fr (7).
14
This implies 4 In Fr () > 7, therefore
InFr(r) —InFr(1) > (r — Dy,

for all 0 < T < T. From this we get

! Fr(T)
/ Sfr(s)ds = Fr(1) < T-17 — 0 when T — oo,
-1 (A

because F' has sub-exponential growth, by (22) in Lemma 2.
Now there exists #(T) € [1, 1] with f7(¢(T)) < L1 Hence

|67 (¢(1)) — 67 (t(D))| — 0, |u” (¢(T)) - ﬁT(z(T))Hj =0

as T — +o0.
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Recall that (87, uT) and (5 T 4Ty are solutions of the same time-homogeneous
ODE (12), with data at time 77 (07 (¢r7), u” (t7)) and 67 (¢7), ii” (7)) whose dif-
ference goes to zero as T — +4-o00. From the continuous dependence of solutions of
ODE’s with respect to initial conditions, and observing that t7 € [—1, 1], we can
conclude that

[6" 0 =6" W] >0 and [ul)—a" @], -0,

uniformly in ¢ € [—1, 1],as T — o0.

Now, from Theorem 5, we know there exists a stationary solution (0, i1). If we
choose initial and terminal conditions (8, ¥) in such a way that (87 (¢), i’ (1)) =
@, k(T — 1)1 + it), we have the convergence of (97, u”) to (8, it), which implies
both the trend to equilibrium and the uniqueness of stationary solutions. g

3 The N + 1-player Game

In this section we consider games between N + 1-players which are symmetric under
permutation of players. As in the previous section we assume that each of the players
can be in one of d states, and knows, in addition to his or her state, the number of
players in each of the states.

Players follow a Markovian dynamics in which each player controls the switch-
ing rate, as discussed in Sects. 3.1 and 3.2. Using Hamilton-Jacobi ODE methods,
Sect. 3.3, and a verification Theorem, Sect. 3.4, we formulate the Nash equilibrium
problem for the N + 1-player problem. Maximum principle type estimates are con-
sidered in Sect. 3.3 which are then applied to establishing the existence of Nash equi-
librium solutions in Sect. 3.5.

3.1 Controlled Markov Dynamics

Remember that I; = {1,2,3,...,d}, and let 8¢ = {(n',...,n%) e Z4|| X0 n' =
N,n > 0}. Let ¢ be the k — th vector of the canonical basis of RY, and let ejr =
€j — €.

In the preceding section we considered a game where a very large number of
players was allowed to switch among d states. The fraction of players in each state
was approximated by a deterministic vector 6(¢). In an analogous way, we consider
now a game between N + 1 players that are allowed to switch between the same
d states. As before, to describe the game we will use a reference player. However,
we no longer make the assumption that the fraction of the players in each state can
be approximated by a deterministic vector 6(¢). Instead, in addition to the position
i; of the reference player, we consider a second controlled Markov Chain n, taking
values in 81”\1,, which records the number of the remaining players (distinct from the
reference player) that are in any of the d states at any given time. Each player knows
his own state, as well as the number of remaining players that are in any of the states.
No further information is available to any individual player.
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We suppose the reference player switches from state i to state j according to a
switching Markovian rate o;;(n,t) which he or she would like to optimize upon.
More precisely, we suppose

P(ryn = jlns =n, iy =i) = a;;(n, 1).h + o(h),
where lim 0(}:’) =0 when 7 — 0. We suppose that the players distinct from the refer-
ence player follow controlled Markov processes with transition rates from state k to
state j given by B = B;(n, ). More precisely, if we select one of the players distinct
from the reference player and call k; his position at time #, and call m, € SN the
vector m; = n; + ej,x,, which records the number of other players in any state from
the point of view of this selected player, we have for j # k,

P(kipn = jlim; =m, Ky = k) = Byj(m, t).h + o(h),

where lim o(h) = 0 when & — 0. We suppose that both controls « and B are de-
fined in I; x Id X 81‘{, [0, 400) and take values in R, and also they are admissible
controls, that it is bounded and continuous as functions of time, and oy (n,t) =
— Z#k agj(n,t) Vk,n,t and ay;(n,t) > 0 Vk # j, and that same properties hold
for 8. We assume further that the state transitions of the different players are inde-
pendent, conditioned on i and n.

From the symmetry and independence of transitions assumption, for k # j, we
have

Py =n+ejilin, =n, iy =i) =y, (0).h + o(h),

o(h)

where lim = 0 when & — 0 and the transition rates of the process n are given by

yg,’lij (t) =npPrj(n + ek, t). (30)

The previous expression for the rate, namely the term n + ¢;; instead of n, follows
from the fact that from the point of view of a player which is in state k, and is distinct
from the reference player, the number of other players in any state is given by n+¢; —
ex = n+ ej. Note that the rate function § is a deterministic time-dependent function,
which makes (n, i) a non-time homogeneous Markov process.

3.2 Individual Player Point of View

The reference player would like to choose its transition rate «, possibly different from
B, in order to minimize

T
ul (1, B, ) = E/Z,oéz ) |;/ c(is, %, oz(s))ds + 7 (%)] (€1))

where the subscript A, (i, n) means we are considering the expectation conditioned on
i; =i, n; = n. That is, the reference player looks for the control & which is a solution
to the minimization problem

w0, (t: B) = infu, (¢, B, ),
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where the minimization is performed over the set of all admissible controls «. We will
call the function ! (¢; B) above the value function for the reference player associated
to the strategy S of the remaining N players. The control « that attains the minimum
above can be called the best response (for the reference player) to a control §.

