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Abstract

Fungi are cells found as commensal residents, on the skin, and
on mucosal surfaces of the human body, including the digestive track
and urogenital track, but some species are pathogenic. Fungal infec-
tion may spread into deep-seated organs causing life-threatening infec-
tion, especially in immune-compromised individuals. Effective defense
against fungal infection requires a coordinated response by the innate
and adaptive immune systems. In the present paper we introduce a
simple mathematical model of immune response to fungal infection
consisting of three partial differential equations, for the populations of
fungi (F'), neutrophils (V) and cytotoxic T cells (T'), taking N and T
to represent, respectively, the innate and adaptive immune cells. We
denote by Ar the aggressive proliferation rate of the fungi, by n and
¢ the killing rates of fungi by neutrophils and T cells, and by Ny and
Ty the immune strengths, respectively, of N and T of an infected in-
dividual. We take the expression I = nNg 4+ (Tp — Ap to represent
the coordinated defense of the immune system against fungal infec-
tion. We use mathematical analysis to prove the following: If I > 0,
then the infection is eventually stopped, and F' — 0 as t — oo; and
(ii) if I < O then the infection cannot be stopped and F' converges
to some positive constant as t — oco. Treatments of fungal infection
include anti-fungal agents and immunotherapy drugs, and both cause
the parameter I to increase.



1 Introduction

Fungi are eukaryotic cells, found in soil, water, air, and trees; they also
grow in household wallpaper and basement (as mold) and spread in the air.
In humans, fungi may cause infection and disease.

There are fungi that live naturally in the human body, and they may be
helpful or harmful. They include the family of Candida albicans, as well as
other Candida families. C. albicans are found as commensal resident of the
skin, digestive tract, urogenital tract, oral cavity, and other mucosal surfaces.
C. albicans is the most common and most studied fungal pathogen.

Most fungi, including C. albicans, are hyphae, cylindrical cells that in-
crease in length by growth in one direction. Life cycle starts with a spore (a
slim rod) that grows and branches, with productive branches producing new
branches, etc., in a process that forms a radiating system of hyphae, known
as mycelium [6]. Fungi feed by absorption of nutrients from the environment
around them. Hyphae ligaments grow outward away from each other in order
to maximize exploration and invasion opportunities [4,18]. Hyphae are very
motile and can adjust their morphology in response to stimuli and changes
in the environment [21].

C. albicans can penetrate the endothelium and disseminate into deep
seated organs, causing life threatening infection, especially in immuno-
compromised individuals [28,33]. Host defense against C. albicans is de-
pendent upon coordination between the innate and adaptive immune re-
sponse. Innate response to infection is fast rather than specific; it includes
macrophages, neutrophils and dendritic cells (DC’s).

Neutrophils form an essential part of the innate immune system. Neu-
trophils circulate in the blood and have the ability to pass through the en-
dothelial lining at the site of infection. Neutrophils and macrophages kill
fungal pathogen in different ways. Macrophages ingest pathogens and de-
stroy them in their phagosomes after they mature into phagolysosome; how-
ever, pathogen may evade destruction and replicate within macrophages [17].
Neutrophils kill pathogen primarily extracellularly, by secreting oxidative cy-
totoxic species and inflammatory cytokines, and neutrophil extracellular nets
(NETS) [9].

Dendritic cells mediate adaptive T cells immune protection against C. al-
bicans |28,33,34]. DC's patrol the peripheral tissue beneath skin and mucosal
surfaces. They are recruited to the site of infection by recognizing molecular
pattern of fungal cell wall. Fungal cell is phagocytosed by DC, and fungal



peptide antigens are then assembled on MHC I or II, and presented to mem-
ory T cells. The T cells then become activated as effective CD4T T cells,
specifically inflammatory Th1 cells, under IL-12 environment |28, 33, 34].
Thi1 cells secrete IL-2 that activate cytotoxic T cells (CTLs), commonly
called CD8™ T cells. CD8" T cells kill C. albicans [23,30,38]; they do it ex-
tracellularly by secreting perforins and granzymes that perforate the fungal
cell wall and break down its DNA.

In the present paper we consider a mathematical model of fungal infection,
focusing on the interaction between the innate and adaptive immune systems.
We denote by N and T' the densities of neutrophils and CTLs, respectively.
We take N to represent the innate immune response and 1" to represent the
adaptive CD8' T cells response. We consider fungal infection at a colony
level, with scale of 0.1 - 1ecm. At this scale, we ignore the complex dynamics
of hyphae and the network details of mycelium, replacing them by a density F
within the territory occupied by the fungi. Mathematical models describing
the development of fungal mycelium were developed by G. P. Boswell et
al. [3], F. A. Davidson (8], L. Edelstein [14], L. Edelstein and L. A. Segel [15]
and collaborators; some models were represented by a system of PDEs with
variables that include hyphal tips (p), biochemical chemoattractant (¢) and
biomass (m).

Neutrohphils are produced in the bone marrow by a tightly regulated
process controlled by cytokines. They are released into the blood at a rate
of 10! cells per day, and their half-life span is 6-12 hours. The population
of neutrophils is highly heterogeneous [31, 36|, and some are known not to
be passive in homeostasis [31]. Aging predisposes over activation of neu-
trophils [36]. In homeostasis, aging neutrophils revealed signaling pathways
related to changes in inflammatory-associated neutrophils [35]. We accord-
ingly assume that, in homeostasis, there is a subset of neutrophils exhibiting
active inflammatory behavior, and denote its concentration by Nj.

We denote by dy the death rate of N. Then, in homeostasis, the ODE

dynamics of N is dd—];f = —dy(N — Np), and, under fungal infection,
dN
% - )\NF - dN(N - No), (11)

where Ay is the response rate of neutrophils to F'. Since there is only a
limited study on the effect of fungal infection on neutrophils [20], we take dy
to be constant.



The activation of T through DC's can be described by the following se-
quence of activation/production events:

F — DC — IL-12 — Thl — IL-2 — T.

