ANALYSIS OF A MATHEMATICAL MODEL OF RHEUMATOID
ARTHRITIS

AVNER FRIEDMAN! AND KING-YEUNG LAM!

ABSTRACT. Rheumatoid arthritis is an autoimmune disease characterized by inflammation in the synovial
fluid within the synovial joint connecting two contiguous bony surfaces. The inflammation diffuses into the
cartilage adjacent to each of the bony surfaces, resulting in their gradual destruction. The interface between
the cartilage and the synovial fluid is an evolving free boundary. In this paper we consider a two-phase
free boundary problem based on a simplified model of rheumatoid arthritis. We prove global existence and
uniqueness of a solution, and derive properties of the free boundary. In particular it is proved that the free
boundary increases in time, and the cartilage shrinks to zero as t — oo, even under treatment by a drug. It
is also shown in the reduced one-phased problem, with cartilage alone, that a larger prescribed inflammation
function leads to a faster destruction of the cartilage.

1. INTRODUCTION

Free boundary problems arise in many models of biological processes. These include the
healing/closure of a wound [1, 2], growth of a plaque in the artery [3, 4], aortic aneurysm [5],
formation of granulomas [6, 7], biofilms [8, 9], platelet deposition [10], and cancer; cancer has
been the most active area, so we just refer to recent articles on cancer and cancer therapy
[11, 12, 13]. Some of the models have been studied by rigorous mathematical analysis: wound
healing [14, 15], biofilms [16], platelet deposition [17], granulomas [18, 19], stability of steady
plaques [20]. A review of mathematical analysis of cancer models appears in [21]. There
are also analytical results on free boundary problems modeling infectious diseases, ecological
interactions [22, 23, 24, 25|, and physical processes such as grain hydration [26].

More recently, a mathematical model of rheumatoid arthritis, an autoimmune disease, was
developed in [27]. The hallmark of the disease is the progressive destruction of the cartilage
in the synovial joint. The boundary of the cartilage, which is in contact with the synovial
fluid, is a free boundary. In the present paper we study, by rigorous mathematical analysis, a
simplified model that includes much of the biology of the complete model in [27], and prove
various properties of the free boundary.

A synovial joint is a freely movable joint in which contiguous bony surfaces are covered by
articular cartilages and connected by fibrous connective tissue capsule lined with synovial
membrane. The cavity bounded by the synovial membranes is filled with synovial fluid which
is secreted by cells that reside in the synovial membrane. The cartilage reduces the friction
and the synovial fluid acts as shock absorber during movement of the contiguous bones.
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2 A MODEL OF RHEUMATOID ARTHRITIS

Rheumatoid arthritis (RA) is an autoimmune disease that affects the synovial joints. It is
characterized by synovial inflammation which may result in cartilage and bone destruction.
The inflammation orginates in the synovial membrane when inflammatory cytokines are
being produced by pro-inflammatory cells. The cytokines diffuse into the cartilage, and
cause its gradual degradation. Figure 1(a) shows a simplified geometry of a synovial joint.
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FIGURE 1. (A) The simplified geometry of a synovial joint; (B) The graph of
free boundary = = R(t) separating the synovial membrane and the cartilage
region.

A mathematical model of RA, based on the geometry of Figure 1 was recently developed by
N. Moise and A. Friedman [27]. Simulations of the model show that the interface between
the cartilage and the synovial membrane, x = R(t), is continuously increasing with ¢, as
in Figure 1(b), and its growth can be slowed, but not stopped, by various drugs. The
model consists of a system of partial differential equations for cells and the cytokines which
they produce, with x = R(t) as a free boundary. The cells are macrophages, T cells and
fibroblasts in the synovial membrane, and chondrocytes (C') in the cartilage. The cartilage
consists mostly of the extracellular matrix (ECM) with density p, made up by collagens,
and the collagens are produced by the chondrocytes. The inflammation (u) is produced in
the synovial membrane and it spreads into the cartilage, where it accelerates the death of
chondrocytes and, thereby, the destruction of the ECM.

The aim of the present paper is to derive, by rigorous analysis, various properties of the
free boundary for a simplied version of the full model of [27].

In Section 2 - 5 we consider a model in the cartilage region only, with the level of inflam-
mation yu(x,t) being a given function. In Section 2 we introduce the mathematical model,
and in Section 3 we prove existence and uniqueness of the solution. In Section 4 we establish
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a comparison theorem, namely: If p(x,t) > po(x,t) for all (z,t), then the corresponding
free boundaries = Ry, (t) and x = Ry, (t) satisfy the inequality

Ry, (t) > R,,(t) forallt >0,

that is, a higher level of inflammation results in a faster degradation of the cartilage.

In Section 5 we consider the asymptotic behavior of R(t). We address the question whether
the cartilage will be completely destroyed as ¢t — oo, that is, lim;_, R(t) = L, or whether
a part of the cartilage will remain intact for all time, that is, limy_o R(t) < L. Answers are
given under several sharp conditions on u(x,t).

In Sections 6 - 9 we consider an RA model with both the synovial membrane and cartilage
regions. The model, introduced in Section 6, is a simplified version of the RA model of [27].
In Section 7 we prove existence and uniqueness of the solution. In Section 8 we extend the
results of Section 4 to the two-phase problem, showing that the inflammation is a monotone
decreasing function of z. This is used in Section 9 to prove that giving a drug can delay the
destruction of the cartilage; however, the cartilage always disappear as t — oo.

2. THE ONE-PHASE MATHEMATICAL MODEL

We denote by €2 the cartilage region,
Q={(z,t): R(t) <z < L, t>0},

and by I its free boundary
I'={(R(t),t): t > 0}.

We introduce two variables: C' = chondrocytes density, and p = ECM density, and assume
that

(2.1) C+p= const. =60 inQ,

where the constant € depends on the parameters of the model, except u. These functions
satisfy the following conservation laws in {2:

ocC 0
(2.2) wn + %(uC) =Ac —dcC — p(x,t)C,
0 0
(2.3) o+ - (up) = Ao C = dyp,

where u = u(z,t) is the advection velocity, u(x,t) > 0, the constant Ag is a source and d¢
is the death rate of chondrocytes, A ¢ is the production rate of the ECM by chondrocytes,
and d, is the depletion rate of the ECM. Inflammation increases the death of chondrocytes
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at rate u(x,t); for simplicity we refer to u(z,t) as the inflammation. Using the assumption
(2.1) we can derive an equation for u by adding equations (2.2)-(2.3),

ou
(A~ — _
983: (Ac —dp0) + BC — puC,

where
B =—dc+ Mo +dp.

