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1 Introduction

Phytoplankton is the generic name of microorganisms living in water columns, e.g. lakes
and oceans, which constitute the basis of the aquatic food chain. Its importance for the
proper functioning of the aquatic ecosystem has long been recognized, and its behavior
has been widely studied. Nutrients and light are essential resources for the growth of
phytoplankton. In oligotrophic ecosystems with ample supply of light, phytoplankton
tend to compete only for nutrients, while in eutrophic environments with ample nutrient
supply, they compete only for light. The distribution of phytoplankton in water columns
is often highly heterogeneous, as they are not only diffused by water turbulence but can
also be sinking or buoyant in the water column. To better understand the spatio-temporal
dynamics of phytoplankton populations, a series of reaction-diffusion models including
single and multiple phytoplankton species have been proposed and/or studied in [5,6,9,
14-16,19,20, 25,31, 33] and the references therein.

In this article, we continue our investigation on the two-species nonlocal reaction-
diffusion-advection system proposed by Huisman et al. [14,16], which is used to describe
the growth of phytoplankton species in a eutrophic vertical water column, where nutrients
are in abundance and the species are limited by light only for their metabolism. The
system describing the population dynamics of two phytoplankton species reads

(

ut = Diugy — arug + [1(L(z,t) —diJu, 0<z <L, t>0,
vy = Dovgy — aouy + [go(I(x,t)) — do]v, O0<z <L, t>0,
Dyug(x,t) — ayu(z,t) =0, z=0,L, t>0, (1.1)
Dovy(x,t) — agv(x,t) =0, x=0,L, t>0,
u(z,0) = up(z) >, %0, 0<z<L,
[ v(z,0) =vo(x) >,#0, 0<z<L.

Here u(z,t),v(z,t) denote the population density of the phytoplankton species at depth
x and time t, respectively. For i = 1,2, D; > 0 is the diffusion coefficient, c;; € R is the
sinking («; > 0) or buoyant (c; < 0) velocity, d; > 0 is the death rate, g;(I) represents
the specific growth rate of phytoplankton species as a function of light intensity I(x,t).
By the Lambert-Beer law [21],

I(z,t) = Iyexp ( — kox — /Ox[klu(s,t) + kgv(s,t)]ds>, (1.2)
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where Iy > 0 is the incident light intensity, kg > 0 is the background turbidity that sum-
marizes light absorption by all non-phytoplankton components, and k; is the absorption
coefficient of the i-th phytoplankton species. We assume that g;(I) is a smooth function

satisfying
gi(0)=0 and ¢;(I)>0 for I>0. (1.3)

The single species model, which can be obtained by setting v(x,t) = 0 in (1.1), has
been well-studied. We refer to [7-9, 12,17, 22, 27, 29-31] for further details regarding
the background of single species. In contrast, very few results exist for two or more
phytoplankton species, see [3,7,18,28]. The main difficulty is that system (1.1) does not
preserve the competitive order in the pointwise sense due to the nonlocal nature of the
nonlinearity, and therefore the global dynamics of the resulting system is far from being

completely understood. In [18], it is proved that the cumulative distribution functions

(U, 1), V (2, 1)) = </0$u(s,t) ds,/;v(s,t) ds>

satisfy a strong maximum principle, even though they do not satisfy a standard reaction-
diffusion system. As a consequence, system (1.1) can be regarded as a strongly monotone
dynamical system with respect to the order induced by a non-standard cone I = Ky x
(—K1), where

K1 = {(b e C([0,L],R) : /01‘ ¢(s)ds >0 for z € (O,L]} : (1.4)

This facilitates the application of the theory of strongly monotone dynamical system [2,
11,13, 23, 32, 34], which provides a useful method to investigate the global dynamics of
two-species system (1.1).

