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Competition

@ The competition for limited resource exists almost everywhere.

@ In an intraspecific competition, members of the same species compete for
limited resources.

@ In an interspecific competition, members of different species compete for a
shared resource.

@ War is the extreme result of intraspecific competition in humans.

@ It is important to know (or predict) the outcome of the competition.

https://en.wikipedia.org/wiki/Intraspecific_competition


https://en.wikipedia.org/wiki/Intraspecific_competition
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Lotka-Volterra competition model

[Lotka, 1932], [Volterra, 1928] v’ = u(a — eu — bv), v/ = v(d — fv — cu).
a, d: growth or resource; e, f: intraspecific competition; b, c: interspecific competition.
Simplified to: v’ = u(a—u—bv), v/ =v(d — v — cu).

Trivial equilibrium: (0,0) (unstable)

Semi-trivial equilibrium: (a,0) (saddle if ¢ < d/a, stable if ¢ > d/a)
Semi-trivial equilibrium: (0, d) (saddle if b < a/d, stable if b > a/d)
d—ac a—bd

1—bc’1— bc)
(stable when ¢ < d/a and b < a/d; saddle when ¢ > d/a and b > a/d)

Coexistence equilibrium: (us, v«) = (

Case 1: u is superior than v ¢ > d/a, b < a/d: (a,0) is globally asymptotically stable
Case 2: v is superior than u ¢ < d/a, b > a/d: (0,d) is globally asymptotically stable
Case 3: weak competition ¢ < d/a, b < a/d: (ux, v«) is globally asymptotically stable
Case 4: strong competition ¢ > d/a, b > a/d: (a,0) and (0, d) are bistable

c

|
!
|
(a,0) stable |  bistable
d/al--------- R

(u, v« ) stable : (0, d) stable
|

a/d b
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Lotka-Volterra competitive system: phase portraits
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Reaction-diffusion Lotka-Volterra competition model

Ui = diAU+ U (mi(x) — U —cV), x€Q, t>0,
Vi = b AU + V (mp(x) — bU — V), x€Q, t>0,
U =Vv, =0, x €09, t>0,

U(x,0) = Up(x) > 0, V(x,0) = Wo(x) >0, x€Q.

Semitrivial steady states (91,0) = (9dl,m170) and (0,92) = (0,9d27m2) , where 04, m.
satisfies the equation

diAd + mi(x)0 — 02 =0, xcQ,
6, =0, x € 09Q.

@ [Brown, 1980, SIAP] [Lou-Ni, 1996, JDE] m;(x) = a, ma(x) = d (constant):
ODE dynamics holds (except bistable case)
@ [Dockery et.al, 1998, JMB]: m1(x) = my(x) (not constant) and b= c = 1: if
di < do, then (61,0) is globally asymptotically stable (“slower disperser wins")
© [Lou, 2006, JDE] [He-Ni, 2016, CPAM]: m1(x), ma2(x) (not constant) and
bc < 1 (weak competition): complete dynamics classified.
Other work: [Lam-Ni, 2012, SIAP] [He-Ni, 2013, JDE]
[He-Ni, 2016,2017, CVPDE]
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Classification of RD L-V dynamics

[He-Ni, 2016, CPAM] (Figure 1.1 from this paper)
A: (0,072) g.a.s. for all di,d> >0

B: (0,62) g.a.s. for some (di, d>), and

i (ux, v«) g.a.s. for other (di, d2)
A. C: coexistence state (ux, v«) g.a.s. for
all di,db >0
S(m) [====3 : (0,62) g.a.s. for some (d1, d2), (61,0)
be=1 g.a.s. for some (di, do), and (ux, v«)
B &\ ] g.a.s. for other (di, d)
e <
El : E: (61,0) g.a.s. for some (di, d2), and
o Cc J: E \“'F-.\ (u«, v«) g.a.s. for other (di, do)
[ T b F:(01,0) g.as. forall di,d» >0
I—TE(m) 1 S(m)
[251.127] G: b= c =1, degenerate case
0
E(m) = sup M'
[7]=[Dockery et.al, 1998, JMB] d>0 Jom

[25]=[Lam-Ni, 2012, SIAP] S(m) = sup sup m
[27]=[Lou, 2006, JDE] d>0 g Yd,m
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Proof of classification

[He-Ni, 2016, CPAM]

U = diAU 4+ U (m(x) — U — cV), x€Q, t>0,
Vi = b AU + V (m(x) — bU — V), xeQ, t>0,
U, =V, =0, x €09, t>0,

U(x,0) = Up(x) >0, V(x,0) = Vo(x) >0, xe€Q.