Writing each such event in the form X; — X, with ODE dynamics

dXj
dt

= Aj1Xj = dj1 X

where A, 44 is the actiation/production rate and d; is the death/degradation
rate of species X, and taking steady state in all intermediate events, we

get

dTl’
— =M —dT
dt T T4,

where dr is the death rate of T

Dendritic cells are the primary antigen presenting cells (APC's), but neu-
trophils are also known to be antigen presenting cells [2,27|. Neutrophils,
after infection, were shown to migrate to the lymph nodes and secrete
chemokines that attract CD4" T cells to the infection site [42]; they are
also known to deliver antigens to DC's [25]. Hence the complete ODE dy-
namics for 7' is

dr
o M FE + ApyN — dpT

where A\py is smaller than Ar, since DC's are the primary APCs. We can
rewrite this equation in the form

dT
E - )\TF + )\TN(N - No) - dT(T - To) (12)
where \
ANy —dpTy =0, or Ty= dLNNO. (1.3)
T

Our mathematical model consists of a system of PDEs for F'; N and 7" in
planar domains Q(t) that vary increasingly with time. The area () occupied
by the fungal colony may have different shapes. For simplicity we take it to
be circular, as seen in the agar petri dish with C. albicans isolated from
patients [19, Fig.1]. We assume that immune response to fungal infection
is not qualitatively different for other shapes of fungal colonies, such as oval
shape or other shapes with smooth boundary. Accordingly, we take F', N
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and T to be radially symmetric, that is, functions of (r,t), where r = |z| is
the distance from the origin in the 2-d plane, and Q(t) = {0 < r < R(t)};
we assume that F satisfies a logistic growth at rate A\rp and carrying capacity
K, and it is killed by N and T' at rates n and (, respectively.

The complete model is introduced in Section 2. In the rest of the paper we
study the progression of the infection by mathematical analysis. In Sections
3-6 we consider the special case where the fungal infection solicits only innate
immune response, that is, we take ( = 0, or equivalently, set T' = 0.

The parameter 7Ny /Ar represents the ratio of the neutrophil killing rate,
in case Ay = 0, to the fungal growth rate, when K = oco. We prove the
following results:

(i) Suppose nNo/Ap > 1. Then tlim R(t) < oo and (F,N) — (0,Np) as
—00
t — oo.

(ii) Suppose nNo/Ar < 1 and 1tlim R(t) = oo, then (F, N) — (F*,N*) ast —
—00
00, where (F*, N*) is the unique steady state of the space-independent
dynamics of the (F, N) system, namely

. N\ (L, m A\ . AN s
o (1o (2 A N* = No+ N,
( )\F>(K+)\F dN) ’ ° "y

A sufficient condition for tlim R(t) = o0 is
—00

5p 1/2
R(0 —_— '
0> 2] w

whereas a necessary and sufficient condition for lim R(t) = oo is
t—ro0

OF

1/2
— o fi to > 0;
)\F — nNO:| Jo or some tg = Uj

R(to) >

here jg =~ 2.4048 is the smallest zero of the Bessel function of order
Zero.

In Section 7 we include the adaptive immune response and prove results
similar to (i), (ii); situations analogous to cases (i) and (ii) depend on whether
(nNo + (Ty)/Ar is greater than or smaller than 1.



A mathematical model of fungal spore inhalation was developed in [39];
the model consists of 4 ordinary differential equations for the fungal spore,
macrophages, neutrophils, and inflammatory dendritic cells. Another ODE
model, in [41], considered fungal infection in immune compromised individ-
uals with fungal strains that are susceptible or resistance to drugs.

In Section 2 we present our mathematical model. In Section 3 we establish
a priori estimates and prove the existence and uniqueness of a solution. We
also prove that if R(t) remains bounded as t — oo, then (F, N) — (0, Ny) as
t — 00. The proof of (i) is given in Section 5, and the proof that tliglo R(t) =
00, in case (ii), is given in Section 5. We prove the remaining part of (ii) in
Section 6.

The extension of the results of Sections 3-6 to the complete model (2.1)-
(2.7) is given in Section 7. In Section 8 we draw biological conclusions from
the mathematical results of the paper.

2 Mathematical model

We consider a model of immune response to fungal infection. We denote
the fungi density by F', the neutrophils density by N, and the density of
CD8* T cells by T. The infected region is a 2-dimensional domain (t) that
varies with time. Hyphae ligaments grow away from each other [21]; hence,
the density of F' is dispersing, with a diffusion coefficient 6. We assume
that F' has a logistic growth with rate coefficient \r and carrying capacity
K, and that it is being killed by NV at rate n, and by T cells at rate (, so that

or F

— —6pVPF =)pF (1—— ) —nNF — (TF. 2.1

It F F ( K) n ¢ (2.1)
Note that A\r represents the difference between proliferation and death rates
of the fungi.

The innate immune response is given by neutrophils whose density N
satisfies the following equation:

ON
yrie SnVZN = AnF — dy(N — Np) (2.2)
where Ay is the rate of accumulation of neutrophils in response to F', dy is

the death rate of N, and Vy is the density of active neutrophils in homeostasis
[35,36].



The adaptive immune response is given by T cells. The density T satisfies
the following equation:

T
%—t — 67V2T = ApF + Apy(N — No) — dp(T — Tp) (2.3)

where A7 is the rate of accumulation of T cells by activated DC's, Ary is

an additional accumulation by direct antigen presentation by neutrophils
[2,25,27], and dr is the death rate of T cells.
The boundary conditions at the free boundary 0€)(t) are taken to be

F=0, N=N,, T=T,= AT—NN0 on IN(t). (2.4)

We denote by 77 the outward normal to 992(¢). We assume that the fungi
territory grows by outward production of new mycelium network from hyphae
near the boundary, so that the rate of growth is proportional to the gradient
of F'. Hence, Q(t) grows in response to the flux —VF' - 7, and the outward
normal velocity V,, of 9€(t) is given by an equation

V, = h(—VF i)

where h(s) is a function satisfying the following conditions:

{h(@):o, W(0) >0, [|I]lzo.00) < 00, 25)

h'(s) >0 for all s > 0.

It follows that
h(s) < pus forall s >0

where 1 = [|A'||Lj0,00). Particular examples are

h(s) =pus and h(s) = Aluj
s

(for some A > 0).

We consider only the case where F'; N, T and €(t) are radially symmetric.
Then
V2=12(2) Q@) ={0<r<R(t)},
F=F(rt), N=N(t), T=1T(1t),
and the free boundary r = R(t) satisfies the equation

dR oF
E(t) =h (— E(T’ t) TR@)) . (2.6)




We take initial conditions
F(r,0) = F°(r), N(r,0)=N%0r) T(r,0)=T°r) for 0<r < R(0)

(2.7)
and F° N° TO are in C?T([0, R(0)]) for some a € (0, 1), such that

0< F(r)< K, N°r)>0 T°%)>0 for0<r< R(0),
FO(R(0)) =0, N°(R(0)) =Ny, T°(R(0)) =Th.

By the maximum principle
F(r,t) >0, N(r,t)>0, T(rit)>0 forall 0<r<R(),t>0,

and

F

a—(R(t),t) <0 forall t>0.

or
Hence,

%(t) >0 forall t>0.
By the maximum principle, we also have
F(rit) <K for 0<r<R(t),t>0; (2.8)
hence
ON

ol SnVEN < ANK 4 dy(Ny — N).