In healthy steady state without inflammation (i.e. u = 0), we have C' = Cp and p = pg, and

Co+po=0, Ac—dcCy=0, )\pcoo —dypo = 0.

Hence 40— Ac  dy(Co+ po) — doC
i _|_ i
pCOC:p 0 g)o Cozdp+)\pc—dczﬁ
so that
ou 1
(2.4) il [8(Co = C) + uC1.

We assume that 8 > 0; in [27] 8 ~ 5.25.
We next assume that the velocity is zero at the cartilage-bone interface, z = L:

(2.5) uw(L,t)=0 for t>0.
Hence we can integrate (2.4) to obtain

1

L
(2.6) u(z,t) = i / [B(Co — C(x,t)) + p(z,t)C(x,t)] de.

We also assume that the free boundary moves with the velocity u of chondrocytes and ECM
at the membrane-cartilage interface, x = R(?):

dR 1"
2.7 W) = ur).0 = / 1B(Co — C( ) + plar, DO, )] v
R(t)
We prescribe initial data Rj, and Ci,(z) = C(x,0):
(2.8) O0<Rn<L, and 0<Cp(x)<Cy for Ry <xz<L,

and assume that

(2.9) lul = sup  p(w,t) < oo.
0<z<L,
t>0



A MODEL OF RHEUMATOID ARTHRITIS 5

The system of equations (2.2), (2.6), (2.7) with the conditions (2.5), (2.8), (2.9) is a free
boundary problem for C' with non-local coefficients given by the velocity u. It will be
convenient to rewrite (2.2) in the form

oC oC ou

and, by substituting g—g from (2.4), we obtain:

(2.10) % + u% =g(C) — uC (1 — %)
where
(2.11) g(C) = (dc—l—%C) (Co—C).

Note that 1—% > (0 since C+p = 6 and p > 0 (since initially p =0 —C > 0 —Cy = pg > 0).
Biological consideration implies that the following inequality must hold:

(2.12) pu(z,t) < B.

Indeed, consider, at some initial time ¢ = ¢y, two models with the same R(tg) and p(z,t),
but with
Cl(IL‘,to) < CQ(I, t()) (R(to) <z< L).

We expect that for the model with Cj the cartilage thickness L — R (t) will begin to decrease
at a higher rate than that of the cartilage thickness L — Ra(t) for the model with Cy. Hence,
by (2.7),

d(Ry; — Ry)

0<
- dt

L
= [ 5= ntatllCaloto) ~ o)

R(to)

t=to

Since this inequality should be valid for arbitrary Co(z,t9) — C1(z,t9) > 0, it implies that
(2.12) holds.
We finally mention that it is natural to assume that

g—z(x, t) <0,
since the inflammation originates in the region {0 < x < R(t)} and it decreases as it diffuses
deeper into the cartilage [27].

In Section 3, we prove existence and uniqueness of the solution (C,u, R) for all ¢ > 0, with
continuous Cil—lf.

In Sections 4 and 5 we shall assume conditions (2.12) and (2.13) and establish properties

of the free boundary T.

(2.13)
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3. EXISTENCE AND UNIQUENESS OF THE ONE-PHASE PROBLEM

In this section we prove the existence and uniqueness of a solution of the free boundary
problem (2.2), (2.5)-(2.8) for all t > 0. We begin with the following a priori estimate:

Lemma 3.1. Suppose 0 < Cy(z) < Cy, then

Rin<x<

min{ inf LC'in,C*} < C(x,t) <Cy for R(t) <z <L,t>0.

where

C. = Culllul)) = inf { s € (0,Co) : g(s) — lull (1= ) s =0} € (0, )

Proof. The quadratic polynomial G(s) := g(s) — ||| (1 — 5) s satisfies
Co
G(O) =dcCyo >0 and G(C()) = —||/L|| 1—- 0 Cp < 0.

Hence it has a unique zero Cy in the interval (0,Cp) and G(s) > 0if 0 < s < C4, G(s) <0
if C < s < Cy. Next, fix tg > 0 and xg € (R(tp), L), and let X (¢) be the characteristic such
that X'(t) = w(X(t),t) and X (t9) = xo. Then, by (2.10), the function ®(t) := C(X(¢),t)
satisfies:

dd oc  oC (t)

)= L L u = (@) — u(X A YO

0= 5 + 5o =a(o) - ux.0) (1- 22 ) a0

Since ®(0) < Cj and the right-hand side is negative in case ®(t) = Cp, we deduce that
d(t) < Cp for all t > 0. Hence C(xq,ty) < Cp. Similarly, we may rewrite

dd oC oC
)= 2= >
= (t) T +uax > G(P(t)),

and hence ®(t) > min{®(0), C.}, and, in particular, C(xo,tp) > min {infr, <y« Cin, Cs}.
O

Corollary 3.2. From (2.6), (2.7) and the inequality C(z,t) < Cy, it follows that

(3.1) u(z,t) >0 for R(t) <x < L,t>0,
dR(t
(3.2) % >0 fort>0,

and the inequalities are strict if u(xz,t) >0 for all (x,t).
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Theorem 3.3. Let Ry, € (0, L) and Ciy(z) € CY([Rin, L]; [0, Cy)) be fized and 1 € C([Rin, L] x
[0,00)) be uniformly bounded (as in (2.9)), then the system of equations (2.2), (2.6), (2.7),
with the conditions (2.5) and (2.8), has a unique solution

(C(z,t),u(x, 1), R(t)) € CH(Q) x CH(Q) x C*(]0,0)),
where Q = {(z,t): t >0, R(t) <z < L}. Moreover, R(t) < L for all t > 0.

