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The host-virus model in a chemostat environment
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The nutrient-bacteria-virus model in a chemostat environment:
dR
dt

= ωJ0 − f (R)N − ωR,
dN
dt

= εf (R)N − φNV − ωN,
dV
dt

= βφNV −mV − ωV .

R : concentration of nutrient J0 : Inflow nutrient concentration
N : density of host ω : dilution/flow rate
V : density of virus m : natural decay rate of virus
f : consumption rate β : burst size
ε : conversion rate φ : adsorption rate for virus attached to host
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The host-virus model in a chemostat environment
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The bacteria-virus model in a chemostat environment:
dN
dt

= f (N)− φNV − ωN,
dV
dt

= βφNV −mV − ωV .

N : density of host φ : adsorption rate for virus attached to host
V : density of virus m : natural decay rate of virus
f : growth rate of host β : burst size
ω : dilution/flow rate
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The I-host J-virus model in a chemostat environment


dNi

dt
= riNi

(
1−

∑I
k=1 Nk

K

)
−

J∑
j=1

φijNiVj − ωNi , i = 1, 2, · · · , I,

dVj

dt
=

I∑
i=1

βijφijNiVj −mjVj − ωVj , j = 1, 2, · · · , J.

Ni : density of host φij : adsorption rate for virus attached to host
Vj : density of virus βij : burst size
ri : intrinsic growth rate of host mj : natural decay rate of virus
K : carrying capacity of hosts ω : dilution/flow rate
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The multi-host-virus model in a chemostat environment

1 In monogamous infection networks, when one virus specializes on infecting one
host (e.g., v1 → N1, v2 → N2), if a unique positive equilibrium exists, then it is
stable [Korytowski 2016].

2 In nested infection networks (e.g., v1 → N1, v2 → N1&N2), permanence dynamics
can be obtained under certain conditions [Jover et al 2013, Korytowski et al 2014].
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Left: a monogamous infection network; right: a nested infection network.
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A two host-two virus model in a chemostat environment (see (5.15) in [Weitz 2016])

dN1

dt
= r1N1

(
1− N1 + N2

K

)
− φ11N1V1 − φ12N1V2 − ωN1,

dN2

dt
= r2N2

(
1− N1 + N2

K

)
− φ21N2V1 − φ22N2V2 − ωN2,

dV1

dt
= β11φ11N1V1 + β21φ21N2V1 −m1V1 − ωV1,

dV2

dt
= β12φ12N1V2 + β22φ22N2V2 −m2V2 − ωV2.

(1)

Ni the density of host i = 1, 2
Vj the density of virus j = 1, 2
ri the intrinsic growth rate of host i (r1 6= r2)
K the carrying capacity for the hosts
φij the adsorption rate for virus j attached to host i
mj the natural decay rate of virus j
ω the dilution/flow rate
βij the burst size
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Dynamics of the one host-one virus model

The one host-one virus model:
dN
dt

= rN
(

1− N
K

)
− φNV − ωN,

dV
dt

= βφNV −mV − ωV .
(2)

Three possible nonnegative equilibria:

Env
0 = (0, 0), Env

1 = (Ñ, 0), Env
3 = (N∗,V ∗),

with

Ñ =
r − ω

r
K , N∗ =

m + ω

βφ
, V ∗ =

(
r − ω − r

m + ω

βφK

)
1
φ

=
r
φK

(Ñ − N∗).

Global dynamics of (2):

Env
0 Env

1 Env
3

(i) r < ω g.a.s.
(ii) r > ω

r−ω
r K < m+ω

βφ
(i.e., Ñ < N∗) saddle g.a.s.

(iii) r > ω
r−ω

r K > m+ω
βφ

(i.e., Ñ > N∗) saddle saddle g.a.s.
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Dynamics of the two host model

The two host model in the chemostat:
dN1

dt
= r1N1

(
1− N1 + N2

K

)
− ωN1,

dN2

dt
= r2N2

(
1− N1 + N2

K

)
− ωN2.

