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The host-virus model in a chemostat environment

Schematic of a chemostat
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The nutrient-bacteria-virus model in a chemostat environment:

:q,g =wdp — f(R)N — wR,
? =ef(R)N — ¢NV — wN,
%
— = B¢NV —mV —wV.
i Bo m w
R: concentration of nutrient Jo : Inflow nutrient concentration
N : density of host w: dilution/flow rate
V: density of virus m: natural decay rate of virus
f:  consumption rate B: burstsize
€:  conversion rate ¢ :  adsorption rate for virus attached to host
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The host-virus model in a chemostat environment

Schematic of a chemostat
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The bacteria-virus model in a chemostat environment:

3’ N _ f(N) = 6NV — wN,
l—wwv mv—wV.

N : density of host ¢ :  adsorption rate for virus attached to host
V: density of virus m: natural decay rate of virus

f growth rate of host B:  burstsize

w dilution/flow rate
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The /-host J-virus model in a chemostat environment

dN, VAN -
dt:r,N,<1— K _ZQSUNIVj_WNla 1_1727"'7Ia

j=1

v, .
T;:Zﬂ,—quf,-N;V,-—mjVj—ij, j=1,2,-,d.
i=1
N; :  density of host ¢j : adsorption rate for virus attached to host
V;: density of virus Bj: burstsize
ri: intrinsic growth rate of host m; :  natural decay rate of virus
K:  carrying capacity of hosts w: dilution/flow rate
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The multi-host-virus model in a chemostat environment

@ In monogamous infection networks, when one virus specializes on infecting one
host (e.g., vi — Ny, v» — Nz), if a unique positive equilibrium exists, then it is
stable [Korytowski 2016].

@ In nested infection networks (e.g., vi — Nj, v — N;&N>), permanence dynamics
can be obtained under certain conditions [Jover et al 2013, Korytowski et al 2014].

“ @ - T v @
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Left: a monogamous infection network; right: a nested infection network.
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A two host-two virus model in a chemostat environment see .15) in weitz 2016

% =nNy (11— M ;NZ — p11Nt Vi — d12Ny Vo — wiNy,
% =nN (11— w — $21Ne Vi — 22 No Vo — w2,
3(‘;‘ = BudiNi Vi + Bordar NV — i Vi — w Vi,
th = Br212Ni Vo + BoapoNo Vo — mp Vo — wVa.

N;  the density of hosti =1,2

V;  the density of virus j = 1,2

ri the intrinsic growth rate of host i (r1 # r2)

K  the carrying capacity for the hosts

¢; the adsorption rate for virus j attached to host i
m;  the natural decay rate of virus j

w  the dilution/flow rate

Bi  the burst size

Nl.><? Vl
~ @ g
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Dynamics of the one host-one virus model

The one host-one virus model:

dN N
;5@; = ITV (1 - 7€:> '—’qbpdh/ - QJAJ
S = BONV = mV —wV.

Three possible nonnegative equilibria:

E=(0,0), E"=(N0), E"=(N",V),

with
N r—w « m+ w « m+w)\ 1 r
N = l‘(7 N = y V = r—w-—1r — -
r Be ( BoK ) ¢ oK
Global dynamics of (2):
E67V E1I1V Egv
(i) r<w g.a.s.
(i) | r>w
K < T (ie, N<N7) | saddle | g.as.
(i) | r>w
oK > ’”Tf’;“(i.e., N > N*) | saddle | saddle | g.a.s.

Yu Jin (University of Nebraska-Lincoln) A two host-two virus system

7/26



Dynamics of the two host model

The two host model in the chemostat:

%:HN1 1— N1+N2 —wN1,
dt K 3)
Mo g (1= Nt Ne oy
dt — I21IN2 K 2.