1. Carefully analyze the stability of the two semi-trivial steady state solutions.

2. Every coexistence steady state is linearly stable (thus unique).

3. (monotone dynamical system theory) Either there is a unique co-existence steady
state that is globally asymptotically stable; or there is no co-existence steady state and
one of the two semi-trivial steady state is globally asymptotically stable.

Patch model: [Chen-Shi-Shuai-Wu, 2022, Nonlinearity] (tomorrow’s talk by Wu)

{UI{ = Uy Z(a,-juj- - aj,-u,-) + u,-(p; — uj — CV,‘), i=1,...,n, t>0,

Vil = Uy Z(QUVJ — aj;V,') + v,-(q,- — bu; — V,')7 i=1,...,n, t>0.

(A1) (weak competition) b,c >0, and 0 < bc <1; p;,q; >0 forall i =1,2,...,n.
(A2) The weighted digraph G is strongly connected (L is irreducible).

(A3) The weighted digraph G is cycle-balanced.

Then a positive equilibrium E = (u, v), if exists, is locally asymptotically stable except
for the case bc = 1, hence a classification of the dynamics can also be acheived.
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Effect of time delays

The birth and growth of the population may depend on the population in the past.
@ (Growth rate per capita depending on the past) [Hutchinson, 1948]

u'(t) = au(t)(1 — u(t — 7)/K), or more general u'(t) = u(t)f(u(t— 7))

can occur in interspecific or intraspecific comeptiton

@ (Birth/recuitement rate depending on the past) [Gurney et.al, 1980, Nature]
u'(t) = au(t—7)e P“=T)_du(t), or more general u'(t) = f(u(t—7))—du(t)

can occur in intrinsic growth in compeition models

© (Movement depending on memory) [Fagan et.al, 2013, Ecol. Lett.]
[Fagan et.al, 2017, Am. Nat.] [Potts-Lewis, 2019, BMB] and many others
[Shi-Wang-Wang-Yan, 2020, JDDE] [Shi-Wang-Wang, 2019, Nonlinearity]
[Shi-Shi-Wang, 2021, JMB]

u(x, t) = DiAu(x, t) + Dadiv(u(x, t)Vu(x,t — 7)) + g(x, t, u(x, t)),
can occur in the movement mode of compeition model

Question: How do these time delays affect the reaction-diffusion competition
dynamics?
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Deriviation of model (1)

[Chen-Shi, 2020, CVPDE]
Model: [Metz-Diekmann, 1983] [Al-Omari-Gourley, 2002] [So-Wu-Zou, 2001]

Let u(x, t,a) be the density of a species of age a at space x and time t, and let T be

oo
the maturation period. And let um(x,t) := / u(x, t,a)da be the mature species.
T

xeQ, t>00<a<m,
uy, =0, x€, t>0,0<a<T,

u(x,t,0) = m(x)um(x,t), x€Q, t>0,

ur + uy; = C7Au—7u7

(um)e = dAum + u(x,t,7) — 12, x€Q, t>0,
x €09, t > 0.