Proof. We note that, for local-in-time existence, one can argue as in [28, Theorem 2.3]. We
give a direct proof here based on elementary arguments. We first transform the problem to a
fixed domain [Ry,, L] x [0,7]. For a given solution (C'(z,t),u(z,t), R(t)) (defined in {(z,?) :
0<t<T Rt <z <L}), welet X(z,t) € C[0,T] x [Rin, L]) be the corresponding
characteristic curves so that

(3.3) %X(x,t) =u(X(z,t),t), and X(2,0)==x for Ry <z <L,

and we set C(z,t) :== C(X (x,1),1).
)

C}aim 1. (C(x,t),u(x,t), R(t)) is a solution to the free-boundary problem if and only if
(C(x,t), X(z,t)) € CY([0,T); C([Rin, L]) x CY([Rm, L))) satisfies the system

(26 t) = G, Cat), X (@, 1) fort €[0,T] and = € [Rin, L,
oay A0 = [P ORCt. X ) dy fort € 0.7) and € [Ru. L]

' C(x,0) = Cin(x) for x € [Rin, L],

\X([L’,O) =z for x € [Riy, L],
where
(35) {é(t,p, q) = (dc + %p) (Co—p) — ulg,)p (1—5),

H(t,p,q) = % [B(Co — p) + u(q,t)p]

It is straightforward to see that if (C(z,t), u(z,t), R(t)) is a solution to (2.2), (2.6), (2.7),
with the conditions (2.5) and (2.8), then (C(x,t), X(z,t)) is a solution to (3.4).
Conversely, if (C(z,t), X(x,t)) is a solution to (3.4), then we need to show the following:

Claim 2. %—)x((x,t) > 0 for all (x,t). In particular, x — X (x,t) is invertible for each t.

To this end, observe that %—i{(m, 0)=1>0and

(3.6) % (%—f) = —I:I(t,CA'(x,t),X(x,t))%,
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and hence %—i{ > 0 for all # and t. This shows that the inverse function X~!(-,¢) :
[ X (Rin, t), L] — [Rin, L] such that

r=X"lyt) <= y=X(z1)

is well-defined. Finally, it is straightforward to verify that the functions

N

C(z,t) == C(X (z,1),1)
(3.7) w(w 1) = [y Gl H(E COX (1), 8), X (3,1)) dy
R(t) := X (Rin,t).

solves (2.2), (2.6), (2.7), with the conditions (2.5) and (2.8). This establishes the claim.
Next, observe that the system (3.4) defines an initial value problem of (C', X) in the

Banach space C([Riy, L]) x C1([Rin, L)), from which local existence and uniqueness follows.
For global existence, we note that as long as the solution exists,

(38) NCCDleqrmoy < Cor IXC DRy <L and  R(t) = X(Riy,t) < L.

Indeed, the first inequality is a consequence of Lemma 3.1. For the other two estimates,
observe that %—)m,( > ( for all z,¢ (by Claim 2) and that X (L,t) = X(L,0) = Lforallt > 0, by
substituting x = L in the second equation of (3.4). Hence we have 0 < X (z,t) < X(L,t) =L
for all z € [0, L) and ¢t > 0. Finally, recall that R(t) = X (Rin,t), so that R(t) < L holds as
well. Using (3.8) we can deduce from (3.4) (as in [28, Lemma 2.2]) that, for any 7" > 0,

sup (|CC, )l (mazy + I1IXC o2 (razp)
0<t<T

T
(3.9) SMlT/ WCC Dller R,y + 1XC Dl (R ) dt
0

where the constant M7 depends on the bounds of G and H and the partial derivatives in p, ¢
up to first order, in the set (¢,p,q) € Ry x [0, Cp] x [0, L] and this constant M is independent
of T. This proves that |’é('7t)||01([RimLD + [ X5 )l o1 (R, L)) does not blow-up. Thus the
solution can be extended step-by-step to all of ¢ > 0. This proves the global existence of
a solution (C', X) € C([0,00); CY([Rin, L]) x C*([Rin, L])) to (3.4), and recalling (3.7), the
proof of the theorem is complete. ]

Remark 3.4. (a) If p € CY([Ri, L] x [0,T]) and Cy, € C*([Rin, L)), then the system
(3.4) then defines an initial value problem for (C,X) in C*([Rin, L]). Hence, the
solution (C,u, R) satisfies the additional reqularity:

(Corug) € CHOQR?),  and R e C*([0,)),

where we used also (2.7).
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(b) Let (R;,Ci,u;) (i = 1,2) be the unique solutions to the system of equations (2.2),
(2.6), (2.7), with the conditions (2.5), that corresponds to the same initial conditions
(2.8) but to different inflammation functions p, pa € C([Rin, L] x [0,T7).
By the system (3.4), we observe that
(3.10) A )
suppo 7] [[IC1(8) = Co(s )llera,zp) + 1X1C 1) = Xo( )l e,y + 1 RL(E) — Ra(t)]]
< MoT[px = p2lle(trin,L)x(o,m)

where X;(xz,t) is the characteristic curves corresponding to u; given by (3.3) and

N

Ci(z,t) = C(Xj(z,t),1).
4. COMPARISON THEOREMS
Lemma 4.1. If p € CY([Ry,, L] x [0,00)) and Cy, € C?([Riy, L), and

g—u(x,t)<0 for 0<x<L,t>0, and aacin>0 for Ry, <z <L,
x x
then

oC

a(x,t)>0 for R(t) <x<L,t>0.

Proof. Set C = %—g and i, = g—i Initially Cp(x,0) > 0 for all . We claim that along
each characteristic path X (t), Cy(X(t),t) > 0 for ¢ > 0. Indeed, by Remark 3.4(a), we may
differentiate (2.10) to obtain

o0,  0C, 2C ou C
(4.1) Py +u8x —g(C’)Cm—u<1— Q)Cw—axCI—HwC’(l— 9),

or, along characteristics,

DC, 0C, 00,
T TR = F(C,n)Cyp + b(x, 1),

where b = —pu,C (1 — %) > 0. Since C; > 0 at t = 0, it follows that C, remains positive for
all t > 0. U

Fix initial data (Rin, Co(z)) and consider two different inflammation functions, p1 and pa.
We denote by (Cj, uj, R;) the solution corresponding to ;.

Theorem 4.2. Assume that

(4.2) pi(z,t) > pa(x,t)  forall 0<z<L,0<t<T,

O

(4.3) o

(x,t) <0 forall 0<zx <L, 0<t<T,
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and

(4.4) pa(z,t) < B forall 0<x <L 0<t<T,
Then

(4.5) Ri(t) > Ra(t) forall 0<t<T,

(4.6) Ci(z,t) < Ca(x,t), forall Ri(t) <z <L, 0<t<T,
and

(4.7) ur(z,t) > ua(z,t)  forall Ri(t) <z <L, 0<t<T.