3.3 The Hamilton-Jacobi ODE for the N + 1-player Game

Fix an admissible control 8. Consider the system of ODE’s indexed by i and n given
by

d .
“’" 1y = Zyﬁ O, (0 — @b (D) + h(Aiwnm, o i), (32)

where yg is given by (30), and, as before, A;¢, (1) = ((p,]l (1) — (p,’;(t), e, (pg(t) —
@ ().

This system of ODE is called the Hamilton-Jacobi (HJ) ODE for the N + 1-player
game associated to the strategy B of the remaining N players.

We denote by

||“(t)||oo=rrnlaix|“£,(t)|’ (33)

The proof of the next Proposition is analogous to the proof of Proposition 2 and it
is postponed to the Appendix.

Proposition 6 Ler u be a solution to (32) and M = max; gycy,xsd [1(0,0,1)|. Then
forall0 <t <T we have

lu@lloo < Nlu(T)lloo +2M(T —1).

As a consequence of h being locally Lipschitz continuous, Picard Theorem, to-
gether with the previous bound, allow us to establish

Theorem 4 The terminal value problem (TVP) given by (32) and the terminal condi-
tion @} (T) = Wl ( ) has a unique solution.

3.4 A Verification Theorem for the N + 1-player Game

Now we state a verification Theorem, which is completely analogous to the respective
verification Theorem of the preceding section: The corresponding proof can be found
in the Appendix.

Theorem 5 Let v be a solution to (32) satisfying the terminal condition vfl(T) =
V' (§). Then

uy, (85 B) = vy, (0).
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Also, the Markovian control
~ n
Ol(,B)(l,n,t)Eot*(Alvn(t), N?l>7 (34)

is admissible and satisfies

uy, (t: B) =u, (1. B.@(P)).

Thus a classical solution to the HJ equation associated to 8 is the value function
corresponding to 8 and determines an optimal admissible control &(8), for the refer-
ence player.

3.5 Equilibrium Solutions

We now consider Nash equilibria for the N 4 1-player game. For that we look for
controls B for which the best response of any player to § is g itself.

Definition 4 An admissible control § is a Nash equilibrium if & (8) = 8.

Theorem 6 Under the hypothesis of Sect. 2.2, there exists a unique Nash equilib-
rium f3.

Proof A necessary condition for a control 8 to be a Nash equilibrium is that from
(34), we have

ﬁk](n l)—()l (Akun(l ﬂ) )

Hence this gives rise to the system of nonlinear differential equations

du . . n .

_Zyk] n+ejk _u;1)+h(Aiun’ﬁ»l), 35)

with terminal condition
i ifn , d

u,(T)y=1vy <ﬁ> Viely, neSy, (36)

where yk’lj’i are given by
i n+ e
V/?j‘l = nk“;‘< (Ak’/ln+eik TN =, k) . (37)

Note that (35) is well posed because u,, is bounded and the right-hand side is Lips-
chitz and admits a unique solution. Hence existence and uniqueness of a Nash equi-
librium follows. 0

The following property of y,fj’i will be proved in the Appendix:

@ Springer



Appl Math Optim (2013) 68:99-143 123

_ul

Lemma 3 Let us suppose that || Axuy || so is bounded, and denote by 7! nters —

n,sr
ul,. Then we have

y]:t/+er:,l — y]:’/~’| <C+CN mr%x Iz g lloo- (38)

4 Convergence

This last section addresses the convergence as the number of players tends to infinity
to the mean field model derived in the previous section.

We start this section by discussing some preliminary estimates in Sect. 4.1. Then,
in Sect. 4.2 we establish uniform estimates for |u;.,, — u,|, which are essential
to prove our main result, Theorem 7, which is discussed in Sect. 4.3. This theorem
shows that the model derived in the previous section can be obtained as an appropriate
limit of the model with N 4 1 players discussed in Sect. 3.

4.1 Preliminary Results

Let us denote by m = (i, n) € Iy x S%, and consider the system of ordinary differen-
tial equations

lt
iy = Zank] uven =)+ 2 (2 =)

where a i = 0 and af,' > (. Note that this system is a particular case of

—tm= > G (D@ — Zm), (39)
m'ely xS
where a,,,, (1) > 0. We write (39) in compact form as
—z(t) =M @)z(1). (40)
The solution to this equation with terminal data z(7) can be written as
2(t) = K (1, T)z(T), 41

where K (¢, T) is the fundamental solution to (40) with K (7, T') = I. Note that equa-
tions (40) and (41) imply

d
EK(I,T):—M(t)K(t, T). (42)
The proofs of Lemmas 4, 6 and 7 can be found in Appendix.