To analyze the effects of diffusion and advection on the global dynamics of (1.1), we

henceforth assume that the two species have the same growth rates and death rates, i.e.
91() = g2(-) and dy =dy, (1.5)

Furthermore, by replacing u(x,t) by k%u(:z‘,t), v(z,t) by k—zv(m,t), and g(-) by g(Ip-), we
may assume without loss of generality that k1 = ks = I = 1, so that

I(x,t) = exp <—koa: - /Ozv u(s,t)ds — /Oxv(s,t) ds) .
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In this case, the model under consideration reads as

ug = Diugy — aqug + [g(I(x,t)) —dlu, 0<x <L, t>0,

vy = Dovgy — aguy + [g(I(z,t)) —dJv, 0<ax <L, t>0,

Dyuy(z,t) — aju(z,t) =0, x=0,L, t>0, (1.6)
Dovy(x,t) — agu(z,t) =0, x=0,L, t>0,

u(x,0) = up(z) >,# 0, 0<z<L,

v(z,0) = vo(x) >,# 0, 0<z<L.

To facilitate the discussion, we also assume g(e %) — d > 0 to guarantee that (1.6) has
two semi-trivial equilibria (@,0) and (0,9) (see [12, Theorem 3.3]). Here @ is the unique

positive solution of

D1ty — a1ty + [g(exp(—koz — fox w(s)ds)) —dlu=0, 0<xz<L, (L)
D1ty — on@ = 0, z=0,L, '
and ? is the unique positive solution of
Doty — oy + [glexp(—kox — [ 0(s)ds)) —dlo =0, 0<z <L,
- - (1.8)
Dov, — v =0, x=0,L.

Assuming that the two species either have the same diffusion rates (D; = D3), or the

same advection rates (o = ag), the following results were obtained [18, Theorems 2.2-2.4]:
(i) When Dy = Dy and o < ag, the equilibrium (@, 0) is globally asymptotically stable.
(ii) When D; < D3 and a1 = ag <0, (@,0) is globally asymptotically stable.

(iii) When D; < D9 and a1 = ag > [g(1) — d]L > 0, the equilibrium (0,?) is globally
asymptotically stable.

The biological mechanism behinds the above results is clear: whichever species has better
access to the sunlight wins. For case (i), when diffusion rates are the same, the species
that is more buoyant (or sinking more slowly) has the advantage. For case (ii), when
both species are equally buoyant, the species with smaller diffusion rate wins since it is
more likely to stay on the top of the water column to gain better access to sunlight. The
reverse is true for case (iii), when both species are sinking with the same but large rate.
In this case, the species which has a larger diffusion rate has better access to sunlight, in
an average sense.

To explore the evolution of dispersal strategy, we will continue to enforce the simpli-

fying assumption that the two species have the same growth rates and death rates, i.e.
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(1.5) holds. Our main aim is to explore the joint influence of diffusion rate and advection
rate, allowing for some form of trade-off between these two rates.

By the monotone dynamical system theory, the long-time dynamics of system (1.6)
can largely be determined by (i) the local stability of the semi-trivial equilibria, and (ii)
the existence and stability of co-existence equilibria.

We first discuss the local stability of the semi-trivial equilibria. The linear stability of

the equilibrium (1, 0) is determined by the spectrum of the nonlocal eigenvalue problem

Ditpra — 016 + [g(01) — dld — g’ (o1)o1 [y (8(s) + ¥(s)) ds + A =0 in (0, L),

D2waca:_a2¢a:+[g(0'1) _d]¢+>\1/1:0 n (O,L),
(1.9)

where

o1(2) = exp <—k0x _ /0 " ails) ds) . (1.10)

Similarly, the linear stability of the equilibrium (0,?) is determined by the spectrum of
the following nonlocal eigenvalue problem

D1¢xm_a1¢x+[9(02)_d]¢+)\¢:0 in (O,L),
Dathas — gty + 9(02) — A1 — 39/ (02)03 [ (9(s) +9(s) ds + b =0 in (0, L),
(1.11)
where

o2(3) = exp <—kgm _ /0 " o) ds> . (1.12)

The systems (1.9) and (1.11) are integro-PDEs, and their spectra can be hard to determine
in general [24]. Nonetheless, it is proved in [18] that (1.9) (resp. (1.11)) has a principal
eigenvalue. See Proposition 3.1 for details.

When D; = D», the previous result [18, Theorem 2.2] implies that (@, 0) is linearly
stable if and only if a; < a9 and that (0, ) is linearly stable if and only if ay > ay. How
would this change if we allow Dy # Dy?