By comparison with the function

ANK

Ae™ ™t 4 Ny + =~  where A= sup N°r),
dn 0<r<R(0)
we then get,
—dnt )\NK
N(r,t) < Ae™ ™V +N0+d— for 0 <r < R(t),t>0. (2.9)
N

Similarly, denoting dy A dr = min{dy, dr}, we have

>\N )\TN

dn

K
T(r,t) < Age NN L T3 4 — {AT +

} for r < R(t), t > 0.
dr



We refer to the model (2.1)-(2.7) as the FNT model, and to the submodel
(2.1)-(2.7) with 7"= 0 as the F'N model. In Sections 3-6 we analyze the FN
model, and in Section 7 we extend the analysis to the FNT model.

In Section 3 we prove existence of a unique solution for all £ > 0, and in
the following sections we focus on properties of the solution; in particular on
the question whether

F—0, o F—F>0ast— .
As will be proved, these two different outcomes are associated with the cases

lim R(t) <oco or lim R(t) = oo.

t—o00 t—o00

The first case is considered in Section 4 and the second case in Sections 5- 6.

Part 1. The FFN Model

In Sections 3-6 it is tacitly assumed that 7" = 0, without stating it
explicitly each time when we refer to the system (2.1)-(2.7).

3 Existence of solutions

Theorem 3.1. The system (2.1)-(2.7) has a unique solution for all t > 0,
such that

R(t) € C*20,00), (F(r,t), N(rt)) € [CFFolTe/2(Q))2,

where
Q¥ ={(rt): 0<r<R(t),0<t< ook

furthermore,
HRHCD‘/2[O,OO) —'I— H(F(T, t), N(T, t))|‘02+a,1+a/2(goo) < Q. (31)

To prove the theorem we first establish a priori estimate. The first step
is the following lemma, which is adapted from [10, Lemma 4.2].

Lemma 3.2. There exists a positive number M such that

0< R(t) <h(2MK)  forallt > 0. (3.2)



Proof. We define a domain

Qu ={(r,t): t >0, R(t) —1/M <r < R(t)}
and construct an auxiliary function

F(r,t) := K[2M(R(t) — r) — M*(R(t) — r)?].

We will show that M can be chosen large so that F(r,t) > F(r,t) in Q.
Direct calculation shows that, for (r,t) € Qu,

oF = 2K MR(t)[1 — M(R(t) — )]
9 — oM K[1 — M(R(t) — )] >

%25:2KM ArF(1-F/K )_

C’I\/

(3.3)

It follows that

F
aa_t —6pVPF = ApF(1 = F/K) > 25p KM? — ApK > 0,

provided M? > (Ar)/(26F). On the other hand,
F(R(t) —1/M,t) = K > F(R(t) — 1/M,t), F(R(t),t) =0= F(R(t),1).

Thus, if we can choose M such that Fy(r) < F(r,0) for r € [R(0) —
1/M, R(0)], then we can apply the maximum principle to I — F' over {2y to
deduce that F(r,t) < F(r,t) in Q. It follows that

oF OF
02 —-(R(t),t) 2 5-(R(),1) = -2MK,
and 0 < R(t) = h(— a—f(R(t),t)) < h(2MK), as asserted in (3.2). O

Proof of Theorem 3.1. For ty > 0, define
- R(t) . ) - (R(t)v )
Fr,t)=F r,t and N(r,t)=N r,t
60 =" (g 0 =N\ Rt

for 0 < # < R(ty), t > 0. The functions F'(# t) and N(7,t) satisfy the
following equations:

6p Rto V2 - FR(t )R“O) %= F e (1-£) - 98],

BN — () 08 = A~ (Y No)

8t (3.4)
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with HRHLOO[O,OO) < 00. Since F and N are uniformly bounded (by (2.8) and
(2.9)), we may use the LP parabolic estimates to conclude that there is a
positive constant C' (independent of () such that, for any ¢, > 0,

to+1 R(tp) 5 5 OF
/ dt/ 7 [|V2F|p + |VENP + | =
to R(to)—R(0) ot

p

ON

P
= <
5 }dr_C’,

i

Then, by interpolation [24, p. 80, Lemma 3.3]

<C,

ce/2 [to ,to—l—l}

|5 it o

with another constant C. Since

B(t) = h (—};(f;))%—f(}z(to),t)) < B OE by ) for t € [t tot1),

we easily deduce that .
IR ()l carzjo,00) < 00 (3.5)

Using this fact, we may go back to the system (3.4) and conclude that the
Schauder estimate (3.1) holds.

One can now use these a priori estimates to prove the existence and
uniqueness of the solution asserted in Theorem 3.1; the details are by stan-
dard arguments used for Stefan-type free boundary problems, as given, for
instance, in [16] or [40, Theorem 2.1]. O

In the following sections we consider cases where the limit

R(oc0) = lim R(t)

t—o00

is either finite or infinite. The following result will be useful.

Theorem 3.3. If R(o0) < oo, then

tliglo R(t)=0 (3.6)
and
lim sup F(r,t)=0, (3.7)
t—=00 o< <R(1)
lim sup |N(r,t)— Ny| =0, (3.8)

t=00 o< <R(1)

11



Proof. 1f the assertion (3.6) is not true, then there is a sequence t,, — 0o and
£ > 0 such that R(tn) > [ for all n. We may assume that t,.; — ¢, > 1. By
(3.5), there exists 0 < § < 1 such that |R(t) — R(s)| < B/2 if |t — s| < 6.
Hence R(t) > 0 for t > 0 and R(t) > (/2 for t € U, (t, — 0,t, + 6).
Integrating from ¢, to t,.1, we have

tnit . 66
tn

But this implies R(t,) — oo as t — oo, which contradicts the assumption
that R, < oo. This proves (3.6).
Next we prove (3.7) by contradiction, assuming that

sup F(r,t,) > >0 for asequence t, — oc. (3.9)
0<r<R(t)

From the uniform Schauder estimate in (3.1), it follows that, for some § > 0,

sup F(r,t) >

— for [t—t,| <0, n=12,.. (3.10)
0<r<R(t) 2

From (3.1) it also follows that there is a subsequence n’ such that the func-
tions

Ey(rt):=F (%T,H tn/) . Nuy(r,t):=N (%r,t + tn/>

converge uniformly in 0 < r < R(co), [t| < 0 to functions ]?Oo(r, t) and
Noo(r,t) which satlsfy (2. ) (2.2) in [0, R(00)] X [—4,6]. Since F(1,0) =0
and, by (3.10), Fio(r,t) Z 0,

t,1—00 t,1—00 R(t,) or
:h< aFw(Rgoo),O)> 0
or

12



which is a contradition to (3.6); this completes the proof of (3.7).
To prove (3.8), set N(x,t) = N —Ny. From (3.7) we obtain, for any € > 0,
the inequality
ON  On oo TR(t)ON «
—_— = N — dyN| < e, 3.11
ot R2(D) R oF V<€ (3:11)

it 0 <7 <1andt>T, provided T, is chosen large enough. By comparison,

for0<r<1,t>T, (3.12)

IN(F 1) < — + Ae= (=T
dn

where A = sup |N(#,T.)|. Letting t — oo and then ¢ — 0, the assertion
[

0<7<1

(3.8) follows.