Lemmad4 Fort < T we have

I2(Dlloo = N2(T) oo

(see (33)). Furthermore, if z(T) <0 then z(¢) <O0.
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From the previous Lemma we also conclude
Lemma S5 If p; < pa, andt <s, then we have

K(t,s)p1 <K(,s)p2,

which means K (t, s) is an order preserving operator.
Proof Observe that if p; — p2 <0 then K (¢, s)(p1 — p2) <0, by Lemma 4. O
Lemma 6 Suppose z is a solution to

—2(s) < M(s)z(s) + f(z(s)). (43)

where M (t) was defined in (39) and (40). Then, for all m = (i,n) € I; x S/”\l,

_ T
40 =) < 2D, + / [ £(z)) | odls-
t
Lemma 7 Suppose v : [0, T] — R is a solution to the ODE with terminal condition

dv , C

——=Cv+CNv° + —,
ds N (44)
T) < —,

v( )_N

where N is a natural number, and C > Q. Then, there exists T* > 0, which does not
depend on N, such that T < T* implies v(s) < 2chor all0<s<T.

4.2 Gradient Estimates
In this section we prove “gradient estimates” for the N + 1-player game, that is, we
assume that the difference u,4.,, — u, is of the order % at time 7 and show that it

remains so for 0 <t < T, as long as T is sufficiently small.

Proposition 7 Let uﬁ, (t) be a solution of (35) with terminal conditions (36). Then
there exists C > 0 and T* > 0 such that, for 0 < T < T*, we have

max ), (1) = (Dlloo < 7
forall0<t<T.
Before proving the Proposition, we remember the norm || - ||o Was defined in (33).

Proof Using the terminal condition (36) and remembering that ¥ is Lipschitz con-
tinuous, we know that there is a constant C > 0 such that

(45)

. . C
max Nty s, (T) — 1t (T) |l oo < N
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i i i
Let z;, s, = Uy, — . We have

s = D0 Wty e — M) = Vi (g = 13)]
k’j

n+eps . n .
+h<Aiun+em»Trs,l)—h<Aiun,N,l>
n+e .
_Z n+e”’l ;H’ers»k] J//:Z/l ;’lkj]+h(Aiun+2”’ Trs’l>

n .
—h| Ajuy, N’l

n+€rr,

Y +¥ ; .
S )

k,j

yn+tn,l _ yn,i
+ Z[( ) >(12+e”,kj + qu,kj)i|

k,j
).

n+eps
+h<Aiun+ers: Tvl —h| Ajup,
i 0 _ i _ i i i
Note that Zn+e ki T Znkj = Untersten T Hners T Hnteyr T Un = Tnegsr T Znsr
n+eyrs,i n,i

z|=

Y Yij
From Lemma 3, we have I(%N < C + CNmax, ||z, ,/loc. And note
that
2

D (Eiverny + 7ntg) S22 g lloo =247 max 2 .

k.j k.j
Hence

n-+eys,i n,i

Vici — Yk : ; . .
Z[( " 1_> (o + z;,kj)} < Cmax 24 oo+ CN max 2
k,j :

Using item (a) of Proposition 1 and also that zﬁmr Do) (un, 37, 1) =0, we have

n4eps . n..
h<Aiun+€rs7TrS71)_h<Al‘ul’lyﬁsl>
n+ep . n .
=h<Aiun+emv Trsv l) - h<Aiun+ers’ N’ l>

n..
—h Ai“n’ N?l

’ >(Z111,sr - Zfz,sr)'

n
+ h (Aiun+erx ’ Na

< — Zal <A Uy,

@ Springer



126 Appl Math Optim (2013) 68:99-143

n+ters,i n,i
i _ Vg TtV

Now denoting by a,, kjsr = 5

,and al’ = of (Ajuy, 3. 10), we get
) i i i Li(,l i
—Zn,sr = Z[an,kj,sr (Zn-‘rejk,sr - Zn,sr)] + Zan (Zn,xr - Zn,sr) + f(Z),
k,j 1

where f(z) = + Cmaxys 120, lloo + CN maxys |12, |12
At this point we are in position to apply Lemma 6 from the previous section. We
obtain

T
2 () = 120 (Tlloo + / Cmax e, ()l + CN max 22, (5) I + . ds.
t

i

i
nte, — Unlloo We conclude

Finally, as 2/, , = u},, —ul, if we set w = max,, |[u
that

T
w(t) <w(T) +/ Cw(s) + CNw(s)*> + %ds.
t

Now we define
g c
n(t) =w(T) +f Cw(s) + CNw(s)> + Nds'
t

‘We have that
w(t) < n(t), (46)
and also that

dn
— ) =— 1)),
7 (1) =—g(w(®)
where g is the nondecreasing function g(w) = Cw + CNw? + % Thus
M 1) = —gtrey
dr Z —&WU )
n(T) = w(T).

A standard argument from the basic theory of differential inequalities can now be
used to prove that n(¢t) < v(¢) for 0 <t < T, if v(¢) is the solution of

P —
) = —g((@)),
dr §
v(T)=w(T).
This last result can be combined with Lemma 7, the inequality (45) which means

w(T) < £ and the inequality (46), to prove that w(t) < 3¢ for all 0 < ¢ < T, which
ends the proof of the Proposition. O
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4.3 Convergence

In this section we prove Theorem 7, which implies the convergence of both distribu-
tion and value function of the N + 1-player game to the mean field game, for small
times.

Let 6y = (6, 93 ce 9(’)1 ) € S¢ be given. We start by assuming that at the initial
time the N players distinct from the reference player are randomly assigned states
1,2,...,d independently according to the initial distribution 6y (i.e. choosing state k
with probability 9(])‘ ). Therefore, ng is a random vector of Z¢ that follows a multino-
mial distribution with parameters N and 6.