Below, we will fix Do > D; > 0 and characterize the local stability of semi-trivial
equilibria (@, 0) and (0, 9) by the parameter (a1, az) € R% Our first result is to show that
decreasing ay (resp. «) destabilizes the equilibrium (@, 0) (resp. (0,7)). In fact, one can
always define a critical value o] where the linear stability of the semi-trivial equilibria

changes.

Theorem 1.1 Assume 0 < d < g(e ") and fix 0 < Dy < Ds.
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(a) For each a; € R, there is a critical number oy = o (a1, D1, D2) € (—oo, g—fal) such
that the equilibrium (4,0) is linearly stable if and only if ae > 3. If, in addition,
ar > (g(1) = d)L, then

Do

Do~ (5 = D) —d)L < a5 < Flan. (1.13)

In particular,

(b) For each ag € R, there is a critical number o} = of(ag, D1, Ds) € (%ag, oo) such
that the equilibrium (0,0) is linearly stable if and only if a1 > of. Moreover,

Brag < aj(ag) < (9(1) —d)L for as < (9(1) — d)L,

(1.14)
Brag < aj(eg) < prag+ (1— L) (g(1) —d)L  for ag > (g(1) — d)L,

In particular,
(5] D2

li — = —.
azigl-oo o Dy
Next, we consider the dependence of global dynamics of (1.6) on the parameters

(a1, a2) € R2.

Theorem 1.2 Assume 0 < d < g(e %L) and fix 0 < Dy < Ds.
(a) If ag > g—foq, then (u,0) is globally asymptotically stable.

(b) If a1 > (g(1) — d)L and ay < g—f[al — (g(1) = d)L] + (¢(1) — d)L, then (0,v) is
globally asymptotically stable.

We refer to Fig. 1 for the illustrations of Theorems 1.1 and 1.2. Based on Theorem
1.2, we conjecture that the curves of a4(c;) and aj(as2) in the entire a; — a2 plane do not
intersect and they are ordered as illustrated. For the region between these two curves, we
conjecture that there exists exactly one coexistence equilibrium. In the region above the
curve ag = «j(aq), which includes {(a1,2) : a1 € R, > %al}, we conjecture that
(4, 0) is globally asymptotically stable; in the region below the curve a; = aj(a2), which
includes {(a1,a2) : a1 > (g(1) —d)L, s < %O‘l — (g—f —1)(g(1) = d))L}, (0,0) is globally
asymptotically stable.

Next, we fix the dispersal strategy (D1, 1) of the first species and ask: What kind of

dispersal strategies should the second species v adopt in order to drive the species u to
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Figure 1: Tlustrations of Theorems 1.1 and 1.2. For given 0 < Dy < Ds, we consider all possible
choice of (a1, az) € R?: the blue region indicates the choice of parameters (o, az) such that (i, 0)
is globally asymptotically stable, and the yellow region indicates the choice of parameters (a1, )
such that (0,0) is globally asymptotically stable. The curves a; = o (a2) and ag = ab(aq) lie in
the unshaded region, where the the global dynamics is unclear.

(O, V ) g.a.8.

(allDl)
{i,0)&a-s.
0 () -dLO OL;

Figure 2: Tllustration of Theorem 1.3. For given (D1,a;1) € (0,00) x [(g(1) — d)L,0), the
blue region indicates the choice of parameters (Da, 3) such that (@, 0) is globally asymptotically
stable, and the yellow region indicates the choice of parameters (Da, ag) such that (0, 9) is globally
asymptotically stable. The global dynamics is unclear in the unshaded region.
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extinction? Previously, this point of view was adopted in [18] to study the evolutionary
landscape by allowing only a single trait (i.e. diffusion rate or advection rate) to vary
while fixing the other one. Here, we present our findings when the diffusion and advection
rates are allowed to vary simultaneously. Theorems 1.3-1.4 below generalize and set the

results in [18] in a broader biological context. They are illustrated in Fig. 2 and Fig. 3.
Theorem 1.3 Let (D, a1) € (0,00) X [(g(1) —d)L,00) be given.