Proof. Define the interval
I={t>0: (45) and (4.6) holds for all t € (0,#].}
First we show I # (. Since R1(0) = R2(0) = Riy, and

d(R1 — R2)

L
0 ‘t:O = / (B = p2)(C2 = C1) + (1 — p2)C1] da|,_

Rin

L
= / (1(,0) — po(,0))Cin(z) dz > 0,
Rin
the inequality (4.5) holds for 0 <t < 1.
Next, define C(z,t) := Ci(z,t) — Co(x,t). Since C1(x,0) = Ca(z,0) = Ciy(x), it follows
that C(x,0) = 80 57 (2,0) = 0. It follows then from (2.10) that, along characteristics,

Cin
T 0 = G = i (1 -

9><0 for Ry, <x < L.

Therefore sup, C(z,t) < 0 for 0 < t < 1, i.e. (4.6) holds for 0 < ¢t <« 1. This proves I # (.
Since [ is an open set, we deduce that I = [0,t*), for some t* € (0,7]. We claim that
(4.7) holds for ¢t € (0,t*). Indeed, this follows from (2.6):

B —us(w,t) =4 [[(B—p2)(Ca—C Cy]d
(4.8) w(z, 1) — ux(z, gfx p2)(C — C1) + (1 — p2)Chl du

f:p ,ug 01d$>0

It remains to show that [ is closed in (0,7]. Assume, for contradiction, that I = (0,¢*).
Then by continuity,

(4.9) Ri(t) > Ra(t), Ci(z,t) < Co(z,t), wui(x,t) > ug(x,t),
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for Ri(t) <z < L, and t € (0,t*]. Now, by (2.7),

d L L
E(Rl(ﬂ — Rz(t)) = /Rl(t) [ﬁ(Co — 01) + ,ulCl] dr — /RQ(t) [ﬁ(Co — CQ) + ,UQCQ] dx
L Ri(t)
:/ [(ﬁ - NZ)(CQ - Cl) + (Ml - ,U2>Cl] dl’—/ [5(00 — Cz) + ,UQCQ] dx
Ri(t) Ry(t)

L
> / (111 — 19)C(, £) da— (B + [l ) Co( R (8) — Re(t))
Ri(t)

for t € (0,t*]. Since R1(0) = R2(0) = Riy, we can integrate the above to obtain

t L
Ri(t) — Ry(t) > / ¢~ (Btlnzl)Colt=t) / (1 — p2)Ch(z, ¢ dzdt’ for t € (0,t"].
0 Ru(t)

This shows that Rj(t) > Ra(t) for all t € (0,t*]. Hence, by definition of t*, we must have
Cr(x*,t*) = Co(x*, t*) for some z* € [Ry(t*), L] C [Ro(t*), L]. Let X* be the characteristic
curve such that
(XM (t) = ua(t, X*(t)), X*(t*)=2"

Then, denoting again C' = C — Cy, then by definition of X*, C(X*(t),t) <0 for t € (0,t)
and C(X*(t*),t*) = 0, so that %(tj(t*) > 0. However,

DC ) oC N aC
- _ Uy —
Dt ot P or

(z,t)=(z*t*)

oc,  oC 9Cy  9Cy a0,
= 0_+u18_ — 8_+u28_ +(U2—U1)8—
t Zz (2,t)=(z* t*) 13 T (z,t)=(z* t*) T | (x,t)=(z*,t*)
C C
< [sten-mer (1- )] [t -mer (1-2))]
(z,t)=(z*,t*) (z,t)=(z*,t*)

C
= - {(ul — 12)Ch (1 - 71)] <0
(z,0)=(z*t*)

where we used the fact that (uy — u1)% < 0 (due to (4.8) and Lemma 4.1) for the first

ox
inequality, and that Cy(z*,t*) = Ca(2*,t*) for the next equality. This is a contradiction to
DC(#*) > 0. Hence t* € T and I must be closed, i.e. (4.5) - (4.7) hold for ¢ € (0, T]. O

By approximation, we get the following comparison theorem.
Theorem 4.3. If

0
1 > 2, %SO, po < B forall (x,t), 0 <t <T,
x

then
Ri(t) > Ra(t), Ci(x,t) < Co(x,t), wug >up foral Ri(t)<z<L 0<t<T.
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5. ASYMPTOTIC BEHAVIORS

Given pu(x,t) > 0, let (C(x,t),u(z,t), R(t)) be the corresponding solution to the free
boundary problem (2.2), (2.6), (2.7) with the conditions (2.5), (2.8), (2.9), and set

B(z,t) = Cy — C(x,1).
From (2.2) and (2.4), we get

0B 0 ou
E + g(uB) = —doB + [L(CQ — B) + CQ£

= —dcB+ u(Co — B) — %[53 + u(Co — B)],

or

oB 0 B Cop Co
We also have,
(5.2) 0 < B(z,0) < Cy,
and

dR 1 [t

(5.3) —@#) =5 [ [BB+uCo— B)dz.
By Lemma 3.1,
(5.4) 0< B(z,t) < B.<Cy for R(t) <z <L,t>0,
where

Rin<ax< Rin<z<L

(5.5) By:=Cp— min{ inf LCin,C*} = max{ sup B(z,0),Cp — C'*} € (0,Cp).

Next, we compute

d /L /L 0 dR(t)
— B(z,t)dz| = (xz,t)dx — B(R(t),t)——=
L
0B
= —(x,t)dz + [uB)t_
/];(t) ot R(t)
L L
(5.6) _ (—dc _ %> / Bdr + (1 _ @> / 1(Co — B) dz.

0 ) Jrw 0 ) Jre
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where the second equality follows from (2.7), and the third one follows by integrating (5.1)

with respect to = € [R(t), L]
Next, we introduce the averages of B, p and uB:
_ 1 L 1 L
B(t) := B(x,t)dx, u(t):= / w(x,t)dx,
0= R f, PO 7O =g [ e
and
_ 1 L
uB(t) :== —/ p(x, t)B(z,t) d.
L—R() Jpu
Then
d i B— Cyp_ 1—
. —— (log(L — =4 ___"B4+ 70— _uB
(5.7 55 (loB(L = R(®) = 7=t = G + = 5B
and
d— 4L /L 1 d /L
—B(t) = —%— Bdr + ——— | — B(z,t)dx
dt ®) (L — R(t))? R() L—R(t) |dt R(t) (z,2)
dR
- CoB\ = C Co\ —
dt 0 0 — 0
— A B g -2 )\B (12 —(1-22)uB
= (eGP () an- (- 5)m
where we used (5.6) in the second equality. Hence, using (5.7), we obtain
R