4 The case R(o0) < oo and F — 0 as t — o

In this section we prove the following theorem.

Theorem 4.1. If nNy > Ap, then R(co) < 0o and hence, by Theorem 3.3,

sup F(r,t) =0 ast— oo (4.1)
0<r<R(t)

and

sup |N(r,t) — No| =0 as t— 0. (4.2)

0<r<R(t)
Proof. Define
R()
X(1) = / rF(r,t) dr. (4.3)
0

Since F(R(t),t) = 0 and %&(R(t),t) <0,

dX Rt o
) = —(r.t)d
i (t) /0 iy (r,t)dr

< / e N0 Frt) dr.

By comparison,
N(?“, t) > No(l - eidNt>7

13



so that
R(t)
/ r[Ar — NNy + nNoe~ dNt]F(r, t)dr.
0

Define v = %(77]\70 — Ar), then v > 0 and

R(t)
dt (t) —'y/o rE(r,t)dr = —vyX(t)

if ¢ > max{0,¢,} where t, = —-- —log ( ) so that

X(t) < X(tv)e_”(t_t”) for t > max{0,¢,}.

Hence, by integration,

/ / rtdrdt<iX( )

Since 0 < F(r,t) < K and sup R(t) < oo, we have
>0

/ / M F(rt) drdt < A(R(0) + max{0, 0y L < wBOFloen]

(4.4)
for some constants A A A, where A, A" are independent of 7. Next, since

9B (1) < —p2E (R(1), ),

R(t)
< [/0 PE(r.1)dr + 25 R(1)?

\Q

24

R(t)
< /0 2L dr — orR( )?;: (R(t), 1)

or
= /R(t)r {%]Z(r t) — 6pV2E(r, )} dr
:/\F/OR (1—%) dr—n/OR(t)rN(r,t)F(r,t)dr

by equation (2.1). Integrating in ¢ and using (4.4), we get

R(0) (SF
<A+ / rF(r,0)dr + =——R(0)?
0 2

t>0

®) Sp
sup r,t)dr + L R(t)?
[/ Fr)dr+ 3RO

14



hence sup R(t) < +o0o. The remaining assertions (4.1) and (4.2) follow from
>0

Theorem 3.3. [l

Corollary 4.2. From the last inequality we deduce that if nNg > Ap, then

[ log(nNo — Ar)|
NNy — Ap

R(t)?*<C {1 + R(0)? + (4.5)

where C' 1s a constant independent of how small nNg — A\p is. This provides
an upper bound on R(c0) as nNy — Ap N\ 0.

Remark 4.3. If we repeat the above proof with the function
R(t)
X(t) = / r[e(N = No)? + F(r,t)] dr (4.6)
0
and take 2e\y = n, then we get

R(t)
0 [ 2N = NP —(aNa = A)F] dr £ < X(1)

for some v >0 and t > 0. Hence, in addition to the estimate (4.2), we also
have the estimate

R(t)
/ r(N — No)dr < Ae . (4.7)
0

5 The case R(c0) = o0

We denote by jg the first root of the Bessel function of order zero; it can
be approximated by jo &~ 2.4048.

Theorem 5.1. If nNy < Ap and

)\ . N 71/2 '
—"} i, (5.1)
Op

R(0) > {

then R(o0) = oc.

Theorem 5.1 implies the following dichotomy.
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Theorem 5.2. If nNy < Ap then either R(c0) = 0o or

R(x0) < [ Jo- (5.2)

Ar — NNy i/ .
< —5F

Proof. Indeed, if the inequality (5.2) is reversed, then

Ap — UNO:| -z
- Jo
Y3

R(to) > {

for some ty > 0. Hence R(c0) = oo, by repeating the proof of Theorem
5.1. ]
Proof of Theorem 5.1. Let ug denote the minimizer of

o ! rlu|? dr

inf 01—2

wo [ rudr

in the class of functions in W20, 1] which vanish at r = 1. Then

—V%up = (jo)?ug for 0 <r <1,
up(r) >0 for 0 <r <1,

By scaling, we can construct a function U(r) such that

—6pV2U =AU for 0 <r < R*,
U(r) >0 for 0 <r < R*,
U(R*) = 0.

for any A > 0 and R* = [\/6z]/2jy. We choose
A= (1=6)(Ar —nNo)

and s

Ap—nNo| 2

e — Jo,
Ja

where 0 < § < 1 is so small that, by (5.1),

R =|(1-9)

R(0) > R".
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To prove the theorem, we proceed by contradiction, assuming that
R(o0) < co. Then, by Theorem 3.3,

sup [F('f,t) + |N(#,t) — Nol] =0 as t— ooc. (5.3)

0<i<1
It follows that for sufficiently large Ty,

%_f CeVPF > (1= 8)(Ar —gNo)F  for 0<r < R(t), t > T.

We note that
R(t) > R(Ts) > R(0) > R* if t > T;

and take € small such that
F(r,Ts) > eU(r) for 0 <r < R".

Then, by comparison (i.e. applying the maximum principle to F' — eU), we
conclude that

F(r,t)>eU(r) for 0<r<R" and t > Ty.

But this contradicts (5.3) and thus completes the proof of the theorem. [J

6 The case R(co) = oo (F,N) — (F*,N*) as
t— 00

In this section we consider the asymptotic behavior of the solution of
(2.1)-(2.7) in case R(o0) = co. We assume, as in Theorem 5.1, that nNy <
Ar, so that if the initial condition (5.1) is satisfied then R(co) = co. When
NNy < Ar there exists a unique non-zero homogeneous steady state (F*, N*)
of the system (2.1)-(2.2), that is,

F*
given by
-1
FF=1(1- — L , N"=Ny+ —F"; 6.2
( e J\K T Ap dy O dy (6.2)
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this state is asymptotically stable with respect to spatially independent solu-
tions of the system (2.1)-(2.2). We are interested to know whether it is also
asymptotically stable with respect to spatially dependent solutions. In this
section we prove the following:

Theorem 6.1. If Ny < Ap and R(o0) = oo, then
(E(r,t), N(r,t)) = (F*,N*) ast— o0 (6.3)
locally uniformly in r, for 0 <r < co.

It will be convenient to set @ = N — Ny and rewrite the system (2.1)-(2.2)
in the following form:

F
80_75 —6pVPF =G(F,Q)F forz € Q(t), t >0, (6.4)
where G(p, q) = A\r —nNo — pAr/K — g, and
A
9Q _ nV?Q = dy (—NF — Q) for z € Q(t), t > 0, (6.5)
ot dn

with the boundary condition
F(z,t) =Q(x,t) =0 for z € 09(t), t > 0. (6.6)

Here Q(t) C R? is a growing domain such that Q(t)  Q(c0) = R? as
t — oo. We will also find it convenient to write F(r,t) as F(x,t), where
r € R?, |z| = r, and similarly the same convention for Q(r,t) and all other
functions of (r,1t).