(Um)l’ = 07
Then u(x,t,7) = e " [ G(x,y,d,7)m(y)um(y,t — 7)dy, where G(x,y, d, t) is the
Q
Green's function of diffusion equation. And
(Um)t = dAu"" +e 7 / G(X7y7 37 T)m(y)u’"(y7 t— T)dy - u%ﬁ X € 97 t> 07
Q
(um)v =0, x €09, t>0.
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Deriviation of model (I1)

Two-species Lotka-Volterra competitive model:

U = diAU+ e M7t / G(x,y, di, m1)mi(y)U(y, t — m1)dy
Q
—U?2 - cUV, xeQ, t>0,
Ve= AV + e [ Glx,y,dom)ma(y) V(v ¢ — m)dy
Q
—bUV — V2, xEQ, t>0,
U, =V, =0, x €89, t>0,
U(x,t) = Up(x,t) >0, x€Q, te[-m,0],
V(x,t) = W(x,t) >0, x €Q, t€[-m,0].

G(x,y, (7,-,7—,-) = G(x,y,1, c7,-7-,-) —d(x —y) as dit; — 0. When d; and d» (diffusion
coefficients of the immature species) are small, the model is approximately

Ur = diAU + e Mimy(x)U(x, t — 1) — U? — cUV, x€Q, t>0,
Vi = dhAV + e 22 my(x)V(x,t — 1) — bUV — V2, xe€Q, t >0,

U, =V, =0, x €0Q, t>0, 1)
U(X,f):UO(X,t)Z(), x €4, te[_TlvoL
V(x,t) = Wo(x,t) >0, x €Q, t €[—,0].

Always assume: mj(x) € C*(Q), for a € (0,1), and m;(x),>,0 on{2 for = 152,
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“No delay” model
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U= diAU+ e MTim(x)U — U2 —cUV, x€Q, t>0,

Vi = b AV + e m22my(x)V — bUV — V2, x€Q, t >0, )
U, =V, =0, x €09, t>0,

U(x,0) = Up(x) >0, V(x,0) = W(x) >0, xe€Q.

Semitrivial steady states (91,0) = (edl,nm,ml,o) and (0,92) = (0, edz,Tz,'yz,mz) ,

where 04, -, ~. m, satisfies the equation

diA0 + e ViTimi(x)0 — 602 =0, x€Q,
0, =0, x € 0.

M= {(d1,d2,71,72,71,72) € R® : di,dp > 0,71, 72,71,72 > 0}.

Su = {(d1, d2, 71,72, 71,72) €T : (61,0) stable},

Sy :={(d1, d2, 11, 72,71,72) €T : (0, 62) stable},
S_:={(d1,do,71,72,71,72) € [ : (61,0) and (0, 6>) both unstable},

Su,0 :={(d1, do, 71, 72,71,72) €T : (01,0) neutrally stable},

Sv,0:={(d1,do, 71, m2,71,72) €T : (0,62) neutrally stable},

So0,0 := {(d1, d2, T1,72,71,72) €T : (01,0) and (0,062) both neutrally stable}.
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“No delay” model dynamics

[He-Ni, 2016, CPAM]
Lemma 1. If 0 < bc < 1, then for any (di, d2, T1,72,71,72) € [\ So,0, every positive
steady state of system (2) is linearly stable if exists.

Lemma 2. If 0 < bc <1, then we have the following mutually disjoint decomposition
of I for (2):

M= (Su ] Su,o \ 50_’0) ] (SV U 5‘,,0 \ 5070) UusS_u 50,0.

Moreover, the following statements hold for model (2):
(i) For any (d1,d2,T1,72,71,72) € (SuU Suo0) \ So,0. (edllev’Ylaml’O) is globally
asymptotically stable.
(if) For any (d1, dy, 1, 7’2,71,’72) S (SV @] Sv,()) \ 5(]70, (07 9d2,7-2,,y27m2) is globally
asymptotically stable.
(iii) For any (di, d2, T1,72,71,72) € S—, model (2) has a unique positive steady
state, which is globally asymptotically stable.

