ON COOPERATIVE ELLIPTIC SYSTEMS: PRINCIPAL EIGENVALUE AND
CHARACTERIZATION OF THE MAXIMUM PRINCIPLE

KING-YEUNG LAM

The purpose of this set of notes is to present the connection between the classical maximum
principle with the principal eigenvalue of the elliptic operator. We will start with the maximum
principle for single equations and proceed to the case of cooperative (or weakly-coupled) systems.
By adopting an idea due to G. Sweers, we give a characterization of the principal eigenvalue for a
cooperative system in terms of the spectral radius of a related positive compact operator, which
leads to an eigenvalue comparison criterion. As an application, we present a recent result concerning
the vanishing viscosity limit of the principal eigenvalue. For simplicity we only treat the Dirichlet
case in this note, and we remark that analogous results in the Neumann and Robin cases follow
with minor modifications of the proofs. This is joint work with Y. Lou.

1. INTRODUCTION

Suppose € is a smooth and bounded domain in R” and u € C'(Q) N C%(Q) and f € CY(Q)
satisfies

(1) —Au+pu=f>0 inQ and u>0 on N

It is well-known that if © = 0, then infqu = infgqu and u cannot achieve an interior minimum
unless it is a constant. On the contrary, if g > 0, then one can easily see that sometimes u can
attain a positive minimum in the interior. More generally, we have

Theorem 1. Suppose p > 0 and Lu > 0.
(i) infgu > infypo min{u,0}. ( < supg —u < supyq sup{—u,0})
(ii) uw cannot achieve an interior non-positive minimum unless it is a constant.

In particular, if u|pg > 0, then either w =0 or u > 0 in Q with O,u(xg) < 0 for all zy € O such
that u(zg) = 0.

Note: (i) and (ii) are called the weak and strong maximum prinicples respectively.
What if g > 07 Does the maximum principle still hold? In general, consider the following single
equation.
2) Lu:= —a;jDijju+ BjDju+cu=f >0 in (),
u>0 on 0f),
where (1 is a smooth and bounded domain in R", a;;,b;,c € C (€2), and for some positive constants

01,02 we have
o1l€? < ai;(2)&&; < aal¢)? for all € € R™

Date: June 3, 2013.



2 KING-YEUNG LAM

Definition 1. We say that the mazimum principle (MP) holds for (2) when (i) for each f € C(Q),
f >0, then any solution u of (2) satisfies u > 0; (ii) in addition, if either ulgq Z 0 or f £ 0, then
u>01inQ and dpu <0 on {xg € 0N : u = 0}.

Lemma 1.1 (Weak maximum principle). If ¢ > 0 and Lu > 0, then infgu > infyg min{u, 0}.

Proof. 1t is readily seen that if Lu > 0, then a strong maximum principle holds: u cannot assume
an interior minimum. In general, L(—e*') > 0 in Q if v is chosen large. Hence for all ¢ > 0,
L(u—€ee?1) > 0 and info u — €e?™* = infyq u — ee?™! and the lemma follows by taking e — 0. O

Lemma 1.2 (Hopf’s Lemma). Assume Q satisfies a uniform interior sphere condition. Suppose
u >0 and Lu > 0, then either w =0 or u > ed(x) in  for some € > 0, where d(z) = dist(x, 0Q).

In particular, if ¢ > 0 and u > 0 on 91, then u > 0 by weak maximum principle and the
conclusion of Lemma 1.2 holds. i.e. The weak MP and strong MP are equivalent.

Proof. Lu — min{c,0}u > Lu > 0. Hence we may assume without loss that ¢ > 0. It remains to
show that if w > 0 in some Bgr(0) C Q, then u > e(R — |z|) in Br(0) for some € > 0. (Since then
there cannot be any interior point xy where u(xg) = 0, and that d,u < 0 on the bondary.) Now

infBR/2(0) u = €1 > 0 and one can apply the weak maximum principle to v = u — ;},Ii (||~ —=R™7)
(Lv > 0 for o large) to yield the desired lower estimate. O

More generally, the following is proven in [Walter1989].