We will write nﬁ for the /th coordinate of n;, which means the number of players
(distinct from the reference player) that are in state / at time .

The norm we use for vectors of R, in this section, is the norm |v| =
max{|v!], |v2|, R |vd|}, where |v!] is the absolute value of the ith coordinate of v.

The main result is the following:

Theorem 7 Let T* be as in Proposition 7. There exists a constant C, independent of
N, for which, if T < T*, satisfies p =TC < 1, then

Vn () + Wy (@) < c |
% NO=TN

1

W () =E[Jut) — ul 0]*],

where the pair 0(t) and u = u(t) is the solution of the MFG game (12), and ubV =
uN(t) is the value function of the N + 1-player game, i.e., the solution of game (35).

forallt € [0, T], where

Vn(t) EEH

M o)
N

and

Before proving Theorem 7 we need two Lemmas. Let

i 2
— g
VN(I’I)_EKN 9(”) } (47)

Wa(l, 1) = E[(u! (1) — ub ' 0))?].

We have
V() =max{Vy(1,1),...,Vy(d, 1)} and s
Wy (1) = max{Wy(1,1),..., Wy(d. 1)},
and
Vy(,0) = Var[n—é} = w, 49)
N N
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because né is the sum of N independent and identically distributed random variables,
each of them having Bernoulli distribution with parameter 0(1).

An important tool for proving Lemmas 8 and 9 is again the Dynkin Formula, now
adapted to the present situation: define the infinitesimal generator of the process (i, n)
acting on a function ¢ : I X SK, x [0, 4+00) — R, C! in the last variable, by

A%p(i,n,s) = Za [e(.n.s)—(,n,s)]

+ana,§l (i.n+eji.s) — plin, )], (50)
where
n+eix
aZ'_a <Ak”n+ek’lek>, (51)

is the transition rate from state k to state j in for equilibrium solutions of the N + 1-
player game, as in Sect. 3.5.
Then forany t < T,

T
E[g(ir,nr, T) — (i, . 1)] = E[/ ‘;—‘f(i, n,s) + A%, n, s)ds:|. (52)
t

Note that in the right hand side of the equation above, the processes i and n are
evaluated at time s.
We will also denote by

ajj = a’;(Aiu, 0,i)

the transition rate from state i to state j in the equilibrium solutions of the mean field
game as in Sect. 2.6.

Lemma 8 Let T* be as in Proposition 7, and suppose T < T*. There exists C; > 0
such that

' C
V() 5/0 C1(Vi(s) + Wy (s))ds + Wl

Proof Using Dynkin’s Formula (52) with ¢;(i,n,s) = (% — 0'(s))2, and (49), we
have

05 (1 —6))

Vn(, 1) - N

t
:IE/O (wn,1(5) + oni(s))ds

where
d 1
ena(s) = %(i, n,s)= —2(% - 91) Xk:akze",
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and

wN,z(s)—Zana,Z’ [@r(n+eji. ) — @i(m, 9)].

Note that ¢; (i, n, s) just depend on n' and s. Therefore o+ ej,s) =@ (n,s) if
both j # [ and k # [. Hence

oni(s)= Y nfay [pm+en.s) - s)]
kely,j=I

+ Y e om+eji,s) —gin,s)]
jelg k=l

2 2
_an Nz|:<n +1 91> _(“ﬁl_@l>:|
k£
1 2 1 2
PN (=1 i n 1
) 4 o) —(=-0
T mey [( N ) (N )]
J#l
k ! i
n oy, n I 1 \n N.i
ﬁakll+(2<_ﬁ+9)+ﬁ>ﬁ Olljl

! k 1 /
1 : 1 .
=(2(Z -0 )+ ) T 4 (2o S o) - — ) e
N N) N N N)N
l

where in the inequality above we used the fact that « ,Z " is bounded (with bounds that
do not depend on N—here we are using that o* is Lipschitz and A;u, is bounded—
see Propositions 1 and 7). Now

/ -
n i n N,i k C
gN,l(s)“F(UN,[(S)Sz(N_G) E N“kl -0 O[kl:|+ﬁ

k
n’ [n¥ i k C
=2 __91 N, __9]( el
( )Xk:_ (O‘kl akl)"‘olkl( >]+N
Then
t 91(1 _91)
V(1) =E fo (on15) + swa()ds + 20
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to/nl n* CT +1/4
E 2( = —¢' — —0%)a _
+E | (N >;“"Z<N )” N

Now, using again the fact that «* is Lipschitz and

[Akw — Agz|l < [|lw —z[], (53)
we see that
o = o] = o (Akul’;’+8ik, %k) —al*(Aku,@,k))
< (o= 25+ e, )
<k (o= 3+ 3 Do — ]+ L =
(e B )

n_l_gl
N

2+2C
+ + 0+||uf—u||)ds

where in the last equality we used the gradient estimates of Proposition 7.
Vn(,t) <2KE
vit.n <2K% =

Therefore
! n
(-5
0 N

e n CT +1/4
E|[| 2[—=-6 — — 0% )ds + ——
o2 [ 2 =) Doy 5

In n
§2KIE/O N—Gl (H@—NH + ”uﬁ—u”)ds
t nl ; nk . Cy

k

where we used the fact that o; is bounded by a constant C3, and C4 = CT + 1/4+

2T +2CoT.
Now
Vn( t)<2KIE/t 9—32+||MN—MH o—=|)ds
T 0 N " N
! n 2 C4
2dC3E | |6 — —| ds+—.
+ 3 /0 N S+N