1_%+§>W)_ le

—dCF — S(CO — B)B + Cy (

(5.8) %E(t) =

Lemma 5.1. There exist constants My > mq > 0 such that

t t
m1/ 7i(s)ds < B(t) < Bye %t 4 Ml/ e~ wt=9(s)ds  for t>1.
t—1 0

Proof. By (5.8),
4B(t) < —deB(t) + Co (1 ~ &y %) ut) for t>0,

) <
B(0) < B,
where By € (0,C)p) is given in (5.5). It follows that
— B t
B(t) < Bee 9t 4 ¢y <1 — % + g) / e~ t=9)7(s) ds.
0
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Similarly, by (5.8) and 0 < B(z,t) < By, we have

LB > ~doB - "Bt) + (Co - B. (1—%)n<t>

which gives the estimate

t t
B(t) > (Co — B,) (1 - %) / ¢ (deHBC/OE=5)(5) ds > my / 7i(s) ds.
0 t—1

0
Theorem 5.2. The following dichotomy holds:
If/ s)ds = 400, then hrn R( )= L.
[f/ s)ds < 400, then hm R(t) < L.
Proof. We begin with the case that fo s)ds = +o0. Using the fact that uB(t) < B.Ji(t)
and (5.7), we have
d ﬁ— C()—B*_ CO_B*_
—— [log(L — > =Bt > t).
% foa(L — B(t) = 5B + =P > =P
This gives
L—Ru _Co—B. [
logL—R(t)_ 09 /0 (s)ds - o0 as t— oo

i.e. R(t) /L ast— oo. This proves (a).
For (b), assume that fooo 1(s)ds < +o00. By (5.7) again,

4 og(z — B < DB + m),

and using Lemma 5.1, we get

2 flog(L — R(1) SM(B*e‘dct+ /0 e el=95(s) ds + R(t >)
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for some constant M. Hence, by integration,

L—R' B 0 t p 00
log ——— 2 < M | == —delt=s)g 7i(t) dt
OgL—R(oo)_ (dc—i-/o ; e u(s)dsdt/o a(t) >

so that R(co) < L. This proves (b). 0

Corollary 5.3. If u(x,t) = k(t)(L — ) for some constant o > 0, then R(cc) = L if and
only if [ k(t)dt = +o0.

Proof. In what follows, we denote by m; several different positive constants. We begin by
expressing fi(t) in terms of k(t):

. L o g — FO) .
) = k(t)(L —x)dr = L—R .
(5.9) 0 = g [, O~ e = 0 R
Suppose fooo k(t) dt = +oo. From the proof of Theorem 5.2(a), we have
a1 —
LT I

Using (5.9), we get

(L~ R() > mah(t) (L~ B(#)"

which we can integrate to get

1 1 t
C—ROY (L Bppo =™ /0 k(s) ds.

This proves that R(oo) = L if fooo k(s)ds = 4o0.
On the other hand, if fooo k(s)ds < +o00, then from (5.9), fooo 7i(s) ds < +o00, and hence
R(00) < 400, by Theorem 5.2(b). 0

Corollary 5.4. If for some tg >0 and ¢ > 0,
(5.10) wz,t) =0 for L—e<x<L,t>t,

then R(oc0) < L.
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Proof. Suppose not, then there exists a t; > tg such that R(t) > L — e for all ¢ > t;, but
then 7(t) = 0 for all ¢ > t1, and R(co) < L by Theorem 5.2(b). U

In case ;= 0, we can get a more precise value for L — R(co) by considering the dynamics
of C. First, we claim the following identity.

L L T
(5.11) / C(z,T) dx:/ C(x,to)dx—i-/
R(T) R(to) to

Indeed, fix t € [ty, T] and integrate (2.2) over = € [R(t), L], we get

/L do(Co — C(x,1)) dw] dt.

R(t)

L L
4 Cdx = / o¢ dr — C(R(t),t)R'(t)

L
oC L
= —dr — |u(z,t)C(x,t)|

L
oc 0
= -+ —(uC)} dx
/R(t) { ot~ Ox

L L
= / [Ac—dcc] dr = / dc(Co—C) dx

R(t) R(t)

where we used u(R(t),t) = %R(t) and u(L,t) = 0 for the second equality, and Ac = dcCo
for the last equality. Integrating the result over ¢ € [tg, T], we obtain (5.11).
Next, we consider C'(x,t) along characteristics, for t > ¢,

pC_ac  aC ou 8
E:E—I—u%—flc—dcc—cax—dc(00—0)+G(CQ—C)C
le.
DC 8

We see that C' is uniformly increasing to Cy along characteristics, so that C(x,t) — Cp as
t — oo uniformly in . Taking 7" — oo in (5.11) we get,

R(t)

L o0 L
(5.13) (L — R(x))Cy = /R(t | C(z,to) dx + /t [/ do(Coy — C(z,t)) dx] dt.
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6. A TWO-PHASE MATHEMATICAL MODEL

The mathematical model of RA in [27] is a two-phase model. One phase is the region
occupied by the synovial membrane, 2y, defined by

Qo ={(x,t): 0 <z < R(t), t >0},
and another phase is the cartilage region, €2, defined by
Q={(z,t): R(t) <x <L, t>0}.

The interface

T = {(R(t),t): t >0}

is a free boundary. In ) we have the same equations as in the one-phase model, with the
inflammation p given by

(6.1) pz,t) = dCTQ%

where T}, = T, (x, 1) is the inflammatory cytokine TNF-a (tumor necrosis factor alpha), and
K, is the half-saturation constant. The inflammation develops in €}y and spreads into 2. In
Qg there is a system of PDEs consisting of three equations for three different types of cells,
and of a large number of cytokines which the cells secrete [27]. We shall consider here a
simplified model consisting of just one cytokine, namely T, and one type of cells, fibroblasts
(F), which are activated by T, and also secrete T,. The two-phase model’s equations are
given as follows:
Within the synovial membrane region (g,

OF O?F F T,
2 — —p——==MF|[1— — N7, ——  F —dpF
(6.2) ot Forz  F ( F0)+ Flo g ¥ T E
oT, 0T,
(63) a_ta - TO‘W; - )\TaFF - dTaTa - dTaATOtA'

Within the cartilage region (2,

oc 0 T,

(64) E + %(Uo) = AC — dCC — dCTam s
0T, 0T, Ty

(65) W - TO‘W — —dTaTa - dTaCmC,
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where, as in equations (2.4)-(2.7),

ou 1 T, B
(6.6) “or 8 [5(00 —C)+ dCTamcl , u(L,t) =0,
for R(t) <x < L and t > 0, and
(6.7) RO 1 oo oyt den—L ol 4
' a0 Jp | TR+ Ty |

Here, the second term on the right-hand side of (6.2) represents the activation of F' by Ty,
the last term in the right-hand side of (6.3) is the depletion of T, by anti-TNF-«a drug A
(e.g. infliximab), and the last term on the right-hand side of (6.4) represents the death of
chondocytes C' caused by TNF-a. All the parameters in the above equations are positive.
We also note that, in [27], do, < /3, so that the inflammation p(z,t) given by (6.1) satisfies
the condition (4.4).