(iv) For any (di,d2,71,72,71,72) € So,o,. 971,71,717% Elcedz,fz,'yz,rm' and model (2)
has a compact global attractor consisting of a continuum of steady states

{(p9d1a71a717m17 (1- p)0d1,7'1771,m1/c) tp€(0,1)}
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Linearized systems

Linearied eigenvalue equation of “delayed model” (1) at a positive steady state (u, v):

Ap1 = d1A¢1 + e ML= ATimy (x)p1 — (2u + cv)p1 — cugo, x € Q,
Ap2 = daAgy + e~ 22" A2 my (x) o — (bu 4 2v) ¢ — by, x € Q,
(¢1)v = (¢2)» =0, x € 0.

With 11 = ¢1 and o = —¢o, it is equivalent to

Mp1 = di Ay + e~ M1 AT My (X)) — (2u + vy + cua, x € Q,
Mpy = daAthy + e~ 227 A2y (x)apy — (bu + 2v)is + bvipy, x € Q, (3)
(¥1)v = (¥2)r =0, x € 09,

Corresponding eigenvalue problem for “no delay’ model” (2):

M1 = 1A + e Mimy(x)Y1 — (Qu 4 ev)r + curdr, x € Q,
b2 = daAthy + e~ 272 mp(x)3h2 — (bu + 2v)h + bvahy, x € Q, (4)
(Y1) = (¥2)r =0, x € 9.
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Stability of steady states

Theorem 3. Assume that di,d> > 0, and 71, 72,71,72 > 0. Then there exists a
principal eigenvalue A; of (3) with an associated eigenfunction (¢1,%2) > (0, 0).
Furthermore,

(i) A1 =sup{ReX: X is an eigenvalue of (3)},

(if) A1 is simple and has the same sign as A1, the principlal eigenvalue of (4),
(iii) any eigenvalue X of (3) with X # }; satisfies ReX < X;.

Similar results also hold for the semitrivial steady states.

Proof.

1. X1 of (3) is for a linear delayed reaction-diffusion system, and A; of (4) is for a
linear reaction-diffusion system (with no delay).

2. Prove the solution operator U(t) of the delayed system is positive, and eventually
strongly positive.

3. Prove the supreme of the spectral set of the delayed equation is a spectral value,
and it has the same sign as the no-delayed equation. [Kerscher-Nagel, 1984]

4. Prove the supreme of the spectral set is a principal eigenvalue with positive
eigenfunction.
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Monotone dynamical system approach

Propostion 4. The stage structured model generates a monotone dynamical system:

U = diAU + e Mimy(x)U(x, t — 1) — U? —cUV, x€Q, t>0,
Vi = dhAV + e 22my(x)V(x, t — 1) — bUV — V2 x € Q, t >0,
U, =V, =0, x€0Q, t>0.

That is, let (Uj(x, t), Vi(x, t)) be the corresponding solution of model (1) with initial
value (Up i, Vo i) for i = 1,2. Assume that

UO,I > Uo,2 >0 for x Eﬁ, te [77-1,0],
0< VO,I < VO,2 for x € ﬁ, te [77-2,0].
Then .
Ui(x, t) > Ua(x,t) and Vi(x,t) < Vo(x,t) for x € Q, t > 0.

Note: The following system (delays in intraspecific competition) is not monotone:

U = diAU + Ulmi(x) — U(x,t —m1) —cV], x€Q, t>0,
Ve = bAV + V[ma(x) — bU — V(x,t — 1)], x€Q, t >0,
U, =V, =0, x €09, t>0.
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Main result

Theorem 5. If 0 < bc < 1, then we have the following mutually disjoint decomposition
of I for (1)1 M= (Su U Su,O \ 5070) U (Sv U 5\/‘,0 \ 50’0) usS_u 5070.
Moreover, the following statements hold for model (1):
(i) For any (di,d2, T1,72,71,72) € (SuU Su0) \ So,0. (de-h.h,ml,O) is g.a.s.
(i) For any (d1,do, 71,72,71,72) € (Sv U Sv0) \ So,0. (0,9,12,7-2,%7,,,2) is g.a.s.
(iii) For any (di, d2, T1,72,71,72) € S—, model (2) has a unique positive steady
state, which is g.a.s.
(iv) For any (di, d2,71,72,71,72) € S0,00 Ody, 7y ,v1,m; = Ody,7p,~40,my» and model (1)
has a compact global attractor consisting of a continuum of steady states

{(pedl,ﬁ,'yl,mlv (1 - p)edl,‘rl,'\/l,ml/c) ip € (07 1)}
The asymptotic dynamics of
U = diAU + e MTimy(x)U(x, t — 1) — U?> —cUV, x€Q, t>0,

Vi = dbAV + e 22 my(x)V(x, t — 1) — bUV — V2, x€Q, t >0,
U, =V, =0, x €02, t>0.