@ Springer



Appl Math Optim (2013) 68:99-143 131

Finally using ab < a”® + b? and (48), we have

t
C
VN @) < f CI(VN(S) + WN(S))ds + Wl,
0
where C; =3 max{2K,2dC3, C4}. O

Lemma 9 Let T* be as in Proposition 7, and suppose T < T*. There exists Co > 0
such that

T C
Wy (t) < / Co(Va(s) + Wy ))ds + 32
t

Proof Using Dynkin formula (52) with ¢;(i, n, s) = ("' (s) — u!(5))?, and (35) and
(12), we have

Wy, 1) — Wy(l, T) = —E[ () () — ul 1)) + B[ (! (T) — u (T))?]

_E/T2(uN’l ul) d ( N’l—ul)ds
n ds

+E/ an N’(pl(zn—i-ejk,s) @i(i,n,s)]ds
T

:]E/ 2u ( ana,i\j” n+e,k uﬁ”)
t

y I

—h Al“nvﬁ’l + h(Aju,6,1) |ds

+Ef and]i\j]l n+e]k ul)z—(uﬁ/’l—ul)z]ds
[ P T2 o~

+ (uN’l — ul)2 - (uN’l — ul)z]ds

n-+ejg

T

+E/ 2(u —ul))<h(A1u,9,l) —h<Alu§, %,z))w
t

/anali\]” n+e,k uﬁ”l)zds

T
+E/ Q! - ul))(h(Alu, 0,1) — h(AluQ’, % l))ds.
t
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In the last equation we used the fact that

_2(1"1]:” - ul)(“l];/-i—lejk o uﬁ”) + (“l];/-i—lejk o ul)z B (“ﬁ” - ul)Z = (ul]:/‘i'lejk o uﬁu)z‘

Now, using the gradient estimates from Sect. 4.2, Proposition 7, we have that

Ni( NI N2 Ko
@ (”n+6_,-k_un ) =N

which implies

k Nl N,1\2 dKy
Zn ockj n+€,A — Uy ) <—N .

For the same reason we have that Wy (T') is bounded by %, which implies

K T
Wy (1) < W4 +2E/ (h(A,u,e,l) —h(Alu,’Y, %,l))(uﬁ/’l —u')ds.
t

Using the fact that 4 is Lipschitz in both variables, with Lipschitz constant uniform
(since Au is bounded) and (53) we see that

Ny n N
h(Aju,0,l)—h Azun,ﬁ,l <K O_N + lluy —ull ).

Therefore, using uﬁ]’l(s) — ul(s) < ||uﬁ/ — u|| and again ab < a? + b%, we have

K T
W) =+ Ks [ VnG) + Was)ds,
t
which ends the proof. g

Now we can prove our main result that establishes the convergence of the N + 1-
player game to the mean field model as N — oo.

Proof of Theorem 7 Define C = Cj 4 C;. Adding both inequalities given in the two
last Lemmas, we have

T
Wi (t)+ V(1) < € / (Vo) + W(s)ds + =
0

Now suppose p = T'C < 1. Defining

Wn + Vy = max Wy() + Va(2),
0<t<T

we have
C
Wy +Vy <p(Wny +VN)+ N’
which proves Theorem 7. O
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5 Potential Mean Field Games

An important class of examples are potential mean field games, which have additional
structures that can be used to deduct further properties. In these mean field games %
has the form

h(z,0,i) =h(z, i)+ f'(0) (54)

where 7 : R? x I; — R and f : R? x I; — R is the gradient of a convex function.
More precisely, we suppose that there exists a convex function F : R¢ — R such that
VoF = f(-.0).

5.1 Hamiltonian and Lagrangian Formulations
Let H : R*? — R be given by

H®u,0)= Zefﬁ(A,-u, D+ F@®)=0-h(Au,-)+ F(@©). (55)

1

A direct computation shows that (12) can be written as

0H ..
T
ou’
(56)
B—H. —_—
2067

This means the flow generated by (12) is Hamiltonian. In addition to the fact that

the Hamiltonian is preserved by the flow (56), the special structure of the H, which

depends only on A;u, implies that ), 6’ is also a conserved quantity, which is con-

sistent with the interpretation of 6 in terms of probability distribution of players.
Given a convex function G (p) we define the Legendre transform as

G*(g)=sup—q-p—G(p).
p
If G is strictly convex and the previous supremum is achieved, then g = —VG(p), or
equivalently p = —VG*(g).

If the function F is strictly convex in 6 then the Hamiltonian H is strictly convex
in 6. This allow us to consider the Legendre transform

L(u,it) =sup—ii-0 — H(u,0) =sup—(it +h) -0 — F(O) = F*(ii + h(A.u, ).
0 0
From this we conclude that any solution to (12) is a critical point of the functional

T
/ F*(it + h(A.u, -))ds. (57)
0

This variational problem has to be complemented by suitable boundary conditions.
The initial-terminal value problem corresponds to

b0 = —VF*(it(0) + h(A.u(0), ),
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u(T) =y (-, —=VF*(i(T) + h(A.u(T),-))).