We next impose boundary conditions on F' and T;,. We take

oF

(6.8) =

= —vp, and F|x:R(t) =0,
z=0

where —vp > 0 is the rate of the influx of F' into the membrane region from the peripheral

blood,

aT, aT,
(6.9) | =2 =0
L =0 X =L
and also assume that
(6.10) T, and 6_a are continuous across the free-boundary I'.
x
We next prescribe initial conditions:

F(z,0) = Fin(z) >0 for 0 < x < Ry,
(6.11) C(z,0) = Cip(z), and 0 < Ci(z) < Cy for Ry <z < L,

To(z,0) =Ty in(z) >0 for 0 <ax <L,

where
(6.12) € CZ’W([O, Rin]), Ci € C2+7([Rin,L]), and Ty € CQJ”([O, L))

for some 0 < v < 1, and Fi,, Ty in are positive, and satisfy the boundary conditions (6.8)
and (6.9) respectively.



A MODEL OF RHEUMATOID ARTHRITIS 19

7. EXISTENCE AND UNIQUENESS OF THE TWO-PHASE PROBLEM

Theorem 7.1. The system (6.2)-(6.12) has a unique solution such that F € Wi’tl’p(Qo),
T, € W2 P(QUQ), C e CYQ), u e CYQ), R(t) € C([0,00);[0,L]). Furthermore,
F>0,T, > 0,C >0 in their respective domains, and u(x,t) > 0 in .

Proof. We will proceed with a contraction mapping argument. Let T" > 0, Ky > 0 and set
Yy = {T, € X| Ta(x,0) = Toin(x) for all w € [0, L], | Tullx < Ko},

where X = C([0, L] x [0,T7).
Step 1. Given T(gl) € Yr, define

(1)
Ta
p (e, t) = —dor,— .
Ko +Ta

By Theorem 3.3, there exist functions
R ect(o.1), (©W,ulV)ect@WR?),

where QW) = {(z,t) : 0 <t < T, RV(t) < x < L}, such that (6.4), (6.6) and (6.7) are
satisfied by RV @ 4D To(él))
Step 2. Given ( !

ul :
7! ), R N, let F(O e W2Le([0, L] x [0,7]\ QM) be the unique solution to

oF() 92 FW FO) 7
(7.1) 5~ 0r— 5 = ApFY (1 - T) + App, ——=FW —dp PV,

for 0 < = < RW(t), 0 <t < T, with the initial boundary conditions (6.8) and (6.12).
Step 3. Given (To(él),R(l),C(l),F(l)) as above. Let To(éz) € W2LP((0,L) x (0,T)) be the
unique solution to the following linear parabolic equation:

(2) 27(2) 1) .
0’ _ 5y &T8” — _qp, TV dr, 072 O, in (0, L] x [0, 7]) nQW,

<n>{%m5T%?¢mﬂWWTm<mﬂ9A in ([0, Z] x [0,7]) \ O,

with boundary conditions (6.9) - (6.12).
Step 4. Define the mapping ¥ : Y — Yp by \I/(Tél)) = Tg). We claim that ¥ is a
contraction mapping, provided T is sufficiently small.

To this end, let TSG),TS”) € Yr be given, and let (R( a) (1) y(a) ,(a) p(a) T(2a))
and (R(1Y) C(10) 4,(16) ,(1b) p(16), T( )) be given by Steps 1, 2 and 3. Now, for each sym-
bol G € {R,C,u,p, F,T} and i = 1,2, define GO = G(w) — GUY_ First, we estimate
FO = pla) _ p(b) peg pU )( t) = min{ R19)(t), R1Y(¢)}. By parabolic LP estimates, we
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deduce that FO9) (resp. F(1%)) is uniformly bounded in W22([0, L] x [0,T] \ Q1)) (resp.
W2Lp([0, L] x [0, 7]\ QU1#)). In particular they are uniformly Lipschitz in z. Since they
also vanish on the free boundary (by (6.8)), we get
(7.3)

swp FUORED @), 01+ swp [FOURD(), 0] < Mol RU(1) ROV (1)
R (t)<z <R (t) R (t)<z<ROb)(¢)

hereafter My denotes a generic constant that does not depend on 0 < 7" < 1. Hence we may
estimate F'() in the smaller domain

oV = {(z,0):0<2 < RV @), t e 0, T}

to get

(7.4) | F0 < M,

) H C(Qg))

sup IFORD @), 1)+ Tcgl)c([o,L]x[o,T])] .

If we extend F(1@) FU9) trivially to all of [0, L] x [0, T], then we may combine (7.3) and (7.4)
to obtain

(7.5) 1Mooz 077 < Mo

sup [RO(1)] + | T3 C([o,L]x[QT])]
(0,77

Next, we recall the global estimate for strong solutions of parabolic Neumann problems
[30, Theorem 7.35, p.185]: Suppose u € W12((0, L) x (0,1)) and satisfies u(x,0) = 0 for
x € [0, L] and u,(0,t) = uz(L,t) =0 for ¢t € (0,1), then

lwell 220,y % (0,1)) + [wazllz2(0,0)x (0,1)) < Mollut — vazllL2((0,0)x (0,1))-
In particular, for each 0 < 7T < 1,
lulleo.zixory < MoT el L2(o.yx0.1)) < MoT |l — wawll 12((0.2) % (0.1))-

Applying the above estimate to (7.2), it is not difficult to see that

TéQ) Tél)

< MoTY? [supp 77 |RO | + |

)C([O,L] x[0,77)

‘ C([0,L]x[0,T7)
HIEWlleo,zxp0m) + |0 ~ C(lb)||c([RimL1x[07TD]

