Devoir 3

Instructeur: King-Yeung Lam

le 31 janvier, 2021

1. Let X be a Banach space ordered by a solid cone K, and let T': X — X be a compact,
linear and strongly monotone operator. Use the strong form of the classical Krein-Rutman

Theorem to prove that for A = r(T) and h € K \ {0}, the inhomogeneous equation
A —Tx=h

has no solution in X. Then use this fact to show that the principal eigenvalue r(7T') is

algebraically simple.

2. Let p1 and ¢ be the principal eigenvalue and positive eigenfunction of
—A¢ = f(x,0)p+pup nQ, n-Vé=0 on .

If 41 < 0, show that the the single population is strongly persistent, i.e. for each nonnegative,

nontrivial solution u(x,t) of

us — Au = f(z,u)u in Q x (0,00),
n-Vu on 0f) x (0,00),
u(z,0) = up(x) in Q,

there exists a positive constant ¢y > 0 such that

lim inf {inf u(x,t)} > €.

t—o0 TEQ

[Optional: Show that the population is uniformly strongly persistent, i.e. €y can be chosen
independently of all nonnegative, nontrivial initial data ug. As a first step, show that if

11 < 0 and has eigenfunction ¢ > 0, there exists €y > 0 such that for any ¢ty € R,
u(z,t) = ge "t g () is a subsolution in Q x (—oo, to).

The show that every nonnegative, nontrivial solution satisfies litm inf(u(x,t) — egp1(x)) > 0.]
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