U= diAU+ e MTim(x)U — U2 —cUV, x€Q, t>0,
Vi = AV + e m22my(x)V — bUV — V2, x€Q, t >0,
U, =V, =0, x €0Q, t>0.

are identical. But the delays 71, 7 alter the steady states and they could change the
outcome of the competition.
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Example (A)

U =dAU+ e "m(x)U(x,t — 1) — U2 = UV, x€Q, t>0,
Vi=dAV +e "2m(x)V(x,t — 1) — UV — V2 x€Q, t>0,

Uy =V, =0, x €02, t>0, (5)
U(x,t) = Up(x,t) >0, x€Q, te[-n,0],
V(x,t) = Vo(x,t) >0, x€Q, t€[-m,0].

Theorem 6. Assume that m(x) € C%(Q2) (a € (0,1)), m(x) > 0 on Q, and
d,vy, 71,7 > 0. Then

(/) If 71 > 1, then (0,0,,) is globally asymptotically stable.
(i) If 71 < 7, then (0+,,0) is globally asymptotically stable.

(iii) If 71 = 72, then model (5) has a compact global attractor consisting of a
continuum of steady states {(pfr,,(1 — p)0+):p € (0,1)}.

The species with shorter maturation time will prevail if all other conditions (dispersal,
growth) are identical. Faster maturer wins!
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Example (B)

Ur = diAU+ e Mimy(x)U(x, t — 1) — U2 —cUV, x€Q, t>0,

Vi = b AV + mp(x)V — bUV — V2 x€Q, t>0,

U, =V, =0, x €09, t>0, (6)
U(x,t) = Up(x,t) >0, x€Q, te[-m,0],
V(x,t) = W(x,t) >0, x€eQ, t=0.

Semitrivial steady states: (01,0) = (edl,nm,ml,o) and (0,602) = (Ovedz,O,O,mz) .
Sp:={(d1,dn) : (d1,d,0,0,0,0) € S,} for p=u,v,—,
§p,0 = {(dh dZ) : (dl’ d27070’0’0) S SP,O} for p=u, V707

where S;, Sy, S—, 5,0, Sv,0 and Sp o are defined as before.

If bc <1, then (R+)2 has the following mutually disjoint decomposition:

(R+)2 = (gu @] §,_,,0 \ §0,0) @] (gv @] .§v7o \ §070) uS_u §0,0.
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Example (B)

Theorem 7. Suppose that bc < 1.

(i) If (d1,da) € (5, U S, 0)USo0, then (0,62) is g.a.s. for any y171 > 0.

(i) If (dy,db) € 5_ U (éu,o \ §0,0), then there exists § € (0,1) such that (0,6,) is
g.a.s. for y171 > —1In 5, and for 0 < Y171 < —In 5, there exists a unique positive
steady state which is g.a.s.

(iii) 1f (d1,da) € Sy, then there exist 0 < §; < 6 < 1 such that

p1 (di, e my — 4, .0,0,m,) =0 for 111 = —Inédy,

w1 (dg, my — b9d17,.17717m1) =0 for v171 = —Inds.