—

where C09) (1) = 09 (X9 (2 1), 1) and C0)(z, 1) = OO0 (X (z, 1), t). Next, we use
(7.5), Remark 3.4 and the relation p = dCTa% to deduce that

7 < MyT' 2|78

’C([O,L]X[O,T}) ‘C([O,L}X[O,T}) '
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where My depends on the constant Cy and does not depend on 7" so long as 1" < 1. Hence,
we may choose 71" small enough so that MyTY/? < 1/2, so that we have

H\I,(Tua)) o) H <! ’ 7(la) _ (10)
« [0 — 2 « «

C([0,L]x[0,17) HC([O,L]X[O,T])

i.e. U defines a contraction in Y7. The above proof can be modified to show that ¥ maps
Y7 into itself if Ky is sufficiently large. Hence, for such a T', ¥ has a unique fixed point
T € Yr, which, together with the corresponding (R*, C*, u*, F'*) (obtained by Steps 1 and
2), defines the unique solution to the system (6.2)-(6.12) in a short time interval [0, 7.

Finally, we claim that solutions exists globally in ¢ > 0. By standard maximum principle
applying to (6.2) - (6.5) that the following estimates holds uniformly:

0<Cla,t) < Coy, 0< F(x,t) < ||Fulloo.e? T

and that
0 < Tolz,t) < ([ Tasinlleo,n)) + tAr I Flleqo,n)x[0,1))

which does not blow up in finite time. Hence the existence and unqgiueness of solution
(Tw, F,C,u, R) can be extended step by step to all ¢ > 0. (]

8. MONOTONICITY
Theorem 8.1. If

(8.1) or — = Ox

then the solution (F, C, Ty) satisfies:

F T,
(8.2) ?9730 in Qo, %zo in €, %go in Qo U Q.

Proof. By the boundary condition (6.8), and by applying Hopf’s boundary lemma at z =
R(t), we have

(8.3) Fp(xz,t) <0 forxz € {0, R(t)}, and ¢t > 0.

Next, if we differentiate the equations (6.2)-(6.5) with respect to x, we get, formally,

OF, 5 9%F,
ot T og2

2F T
(84) = )\FFm (1 — —) + )\FTQ—Fx + )\FTQ (TQ)IF — dFFx

«
FO Ka+Ta (Ka+Ta>2
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in ),
0 0?
a(Ta)x - 6TaW(Ta)QE
(8 5) - )\TQFFx - dTa (Ta>x - dTQA(Ta)xA in
' T —do(Th)s + dTa(—C)(Kﬁ—aW(Ta)m +dor, (—Co) g in Q.

and, as in (4.1),

86) - [—g'<o> b donTa (1 _ %) ; %} (—C)+C (1 _ %) e (T

in Qg U €.

With the triplet (F,T,,C) and u given, one can regard the x-derivative (Fy, (Ty)z, —Cx)
as a solution to the linear system (8.1)-(8.6) with the corresponding boundary condition
(6.8) for Fy, (Ty)z(z,t) =0 for x = 0, L and t > 0, and initial conditions in the respective
domains (€, 2o U Q, Q).

For any small € > 0, consider the system for (Fy, (Ty)z, —C») where we add —e to the
right-hand side of the differential equations, —e to the initial conditions, and +e to the
right-hand side of the boundary conditions, so the e-solution

(£, (18)2, —C5)
satisfies, for small tg, the inequalities

Ff <0 in QN {t <to},
(8.7) (T <0 in (QoUQ)N{t <o},
—-C: <0 inQﬂ{t<t0}.

We note that the solution (F, (T5)., —C%) exists. Furthermore, it converges to the solu-
tion (Fy, (Th)z, —Cz) as € — 0. Hence if we can show that (8.7) holds for all ¢y > 0 then the
assertion (8.2) follows.

To prove (8.7) for all £y > 0, we suppose to the contrary that there is some ¢y > 0 so that
(8.7) holds for all t < ¢y but fails to hold at ¢t = ¢y. This means that one of the functions
F&,(TY)z, —CF vanishes at some point (x, to).

Consider the case that FS(zg,t9) = 0. By the e-modified boundary conditions, (xg, o)
must be an interior point of €2y, and hence the left-hand side of the parabolic equation is
non-negative at (zo,tp). Since (T5), < 0 at (o, to), the right-hand side of the equation for
F is less than or equal to —e, which is a contradiction.

Finally, in the cases where (7%).(zo,t0) = 0 and —C%(xo,tp) = 0 we can similarly derive
a contradiction. ]
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9. DRUG SLOWS CARTILAGE DESTRUCTION
We denote by (FA,C4, T4 R4) the solution of the system (6.2)-(6.12) and (8.1) for a

b a )

dose A of the drug, and by (F,C, Ty, R) the solution of the system (6.2)-(6.12) and (8.1)
with zero dose. We shall prove that the drug slows the destruction of the cartilage, that is,

(9.1) RA(t) < R(t) forallt > 0.
But we will also show that

(9.2) lim (L — RA(t)) = 0,

t—00

that is, the drug cannot stop the eventual total destruction of the cartilage, as in the model
of [27].

Theorem 9.1. Assume the initial data satisfies (8.1). If A > 0, then (9.1) holds.

Proof. We first add —e to the right-hand side of the equation for Tofl, modify by =e the
boundary condition for T4 to ensure that T — T,, cannot take maximum 0 at the boundary,
and modify by e the initial data T, i, for T4 to ensure that

(9.3) RA(M) < R(t) for 0 <t <t
and
(9.4) TMa,t) < To(z,t) i (QoUQ)N{0<t <ty

for ¢y sufficiently small. We claim that (9.3) holds for all ty. To prove it we assume that
there is a to such that (9.3) holds while

(9.5) R*(to) = R(to)

and derive a contradiction.
We first show that, for this tg, the inequality (9.4) holds. Indeed, otherwise there is a
point (x1,t1) such that t; < to,

(9.6) TA(x1,t1) = Talz1,t1) and  TA(x,t) < To(z,t) in (QUQ)N{0<t <t}
Applying Theorem 4.2, we deduce that
(9.7) CAz,t) > C(x,t) for R(t) <z < L, t <t

Since F > 0 on 2 = RA4(t), we deduce from (6.2), again by comparison, that

FA(z,t) < F(x,t) for 0 <z < RAt), t <t.
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Next, we claim that T}y : Ty — T(f satisfies the following differential inequality:

(9.8)

T, 9T, . 0 for 0 < z < R(t),z # RA(t),
dr, C(

— 07, ——+dr, To > CK )
ot ou KTy L for R(t) <2 < L.