The proof of Theorem 6.1 will use a Lyapunov function, but in order

to define this function we need to ensure that li%n inf F'(r,t) > 0 uniformly
—00

locally in r for 0 < r < oo. This will be proved in Lemmas 6.2 and 6.3. In
these lemmas we assume that the initial conditions F°, N° can be arbitrary
functions subject to uniform bounds

[(F°, N%)||c2ramey < A< oo, and F°(0)> 0. (6.7)
Lemma 6.2. If nNy < A\p and Q(t) /' R?, then

lim inf F(z,t) > ap >0 for each v € R? (6.8)
—00

where ay is independent of x, the growing domain {(x,t) : t > 0,2 € Q(t)}
and the initial data (F°, Q).

18



We first prove a weaker result:

Lemma 6.3. If nNy < A\p and Q(t) /R?, then

limsup F(x,t) > a; >0  for each v € R? (6.9)
t—o0
where oy is independent of x, the growing domain {(x,t) : t > 0,2 € Q(¢t)}
and the initial data (F°,QY).

Such lemmas were proved in [12,13] for the Cauchy problem of predator-
prey systems in R?. Here we adapt their arguments in the context of a
free-boundary problem.

Remark 6.4. The proofs of Lemmas 6.2-6.3 work for general expanding
domains in n dimensions, with solutions that are functions in (z,t), not
necessarily radially symmetric. The proof Theorem 6.1, however, relies on
a classification of entire solutions based on a Lyapunov functional argument
that holds only for two-dimensional domains (see Subsection 6.3). For higher
dimensional domain, we refer to an alternative Lyapunov function argument
in [12], which requires the additional assumption that dp = 0.

Remark 6.5. A completely different approach to proving the assertions of
Theorem 6.1, which is not based on the existence of Lyapunov function, is by
constructing two nested sequences of positive numbers

F2<F4<"'<F3<F1, and N2<N4<"'<N3<N1,

which converge to F* and N* respectively; this approach was used in [40,
Theorem 4.3] for a predator-prey model. The construction of the sequences
proceed in 4-step cycles, that proves (i) F(x,t) < Fy;_1; (it) N(x,t) < Noj_1;
(iii) F(x,t) > Fy; (iv) N(x,t) > Ny, using standard comparison. The
assertion (6.3) can then be proved by an induction argument. This method
works for general expanding domains in n dimensions and does not require

the condition 6p = 0n. However, the assumption on coefficients needs to be

AE max{l ANK

A
strengthened from > Lt 0% N (-

6.1 Proof of Lemma 6.3

Since

% —O0NVEQ > —dyQ i Q(t), Q>0 on Q)

19



for t > 0, and QQ > —Ny at t = 0, we get, by comparison
Q(z,t) > —Nye 1,

hence

lim inf { inft)Q(:c,t)} > 0. (6.10)

t—o00 zeQ(

Similarly, since F(x,t) < K,

0Q AN
— WO <dy [ 22K -
T NV°Q < dy (dN Q)
and, by comparison,
A
Q(x,t) < d—NK + Age~ (6.11)
N

for some constant Ag, which can be chosen to be independent of the initial
data in view of (6.7). Hence,

Qz,t) < /\—NK—l—leN if t > to,
dn
where tj is independent of the initial data.

To prove the lemma we assume, to the contrary, that for each n € N
there is a solution (F,, Q,) and growing domains ,,(t) satisfying (6.4)-(6.6),
z, € R? and t,, — oo such that

1
F.(zp,t) <= forallt>t,, (6.12)
n

and proceed to derive a contradiction.

By further increasing t,,, we may assume that for each R > 1, there exists
ng such that Q,(t,) D Bgr(z,) for any n > ng. Here Bgr(x,) denotes the
disc of radius R centered at x,. In the following, Br = Bg(0) denotes the
ball of radius R centered at the origin.

Step 1. We claim that for any R > 0,

lim Q,(x, +x,t+t,) =0 uniformly in (z,t) € Bg x [0,00).  (6.13)
n—oo

To prove it we assume, to the contrary, that there exist R > 0, 6 > 0,
(F°,Q%), s, € (t,,0) and 2/, € Bp such that

Qn(Tn + 75, 8,) >0 (6.14)
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for the solution (F},,@,) with initial data (F°,Q%). By passing to a subse-
quence, we may assume that

(Fm Qn)(mn + T, 8, + t) — (Fom QOO>(x7 t)

locally uniformly in (x,t) € R? x R, where (F,, Q) satisfy the system

(6.4)-(6.5) over the entire space R?* x R. Since Fi,,(0,0) = 0, by (6.12), the

maximum principle implies that F.(z,t) =0 for x € R?, ¢ < 0. Hence
Qo

W — (5nV2Qoo = _dNQoo for x € Rz, t < 0,

and, by comparison, for any x € R?, t; <t <0,
Qool,t) < Mye dv(t=to),

Letting tg — —o0, we have Q. (z,t) < 0 while, by (6.10), Qs > 0; hence
@ = 0. Since this is a contradiction to (6.14), the proof of (6.13) is com-
pleted.

From (6.11) and (6.13) it follows that for each R > 1 and 0 < § < 1,

Qn(xn + x, tn + t) S MN]]'RQ\BR(x) + 51]'BR(I) = @R,é(x)

for sufficiently large n; here 1p =1ifz € D and 1p =0if z ¢ D.
In the sequel we fix R and § such that

7 .

F

where (¢g, pg) is the eigensolution of

—V?¢p = pur¢r in Br, ¢p=0 ondBg, |¢r|r~=1.

Note that ur — 0 if R — oo, hence we can make 7 prositive by taking R
sufficiently large and ¢ sufficiently small.
Step 2. Let I denote the solution of

F'(x,t) =0 for x € OQ,(t +t,) —xz,t >0,
(6.15)

{(% — 6pV) E" = G(E", Qry(x)E" for 1 € Ot +1,) =, t > 0,
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with initial data
F"(2,0) = F,(xp, +2,t,) forx e Q,(t,) — zp, (6.16)
for n large (so that Br C Q,(t +t,) — x,). By comparison,
Fo(zn+x,t, +t) > F"(x,t) forx e Q,(t+1t,) —x,, t >0.  (6.17)

Step 3. We extend ¢r(x) by zero to R?\ Bx and consider the maximal interval
(0, 0] such that for all v € (0, o,

—6:V2(16r) < G(v0r, Qra(r))(7$(R))  for all z € Bp.
Since G(p,q) = Ap — NNy — pAr/K — ngq,

K
%ZVZE(/\F—UNO—U(S—(;F—MR)>0-

Note that y¢g is a (stationary) sub-solution of (6.15) for v € (0, 7o].
Consider the solution . (z,t) of (6.15) with initial data yop(z). If 0 <

v < 7o then
0

ot
and % > 0on 0Qt+t,) —z,, for t > 0. We may then apply the maximum
principle to % to conclude that
0P (,1)

T>O for x € Q,(t +t,), t > 0.