Moreover,

(A) if 61 < 82, then (61,0) is g.a.s for 0 < y171 < —1Indy, (0,62) is g.a.s. for
v171 > —Ind1, and for —Indy < v171 < —Ind1, there exists a unique positive
steady state, which is g.a.s;

(B) if 61 = 92, then (61,0) is g.a.s. for 0 < 171 < —Ind1, (0,62) is g.a.s. for
~v171 > —Ind1, and for y171 = — In §1, system (6) has a compact global
attractor consisting of a continuum of steady states.

previous partial result [Yan-Guo, 2018, DCDSB]
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Example (C)

Delays in interspecific competition

Ur =diAU+ U[mi(x) —U—cV(x,t —m)], x€Q,t>0,

Vi = b AU+ V [ma(x) — bU(x,t — 1) — V], x€Q, t>0,

U, =V, =0, x€09Q, t>0, @)
U(x,t) = Up(x,t) >0, x€Q, t € [-7,0],

V(x,t) = W(x,t) >0, x€Q, t€[-m,0]

Different system but same method.

Theorem 8. If 0 < bec < 1, then the global asymptotic dynamics of model (7) for
71, T2 > 0 is the same as that for 7 = m» = 0.

Note: [Chen-Shi-Wei, 2011, CMA] The result does not hold for similar predator-prey
system (with my, my constants):

U=diAU+U[m — U—-cV(x,t—71)], x€Q, t>0,
Vi = b AU+ V[my + bU(x,t —11)— V], x€Q, t>0,
U, =V, =0, x €08, t>0,

Hopf bifurcation may occur when 11 + 7, is large.
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Spatial movement model

Suppose that Q is a bounded, connected open region in RV, and ui(x, t) is the
population density of the i-th biological species for location x € Q2 and time t > 0.

Continuity equation:

Ouj
87; =V J;i+ fi(u, v, uk),
where J;(x, t) is the population flux of the i-th biological species for i =1,2,3,--- , k,

and f; depicts the effect of interaction between species on the i-th species.

Fick's law — Diffusion Equation

Ji(x,t) = =D;Vui(x, t) — w = DiAui(x, t).

Fick's law + Advection — Advection-Diffusion Equation

Ji(x,t) = =D;Vui(x, t)—vi(x, t)-ui(x, t) — w = DiAui(x, t)+V-(vi(x, t)-uj(x, t)).

Here D; > 0 is the diffusion coefficient of u;, and vj(x, t) is a vector field indicating
the fluid flow velocity.
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Self-diffusion, cross-diffusion and taxis

[Shigesada-Kawasaki-Teramoto, 1979, JTB] Two-species model

% =V I+ fi(u1, w), % =V Jo+ f(u, w).

Self-diffusion: additional diffusion depending on its own density
Cross-diffusion: additional diffusion depending on other’s density

Jl(X, t) = —V[ul(x7 T.‘) . (D1 + D]],U;[(X7 t) + D12U2(X, t))],
Ja(x,t) = =V[wa(x, t) - (D2 + Dayui(x,t) + Drpua(x, t))].

[Keller-Segel, 1970, JTB]

Self-taxis: advection depending on its own density

Cross-taxis: advection depending on other's density (chemotaxis, prey-taxis, or
predator-taxis)

J1(X, t) = —D1Vu1(x, T.‘) — U1(X, 1.')[D11VU1(X7 t) + Dlgvug(X, t)],
J2(X, t) = 7D2VU2(X, t) — U2(X, 1.')[D21VU1(X7 t) + D22Vu2(x, t)]

Cross-diffusion: —V[Diouiup] = —Di2(u1Vuo + upVuy)
Cross-taxis: —Dipu1 Vup

Conclusions
oo
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Memory-based self-taxis and cross-taxis

[Shi-Wang-Wang, 2021, JDE]

Delayed self-taxis: advection depending on its own density in the past

Delayed cross-taxis: advection depending on other’s density in the past (delayed
chemotaxis, prey-taxis, or predator-taxis)

Ji(x,t) = =D1Vui(x, t) — u(x, t)[Du1Vui(x, t — 7) + D12 Vi(x, t — 7)],
Jao(x,t) = —DoVup(x, t) — ua(x, t)[D21Vui(x,t — 7) + DooVup(x, t — 7)].