Another important boundary condition arises in planning problems. In this case the
objective is to find a terminal cost u(7) which steers a initial probability distribution
6 into a terminal probability distribution 67 . Hence we have the following

00 = —VF*(i(0) + h(A.u(0), ),
07 = —VF*(i(T) + h(A.u(T),")).
The variational principle (57) is an analog to the results in [6, 7].

5.2 Two PDE’s for the Value Function

We will present now a PDE for the value function. As pointed out by Lions in his
course in College de France, as well as in [9, 10] the value function of the mean field
game can be determined by solving a PDE. For this let g : R? x 8¢ x I; — R? be

g.6.0)=" 070} (Aju.6. j).
J

The first equation of (12) is equivalent to %ei =g(u,0,i).

Consider the PDE
U’ U’
- 0,t)=hU,0,i U,0,k)—-(0,1), 58
S (0.0 =h( z)+2kjg< )5gr @ (58)

where U : I; x 8¢ x [0, T] — R, and the terminal condition
U'®.T)=y'@). (59)
A direct computation show us that the following Proposition holds:
Proposition 8 Suppose U : I; x S? x [0, T1— R is a solution of (58) and (59). Let
0:10, 71— S% and u : [0, T]1 — R? be two functions such that

1. the first equation of (12) is satisfied, i.e. %Qi =g(u,0,i);
2. 6(0) =6o;
3.ut(@)=U0'6@),1).

Then u satisfies the second equation of (12), i.e. — j—tui =h(Aju,0,i) as well as the

terminal condition u'*(T) = W (6(T)). Therefore, u is the value function associated
to 0, and so it determines a Nash equilibria for the MFG.

As a consequence of the above Proposition, if U is a solution of (58) and (59), the
initial value problem

d i_ i .

6(0) = 6o,
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can be solved by the usual methods of the ODE theory to find a Nash equilibrium 6
and the associated value function u’ () = U’ (6(t), t), for any initial distribution 6.
Also, the function U allows one to calculate the optimal strategies for each player, at
any time. In fact the optimal switching of a player in state i, given the distribution 6
of players, is a;’f(AiU(Q, 1),0,i),forl1 <j<d.

We should observe that (35) can be regarded as a discretization of (58). Indeed,
set § = N and assume u’ ~ U (8, 1), for some smooth function U. Then, for large
N, from (37) we have

n,i
ij’ nk n+ e X
N = N o; (Akun+€tk7 Tl» k) ~0 a;‘((AkU, 0,k).
Furthermore,
Mf1+2jk - uiz _ ufH—ejk - u£z+ej +u£1+ej - uf’l N 3_Ul 4 an
I/N 1/N 90k 907
Therefore
; Ul AU’
k %
ARSI WO BRI CoR )

k,j
aU!
_ k % oY
_kZe aj(AkU,Q,k)agj,
5]

taking into account that ) i a;‘ = 0. Observing that

PICACHONTAR k) Zg(U 0, j)

k,j

h Alul’l’ N’l =h Up, Nal :h(U597l)7

we conclude, from the above and (35), that

and

~ h(U, ¥, l)—i—Zg(U 0, ]) (9 1).

The global existence of smooth solutions for (58) was addressed by Pierre Louis
Lions in his course at College de France under monotonicity type assumptions. The
solution to (58) yields then an approximate solution of (35) by the above consistency
result. It may be possible, in the spirit of the results by [15], to show that this also
yields a e-Nash equilibrium strategy and therefore justify the long time convergence,
or at least the convergence of strategies.

@ Springer



136 Appl Math Optim (2013) 68:99-143

For potential mean field games (58) can be further simplified if we suppose that
the terminal condition is given by a gradient

U'(0,T)=VyuWr(,0). 61)

In this case let ¥ be a solution of the PDE

i = H(Vy¥,0)
8t - 0 ’ ’

vo,T)=vr@6).

(62)

Then a direct calculation can show that U’ (0, 1) = VeiW (0, 1) is a solution of (58)
together with the terminal condition (61). We should observe that the solutions to the
Hamilton’s equations (56) are in fact characteristic curves for (62). The Hamilton-
Jacobi PDE (62) was explored in [9, 10] to the study of MFG problems on graphs.

Appendix: Auxiliary Results

Proof of Proposition 1 To prove the first item we use the definition of / and o™ and
also that v’ Zj oz;’f(z, 0,i) =0 to get

h(z,0, i)+Zo:;‘(z,9,i)vj =c(i,0,a%z,0, i))—f-Za;(z,O, i)(zj+vj -7 —vi).
j J
Hence by the definition of 4(z + v, 6, i) we have
h(z,0.0) + ) af(z,0,00 = hiz+v,0,).
J
From this (7) holds and we deduct that if # is differentiable

. Oh(AZ,0,0)
Jj 97/ :

Note that item (c) is a direct corollary of item (b), since
h(p,0,i)=c(i,0,0"(p,0,i)) +a*(p,0,i)- p (63)

and the function c is Lipschitz in 6 and differentiable in «.