Three equilibria of (3):
E"=(0,0), E"=(N,0), E"=(0 M),

with
Ry=D "%y R,= =%k
n r2
Global dynamics of (3):
E(;m E1nn E2nn
(i) n<w
r<w g.a.s.
(i) | n>w
rn>r | unstable | g.a.s. | saddle
(i) | R>w
rn < r. | unstable | saddle | g.a.s.
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Dynamics of the two host-one virus model

The two host-one virus model:

dN. Ny + N

T;:I’1N1 1— 1; 2 7¢1N1V*(4)N1,

aN. Ni + N.

th = ngQ 1-— ! ; 2) — ¢2N2V — wN27 (4)
dV

= B1d1NtV + BopoNoV — mV — wV.
System (4) admits 6 possnble nonnegative equilibria:

E§™ =(0,0,0),  EM™ =(Ny,0,0), Ef™=(0,A;,0),

= (NLOV), B = (0N V), B = (NeNg v O
N1:r1—wK N I’gr—wK’
2

* m+w \7* L N o *
N A

e * _ 12 (N
Ny = ada = % (N2 — N2) ) )
ne = B2te(Ne —m) e Bron(NF —m) e (N1 - W)H _ (Na—m)r2

" Bigr — Bage 2 5 1 — B2¢2 Kga

_ —(wo1 —wgp — pi + dar)K _ (n — w)¢2 —(r - w)¢1

P12 — P2l N2 — g1 ©)
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Local dynamics of the two host-one virus model

Equilibrium Existence condition Stability condition
E{"™ =(0,0,0) n<w, h<w

E™ = (N4,0,0) rn>w >, Nf > N
EJ" = (0, N>, 0) r2>w rn<r, Ny >N

EM™ — (N7,0,V*) | Ni < Ny (r > w required) (% f ﬂ) (Nf —n) >0
EM™ = (0,N;,V*) | Ny < N (r2 > w required) (;%; f é) (Nf —n) <0
(2-2)(ri-r)>0

B = (NGNS, V) | (N —m) (- 2) <0 | (2-2)(2-2)>0

@2 B P2 r2
* ¢ B
(N —n) (2 - %) >0

Table: The conditions for existence and local stability of equilibria of (4). Here, an equilibrium
exists means it is nonnegative for E{"-Ej™ and positive for E£™.
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Global dynamics of (4)

Ifrn <wandr, <w, then Ef" = (0,0,0) is g.a.s. for (4) for all nonnegative initial

conditions. )

(i) Ifrr >w and r, < w, then
EM™ = (Ny,0 0) is g.a.s. for (4) for all positive initial conditions when N; > N1,
E"”" = (N;,0, V*) is g.a.s. for (4) for all positive initial conditions when N; < Nj.

(i) Ifn <w ang rn» > w, then B
EZ™ = (0, N,0) is g.a.s. for (4) for all positive initial conditions when N3 > No;
E;" = (0,N3, V*) is g.a.s. for (4) for all positive initial conditions when Ny < No.
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Global dynamics of (4)

Theorem

If both ES™ = (N;,0, V*) and Ef™ = (0, N3, V*) are nonnegative, EJ™ is stable and
E;™ is unstable (that is, when j—; < % N <n, N5 < n or when “2 > g and Ny > n,
N3 > n), then E{™ is g.a.s. for (4) for all positive initial conditions.

Proof Note that £, E{"", and EJ™ are all unstable, E{™ is not positive.

Case 1: 5t < L and Nf <n, Ny <n. Leté =%, =rn —w—(n—w)% >0.

1 dN\e o 1dV 1 dN _ 11 L
SN dt  miwVd N dt*gz(M(n NT)+N2(U Nz*))<0'

Integrating this inequality from 0 to t and taking exponentials on both sides yield

<N2(l‘))£1 - ( V(t) ) m+w (N1(t)) egz(%fN‘—g) 4 Na(s)ds
N>(0) V(0) N1 (0) ’
Since Ni(t) and V(t) are bounded for large t > 0, it follows from the fact that ;' < n
that lim Nx(f) = 0. Then lim N;(t) = Nj and lim V() = V~.
t—oo t—o0 t— o0
Case 2: j—; >4, Ny >n, N5 >, andn < 0.
Case 3: ﬁ—; >4, Ny >n, N5 >, andn > 0.
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Global dynamics of (4)

Theorem

If both EJ™ and E;" are nonnegative, E{™ is unstable but E{™ is stable (that is, when
A N1 >, N2 > n or when L > " and Ni <n, Ny < 77) then EJ™ is g.a.s. for
(4) for all positive initial cond/t/ons
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Global stability of the positive equilibrium

Theorem

If ;—12 = 2—12 and E{" is positive, then itis g.a.s. .

Proof When " = ﬂz , if E§™ is positive, it is l.a.s. .