Theorem 2. Suppose h € C(Q) N C%(Q) satisfies
(3) Lh>0 inQ andh(x)>0 inS.
Then, for any u € C*(Q) N C?(Q) such that

Lu>0 mnQ, u>0 on 0,

one of the following holds
(i) w= Bh for some 5 < 0;
(ii) u=0in Q;
(iii) w > 0 in Q and O,u(zo) < 0 for all xg € O such that u(xp) = 0.
In particular, if either Lh 0 or h 0 on 02, then (i) is impossible and the MP holds.

Remark 1.1. When ¢ > 0, then any positive constants h = hg > 0 is a strict supersolution
satisfying the assumption of Theorem 2.

Proof. If u > 0, then by Lemma 1.2, either v =0 or v > 0 in 2.

If u < 0 somewhere, then (0,h|sn < 0 Lemma 1.2) there exists a minimal g > 0 such that
v:=wu+ph >0in Q. Now by Lemma 1.2 again either v = 0 (i.e. u = fh for some 8 < 0) or
v > ed(z) in . Suppose the latter holds, then by minimality of p, for all m large, there exists
Ty, € 2 such that

() + <u - ;) h(@m) = v(@m) — %h(mm) <0 o <u _ ;) h(@m) < —u(zm) < Md(zm).
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But this contradicts
M

pum —1

(@) — %h(azm) > ed(zp) — d(zm).

0

Example 1. Let L = —A — pu, then the prinicpal eigenfunction —A¢1 — upy = (1 — p)éd1 > 0 if
W< p1 serves as a strict super solution and hence the MP holds up to p < .

Hence it is important to consider the eigenvalue problem:

(4) { Lo = —ai;Dij¢ +b;Djdp +cop = pg in €,
6=0 on 02,

The main result for the single equation in this note is the following.

Theorem 3. Problem (4) has a principal eigenvalue py = pq (L), with the property that

(i) w1 is real and simple,

(ii) pq is the unique eigenvalue corresponding to a mon-negative eigenfunction,
(iii) the corresponding eigenfunction ¢1 can be chosen so that ¢1 > 0 in Q and d,¢1 < 0 on 0L,
(iv) p1 < Rep for all eigenvalue pn # 1.

Moreover, MP holds for (2) if and only if u1 > 0.

2. THE KREIN-RUTMAN THEOREM
Let X be a Banach space.

Definition 2. K C X is a cone if K is closed, convex such that sK C K for all s > 0 and
Kn(-K)={0}.
A given cone K induces a partial ordering:
wveX, u<v iff v—ueK.
In this case X is called a partially ordered Banach space with positive cone K.

Definition 3.
(i) If K — K = X, then K is a total cone.
(ii) If K° # 0, then K is a solid cone.

Note that any solid cone is total: Suppose Ba,(z) C K, then for all y € X we have z, z+7ry € K,
which gives y € 'K —r 'K = K — K.

Definition 4. We write v > u if v—u € K\ {0} and v > u if v —u € K°.

We say that T : X — X (1) is positive if T(K) C K and (it) is strongly positive if T (K \ {0}) C
Ke.
Example 2. X = LP(Q), K = {non-negative functions}, then K — K = X but K° = ().

Example 3. X = C (1), then K = {non-negative functions} is a solid cone.

Example 4. X = C}(Q) = {u € CYQ) : ulpg = 0.}, then K = {non-negative functions} also
forms a solid cone with K° ={u € K : u> 0 in Q and d,u < 0 on 02}.
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Theorem 4. Let X be a Banach space with positive cone K C X and T : X — X 1is a compact
linear operator.
(a) Suppose K is a total cone and T : X — X is positive with positive spectral radius: r(T) :=
limsup,,,_,oo Y| T™| > 0. Then r(T) is an eigenvalue of T with an eigenvector u € K\{0}.
(b) Suppose K is a solid cone and T is strongly positive, then
(a) r(T) > 0 is a simple eigenvalue with eigenvector v € K°. There is no other eigenvalue

with a positive eigenvector.
(b) |A| < 7(T) for all eigenvalues X # r(T).