We divide the proof of (9.8) into three cases. First, for 0 < z < RA(t), we have

o7, s 0T,
ot Ty

+dpTo > Mp(F— FAY +dp, TAA > 0.

Next, for RA(t) < x < R(t), we have

T, 92T, TACA
9.9 — 0 d T =dro—2%——+ )\ pF >0.
(9.9) 5 T T TaCKa+T&4+ n.rF >
Finally, for R(t) < z < L, we use C4 > C to deduce
T, 9%T,, T.C TACA
— 0 d T =d — =
v Tagp +dr, TaC< Ka+Ta+Ka+T&4

T, TA
>d — @ C
= TaC( Ka+Ta+Ka+T§‘)
CK, ~
T T,,.
Ko+ TH) (Ko +Ta)

= —dr,c
(

This concludes the proof of (9.8). By applying the weak Harnack inequality [30, Theorem
7.37] to Ty, we must have Typ(z,t;) < 0 for all # € [0, L]. This contradicts the existence of
(x1,t1). Hence, (9.4) holds as long as Ra(t) < R(t) in [0, o).

Having proved that (9.4) holds, we can now consider the two free boundary problems for
(CA, TA RA) and (C, T,, R). Recalling the monotonicity result of Theorem 8.1. we can then
apply Theorem 4.2 to derive a contradiction to (9.5). We have thus proved that R4(t) < R(t)
for all £ > 0, in the case where we modified the original system by e. Taking ¢ — 0, the

proof of Theorem 9.1 is complete. L]

Remark 9.2. Theorem 9.1 extends to the case of two drugs, A and B, with B small and
A > B. The only difference in the proof occurs in equation (9.9) in the region {(z,t) :
RA(t) < x < R(t)}. Setting T, = TB — T2, the modified equation is

0T, 0°T, TiCA
— 6 dr, To = dp,c—2— + M\.pF — d7,gTo B > 0
o T82+T ToaC TA+ ToF ToB

(9.10) i

provided B is sufficiently small.
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Remark 9.3. Alternatively, one may formally diﬁer@ntmte the system of equations (6.2) -

(6.7) in A, to yield a linearized problem in Qo U Q, where dA( ) has a separate equation in
terms of di, Cg;‘ , g—g. Upon deriving appropriate boundary conditions, one can observe that
the smallness of the dosage (i.e. the right hand side of (9.10) is non-negative) is indeed
crucial to preserve the monotonicity of the efficacy of the drug in terms of the dosage of
drug. We also remark that for large dosage A, we expect that the efficacy varies very slowly

with A and that the monotonicity may break down.

Next, we prove that, no matter how large the amount of drug A, the cartilage will be
eventually destroyed.

Theorem 9.4. For any A > 0, lim RA(t) = L.
t—o00
Proof. Let (F4, T2, C4, R4) be solution to (6.2)-(6.12) and (8.1), and define

Tf(az,t)
K, + T(f(x,t)

,uA(m, t):==dr,c

By Theorem 8.1,

9 A

— t) <0

ax/“j“ (x7 ) —
and hence we can use the comparison result (Theorem 4.2) and Corollary 5.3 to conclude
that R(oco) = L if u(x,t) > k(t) and fo t)dt = oo. Thus, it is enough to show that

lim inf; oo infoeger, (2, t) > 0 or, equlvalently,

(9.11) liminf inf T2(x,t) > 0.
t—oo 0<z<L

To this end, we first claim that for some positive constants d,7n there holds:

1)
(9.12) liminf/ FA(Z t)da' ds > .
0

t—00

Indeed, by parabolic LP estimates and interpolation [29, p. 80, Lemma 3.3],

for some large p > 1 and 0 < v < 1. Recalling (6.8), we deduce that, for some small § > 0,

<C,

= FA 2,1,p
([0, Ran] X [L44+1]) H HW 2 ([0, Rin] [t £+1])

OFA OFA
—o—(et) 2~ (0,0) - ”2F :”7F>o for 0 < 2 < 25 and t > 1.
xXr i
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Since F(z,t) > 0, it follows that
liminf F(x,t) > ’%’5 for 0 < 2 < 6,

t—o00

so that (9.12) holds with n = £62.
Next, we integrate (6.3) over [0, R4(t)] x [t,t + 1] and (6.5) over [RA(t), L] x [t, ¢+ 1], and
add the resulting equations to obtain:

d t+1 L |
7 / / T (z,s)dxds

t+1 t+1 R (s
> A1, F/ / (x,s)dxds — (dr, + dp, 4 A) / / (x s)dxds

t+1
(dT + dr. CCO) / / (x,t) dzds
RA

t+1 t+1

Z/\TQF/ / FA(z,s) dwds—M// / TNz, s) dads,
t 0 t 0

where M’ = dp, + dp, 4 A+ dT;(—CaCO. Using Gronwall inequalities and (9.12), we get

t+1 t+1
lim inf / / T, dxds > hmlnf / / F A
t—00 t—o00

and assertion (9.11) then follows by the weak Harnack’s inequality [30, Theorem 7.37]. U

10. CONCLUSION

The present paper considers a two-phase free boundary problem based on a model of
rheumatoid arthritis. In one phase (the synovial fluid) pro-inflammatory cells (F') pro-
duce inflammatory cytokines (75 ), and the cytokine then diffuse into the second phase (the
cartilage) where they increase the death rate of chondrocytes, which results in a gradual de-
struction of the cartilage. In the model’s simplified geometry, the free boundary is a function
x = R(t) and the cartilage thickness is L — R(t). We proved global existence and uniqueness
of solutions, and several properties of the free boundary. The model includes also a drug
A which degrades the inflammation. It was shown that even a small amount of drug A
reduces the growth of the free boundary z = R(¢). On the other hand, no matter how large
A is, the cartilage eventually is totally destroyed in the sense that the thickness of cartilage
L —R(t) \(0as t — 0.

Future work would be to extend the results of this paper to a two-dimensional geometry
with free boundary y = R(x,t), the interface between the synovial fluid phase

{(Q?,y,t)l —K<z< K7 O§y§R<£L’,t)}
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and the cartilage phase

{(z,y,t): —K <2 <K, R(z,t) <y <L},

where K € (0,00) or K = o0.
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