Let

=N; — Nf — N7 Ny — N3 — N5 | V- Ve —V°l v

V—1—1—1HNC+C1 2 — Nz — 2nN° + - n Ve
with 01722, :[3‘—1.Thenv>0forall Ni >0,N> >0and V > 0andV is radially
unbounded,

dV_ Ii I’1+C1I’2

@ _  _ Ny — N° + (No — NE) M(NZ—NC)Z
at K ! 2 anK 2

+(c2Br — 1)1 (N — Nf)(V VE) + (22 — c1)do(N2 — N5)(V — V°)
—%(N1 — N1C + N> — N20)2
0.

IAN

nnv

By LaSalle’s invariance principle, EZ™ is g.a.s. with respect to initial conditions N? > 0,

N2 > 0,and V° > 0.
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Persistence dynamics of (4)

Let X = RS with ||x|| = max. |xi| for x = (x1, X2, X3) € X,
1=1,2,

Xo = {(x1,%2,x3) € X: X1 > 0,x > 0, % > 0},
0Xo = X\ Xo ={(x1,%2,x3) € X : xy =00r x2 =0o0r x3 =0}.

Theorem

If all the nonnegative equilibria are unstable except that the positive equilibrium E™ is
stable (that is, in cases (0), (r), or (s) in Table 2, then system (4) is uniformly persistent
in the sense that there exists £¢ > 0 such that

liminf Ny (1) > &, liminf No(t) > &, liminf V(1) > &,

for any solution (Ni(t), N2(t), V(1)) of (4) with positive initial conditions. Moreover, (4)
admits a global attractor in X.

e
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Condition By [ B [ B3 [ By [ By | Eg™®
(a) B GAS | - N 5 . z
(b) U |GAS| - B N N
(c) U U - [GAS| - B
(d) U - [GAS| - . B
(e) U - U - [GAS| -
71,72 > w, Ny < N
(f) (¢r72 — n)( i —n)<0 U U U U | GAS| -
(172 — ¢or1) (N3 — 1) <0
r1,7T2 > w,, N V;
(8) | (é172 — dar1)(Ny T U U |GAS| U -
(¢rr2 — ¢
() U [GAS| U - U -
(@) U U |GAS| U B B
[6)) U U U |[GAS| - B
(k) U U U - [GAs| -
1) U [GAS| U B B N
(m) U U [GAS| - - -
(n) U U U S S U
a)'r‘]>rz>m G112 > Pory,
(o) | Mi<n<Ns<No<; viuv|u|u|uls
r (b) w < ry <o, dira < dori,
;\"'2 >N, > N{ >n>Nj
() TL> T2 > W, G172 > Gar1, U S U E S U
N; >N >Ny >n> Ny
w < T < 12,0172 < oty B «
(a) N; <n< N <Ny <Nj v v N S - u
) T > Ty > W, 017y > ot U U U R . s
) N{ > Ni,No > Ny > 1> N3 U u v - u s

TABLE 2. Global or local dynamics of (4). E§"’-EZ™ are defined
in (5). Conditions for Ef™ to be positive or not may not be all
listed. “-” represents that some compartments of the equilibrium
are negative. “U” represents “unstable”; “GAS” represents “glob-
ally asymptotically stable”, “S” represents “locally asymptotically
stable”.
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Global stability of the positive equilibrium

Remark The results in Table 2 and Theorem 6 show the following:

(i) when the equilibrium E{™ is not positive, if one nonnegative equilibrium is l.a.s. ,
thenitis g.a.s. ;

(i) when E£™ is positive but unstable, then bistability appears;

(i) when E£™ is positive and l.a.s. , then the two host-one virus model (4) is uniformly
persistent.