(3)

Three equilibria of (3):

Enn
0 = (0, 0), Enn

1 = (Ñ1, 0), Enn
2 = (0, Ñ2),

with
Ñ1 =

r1 − ω
r1

K , Ñ2 =
r2 − ω

r2
K .

Global dynamics of (3):

Enn
0 Enn

1 Enn
2

(i) r1 < ω
r2 < ω g.a.s.

(ii) r1 > ω
r1 > r2 unstable g.a.s. saddle

(iii) r2 > ω
r1 < r2 unstable saddle g.a.s.
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Dynamics of the two host-one virus model

The two host-one virus model:

dN1

dt
= r1N1

(
1− N1 + N2

K

)
− φ1N1V − ωN1,

dN2

dt
= r2N2

(
1− N1 + N2

K

)
− φ2N2V − ωN2,

dV
dt

= β1φ1N1V + β2φ2N2V −mV − ωV .

(4)

System (4) admits 6 possible nonnegative equilibria:

Ennv
0 = (0, 0, 0), Ennv

1 = (Ñ1, 0, 0), Ennv
2 = (0, Ñ2, 0),

Ennv
3 = (N∗1 , 0, Ṽ

∗), Ennv
4 = (0,N∗2 ,V

∗), Ennv
5 = (Nc

1 ,N
c
2 ,V

c)
(5)

Ñ1 =
r1 − ω

r1
K , Ñ2 =

r2 − ω
r2

K ,

N∗1 =
m + ω

β1φ1
, Ṽ ∗ =

r1

φ1K
(Ñ1 − N∗1 ),

N∗2 =
m + ω

β2φ2
, V ∗ =

r2

φ2K
(Ñ2 − N∗2 ),

Nc
1 =

β2φ2(N∗2 − η)

β1φ1 − β2φ2
, Nc

2 = −β1φ1(N∗1 − η)

β1φ1 − β2φ2
, V c =

(Ñ1 − η)r1

Kφ1
=

(Ñ2 − η)r2

Kφ2
,

η =
−(ωφ1 − ωφ2 − φ1r2 + φ2r1)K

φ1r2 − φ2r1
=

(r1 − ω)φ2 − (r2 − ω)φ1

r1φ2 − r2φ1
K .

(6)
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Local dynamics of the two host-one virus model

Equilibrium Existence condition Stability condition
Ennv

0 = (0, 0, 0) r1 < ω, r2 < ω

Ennv
1 = (Ñ1, 0, 0) r1 > ω r1 > r2, N∗1 > Ñ1

Ennv
2 = (0, Ñ2, 0) r2 > ω r1 < r2, N∗2 > Ñ2

Ennv
3 = (N∗1 , 0, Ṽ

∗) N∗1 < Ñ1 (r1 > ω required)
(
φ1
φ2
− r1

r2

)
(N∗1 − η) > 0

Ennv
4 = (0,N∗2 ,V

∗) N∗2 < Ñ2 (r2 > ω required)
(
φ1
φ2
− r1

r2

)
(N∗2 − η) < 0(

φ1
φ2
− r1

r2

)
(r1 − r2) > 0

Ennv
5 = (Nc

1 ,N
c
2 ,V

c) (N∗1 − η)
(
φ1
φ2
− β2

β1

)
< 0

(
φ1
φ2
− r1

r2

)(
φ1
φ2
− β2

β1

)
> 0

(N∗2 − η)
(
φ1
φ2
− β2

β1

)
> 0

Table: The conditions for existence and local stability of equilibria of (4). Here, an equilibrium
exists means it is nonnegative for Ennv

1 -Ennv
4 and positive for Ennv

5 .
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Global dynamics of (4)

Theorem

If r1 < ω and r2 < ω, then Ennv
0 = (0, 0, 0) is g.a.s. for (4) for all nonnegative initial

conditions.

Theorem

(i) If r1 > ω and r2 < ω, then
Ennv

1 = (Ñ1, 0, 0) is g.a.s. for (4) for all positive initial conditions when N∗1 > Ñ1;
Ennv

3 = (N∗1 , 0, Ṽ
∗) is g.a.s. for (4) for all positive initial conditions when N∗1 < Ñ1.