See Theorem 19.2 and Ex. 12 in [Deimling1985] for the proof of part (a) and Theorem 1.2 in
[Du2006] for the derivation of (b) from (a).
3. PRINCIPAL MAXIMUM FOR SINGLE EQUATION

Let L = —a;;D;j +b;D;+c be as in the introduction section. First we demonstrate the existence
of principal eigenvalue p(L). Then by Lemma 1.2, (L + ) satisfies a strong MP if 8+ ¢ > 0.
Moreover, one can observe that the positivity readily implies uniqueness of the following problem

Lu+pfu=f inQ and w«w=0 on 0.

i.e. (by Fredholm’s alternative) T := (L + 8)~! : X — X exists and is strongly positive, where
X = C}(Q) and K be the set of non-negative functions, as in Example 3. By Theorem 4(b),
r(T) > 0 is a simple eigenvalue with an eigenfunction v € K°. Hence

L7LL:Lu+Bu<:>Lu: <7"(1T)_ﬂ)u

r(T)
and pp = TIT) — B is a simple eigenvalue of L with eigenfunction u € K°. Furthermore, define
B: X — X by
Bu := etLu]tzl,
where et is the semigroup generated by L, i.e. for each u € X, v(z,t) = e_tLu(x) is the unique

solution to
{UtJrLU:O in Q x (0, 00),
v(z,0) =u(z) in Q.
Then it is well-known that B is strongly positive. Moreover, if u is an eigenvalue of L, then e™# is
an eigenvalue of B with the same eigenspace. Hence the principal eigenvalue of B guaranteed by
Theorem 4(b) is e ! and we have for all eigenvalue p # p; of L,

le™#| < e < pu; < Rep.

This proves the first part of Theorem 3. Now the second part of Theorem 3 follows readily from
Theorem 2, as any positive principal eigenfunction ¢; is a strict supersolution:

Loy =p161 >0 inQ, ¢ =0 on 0N

Here we give an alternative functional analytic proof of the second part of Theorem 2, which can
be generalized to study the maximum principle in cooperative systems. Given any 8 > 0 such that
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B+c>0,and p € (-, 00), define 4, 5: CL(Q) — C3H(Q) by A, gu:= (L+ B8)"(u+ B)u], where
(L + B)~1f is the unique solution to
Lu+Bu=f inQ w=0 ondf.
Lemma 3.1. Suppose pp+ 3 >0, i.e. A, 5: X — X is strongly positive, then
(i) r(Aup) <1 <= p<m(L);

(ii) r(Aup) =1 = p=m(L);
(il) 7(Aup) > 1 = p> (L)

Proof. Again let ¢1 € K be a principal eigenfunction of L corresponding to p;(L), then
p+B

A = ——¢.
Hence by the characterization that (A, ) belng the only eigenvalue of A, g corresponding to an
eigenfunction in K \ {0}, we have r(4, 3) = )’i 5- This proves the lemma. O

Proof of second part of Theorem 3. 1t is clear that if u; < 0, then the principal eigenfunction pro-
vides a counter example to the MP. Suppose @1 > 0, then by Lemma 3.1(i), for any g large (so
that (L + 8)~! is strongly positive), (4 5) < 1. Hence, >0 A%,B : X — X is well-defined and
strongly positive. Suppose we have
Lu=f >0,
then it is equivalent to
Lu+ Bu = Pu—+ f.
By definition of Ag g, we have
u=Aggu+(L+B)
Finally, taking %7 =0 A 0.5 on both sides, we have u =T f, where