¢7(x,t)‘t:0 >0,

It follows that v, (z,t) 7 p,(x) as t = oo, where p,(z) is a positive solution
of

_5Fv2p’7 = G(p’W@R,S(I))pV in Q(OO) = RQ? (618>
and
py(z) > yor(z) for all x € R% (6.19)

By comparison,

Uy(z,t) <y(z,t) f0<y<qy <y

and hence
py(z) < pyy  for vy € (0,7, x € R2.
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Step 4. If v is small enough such that
vor(z) < Fo(v, +2,t,)  for x € Q,(t,) — =,

then F"(x,t) and v, (x,t) are a pair of solution and subsolution of (6.15)-
(6.16). In view of (6.17), we have

Fo(xy, +z,t, +t) > F"(z,t) > ¢, (z,t)  forx e Q,(t+1t,) —x,, t >0,
while, as ¢t — oo, ¥, (z,t) " py(z). It follows that

litm inf F, (2, + 2,t, + 1) > p,(2) > y¢r(z) locally uniformly for x € R?,
— 00

where the strict inequality follows from (6.19). We claim that
py(z) = py(x) for z € R* and v € (0, 7). (6.20)
Once this is proved, then

hggf Fo(zn + 2ty +1) > 7¢r(z)  locally uniformly for x € R?.
Taking 2 = 0 and recalling (6.12), we see that 1 > ~4y¢r(0), which is im-
possible if n is sufficiently large. This contradiction completes the proof of
Lemma 6.2. Thus, it remains to prove the assertion (6.20).

Step 5. To prove (6.20), we note that if p,(x¢) = p,,(2¢) for some z, then
by the maximum principle applied to p,,(x) — p,(x), we conclude that (6.20)
holds. Hence, if (6.20) is not true, then, for some v € (0,70),

Py (2) < py(x)  for all z € R (6.21)

We proceed to derive a contradiction to (6.21). First we note that there must
exist xg € Bg such that

YoPr(T0) > Py (T0)-

Since otherwise we can apply the maximum principle to p,, (z) — ¥, (2, )
and conclude that p,, (z) — ¥, (z,t) > 0 for all £ > 0, and hence

p%(x) > tlir{é@bVo(x’t) :p’Yo(‘r)?
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which contradicts (6.21). Hence, setting

v =sup{y > 0: v¢r(z) < py,(z) Vze R},

we conclude that v* < vy (and thus is finite),
Y ér(z) < py(z) in R? and y*¢r(z’) = p,,(z') for some 2’ € Bp.

But since p., (z) is a solution of (6.18) while v*¢r(z) is a subsolution, the
maximum principle implies that p., () = v*¢r(z) in R?, which is impossible
since p-, (z) > 0 in R? while ¢g(z) = 0 in R?\ Bg. This completes the proof
of (6.20).

6.2 Proof of Lemma 6.2

Following [13| we use a method from persistence theory [37] to derive
(6.8) from (6.9). We begin by noting that if (6.8) is not true then for each
n € N, there is a solution (F,,Q,) and growing domains ,(t) satisfying
6.4)-(6.6), and x, € R? such that

1
liminf F,,(z,,t) < —.

t—o00 n

By applying Lemma 6.3, we easily see that there exist sequences ¢, — oo
and s,, > 0 such that

{Fn(:cmtn) — & Fy(2,1) <& fort € [ty, by + 50, (6.22)

Eo(n, tn + 5,) = L.

By passing to a subsequence we may assume that (z,t) — (F,, Q,)(z, +
x,t, + S, + t) converges locally uniformly to (Fi, @), an entire solution
in R? x R of (6.4)-(6.5). Since F,(0,0) = 0, by the maximum principle
Fy(x,t) =0 for z € R? ¢ < 0. This implies that s,, — oo. Indeed, otherwise
s, has a bounded subsequence. We may then pass to a further subsequence
so that s,, — s* < oo and then

= lim F,(z,,t,) = Fx(0,—s") = 0.

2 n—o0

We next consider the function
(xa t) = (Fna Qn)(xn +a,t, + t)
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and, by passing to a further subsequence, its limit

(F,Q)(z,t) = lim (F,,Q,)(xn + 2, t, +t) in the local uniform sense.
n—oo

~ A~

F(0,0) = As a consequence of the maximum principle, Q(z,t) > 0
for all (z,t). The initial data

(F,Q)(x,0) = lm (Fy, Qu)(wn + 2, )

The pair (F,Q) is an entire solution in R x R of (6.4)-(6.5), and that
ar
5.

belongs to the class (6.7). We can then apply the proof of Lemma 6.3, which
works the same in the case where (t) = R? for all £ > 0 (note that the
constant «; > 0 is independent of Q(t) as long as Q(c0) = R?), to conclude
that

limsup F(z,t) > a; for each 2 € R?. (6.23)

t—o0

On the other hand, by (6.22),
aq

Fo(x,,t, +1) < 5 for ¢t € [0, s,

and since s,, — co we deduce that F (0,t) < &, for all t. This contradicts
(6.23), and completes the proof of Lemma 6.2.

6.3 Using Lyapunov function

From Lemma 6.2 and (6.10)-(6.11), we have,

0 < ap < liminf [ inf F(:z:,t)} <limsup | sup F(z,t)| <K,
t—oo | zeQ(t) t—oo  |zeQ(t)
0 <liminf | inf x,t)| <limsup | su )| <MK,
T t=oo |:x€Q(t) Q( ):| - t%oop [zEQI()t) Q( ) — N

We shall construct a Lyapunov function and use it to prove the assertion
(6.3) of Theorem 6.1. Our proof uses the assumption that the dimension
of the spatial domain is two. (For higher dimensions, see [12] for a proof
which uses the additional assumption r = dy.) Consider also the function
V :(0,00) x R = [0,00) defined by

V(F,Q) =Vi(F) + V2(Q)
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where

F . *
W) = [ S @ =gV N (621)
Note that ) )
VI(F) = £, VI(F) = 5,

V3(Q) =35(Q—N"+DNo),  VH(Q) = 5%

The function V(F, Q) was proposed by Ardito and Ricciardi [1], as a suitable
Lyapunov function, to prove the global stability of certain predator-prey
system.