Two-species reaction-diffusion system with delayed self-taxis and cross-taxis:

Jdu

? = DiAu+ DV - (uVuz) + DoV - (uVvy) + f(u,v), x€Q, t>0,
—‘; = DyAv+ DV - (vVur) + DV - (vWvr) 4+ g(u,v), xeQ, t>0,
B, o
O v
u(x,t) = ¢1(x,t), v(x,t) = ¢pa(x,t), x€Q, te[-1,0],

(8)

=0 x€0Q, t>0,

)

where ur = u(x,t —7), vy = v(x,t — 7).
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L-V competition model with memory-based movement
[Wang-Shi-Wang, 2021, JDE]

ur = D1Au+ D11V - (uVur) 4+ D12V - (uVvz) + u(l — u — av), x€0Q, t>0,
vi = DoAv+ DV - (vVur) + DoV - (vWyvr) +yv(l —v — Bu), x€0, t >0,
Oyu=0,v=0, x€0Q, t>0.

where ur = u(x,t —7), vy = v(x,t — 7).

Theorem 9. Assume that 0 < «, 8 < 1, then there is a coexistence equilibrium
1-— 1-—

E* = (u*, v*) where u* = % and v = p .
1—ap 1-ap

@ (self-taxis) Suppose that D1p = Dy = Doy = 0 and D13 # 0. Then (u*,v*) is
locally asymptotically stable provided that |Di1|u* < D, and it is unstable
(with dim(unstable manifold)=00) if |D11|u* > Ds.

@ (cross-taxis) Suppose that Dyj; = Dy = Dy; = 0. If D1p > 0, then (u*, v*)
becomes unstable through steady state bifurcations when Dj, increases
(regardless of 7); and if D12 < 0, then (u*, v*) may become unstable through
Hopf bifurcations when 7 increases.

Note: When D11 = Doy = Dy = D12 = 0, the constant equilibrium E* = (u*,v*) is
globally asymptotically stable. We cannot prove the global stability when (u*, v*) is
locally asymptotically stable.
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“Checkerboard” pattern for large memory-based self-taxis
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Figure: The roots of characteristic equations with n =1,2,3,4 (left), and
“periodic” pattern (I’Ight) Here Dy = Dy =1, D1y = Dy = Dy =0,
a=8=05v=1r=25and D;; =19 > 1/u*.

Scalar model with similar patterns: [Shi-Wang-Wang-Yan, 2020, JDDE]
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Nonhomogeneous steady state with positive cross-taxis
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Figure: Left: The roots of characteristic equations with n =1,2,3,45.
Right: Convergence to a spatially nonhomogeneous steady state. Here
Dlzl, D2=O.1,0t=6=0.5,’7:1, D11:D22:D21=O,

D =85>0and r=1.

Similar pattern: [Mimura-Kawasaki, 1980, JMB] for cross-diffusion
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Nonhomogeneous periodic solutions with negative
memory-based cross-taxis
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Figure: Periodic solutions for r = 2.5 > r? (left) and r = 10 (Right).
Here D1:1, D2:O.1,a:ﬁ:0.5,*y:1, D11:D22:D21:Oand
Dy = —12.
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Conclusions

@ When the stage structure is added to the reaction-diffusion Lotka-Volterra
competition system, times delays and maturation decays appear in the model.
We show that the maturation decay terms could change the existence and
stability of steady states which change the outcome of competition, but the
time delays do not change asymptotic dynamics of the competition. Here the
delays are “harmless” and do not induce oscillations as other delay models.
When the two species are identical, the species with shorter maturation time
wins the competition.

@ Time delays in interspecific competitions will also not alter the outcome of the
competition, but time delays in intraspecific competition may induce oscillatory
patterns.

@ For a competition model in the weak competition regime, if u is a timid
competitor who will move downward the past (i.e., D12 > 0), then the constant
coexistence steady state will become spatially inhomogeneous through Turing
bifurcation, as the memory-based diffusion rate Djy increases; while if u is an
aggressive competitor (i.e., D12 < 0), then Hopf bifurcation happens and a
stable spatially nonhomogeneous time-periodic solution appears for the memory
period 7 at the right hand of a critical value.
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