T := ZA (L+B)71: X > X

is a strongly positive operator. This completes the proof. ]
We end this section on single equation with the following observation:
Corollary 3.2. Assume ¢ <0, and that 11(L) > 0. Suppose (2) holds, then u > 0 and
—a;jDiju+b;Dju > —cu > 0,
which implies that
(5) iIglzfu:i(%leUZO.
For example, let L = —A — p, for some p € [0, u1). If
—Au—pu>0 inQ, u>0 ond,
then (5) holds.
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4. MAXIMUM PRINCIPLE FOR COOPERATIVE SYSTEM

Now we consider the following linear cooperative problem:
(6) { Lyuy, .= —aijijuk + b?Djuk + ckuk =hpu+ frr mQ1<kE<N

u =0 on 092, 1 <k <N,
where afj,b?,ck e C(Q); for some oy, 09 > 0,
o1]é)? < ai-“j(@&gj <oglé)? foralll<k<N,zecQ, £ecRY
and that h;; is cooperative and irreducible, i.e.
hij >0  when i # j, and
there does not exist a partition « U 8 = {1,2,..., N} such that h;; =0 for i € o and j € .

The requirement that H is irreducible is equivalent to saying that the system cannot ”decoupled”,
i.e. it cannot be broken down into smaller systems. Alternatively, we can write (6) in vector
notation, by letting L = diag Ly, H = {h;;}, v = {ui} and f = {fi},

(7) Lu=Hu+ f inQ,
u=20 on 0f2.

In this section, we are going to show the existence of principal eigenvalue for the cooperative
problem

(8)

or in vector notation,
{ Lop=H¢p+ A p 1in Q,

Ly = higgr + A, inQ, 1<k<N
¢k =0 ond0, 1< k<N,

() =0 on 0,
In this section, set X = [C(Q)]Y, K = {u € X :u; > 01in Q for all k}¥. One can deduce that
K°={ue X :u;>0in Q and dyu < 0 on 0N for all k}.

We are going to show the counterpart of Theorem 3.

Theorem 5. System (4) has a principal eigenvalue Ay = \y(L — H), with the following properties:
(i) pq is real and simple;
(ii) p1 is the unique eigenvalue corresponding to an eigenfunction in K (non-negative eigen-
function);
(iii) the corresponding eigenfunction ¢1 lies in K°;
(iv) A1 < Re for all eigenvalue A # \1.
Moreover, MP holds for (2) if and only if \1 > 0, i.e. (L— H)™':X — X erists and is strongly

positive.

First we demonstrate the existence of principal eigenvalue A\ (L — H). WLOG assume hy; > 0
for all k,I. Let 8 > 0 be large so that for all k, (Li + 8)~! : C}(Q) — C4(Q) (under Dirichlet b.c.)
exists and is strongly positive. Define for such g and A € (—3,00), Ayp: X — X by

(Ax ) == (L + B) gy + (A + B)ug]  for 1 <k <N,
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or in vector notation

Ay pu = (L+ B Hu+ (A + B)ul.
Then A) g is compact, linear and strongly positive. By Theorem 4(b), r(Ayg) > 0 is a simple
eigenvalue with eigenvector in K°. Moreover, it is the only eigenvalue corresponding to an eigen-
vector in K. We establish the counterpart of Lemma 3.1. Note that Lemma 4.1 will become useful
when we estimate the vanishing viscosity limit of A\;(L — H) in Section 5.

Lemma 4.1. The principal eigenvalue \y = A\ (L — H) exists. Moreover, the following
statements hold.
(i) T(A)\”@) <l <<= A< )\1(L - H);
(ii) T(A,\Hg) =1 <~ A= )\1(L — H),‘
(ili) r(Axg) >1 <<= A>M\(L—-H).

Note that different from the single equation case, the existence of A; is part of the conclusion
here.

Proof.

Claim 1. If r(Axg) = 1, then X is a simple eigenvalue of L — H equipped with a positive eigen-
function.
Claim 1 follows from Theorem 4(b).