EZ™ is positive and l.a.s. if

1
b2

n ¢1 /32 * *
>—=>1 —=>== Ny <n<N;,
r ¢~ B K 2

or

1
P2

r ¢1 /82 * *
<—=<1, =<=,N>n>N;.
r b2 B K 2
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Dynamics of the two host-two virus model (7)

Yu Jin (University of Nebraska-Lincoln) A two host-two virus system

— d11N1 Vi — p12Ni Vo — wiNy,

— 921 N2 Vi — 22 No Vo — wiNe,

aNy Ni + N>

o Tt T

aNa Ny + N>

o e\l

aVv;

E; = B11o11 Nt Vi + Ba1 ot No Vi — my Vg — w Vs,
2 = Biagh1aNy Vo + BoocpooNo Vo — Mo Vo — wVo.
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Nonnegative equilibria of (7)

Eg =(0,0,0,0), = (Ny,0,0,0), Ep = (0, Ny, 0,0),
(N —NF 4) (N =Nj 5)
Eg = (N {,0, — 11 0),  Ey = (NF,,0,0, — 127
3 = (Nf 4 (NK(;,W* ) ) 4= (N o (NK¢1/\2/* ))
w  WN2—Np 4 « (N2 —=N5 »
ES:(U'NZJ’W’ s EG:(O’NZ,Z’O’W X
E7 = (NE, NS, VE,0), Eg = (R, RS, 0, U5), Eg = (N0, NG, VP, VD),
where p «
Ryo K (e
r1 I'2
N1* 7rn1+w 2*1:m1+w 1*27m2+w * 7m2+w
’ B11 P11 T B2 ¢%1( ’ B12¢1% 524322
" (¢11(rp — w) — dp1(1 — w) (12 ’2*W)*¢22 rn — w)K
1= , ,
D112 — P217 N P1272 — P221
Ne - 521¢21(N21 — e _ Brd (N — "1)7 vo_ (e
B11d11 — Bo1d21 B11d11 — Bo1d21 D112 — do11
e — Bood22(N3 » — 2) AC - ﬂ12¢12( 2= nz)w i (g — r)w ,
512¢12 Bopd2 ? Bi2d12 — Bada P12r2 — 221 ®
NP _ P21 P21(mp + w) — Bopdoa(my + w)
! 811822411 $22 — f312/3%1 $12P21
NP B11P11(Mp + w) — Bradqalm +w
P =
B11B22¢11d22 — B12P21 412921 . .
NE NS
(b12r2 — ba2r1)(Bradi2 — Baabap)(my + w)( N1J1 + N231 -1
VP = , )
1
(B11B22¢11 %22 — B12821 P12¢21)(D11 P22 p ¢12¢23 K
(b11r2 — ba1r1)(By1 b1 — B2qbar)(my + w)( N1*12 + N* -1
VP = )
2

(B11B22¢11$22 — B12B21 P12¢21)(d11b22 — ¢12¢21)

Yu Jin (University of Nebraska-Lincoln)

-two virus system

19/26



Local dynamics of (7)

Equilibrium Existence condition Stability condition
Eg =(0,0,0,0) N <wh<w
Eq = (N4, 0,0,0) n > w > g, Ny > N, Ny, > Ry
Ep = (0, Ny, 0,0) rp>w r <, N3y > Nop, Ny > Np
r (R =N 1) . o Bbg > 0
B3 = (Nf 4,0, —gg—:0) Nig <M ©Ry - (Nf{ — 1) >0
ry(Ny —Nj 5) " o Bdg <0
4 = (12’°°W) Nia <M ©Ry - (Nf 5 — mp) > 0
ra(Np—NJ 1) - Bdy > 0
— * s * 4
Bs = (0. Ny 10 — RGO Ny 4 < Np OR{ - (N — 1) <0
ra(Np—N3 5) - By < 0
* R * 4
Bo = (0, Ny 5, 0, —p5 =) Ny o < Np ©Ry - (N§ 5 — M) < 0

NE, —n7) Bé; >0
3,1 = M) - By NN < 0
N11—n1)-B®1<0

@Ry - Bby > 0

(
(
(rq —r2)¢R1>O
(* — 1np) - Boy >0
(
(

Py < 2,2 NNp < 0
— Cc C C
Eg = (N§, NS, 0, V5) N — mp) - Bop <0 0H2_302>0
g — r)®Ry >0
Bb - Bdz < 0
_ (NP NP VP P B® . Boy >0 Bd - od > 0
g = (N, Ny, Vi, V) ®Ry - Bby - NN - Bo - 06 > 0 ©)