(ii) If r1 < ω and r2 > ω, then
Ennv

2 = (0, Ñ2, 0) is g.a.s. for (4) for all positive initial conditions when N∗2 > Ñ2;
Ennv

4 = (0,N∗2 ,V
∗) is g.a.s. for (4) for all positive initial conditions when N∗2 < Ñ2.
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Global dynamics of (4)

Theorem

If both Ennv
3 = (N∗1 , 0, Ṽ

∗) and Ennv
4 = (0,N∗2 ,V

∗) are nonnegative, Ennv
3 is stable and

Ennv
4 is unstable (that is, when φ1

φ2
< r1

r2
, N∗1 < η, N∗2 < η or when φ1

φ2
> r1

r2
and N∗1 > η,

N∗2 > η), then Ennv
3 is g.a.s. for (4) for all positive initial conditions.

Proof Note that Ennv
0 , Ennv

1 , and Ennv
2 are all unstable, Ennv

5 is not positive.

Case 1: φ1
φ2
< r1

r2
and N∗1 < η, N∗2 < η. Let ξ1 = φ1

φ2
, ξ2 = r1 − ω − (r2 − ω)φ1

φ2
> 0.

ξ1
1

N2

dN2

dt
− ξ2

m + ω

1
V

dV
dt
− 1

N1

dN1

dt
= ξ2

(
N1

(
1
η
− 1

N∗1

)
+ N2

(
1
η
− 1

N∗2

))
< 0.

Integrating this inequality from 0 to t and taking exponentials on both sides yield(
N2(t)
N2(0)

)ξ1

<

(
V (t)
V (0)

) ξ2
m+ω

(
N1(t)
N1(0)

)
e
ξ2

(
1
η
− 1

N∗
2

) ∫ t
0 N2(s)ds

.

Since N1(t) and V (t) are bounded for large t > 0, it follows from the fact that N∗2 < η
that lim

t→∞
N2(t) = 0. Then lim

t→∞
N1(t) = N∗1 and lim

t→∞
V (t) = Ṽ ∗.

Case 2: φ1
φ2
> r1

r2
, N∗1 > η, N∗2 > η, and η < 0.

Case 3: φ1
φ2
> r1

r2
, N∗1 > η, N∗2 > η, and η > 0.
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Global dynamics of (4)

Theorem

If both Ennv
3 and Ennv

4 are nonnegative, Ennv
3 is unstable but Ennv

4 is stable (that is, when
φ1
φ2
< r1

r2
, N∗1 > η, N∗2 > η or when φ1

φ2
> r1

r2
and N∗1 < η, N∗2 < η), then Ennv

4 is g.a.s. for
(4) for all positive initial conditions.
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Global stability of the positive equilibrium

Theorem

If r1
r2

= β2
β1

and Ennv
5 is positive, then it is g.a.s. .

Proof When r1
r2

= β2
β1

, if Ennv
5 is positive, it is l.a.s. .

Let

V = N1 − Nc
1 − Nc

1 ln
N1

Nc
1

+ c1

(
N2 − Nc

2 − Nc
2 ln

N2

Nc
2

)
+ c2

(
V − V c − V c ln

V
V c

)
with c1 = β2

β1
, c2 = 1

β1
. Then V > 0 for all N1 > 0, N2 > 0 and V > 0 and V is radially

unbounded,

dV
dt

= − r1

K

(
N1 − Nc

1 +
r1 + c1r2

2r1
(N2 − Nc

2 )

)2

+
(r1 − c1r2)2

4r1K
(N2 − Nc

2 )2

+(c2β1 − 1)φ1(N1 − Nc
1 )(V − V c) + (c2β2 − c1)φ2(N2 − Nc

2 )(V − V c)
= − r1

K (N1 − Nc
1 + N2 − Nc

2 )2

≤ 0.

By LaSalle’s invariance principle, Ennv
5 is g.a.s. with respect to initial conditions N0

1 > 0,
N0

2 > 0, and V 0 > 0.
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Persistence dynamics of (4)

Let X = R+
3 with ||x || = max

i=1,2,3
|xi | for x = (x1, x2, x3) ∈ X ,

X0 = {(x1, x2, x3) ∈ X : x1 > 0, x2 > 0, x3 > 0},
∂X0 = X \ X0 = {(x1, x2, x3) ∈ X : x1 = 0 or x2 = 0 or x3 = 0}.