(a) If (D2, 2) € (0,00) x R\ {(D1,01)} satisfies

—(g(1) —d)L —(g(1) —d)L
o o,y 2z@dodh a @B =)L
Dy = Dy D, D,
then (0,0) is globally asymptotically stable.
(b) If (D2, 02) € (0,00) x R\ {(D1, 1)} satisfies
—(g(1) —d)L —(g(1) —d)L
9y M,y 2 Wodl, ;i tGBZdE g
Dy D1 D, D,
then (4, 0) is globally asymptotically stable.
Theorem 1.4 Let (D, 1) € (0,00) X (—o0, (g(1) —d)L) be given.
(a) If (Da,a2) € (0,00) x R\ {(D1,01)} satisfies
as o
— < == < .
D, <p, d D2<Di (1.17)
then (0,0) is globally asymptotically stable.
(b) If (D2, a2) € (0,00) x R satisfies
az > (g(1) —=d)L  and Dy < Dy, (1.18)
then (4, 0) is globally asymptotically stable.
(c) If (D2, 02) € (0,00) x R\ {(D1, 1)} satisfies
a9 (65}
= > = Dy >D 1.1
D2 = D1 and 2 = 1 ( 9)

then (4, 0) is globally asymptotically stable.

The rest of the paper is organized as follows: In Section 2, we establish some new
monotonicity results for principal eigenvalues of elliptic problem in one-dimensional do-
mains. In Section 3, we study the linear stability of two semi-trivial equilibria and the

global dynamics of system (1.6). The conclusions are discussed in Section 4.
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Figure 3: Illustration of Theorem 1.4. For given (D1,c1) € (0,00) X (—o0,(g(1) — d)L), the
blue region indicates the choice of parameters (Da, a3) such that (@,0) is globally asymptotically
stable, and the yellow region indicates the choice of parameters (D2, ag) such that (0,7) is globally
asymptotically stable. The global dynamics is unclear in the unshaded region.

2 Monotonicity results in an elliptic eigenvalue problem

In this subsection, we state or prove several useful lemmas concerning the principal eigen-

value A\1(D, a, h) of the eigenvalue problem

{ Dy — ady +hiz)é+ Mo =0, 0<z <L, 1)

D¢y —ag =0, z=0,1L,
where h satisfies
(A) h(z) € CY([0, L]) such that h/(z) < 0 in [0, L].
By the transformation ¢ = e_(a/D)xng, A (D,a, h) is the principal eigenvalue, with

positive eigenfunction v, of the following Neumann problem.

{ Dty + athy + h(z)o + M =0, 0<z <L, 2.2

%(0) = wx(L) =0.
The main result of this section is

Proposition 2.1 Fix a function h(z) satisfying (A), and let A\1(D, «, h) be the principal
eigenvalue of (2.1). Then

(a) %(D,a,h) > 0 for (D,a) € (0,00) x R.

(b) For each (Dy, ap) € (0,00) x R, we have

d
£A1(3D0,sag, h) >0 forany sé€ (0,00).
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(¢c) For each (Dy, ap) € (0,00) x R such that ag > (h(0) + A1 (Do, g, h))L, we have

g — (h(O) + /\1(D0, o, h))L
Dy s, h>

< 0.

s=0

d
—A\1 (Do + s, 0 +
ds

(d) For each (Dyg, ap) € (0,00) x [h(0)L,0) such that \i(Dy, g, h) <0, we have

d —h(0)L
Dy

3,h> <0 foralls>0.
ds

Remark 2.2 Assertion (a) was established in [18, Lemma 4.8] (see also [12, Lemma 5.2]).

Assertion (b) is a consequence of the general reduction principle [1]. Assertions (c) — (d)

are new.

We first recall the following result from [18, Lemma 4.7].

Lemma 2.3 If h(x) satisfies (A), then 1, < 0 in (0,L).

Proof. Multiplying (2.2) by e**/P and integrating the resulting equation over (0, L), we
deduce that fOL e®®/P(h(z) + A\ )¢ dx = 0, so that h(z) + A, changes sign. By (A), there

is xo € (0, L) such that h(z) + A1 > 01in [0,20) and h(z) + A; < 0 in (zg, L]. Hence,

{5 2
Since 1, (0) = 3 (L) = 0, we deduce that 1, < 0 in (0, L).
Lemma 2.4 If h(z) satisfies (A), then

Dty + ath(x) > o — (h(0) + M) LJ1(0)  in (0, L).
Proof. By assumption (A), ¥(z) > 0 and ¢, < 0 we have

[ s+ Mty ds < / "[R(0) + Ae(s) ds
e / o
< [1(0) + AgJ
Next, we integrate (2.2) in (0, ), to get
D (a) + av(a) = ab(0) = [ (h(s) + M) ds
> o= (h(0) + A) L} (0)
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for all z € (0, L). O

Proof of Proposition 2.1. Assertion (a) follows from [18, Lemma 4.8] (see also [12,
Lemma 5.2]).

