Brief introduction to stochastic optimal control
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Definition 1.1.5 (Standard Brownian motion)
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follows a centered Gaussian distribution with variance-covariance matriz (£ — s)1g.
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Definition 1.1.6 (Brownian motion with respect to a filtration)

A vectorial (d-dimensional) Brownian motion on T with respect to a filtration F = (Fy) et
is a continuous F-adapted process, valued in R, (W))er = (WL, ..., W)er such that:
(i) Wy = 0.

(ii) For all 0 < s < t in T, the increment W; — W, is independent of Fs and follows a
centered Gaussian distribution with variance-covarian ( atriz (t — s)1g.

Of course, a standard Brownian motion is a Brownian plotion with respect to its natural

filtration.
& W P (Wez0)=U @) Ee[We-wi)= EL We-ws |d ) =0
3> We- Wevt N (0, (t5)Td ). pEs <t

Gonsider the cae — finile hokizon : [0, 7], T < tw,
Fia o filked prbility spe (o, F, {lszc, P) Sﬁﬁsﬂ""j
usueil  ponclitions ‘i,e.;{ﬁ}sn Stﬂis-fiesiriqht- Continuous

complete. P2 of bk wiTlen by thn)

onol :
1 :
n-dimensional Brownion  motion  Bs=(B )isicn i adaptol |
S T -
0 {deds>t Y Golumn vecty

Assume that  the Syem  Srate You) : [ TIxn = ;R‘l o Weni
by |

1

df = f(r.daodds + (Y, ols, $YABs , Set,T]
G o= x 0 (23b)

B : Pla=L)=).
{@mb procesS olgr = hetd): [1.TI XA —‘fF\CIRm, e aswrabe St
a. it is odapted W the futrorion 1Fdszv
S Oolumn Veco”
Vector ;{-:(f-'hsisd.: REx A x0071 — lRi . dvift late
mnoTnx o-:{u-ij)d,y.n : uftxﬁxto,‘r] — fEhn, t‘bﬁlﬁn‘on Yoite
L) ¢ TIXRY,  intiol condition
A PR 1)) ) S . .
a——v{uw; = (ossids + = 0%, 4,9 dB
ko=

, 1sisd .




@;10&1’5 e (Ys ds,S)ds * 2= VU S BBs ooy
Ko<

98 S‘trmj solution of SDE ( '\ Prwnian mation s not iffeventiabe
s 1% SDE S%H v ARm s, B-Feimm 2 s B ik )
M ( Stong  solution) [gp; ~book - pham , P2z )
A swony solution  of the SDE (2.3b) STwthg fome X ot time t 15
o Vetoriol Jg}otpesweh[ measulable  pro@ss T =( o ) isicd
such that _\713 Proll se BT, (s = Yo ) is BB
measurable . P2 D{Q‘F”B booh p om.
\Yt ]‘f(T-l: g, I)H‘G =t \J’é lo (¥, Dh: T)ldeCM as., Vts6<T
onol 15 inteqral ( €1-2. book- phom)
Ys = x+f.t F (%, 0,0t +\[;;NT1;,G~‘5 Dok | 0LS. ‘[:< €8T

for L ol omed Ony  ntiol wndlitin  (t%)€ EO;T:IXIR.

Theovem (Existenie anol  uniquaess )
Assiem ption s - "

(> 3 omstants C,(:70 1. for all tel0T], at A, .2 € R
[$1y, @, t)- flz,aty] +lryet)- 020w | Gly- 21,0 - b‘l?schitz fondli §i00
(i) Denote

Aotz {olsw) sl I L —>R™Ss odapted 1o the Piltraton {3521

ol Sidie ) )

EL IDT \‘I’lD.D(t,,s)ll-i' | o Lo,0k,s ]z ds] < 1o (2)

Con Clusions :
anditins (1) B @) = for all os € At 7 anol  iniTial  Oonolitio
Go € TIXRY 236 31 anj Solution STorting fom % at
Tme  S=1b, denvted bj {T e Moreover, |
EL s |X&*P) < (3)
and. TSSET ]
m EL o [v¥a)]=0 w mmasig)
h>o* seft 1)
0s well s " -
]"s > Yf,'; , Yt=@<s , 1eloT1I  (3)
will be Useed in P?bvm_fi dnjnﬂ.mrc Pyof]m"“’“"’j Prin{‘,]P|e
Poot oF 31 :