Theorem

If all the nonnegative equilibria are unstable except that the positive equilibrium Ennv
5 is

stable (that is, in cases (o), (r), or (s) in Table 2, then system (4) is uniformly persistent
in the sense that there exists ξ > 0 such that

lim inf
t→∞

N1(t) > ξ, lim inf
t→∞

N2(t) > ξ, lim inf
t→∞

V (t) > ξ,

for any solution (N1(t),N2(t),V (t)) of (4) with positive initial conditions. Moreover, (4)
admits a global attractor in X0.
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426 SZE-BI HSU AND YU JIN

Condition Ennv0 Ennv1 Ennv2 Ennv3 Ennv4 Ennv5

(a) r1 < ω, r2 < ω GAS - - - - -

(b) r2 < ω < r1, N∗1 > Ñ1 U GAS - - - -

(c) r2 < ω < r1, N∗1 < Ñ1 U U - GAS - -

(d) r1 < ω < r2, N∗2 > Ñ2 U - GAS - - -

(e) r1 < ω < r2, N∗2 < Ñ2 U - U - GAS -

(f)
r1, r2 > ω,N∗1 < Ñ1, N

∗
2 < Ñ2

(φ1r2 − φ2r1)(N∗1 − η) < 0
(φ1r2 − φ2r1)(N∗2 − η) < 0

U U U U GAS -

(g)
r1, r2 > ω, ,N∗1 < Ñ1, N

∗
2 < Ñ2

(φ1r2 − φ2r1)(N∗1 − η) > 0
(φ1r2 − φ2r1)(N∗2 − η) > 0

U U U GAS U -

(h) r1 > r2 > ω, N∗1 > Ñ1, N∗2 < Ñ2 U GAS U - U -

(i) ω < r1 < r2, N∗1 < Ñ1, N∗2 > Ñ2 U U GAS U - -

(j) r1 > r2 > ω, N∗1 < Ñ1, N∗2 > Ñ2 U U U GAS - -

(k) ω < r1 < r2, N∗1 > Ñ1, N∗2 < Ñ2 U U U - GAS -

(l) r1 > r2 > ω, N∗1 > Ñ1, N∗2 > Ñ2 U GAS U - - -

(m) ω < r1 < r2, N∗1 > Ñ1, N∗2 > Ñ2 U U GAS - - -

(n)

(a) r1 > r2 > ω, φ1r2 > φ2r1,

Ñ1 > N∗1 > η > N∗2 , Ñ2 > N∗2 ;
or (b) ω < r1 < r2, φ1r2 < φ2r1,

N∗1 < η < N∗2 < Ñ2, N
∗
1 < Ñ1

U U U S S U

(o)

(a) r1 > r2 > ω, φ1r2 > φ2r1,

N∗1 < η < N∗2 < Ñ2 < Ñ1;
or (b) ω < r1 < r2, φ1r2 < φ2r1,

Ñ2 > Ñ1 > N∗1 > η > N∗2

U U U U U S

(p) r1 > r2 > ω, φ1r2 > φ2r1, U S U - S U

N∗1 > Ñ1 > Ñ2 > η > N∗2

(q)
ω < r1 < r2, φ1r2 < φ2r1,

N∗1 < η < Ñ1 < Ñ2 < N∗2
U U S S - U

(r)
r1 > r2 > ω, φ1r2 > φ2r1,

N∗1 < η < Ñ2 < Ñ1, Ñ2 < N∗2
U U U U - S

(s)
ω < r1 < r2, φ1r2 < φ2r1,

N∗1 > Ñ1, Ñ2 > Ñ1 > η > N∗2
U U U - U S

Table 2. Global or local dynamics of (4). Ennv0 -Ennv5 are defined
in (5). Conditions for Ennv5 to be positive or not may not be all
listed. “-” represents that some compartments of the equilibrium
are negative. “U” represents “unstable”; “GAS” represents “glob-
ally asymptotically stable”, “S” represents “locally asymptotically
stable”.

such that when t is sufficiently large, 0 ≤ N1(t) < uN1
, 0 ≤ N2(t) < uN2

, and
0 ≤ V (t) < uV for any solution (N1(t), N2(t), V (t)) of (4) with initial conditions in
X. This implies that (4) admits a global attractor in X.