©Ry - Bdy - NNj - BO - 0 > 0

B® = B11Bop P11 P22 — B12B21P12¢21, PO = (P11d0 — P12¢21),

PRy = (P111 — ¢P2111),
Boy = (B11611 — B21921),

@Ry = (125 — ¢2r1),
By = (B12d12 — B22922),

Bog = Bu?n(’”g;r w) = Bradqa(my +w),  BPy = 523¢21(m26+ w) — Bopdoa(my + w),

NN, = (

i A
— + g — 1),
Ny Ngy

(BO1 (NP p11 + NE ¢o1) V] + Boo (N p1p + NE9p0)VE)
'(“’R1(Nfﬁ11¢11’1 + Ngﬁm $21 ’2)‘4‘7 +°R2(N5512¢12'1 + Ngﬁ22¢22’2)‘/5) > 0.
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Uniform persistence

If B = (N?, NS, VE,0) and Es = (N¢, N, 0, V§) are both nonnegative and unstable with
conditions NN > 0 and NN, > 0, then equilibria Ey-Eg are all unstable. We can prove
that in this case system (7) is uniformly persistent.

Theorem

Assume that E; and Es are both nonnegative and unstable and that NN > 0 and
NN, > 0 are valid. System (7) is uniformly persistent in the sense that there exists a
& > 0 such that

liminf Nj(t) > & liminf Vi(t) > ¢, i=1,2,

for any solution (N1 (t), No(t), Vi (t), V(1)) of (7) with positive initial condition.
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Global stability of equilibria

Q@ /frn <wandn <w, then E; = (0,0,0,0) is g.a.s. for (7) for all nonnegative initial

condlitions.
m +w ms + w m +w mx + w
(2] , then Vu(t) — 0 as t — oco.
B11p11 Bi2d12 Bo1 P21 Boapaz 2(1)

elfmz-i-w m +w me +w my +w
Bi2p12 B11o11 Bo2pz2o B21¢21
Q /fNi(t) =0 or No(t) =0, then Vi(t) — 0 or Vo(t) — 0 ast — oo.

, then Vi(t) —» 0 as t — oco.
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Global stability of equilibria

i m +w mo+w my+w mo+w
(i). Assume B11d11 < Brad12 and B21 ¢21 Baob2z

@ Ifoneof Ey, Eq, Eo, E3, and Es is the only nonnegative equilibrium that is l.a.s. , then it
isg.a.s. .
@ If E7 is nonnegative and unstable, then bistability appears. It is possible that E3 and Es,
or Ey and Es, or E> and E3 are stable at the same time.
© If E7 is nonnegative and l.a.s. , then Ny, N> and V; coexist.
A my+w mtw mp+w mytw
(if). Assume B12o12 < B11o11 and Ba2p22 Ba1d21 *
@ Ifoneof Ey, Eq, Eo, E4, and Eg is the only nonnegative equilibrium that is l.a.s. , then it
isg.a.s. .
@ If Eg is nonnegative and unstable, then bistability appears. It is possible that E, and Eg,
or E; and Eg, or E> and E, are stable at the same time.
© If Eg is nonnegative and l.a.s. , then Ny, N> and Vs, coexist.
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Hopf Bifurcation

Theorem

Let i be one of the parameters of model (7). Assume that (7) admits a positive
equilibrium Eq when u = po. Let bi’s, A;’s, and di be defined in (??), (??), and (??),
respectively. If bs(o) > 0, ba(uo) # 0, Az(uo) = 0, and di (o) # 0, then model (7)
admits a Hopf bifurcation at p.

Example We revisit the example in [Weitz 2016]. Let 1 =1.28, . =2.6, K = 107,

H11 =2.3-107°, p12 =6.35- 1072, ¢y = 9.75-107°, hop = 1.04 - 1078, my = 0.64,
my = 0.9, w = 0.01, 811 = B12 = P21 = P22 = 5. Assume S is the bifurcation parameter.
A unique stable limit cycle bifurcates from Eg as 3 increases from 8y = 12.24183257.

x10” x10°
25 2
Ny Ny
Ny N,
v,
2 f
Va Va

o

@

| Lol ol ol o o 4l 4l ol ol gl 14l
| T
‘\ “ i | “ |

Solution of (2.1)

Solution of (2.1)

o
o

TR HURED
LMLEOBUGBLLBHLBIGLG “H“‘U‘”
500 1000 1500 2000 2500

Figure: The time series of model (7). Left: B8 = 11.5;‘right: B = 20.

o 500 1000 1500 2000 2500
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Thank you!
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