From this point on in this proof we will omit the index i as it is not relevant and
simplifies the notation. To prove item (b) we will use the following inequalities, which
are consequence of the uniform convexity of c: for all 6,0’ € S o € (R(J)r)d R
Yo=Y, =0,and p, p' € R?, we have

c(0,0 )+ - p' >c@ ) +a-p' +(Voc@, )+ p) - (¢/ —a) +ylla’ —al?, (64)
and because a*(p, 0) is a minimizer,

(Vac(0,a*(p,0)) + p) - (@' —a*(p,6)) = 0. (65)
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We will first prove that «* is uniformly Lipschitz in p: for that, we suppose that 6
is fixed. By the definition of «* and (64) we have

ce™(p) +a*(p)-p’ = c(a*(p')) +a*(p') - p'

> c(a*(p)) +a*(p) - p' + (Vac(a*(p) + p')

Ao (p) — @) + [ (p) = (p|,

hence
0= (Vac(@*(p)) +p) - (& (p') —*(p) + (p' = p) - («*(P) — ™ (p))
+v e (p) ="
Now using (65) we obtain
0= (p' = p)- (@ (P) =" ) + 7] () —* ()]

Therefore
2

Ip—p'll|e*(p)) — ()| = v|le*(p') — o™ (p)
which implies
’ * L,
loe*(p') —a*(p)| < il

This shows that o™ is uniformly Lipschitz in p.
Now we prove that o™ is Lipschitz in : for that, we suppose that p is fixed. Again
by the definition of &* and by (64) we have

c(0, ") +a*©) - p=c(0,a"(0)) +a*(¢') - p
>c(0,a*(0)) +a*(0) - p+ (Vac(0', a*(0)) + p)

(@ (0') — @) +y et () —a* @),

and then
0> (Vac(0',a*®) + p) - (¢*(8") —a*©®)) + y [a*(6') —a* ) |-
Using (65) we get
0> [Vac(6', %)) — Vac(8,a*®)] - (¢*(6) — a*®)) + ¥ |«*(6)) — «*©®) |’
As Vyc(0, ) is Lipschitz in the variable 6 we have
Kelo' =6l a*©®) —a* (@) = v |a*(6") —a* @]
Therefore
o ®) =a*(0') < 10 =,

which implies that «* is Lipschitz in 6. U
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Proof of Theorem 5 The main tool for proving Theorem 5 is once again the Dynkin
Formula, now adapted to the present situation: suppose « and B are two admissible
controls.

We recall the infinitesimal generator of the process (i, n) defined in (50). We have

(AP2p)! () = Zau(n )[en ) — ()] +Zyﬂ O 9) = 04()]
(66)

where yg is defined by (30).
We have that, for any function ¢ : I; x Sl‘f, x [0, 4+00) — R, C! in the last variable,
andany t < T,

. . Td(ph .
ERS o [el (D) = gl (0)] = Eﬂfg,n)[ / d—;‘é<s)+(Aﬂ’“¢)i;s(s>ds}, (67)

where A;(i, n) denotes the event i; =i and n, = n.
Now we prove the theorem. In the Dinkyn formula (67) let ¢ = v. Using the ter-
minal condition v:lTT (T) = y'r ("WT) we have that, for any admissible control «,

o i i o d :iys o lr
Eﬁ}a,n{W(nﬁT)—vn(t)} ELS. ,,)[f (s) + (APev) (s)ds:| (68)

In the next steps we will use the definition of u, given in (31), and then (68), (66), (4)
to have

i B.o i (DT r .
ui(t, pra) = EA(I,,)[V/T<W>+/ c<ns,ﬁ,as)ds}
t
i B dv:ﬂ B \is ng
=v, ) +E, An) ()+(A ) (s)+c i, N,ozs ds
. Td
zv,g(t)+Ef‘°(‘ln)[/
t
+c<is, ,u)+2yg‘}q‘f(s) Un e (9) — vi“S(S)]}ds
T i
; B, d ng .
=v:1(t)+IEA°Eln)[f (s)—i—h(A.jv N 1)

+ D e = ok

= v (1),

*(s) + min ZM; v, (5) = vk ()]

ne®y)

where the last equation holds because v is a solution to the Hamilton-Jacobi equa-
tion (32). Note that in this last calculation we are also proving that, for the specific
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control & given by (34), we have uﬁl(t, B,a) = v,l; (t) which show us that & is the
optimal control and that the objective function u} (¢, B) is given by v;, (¢). 0

Proof of Proposition 6 Let u be a solution to (32). Let it =u + p(T —t). Then

diit S » . n .
- dtn =p+ZV§,’Iij(uil+ejk_u;l)+h(AiM"’ﬁ’l>'
k,j

Let (i, n, t) be a minimum point of # on Iy x Sld\, x [0, T']. We have szHejk > ft;l

This implies yg”lij (ﬁfHejk — ﬂfl) > 0. We also have I/Nl,jl'(l‘) — ﬂfq (t) > 0 hence A;u, =

@ @) —al@,...,a4@t) — il (t)) > 0. Hence

Wy s s, 201 ) 4= 00,21 ) +
— iUpn, —,1 - s oo 1 )
dr =\ Ay P N p

because the definition of h(A; p, 6,1), with A; p > 0. Furthermore, if we take M <
o <2M we get

it
t) > 0.
dt()>

This shows that the minimum of # is achieved at T hence

ul (1) = —|lu(T) |l oo — 2M(T —1).