For any initial condition w0 ∈ X, let Q(t, w0) = (N1(t), N2(t), V (t)) be the
solution of model (4) with initial condition w0 = (N0

1 , N
0
2 , V

0) ∈ X and ω(w0) be
the omega limit set of the orbit Q(t, w0) ( t ≥ 0).

Claim 1. ∪w0∈∂X0
ω(w0) ⊆ ∪4

i=0{Ennvi }.
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Global stability of the positive equilibrium

Remark The results in Table 2 and Theorem 6 show the following:

(i) when the equilibrium Ennv
5 is not positive, if one nonnegative equilibrium is l.a.s. ,

then it is g.a.s. ;

(ii) when Ennv
5 is positive but unstable, then bistability appears;

(iii) when Ennv
5 is positive and l.a.s. , then the two host-one virus model (4) is uniformly

persistent.

Ennv
5 is positive and l.a.s. if

φ1

φ2
>

r1

r2
> 1,

φ1

φ2
>
β2

β1
, N∗1 < η < N∗2 ,

or
φ1

φ2
<

r1

r2
< 1,

φ1

φ2
<
β2

β1
, N∗1 > η > N∗2 .
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Dynamics of the two host-two virus model (7)



dN1

dt
= r1N1

(
1− N1 + N2

K

)
− φ11N1V1 − φ12N1V2 − ωN1,

dN2

dt
= r2N2

(
1− N1 + N2

K

)
− φ21N2V1 − φ22N2V2 − ωN2,

dV1

dt
= β11φ11N1V1 + β21φ21N2V1 −m1V1 − ωV1,

dV2

dt
= β12φ12N1V2 + β22φ22N2V2 −m2V2 − ωV2.

(7)
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Nonnegative equilibria of (7)

E0 = (0, 0, 0, 0), E1 = (Ñ1, 0, 0, 0), E2 = (0, Ñ2, 0, 0),

E3 = (N∗
1,1, 0,

r1(Ñ1−N∗
1,1)

Kφ11
, 0), E4 = (N∗

1,2, 0, 0,
r1(Ñ1−N∗

1,2)

Kφ12
),

E5 = (0, N∗
2,1,

r2(Ñ2−N∗
2,1)

Kφ21
, 0), E6 = (0, N∗

2,2, 0,
r2(Ñ2−N∗

2,2)

Kφ22
),

E7 = (Nc
1 , Nc

2 , Vc
1 , 0), E8 = (N̂c

1 , N̂c
2 , 0, V̂ c

2 ), E9 = (Np
1 , Np

2 , Vp
1 , Vp

2 ),

where

Ñ1 =
(r1 − ω)K

r1
, Ñ2 =

(r2 − ω)K

r2
,

N∗
1,1 =

m1 + ω

β11φ11
, N∗

2,1 =
m1 + ω

β21φ21
, N∗

1,2 =
m2 + ω

β12φ12
, N∗

2,2 =
m2 + ω

β22φ22
,

η1 =
(φ11(r2 − ω) − φ21(r1 − ω))K

φ11 r2 − φ21 r1
, η2 =

(φ12(r2 − ω) − φ22(r1 − ω))K

φ12 r2 − φ22 r1
,

Nc
1 =

β21φ21(N∗
2,1 − η1)

β11φ11 − β21φ21
, Nc

2 = −
β11φ11(N∗

1,1 − η1)

β11φ11 − β21φ21
, Vc

1 =
(r1 − r2)ω

φ11 r2 − φ21 r1
,

N̂c
1 =

β22φ22(N∗
2,2 − η2)

β12φ12 − β22φ22
, N̂c

2 = −
β12φ12(N∗

1,2 − η2)