Claim 2. There exists at most one eigenvalue A of L — H corresponding to a non-negative eigen-
function. Moreover, A < Re X for all eigenvalue N # X\ of L — H.

L=H)  Since

Claim 2 follows from the application of Theorem 4(b) to the semigroup operator e U
it is similar to the single equation case, we omit the details here. Now by Claims 1 and 2, it remains

to show
(I) If r(Ay, ) < 1, then there exists A > g such that r(A4, g) = 1.
(IT) If r(Axyg) > 1, then 7(Ay g) > 1 for all A > Ag. Moreover, there exists some 3 > 0 and
X € (—f,00) such that r(Ay g) = 1.
Note that (I) and (II) gives the “==" direction of (i) and (iii) and the opposite directions follows
automatically. For (I), suppose (Ao, 8) < 1 for some \g > —f3. Observe that for A > )\, and any
fixed u € K?, there exists € > 0 such that

(Axgu)e > (L + B) A+ B)u] > (A + B)ews.
Hence we see that r(Ay g) > 1 for all large A\. By continuous dependence of 7(A) g) on A, we have
that 7(Ay g) =1 for some X > X\g. Hence \; = X' > XAg. This proves (I).
For (II), suppose 7(Ay,3) > 1 with eigenvector @ € K°, then for all A > Ao,
Ayl = Axg gl + (A= Xo) (L + BI)7'a > r(Ay, 5)i

and yields 7(Ayg) > 1 for all A > Ag. Hence Ay, if exists, has to be strictly smaller than Ag. We
now turn the exsitence of \; in case (II). First, we claim that ||(Ly + 3)~!|| = 0 as 8 — oo. To see
the claim, observe that if for some k,

Lyug + Bug = fi,  uglog =0
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then by maximum principle,
(Sgpuk)(_|cli|oo +8) < SUp fr and  — (igfuk)(—lcliloo +f) < —inf fi.

Combining, we have

Hence by elliptic regularity, |luklciq) = o(|fklo) as 8 — oo. ie. [|(Lk + B)~Y| — 0. This implies
that r(A_g ) < 1 for some 3’ > 0 large. Then again by similar arguments as in (I), we derive the
existence of A\ = A\;(L — H). This proves (II) and completes the proof of the lemma. O

Now we are in a position to prove Theorem 5.

Proof of Theorem 5. We have already proved the first part of the theorem concerning the existence
and properties of A\ = \(L — H). As before, if A\; < 0, then the principal eigenfunction provides
a counter example to show that the maximum principle does not hold. Suppose A1 > 0, then by
Lemma 4.1(i), r(Agg) < 1 for some 3 > 0 and we can show as before that for each f € X, (7) has
a unique solution u, given by T'f, where T : X — X is a positive compact linear operator given by

T = Z A) o(L+BI)™
And hence the strong maximum principle holds for (7). O

5. ASYMPTOTIC BEHAVIOR OF A1 WHEN DIFFUSION COEFFICIENT TENDS TO ZERO

Consider

(10) ) on 9.

Here D = diag{dy}, L = diag{Ly} is as in the previous section and ® = {¢x}. Suppose H = {hy;}
is cooperative and irreducible. WLOG, we may assume that h;;(z) > 0 for all 4, j.

{ DL® = HP + A& in Q,

We have seen that (10) has a principal eigenvalue ;. In this section, we are interested in the
asymptotic behavior of \; as max{d;} — 0.

To state our result, we recall the counterpart of Krein-Rutman’s Theorem for non-negative
matrices:

Theorem 6 (Perron-Frobenius). Suppose H € RN*N s non-negative, then o(H) := r(H) > 0 is
an eigenvalue of H with a nonnegative eigenvector o € (Ry U{0})N. Moreover if H is irreducible,
then o(H) is simple with o € (R)N and o(H) is the only eigenvalue of H possessing a non-negative
etgenvector.