Similarly, let (i, n,t) be a maximum point of & on I; X SI‘{, x [0, T]. We have

Uy ye;, < iy, This implies v (), 4, — iiy,) < 0. We also have A;ii, < 0. Hence

dii! _on no
_d—;(t)§h<Alunvﬁyl)+p§h<0,ﬁ,l>+,0
Furthermore, if we take —2M < p < —M we get

i
1) <0.
0 <

This shows that the maximum of # is achieved at 7 hence

wh (1) < u(T)llog +2M (T —1). 0

Proof Lemma 3 Recall that a*(p, 0,1) is Lipschitz in (p, 8). Let K be the corre-
sponding Lipschitz constant. Since || p|| bounded, we have |a*(p, .,.)| < C. Then

n-+epg,i

Vi = vaul =

n+ ers +eik’k)

k
(n+ers) Ol;-( <Ak Unteps+eir> N

n-+eix
- nka}‘ <Akun+e,-k, T’ k)'
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n—+eq +eix
[(” + ers)k - nk]a; <Akun+em+eik7 —_— k)

N

k n+ers + ek
+n |:Ol;< (Akun+ers+eik , ——k

N

n+ers +eik
—af (Akun+e,~k, #k)}

n+ers + ek k
N 9

n—+eix
- 057 (Akun+eiky Tl, k):| '

k
+n |:a;k (Akun_;’_eik .

n+eq +ejx
< a;f (Akun+em+eik ) #9 k) '
N <Akun+e”+eik, % k)
- a;‘f (Akun-H?ik’ nT er]i, +_eik s k) ‘
+ N 057 (Akun+eik, W, k)
n—+ e
e (A"”W"k’ N k)‘

Crs
= C A NK[ Ak Wnterren = tnren) |+ NK|
=C+ NK2|| (u;z+er5+eik - u;1+eik) ” +C
= C+ ONl[2hy | = C + CNmax i, - =

Proof of Lemma 4 Let z be a solution of (40), and fix € > 0. We define 7 =z +
€(t — T). Hence 7 satisfies

_ém =—€+ Z amm’(t)(zm’ - ZM)

m/EIdXS}[{/

Let (m, t) be a maximum point of Z on I; X Sf\l, x [0, T']. We have Z,,(t) > 7, (t) and
this implies @,/ (t) Zwr — Zm) < 0 Vm'. Hence

—7(1) < —e.

This shows that the maximum of Z is achieved at T'. Therefore, for all (m’, 1),

)+ et =T) =2 () < Zpu(T) =z (T).
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Letting € — 0, we get
2o (1) < max z,, (T), V(m’, t).
m

From this inequality we have the following conclusions:

1. if z(T) < 0, we then have z,,/(t) <0, for all (m’, t), and so z(z) <0;
2. for all (m’, 1),

Z (1) = [12(T) [l o

Now we define Z = z + €(T — t). Hence Z satisfies

_ém =€+ Z amm’(t)(zm/ - Zm)

m/EIdXS}‘f]

Let (m, t) be a minimum point of Z on I; x S,‘f, x [0, T]. We have a,,, () (Zpr —
Zm) > 0. Therefore we have

dz
——rnze
This shows that the minimum of 7 is also achieved at T', hence for all (m’, t) we have
Zm (1) +€(T — 1) = Zpy (t) = Z(T) = zm (T).
Letting € — 0, we get z,,/(t) > min,, z,,(T). Hence
Zm' (1) Z —[12(T) oo
and therefore we have [|z()]lco < 12(T)]l0o- O

Proof of Lemma 6 We note that if t <s < T we have K(¢,s)K(s,T) = K(¢,T),
which implies

d
g(K(t, s)K (s, T)) =0.
Hence, using (42) we get
d
—K(@,s)M(s)K (s, T) + (d—K(t, s))K(s, T)=0,
s
and therefore, by taking T = s we conclude that
d
—K(t,s)=K(t,s)M(s). (69)
ds
Multiplying (43) by K (¢, s) and using Lemma 5, we have
—K(1.5)2(s) < K(1,5)M(5)z(s) + K (2,9) f (2(5)).
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Using the identity

%K(t, $)z(s) =K (t,8)z(s) + K(t,s)M(s)z(s),

which follows from (69), we get

d
—g(K(I, $)z(s)) < K(t, ) f(2(5)).

Thus, integrating between ¢t and 7', we have

T
z(t)—K(t,T)z(T)S/ K(t,5) f(z(5))ds.
t

Note that if z(¢) = K (¢, T)z(T) is a solution of (40) with terminal data z(7) = b,
then Lemma 4 implies that ||2(f)|lco < |12(T)|lso, hence | K (¢, T)z(T) |loo < |2(T) |l 0o-

Therefore for all m € I x Sf{, we have

T
Zn () < 112(T) oo + / | £ ()] o ds. O
t

Proof of Lemma 7 Note that (44) implies that v is a monotone decreasing function of
s and is equivalent to

ds -1

%_CU+CNv2+%’

(S)=r

This implies by direct integration that

(20) /%C dv
S — ST_ —C.
N ¢ Cv+CNv’+ 3

Now

2C 2C¢

v dv v N 1
CorCNuZLC 2 2 o= 211

¢ Cv+CNv2+$ 7 J¢ 2C2+4C°+C 2C+4C2+1

Therefore if we define T* = 2C+417+1’ we have that s(%) <0if T < T*. Hence

this implies v(0) < ZWC, which yields the desired result when we take into account
that v is a decreasing function of s. g
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