Stopl. olefme. o Safable  Bamch  spac E and  te map
TS"’/.[+ \(:Bd:qtruﬁ-”dt + \[-‘I; U.(lj"c, okt, T) dT,
Yo = X+ 5B £ oe, vt t ft o~ 3:,0(1,1)011, '




T J-.; Iz Agv)dT + \L;; T (Y, ok, tdt
f’[:f, o 0 £ ({e e, t J‘t D\(}j:,ts(-r,,‘ndb '
2 L=
Step2- By Prur & ho Idler - Gundj M?Tua Iieg  t  estmectls |
:>{ma|>~. Jo > Yo fm a sutable bl B W E o it colf- ,
te map is a ontractin. |
Step3. by Bomch fived - point theotem S fied pot 3!

|
Poof - |
>N odfe = (%, 05,04t + O (T, %.9dBs, ezt |
o =x g
X
it I
odYe = f(‘(s s sidt + 0 U%,065) dBs sz0z1
Ye = Ye
ek "
fbr se Et, 540 %
. - 7 e, Ta
by pothwiz uniquenessy Y5 = T 4
E}322- T Pas & Continwous - tme Swchastic  (onwol ol Opsmization

Financial  xpplications »> — Phom
T Vale fancthn
Arpamihel A is w fick on oprmel  onirol  «* et
A moximie [ minimie  the
- objective -ﬁncpiom[, in the frm -

Jue o) = EL I YL‘(s ds.s + gty | Yo=x ]

\
/ {mnnmj Pasjoﬁl ¥ >0 {Tevminal, ijoff 94 >0

runmﬂ st r<v tummal ot g<o

F—’)LPE(Tatlon
Jor oon-hnuwtﬁ Fandom  Vanoble X
S e thx)obc
waabilig density  -function
= £W—Fm}dﬁx‘1)
v -——"’v :
distributhn  function

= s T ]
Question - Te Tt (1)  well- defined ?
To lt Jxt G0) pe welk defned, we can
2. asume tat
ty 9o I/ > R stisfies 190l < € Clgit) | Ve R
> Shis is no umigue: - conciivn ndlopendent of y-
) T(y, a9 IR*<AXTLT] > R sotiefies -
lvtua. 016 CHWEDY * %), ¥ (v, 00t € IR % Ax 0.7




ey

tH2) Y(Y, 0,9 : J';ld fAXTETI 2 R sa‘ria--ﬁtr‘s 3

lr(paut) 1S LI P ) * 2@), ¥ (4, &t) € R % Ax [0 T)

where  C is o positve onstant  anck  x: A =7 Re
positive Function Saﬁsﬁlhj

2
ki< C C HIf o e+ |0loan] > froy teloT)

<a6—A

1S o

= for ol el pols ok € ApT

Etﬁ | LY o, sl ol J< w0
EDg™I sELe+ay™ )
=c+ cELIE ]

(3) P&ty of Shng  SoluThbn
< 4

> Jat (@) s well- defined.
i Pz,j & (ontinwous - tme Swochastic  (onwol ool Opsmization
Financiol  ppplications >> — Pham

3. Then W mpxmie  the BXP{:"{JFQO{- P“UO{'JL :?
Volue function =

g}
* +.x
Wxt) = max  E [ \ft Y, oe,s)ds + 9% ):l (239 )
e Ag,T

ot ‘F“’ v gven (TNE ToT] xth, &*e)—kt:f 1S5 Callecl

Dp'ﬁmub
ool i wnot) = T (d?).

? 1 on optimal Contiol, obes mot exst, oLfNE€  the value
finetim  0s (2390 7

— R Tw? A3, Fdw mm Slpp kAR, VR B & (239) 7
15 more Yeoasonabie lefmect  os Sup 2

—  fes

E. D{jnamic R’ogm:nmwj H'hooiple. for  Swchastic  Lontnl

Theorem 2.3. Let u(x,t) be the value function defined by (2.39). If t <7 < T, then

(e, t) = max E [/ r(Ya,os 8)ds +ulY,,7) | Vi=2x
acAsr ¢

(2.41)




w(x,f) = max E [/ (Y, aq, 8)ds +u(Y, 1) | Yy == (2.41)

Ay - i
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