Note that V' > 0 on the set

P={(FQ) eR:qy<F<K and 0<Q < AvK/dy},

and that it is strictly convex in P and attains a unique global minimum at
(F*, N* — Ny). Moreover, there exists k € (0,1) small enough such that

K(|F—FP+]1Q—N*+No|*) <V(F,Q) <k Y|F — F** +|Q — N* + Ng|*)
(6.25)
for all (F,Q) € P. Now define the vector field H : P — R? by

H(F,Q) = (G(F,Q)F, \AnF—dnQ) = (Ar—nNo—nQ—ApF/K)F, \yF—dxQ).

By computation, using (6.1),

—

VV(F,Q)-H(F,Q) (6.26)
= VI(F)(Ar = nNo = 1Q — A\p F/K)F 4+ V3(Q)(ANF — dnQ)
— (F = F")[=n(Q = N" + Ny) — (F — F")/K]

1 (Q = N4 No)w(F = F) = d(Q = N* + No)]

1 ndN
— — —(F— F*? 2%
(F = F? =0

K (@ — N* + Np)*.

Recalling (6.25) we see that there exists a positive constant ay such that

—

VV(F,Q)-H(F,Q) < —aV(F,Q) forall (F,Q)e PCR?* (6.27)
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Proof of Theorem 6.1. The proof is adapted from a proof of a similar result
for a predator-prey model in R? [13], and in bounded domains with Neumann
boundary conditions [11]. We proceed by contradiction, assuming that there
exists a sequence (xy,t) such that t, — oo and z — 7, for some z,, € R?
and that

|F(xy, ty) — F*| + |Q(zk, tr) — N*+ No| > 6" for some §' > 0. (6.28)
Consider the sequence of functions (Fj, Q)x) defined by
(Fi, Qi) (@, t) = (F,Q)(,t + tk).
By parabolic estimates, we can pass to a sequence and assume that
(Fi, Qi) (z,1) = (Foo, Qoo)(z,t)  locally uniformly for (z,t) € R? x R,

where (F., Qu) is a solution of (6.4)-(6.5) in the whole space (z,t) € R* xR
and satisfies

A
ap < Foo(z,t) < K, 0< Qoo t) < ﬁK forz € R% teR. (6.29)

ie. (Fo(z,t),Qu(z,t)) € P for each (x,t).
Let us consider, for each R > 0, the function ¢t — Wg(t) defined by

X

Wilt) = [ () V(Pelant). Qulant) do

where p : R? — [0, 1] is a smooth cut-off function such that
p(x)=1 for|z| <1, and p(x)=0 for |z|>2.

The time derivative of Wx can be computed as follows:

= [ o (5 vvireu- (% 20

= [ () WPV Fe Vi (Qu)on 9 Qu] do
RQ

o [ o(E) W0 A (R0
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Hence, using (6.27), we obtain

d
EWR( ) < —uWr(t) + IR(t) + I5(t), forallt€R, (6.30)

where

T3(t) = 6n [ p (%) V3(Qoo) NV Qo d.
Next we estimate I5(t) by integration by parts:

{I}%(t) = 61 foo p (2) V{(Foo) V2Food,
)

Th() = Vo () - VWPde—r [ p(5) VEIIVAF do
Ve o ()
< % [V (%) Vi (Fae) da.

Hence, we deduce that
Ip(t) < HV pPllezy | Vi(F) da. (6.31)
Bar

Similarly, we can show that
2 N 2
Ii(t) < T3 lIVopllreme) V2 (@) da. (6.32)
Bar

Recalling (6.29), it follows that

sup  V(Fuo(z,1),Qu(x,t)) = sup [Vi(F(z,t)+Va(Qu(z,t))] < o0,

(z,t)ERZXR (z,t)ERZXR

so that (6.31)-(6.32) implies the existence of M > 0 independent of R > 0
such that
Int)+ I3(t) < M forallt € R;

here we used our assumption that the spatial dimension is not larger than
two. Thus the inequality (6.30) implies, for each R > 1,

d
ZWalt) < —auWa(t) + M, forallt € R
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Solving above differential inequality, we deduce
M
Wr(t) < — forallt e R, and R > 1. (6.33)
&%)
For each t € R, we can let R — oo to obtain

M
W(t) = / V(Fx(z,t),Quo(x,t))de < — forall t € R.
R2 (o))

We can then improve the estimates (6.31)-(6.32) to

C

C ¢ M
R2 Oég.

/Bm V (Facl,0), Quelar 1)) d < W (0) < 1

Iy(t) + In(t) <
Letting R — oo, we obtain limsup[/h(t) + I%(¢)] < 0 uniformly in ¢ € R.
R

—00
Thus, we can let R — oo and then M 0 in (6.33) to deduce that W (t) <0
for all £ € R. Since W(t) is nonnegative by construction, it follows that
W (t) = 0. Hence, it follows that

Fo(z,t),Quo(z,t)) = (F*, N* = Ny) forallz € R? t € R.
(Foo(z, 1),

This is a contradiction to (6.28). O

7 Part 2. The FNT model

In this section we extend the results of Sections 3-6 to the model (2.1)-
(2.7) which includes the variable 7. To prove Theorem 3.1 we write the
system (2.1)-(2.3) in a form similar to the system (3.4),

, i : S
at — 0 RtO) VAF - FR(t) tt) o = [)\F <1 B E> —il - CT} ’

8t 5N R t)2 VQ - TR( da_N o )‘NF dN(N NO)

oL _ 5.1 R“O UV — FR(t )’;(ff) 9L = M F + Mpn (N = No) — do(T = To).

(7.1)
We can then use Schauder and L” estimates as in the case of the system
(3.4) to establish global existence of a unique solution of (2.1)-(2.7) with

(F, N, T) e [02+a,1+a/2<Qoo)]3'
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Theorem 7.1. If R,, < oo then (3.6)-(3.8) hold and
lim sup |T(r,t)—To|=0. (7.2)

t=00 o< <R(1)
Proof. By Theorem 3.3, (3.6)-(3.8) hold as well as the inequalities (3.11)-
(3.12). By repeating the proof of Theorem 3.3, we deduce that for any € > 0,
there exists a t. such that

IN(r,t) — No| < di + AWt for 0 < < R(t), t>t.  (7.3)
N

ie. sup |N — Ng| — 0ast — oco. We can then derive, for any € > 0, the
0<r<R(t)

following inequality for T(r,t) = T'(r,t) — Ty

T . .
or _ orV2T + drT

T <e for0<r<R(),t>1

By comparison, we can then establish an inequality similar to (7.3) for T. O
Theorem 7.2. If nNy + (Ty > Ap then tlgglo R(t) < 0o, and hence, by Theo-
rem 7.1, the equations (4.1), (4.2) and (7.2) hold.