β12φ12 − β22φ22
, V̂ c

2 =
(r1 − r2)ω

φ12 r2 − φ22 r1
,

Np
1 = −

β21φ21(m2 + ω) − β22φ22(m1 + ω)

β11β22φ11φ22 − β12β21φ12φ21
,

Np
2 =

β11φ11(m2 + ω) − β12φ12(m1 + ω)

β11β22φ11φ22 − β12β21φ12φ21
,

Vp
1 =

(φ12 r2 − φ22 r1)(β12φ12 − β22φ22)(m1 + ω)(
N̂c

1
N∗

1,1
+

N̂c
2

N∗
2,1

− 1)

(β11β22φ11φ22 − β12β21φ12φ21)(φ11φ22 − φ12φ21)K
,

Vp
2 =

(φ11 r2 − φ21 r1)(β11φ11 − β21φ21)(m2 + ω)(
Nc

1
N∗

1,2
+

Nc
2

N∗
2,2

− 1)

(β11β22φ11φ22 − β12β21φ12φ21)(φ11φ22 − φ12φ21)K
.

(8)
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Local dynamics of (7)

Equilibrium Existence condition Stability condition
E0 = (0, 0, 0, 0) r1 < ω, r2 < ω

E1 = (Ñ1, 0, 0, 0) r1 > ω r1 > r2, N∗
1,1 > Ñ1, N∗

1,2 > Ñ1
E2 = (0, Ñ2, 0, 0) r2 > ω r1 < r2, N∗

2,1 > Ñ2, N∗
2,2 > Ñ2

E3 = (N∗
1,1, 0,

r1(Ñ1−N∗
1,1)

Kφ11
, 0) N∗

1,1 < Ñ1
BΦ3 > 0
ΦR1 · (N∗

1,1 − η1) > 0

E4 = (N∗
1,2, 0, 0,

r1(Ñ1−N∗
1,2)

Kφ12
) N∗

1,2 < Ñ1
BΦ3 < 0
ΦR2 · (N∗

1,2 − η2) > 0

E5 = (0, N∗
2,1,

r2(Ñ2−N∗
2,1)

Kφ21
, 0) N∗

2,1 < Ñ2
BΦ4 > 0
ΦR1 · (N∗

2,1 − η1) < 0

E6 = (0, N∗
2,2, 0,

r2(Ñ2−N∗
2,2)

Kφ22
) N∗

2,2 < Ñ2
BΦ4 < 0
ΦR2 · (N∗

2,2 − η2) < 0

E7 = (Nc
1 , Nc

2 , Vc
1 , 0)

(N∗
2,1 − η1) · BΦ1 > 0

(N∗
1,1 − η1) · BΦ1 < 0

(r1 − r2)ΦR1 > 0

NN < 0
ΦR1 · BΦ1 > 0

E8 = (N̂c
1 , N̂c

2 , 0, V̂ c
2 )

(N∗
2,2 − η2) · BΦ2 > 0

(N∗
1,2 − η2) · BΦ2 < 0

(r1 − r2)ΦR2 > 0

NNh < 0
ΦR2 · BΦ2 > 0

E9 = (Np
1 , Np

2 , Vp
1 , Vp

2 )

BΦ · BΦ3 < 0
BΦ · BΦ4 > 0
ΦR1 · BΦ1 · NN · BΦ · ΦΦ > 0
ΦR2 · BΦ2 · NNh · BΦ · ΦΦ > 0

BΦ · ΦΦ > 0
(9)

BΦ = β11β22φ11φ22 − β12β21φ12φ21, ΦΦ = (φ11φ22 − φ12φ21),
ΦR1 = (φ11 r2 − φ21 r1), ΦR2 = (φ12 r2 − φ22 r1),
BΦ1 = (β11φ11 − β21φ21), BΦ2 = (β12φ12 − β22φ22),
BΦ3 = β11φ11(m2 + ω) − β12φ12(m1 + ω), BΦ4 = β21φ21(m2 + ω) − β22φ22(m1 + ω),

NNh = (
N̂c

1
N∗

1,1
+

N̂c
2

N∗
2,1

− 1), NN = (
Nc

1
N∗

1,2
+

Nc
2

N∗
2,2

− 1).