The main result of this section is the following theorem contained in [LamLou2013]:

Theorem 7 (Lam-Lou(2013)). Let A1 be the principal eigenvalue of (10), then
lim A\ = —maxo(H(z)).
Q

max{dg }—0
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Remark 5.1. In case d; ~ d; for alli,j, Theorem 7 is proved earlier in [Dancer2009], by consid-
ering the limiting system in either RN or half space with constant coefficient. In general, there is
no limiting system and we have to rely on a different method.

To show the Theorem, we will need the following boundary Lipschitz estimate:

Proposition 1. Suppose L = —a;; D;; +b;D; +c is as defined in the introduction section, then for
all f € CH(Q), ug := (dL + 1)1 f exists for all d small and satisfies

lug — f]
Sup ——————

0 d— 0.
o dist(z,00) - wa=

Proof. The proof follows from a careful application of the barrier method from the proof of Hopf’s
lemma. Please refer [LamLou2013] for details. O

Proof of Theorem 7. For simplicity, we assume h;; > 0 in Q for all 4,j. The general case can be
proven by approximation arguments. We shall treat the limsup and liminf separately. First we
show

liminf A\ > —maxo(H(z)).
max{dj, }—0 Q

As in the previous section, define Ay gu = (DL + BI)"*[Hu + (A + B)I]. Then by Lemma 4.1, it
suffices to show that for all fixed A < —maxq o(H (x)), 7(Ay |z+1) < 1 when max{dy} is sufficiently
small.

To this end, let a(x) denote the positive eigenvector corresponding to o(H (x)), normalized by
> ai(z) = 1. Then by uniqueness it is easy to see that a(z) is continuous. Take any ¢ € C3(f)
such that ¢ > 0 and 0, < 0 in 012, and define u = pa. Then for all € > 0,

Ay npru= (DL + (Al + D)) [Hu+ (A + || + 1]
= (DL + (AN + D)D) YpHa + (A + |\ + 1)pa]
= (DL+ (XN + D)D) Y(o(H(z)) + X+ [X| + 1)u]
< (DL + (]\| + l)I)_l[(mgx o(H(z)) + A+ A + 1)y

maxg o(H(z)) + A+ A +1
Al +1

(1+e€u

whenever max{dy} is sufficiently small, by Proposition 1. Hence if we take ¢ > 0 small such that

maxg o(H(z)) + A+ A +1
A+ 1

(I14+¢) <1,

then [|Ay |z41]] <1 and hence 7(Ay |y+1) < 1. This proves the first part of the theorem.
Next, we recall the well-known domain and coefficient monotonicity of A;. (e.g. It can be proven
by our characterization Lemma 4.1. See Proposition 3.4 of [LamLou2013].)

Lemma 5.1. The principal eigenvalue subject to Dirichlet boundary condition is monotone de-
creasing in the domain and also in hg for all k1.
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Now we proceed to show

limsup A\ < —maxo(H(z)).
max{dy }—0 Q

Again, it suffices to show that for A > —maxq o(H(z)), r(Ay |z+1) > 1. Let § > 0 be a given small
constant. Choose B = B, (x¢) C  such that

o(H") > mgxa(H(x)) -0

where H' = {h};} € RV>*N and for each 1, j, hi; = infp hjj(x). Denote the principal eigenvalue of
the following problem be \}:
DLv = H'u/' + Nv'  in Q,
u' =0 on 09,
Then by Lemma 5.1,
(11) N> .
Now take ¢ € CZ(Q) as before, and define u = {uy} by u = @a, where a is a non-negative
eigenvector of the constant matrix H’. Then again,
, o(H)+ X+ A\ +1
AA+1Y 2 N1

for some ¢ > 1. Hence (A

(DL + (|\| 4+ 1)) [pa] > cu

/>\|/\\+1) > 1 and hence
limsup N < —o(H') < —maxo(H(x)) + .
Q

max{dg }—0

The theorem now follows from (11) and letting 6 — 0. O
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