Proof. As in the proof of Theorem 4.1,

N(r,t) > No(1 —e ) for ¢t >0,

so that for any small € > 0,

T
a— - 5TV2T Z )\TF — )\TNN()@_dNt — dT(T — T())

ot
>—dT<T—T0+€)
if t > t. where t. is sufficiently large. Set
T(r,t) = (Ty —€) (1 — e~drt=te)),

Then, by comparison, T(r,t) > T(r,t) for t > t.. Hence T(r,t) > T — 2¢ if
t > t. for some large t. € [t., 00).

Taking e sufficiently small and introducing the same function X(t) =
fOR(t) rF(r,t)dr, we can now follow closely the proof of Theorem 4.1 to es-
tablish the estimate (4.4), with nNy replaced by nNg + (Tp, and complete
the proof of tlggo R(t) < o0. O
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Corollary 7.3. Suppose nNg + (Ty > Ap. From the above proof we deduce,
analogously to Corollary 4.2, that for any € > 0,

|log(nNo + (T — )\F)q
nNo + (1o — A

R(t)*<C {1 + R(0)* +

Theorem 7.4. If nNy + (Ty < A\p and

A\p—nNy — T, ]~ Y%
R@>[F”§ Cﬂ o
F

then lim R(t) = co.
t—00

Proof. The proof is the same as in the case of Theorem 5.1, by just replacing
nNg by nNg + (Ty. We omit the details. m

We next consider an extension of Theorem 6.1, with the steady point
(F*, N*,T*) given by

dy ) dn’

N* = No+ 32F",  T"=Ty+ (Ar+Arwiy) &

-1

F* = (Ap = nNo — (To) [%+”%+C<AT+/\TN3_§> %] :
Theorem 7.5. Assume that

A
NN+ CTy < Ap  and  CN2y < 4ndeNA—T~ (7.4)
N

If R(c0) = o0, then
(E(r,t), N(r,t),T(r,t)) = (F*,N",T*) ast— o0
locally uniformly in r, for 0 <r < co.

Proof. The proof of Lemma 6.3 extends with small changes. Assuming for
contradiction that (6.12) holds, and setting S = T' — Ty, we can first estab-
lish that (6.13) holds and then, in a similar way, that S, satisfies the same
estimate in Bg X [0,00). In addition, S is uniformly bounded, like ). We
can then introduce lower solutions ™, similarly to (6.15)-(6.16), with

G(E", Qps(x), Sps(x))E"
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for an appropriate function G, and proceed as in Steps 2-5 to derive a
contradicton.

The proof of Lemma 6.2 follows from Subsection 6.2 with just minor
changes, replacing @Q),, by (@, S,) everywhere.

We next introduce a Lyapunov function V(F,Q,S) = Vi(F) + Va(Q) +
V3(S), where Vj, V5 are given in (6.24), and

¢

Va(9) = o5

= (8 —T*+Tp)>.

The vector field H (F,Q,S) of the full system is

. (Ar —nNo —1Q — Ty — (S — ApF/K)F
H(F,Q,S) = AE — dyQ
)\TF—F)\TNQ—dTS
Then, writing F = F — F*, QZQ—(N*—NO), 5*:5_<T*_T0)’
VV(F,Q,S)-H(F,Q,5)
O—c5—2p| L9 [A F—d Q} ¢s [)\ F ot dnQ—d S*]
N K )\ N N )\T T TN T
_ _>‘_F 2 ndy N2 Cdr zo | CArN
O VA W
< —Oés(ﬁz +O* + 52)
= —3[(F = F*)? +(Q = N+ No)’ + (S = T+ Tp))?]

5Q

for some a3 > 0, where we used the second condition of (7.4) for the inequal-
ity. Hence, we may repeat the arguments in Subsection 6.3 to complete the
proof. O]

Remark 7.6. The second inequality in (7.4) was needed in the construction
of the Lyapunov function; without it we still have, from the proof of Lemma
6.2, that

liminf inf F(r,t) > F, >0,

t—o0 0<r<R(t)

for some constant F, > 0. We also note, as explained in the introduction of
the dynamics (1.2), that Apxn is small compared to Ay, since the activation
of T cells is due primarily to dendritic cells, and we can also, if necessary,
decrease  so that the second inequality in (7.4) is satisfied and then conclude
that F, = '™ as asserted in Theorem 7.5.
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8 Conclusion

In this paper we considered a mathematical model of fungal infection, fo-
cusing on the interaction between the innate and adaptive immune responses.
Candidiasis is a class of fungal infection caused by Candida, a type of yeast.
The infection most commonly presents in the mouth and vagina, but if left
untreated it may spread to the esophagus, bronchi, trachea, or lung. Such
invasive fungal infection (IFI) is a cause of significant morbidity and mortal-
ity in immuno-compromised individuals [7,29,32]. The mathematical model
is presented by a system of PDEs in order to account for the spread of fungal
infection.

The model consists of three equations, for the densities of fungi (F'),
neutrophils (N), and CTL or CD8" T cells (T) in the infected domains
Q(t), as t increases. The critical parameters in the model are the growth rate
Ar of F'| the killing rates of fungi by neutrophils (n) and by T cells ({), and
the "natural defense" in homeostasis Ny (for N) and Tj (for T'). We assume
that all variables are radially symmetric, that Q(t) = {r < R(t)}, and that
R(t) increases in proportion to the flux of F' across the boundary r = R(t).
Our main results are:

o If Ny + (7o > Ap, then lim R(t) < oo and lim limsup F(r,t) = 0.

o If NNy + (Ty < Ar and R(0) is large enough, then tlim R(t) = oo;
—00
moreover, tlim F(r,t) = F* > 0 locally uniformly in r if one assumes
— 00

in addition that (A < 4ndrdy3L.

Common drugs for the treatment of IFI include antifungal agents that
either directly kill fungi or prevent their proliferation [29]. In our model
these treatments have the effect of reducing A\p. Other more recent drugs
(mostly experimental or in early clinical trials) aim to strengthen the immune
response by (i) augmentation and activation of neutrophils (increasing Ny);
(ii) making neutrophils more effective (increasing n); (iii) increasing T cells
immunity (increasing Tp); and (iv) increasing antibody immunity (increasing
¢) [29,32]. Each of the above drugs increases the quantity nNo + (7o — Ar,
and once it becomes positive, the infection may be considered resolved.

In the present paper we used a simple model whereby the immune re-
sponse is represented explicitly only by neutrophils and CD8" T cells. We
did not include macrophages and endocytosed fungi that proliferate within
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macrophages, dendritic cells (except tacitly), and other cells and cytokines
involved in the immune response. Including these additional species will lead
to a far more complicated model, for which mathematical analysis alone will
undoubtedly be insufficient to draw meaningful conclusions on the efficacy
of drugs.

We finally note that although we used C. albicans as a template for fungal
populations, both the mathematical model and the mathematical results are
actually applicable to general fungal species.
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