(BΦ1(Np
1φ11 + Np

2φ21)Vp
1 + BΦ2(Np

1φ12 + Np
2φ22)Vp

2 )

·(ΦR1(Np
1β11φ11 r1 + Np

2β21φ21 r2)Vp
1 + ΦR2(Np

1β12φ12 r1 + Np
2β22φ22 r2)Vp

2 ) > 0.
(9)
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Uniform persistence

If E7 = (Nc
1 ,N

c
2 ,V

c
1 , 0) and E8 = (N̂c

1 , N̂
c
2 , 0, V̂

c
2 ) are both nonnegative and unstable with

conditions NN > 0 and NNh > 0, then equilibria E0-E8 are all unstable. We can prove
that in this case system (7) is uniformly persistent.

Theorem
Assume that E7 and E8 are both nonnegative and unstable and that NN > 0 and
NNh > 0 are valid. System (7) is uniformly persistent in the sense that there exists a
ξ > 0 such that

lim inf
t→∞

Ni (t) > ξ, lim inf
t→∞

Vi (t) > ξ, i = 1, 2,

for any solution (N1(t),N2(t),V1(t),V2(t)) of (7) with positive initial condition.
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Global stability of equilibria

Theorem

1 If r1 < ω and r2 < ω, then E0 = (0, 0, 0, 0) is g.a.s. for (7) for all nonnegative initial
conditions.

2 If
m1 + ω

β11φ11
<

m2 + ω

β12φ12
and

m1 + ω

β21φ21
<

m2 + ω

β22φ22
, then V2(t)→ 0 as t →∞.

3 If
m2 + ω

β12φ12
<

m1 + ω

β11φ11
and

m2 + ω

β22φ22
<

m1 + ω

β21φ21
, then V1(t)→ 0 as t →∞.

4 If N1(t) ≡ 0 or N2(t) ≡ 0, then V1(t)→ 0 or V2(t)→ 0 as t →∞.
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Global stability of equilibria

Theorem

(i). Assume m1+ω
β11φ11

< m2+ω
β12φ12

and m1+ω
β21φ21

< m2+ω
β22φ22

.
1 If one of E0, E1, E2, E3, and E5 is the only nonnegative equilibrium that is l.a.s. , then it

is g.a.s. .
2 If E7 is nonnegative and unstable, then bistability appears. It is possible that E3 and E5,

or E1 and E5, or E2 and E3 are stable at the same time.
3 If E7 is nonnegative and l.a.s. , then N1, N2 and V1 coexist.

(ii). Assume m2+ω
β12φ12

< m1+ω
β11φ11

and m2+ω
β22φ22

< m1+ω
β21φ21

.
1 If one of E0, E1, E2, E4, and E6 is the only nonnegative equilibrium that is l.a.s. , then it

is g.a.s. .
2 If E8 is nonnegative and unstable, then bistability appears. It is possible that E4 and E6,

or E1 and E6, or E2 and E4 are stable at the same time.
3 If E8 is nonnegative and l.a.s. , then N1, N2 and V2 coexist.
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Hopf Bifurcation

Theorem

Let µ be one of the parameters of model (7). Assume that (7) admits a positive
equilibrium E9 when µ = µ0. Let bi ’s, ∆i ’s, and d1 be defined in (??), (??), and (??),
respectively. If b3(µ0) > 0, b4(µ0) 6= 0, ∆3(µ0) = 0, and d1(µ0) 6= 0, then model (7)
admits a Hopf bifurcation at µ0.

Example We revisit the example in [Weitz 2016]. Let r1 = 1.28, r2 = 2.6, K = 107,
φ11 = 2.3 · 10−9, φ12 = 6.35 · 10−9, φ21 = 9.75 · 10−9, φ22 = 1.04 · 10−8, m1 = 0.64,
m2 = 0.9, ω = 0.01, β11 = β12 = β21 = β22 = β. Assume β is the bifurcation parameter.
A unique stable limit cycle bifurcates from E9 as β increases from β0 = 12.24183257.
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Figure: The time series of model (7). Left: β = 11.5; right: β = 20.
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Thank you!
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