For assertion (b), we fix Dg,ag,h, set (D,a) = (sDg,sap) and denote Ay(s) =
A1(sDg, sag, h). Then (2.2) becomes

$DoYze + sty + h(z)p + App =0 for 0 < z < L,
%(0) = %(L) =0.

Differentiating with respect to s, and denoting % =', we have

SDOQ;Z)/xm + 80‘077[)2: + h(ﬂ?)@b, + Abq/), = —Doi/)m - O‘OQ;Z)J: - A§,¢ for z € (07 L)7
Y5 (0) =95 (L) =0

Multiply the above by e®*/Poy(x) and integrating by parts, we have

L L
0= _DO/ (eaox/DOw:p)mw dr — Ag/ €a0w/D0|¢|2 dz.
0 0

Integrating by parts once more, we have

L L L
A / e/ Doy |? dor = — Dy / (€20 Poyp,) i da = Dy / @0 Doy 2 dz > 0,

0 0 0

where the last strict inequality holds since h(x), and hence v, are non-constant. Thus
Aj(s) > 0 for s > 0. This proves assertion (b).

For assertion (c), we fix Dy, o, h, and define

apg — (h(O) + )\1(D0, ap, h))L
Do s,h> .

Ac(s) = A1 (D() + 5,0 +

We need to show AL(0) < 0. To this end, we set

g — (M(0) + A\1(Do, o, h))LS>
Dy

(D,a) = (Do + 5,00 +
n (2.2), differentiate in s and then set s = 0 to get

Dowlx:c + 0401/&% + h(x)W + Ac(O)W = " Yrx — moiﬁx - A/C(OW for z € (07 L),
¥ (0) = ¥ (L) =0,
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where mg := [ap — (h(0) + A1(Dy, o, h))L]/ Dy is a nonnegative constant by assumption.
Multiplying the equation of ¢ by e®0%/Poq) integrating by parts and applying the equation
of ¢, we have

L L L
0=— / e/ Doy b dz — my / 0%/ Dogy 4y da — AL(0) / /D0 |yp|? da:
0 0

0

L L L
- _ / (€20 Dogy ) p da — <m0 - O‘“) / 0=/ Doyy 4 da: — AL(0) / @07/ Doy 2 .
0 DO 0 0

Integrating by parts the first term, and rearranging, we have
g Do ,),12
/
20) [ e P
L o L
_/émeﬁm‘G%_o>/ewwwwm
0 Do

0

L - o
:/fwm%wf-m—wm
0 I Dg
< /L ¢202/ Doy, [ag — (h(0) + A1 (Do, o, b)) L
0

$(0) mowx)} dn

< /L eaoz/Doqp -Oé() — (h(o) + )\1(D0,0é(], h))L
Jo

where we used Lemma 2.4 for the first inequality, mg > 0 and 1, < 0 for the second
inequality, and the definition of mq in the final equality. This shows AL(0) < 0, and
completes the proof of (c).

To show assertion (d), define

Ag(s) =M\ (Do + 5, a0 + ws, h> )

Dy
Notice that

A (D h)L
wg}q(l)o,ao,h) <0,

/ Al
N3(0) = AY(0) + SRS

by assertions (a) and (c¢). This together with the assumption A\;(Dy, ag, h) < 0 shows that
A(s) < 0for 0 < s < 1. Define 5§ := sup{sgp > 0: A'(s) <0 in (0,s0)}, then 5§ > 0. If
§ = 00, then we are done. Suppose § < +00, then Ag(5) < 0 and A/(5) = 0. But one can
apply Proposition 2.1(c) to derive a contradiction as follows: Set

Qg — h(O)L >

(Bo, ap) = (Do + S, a0 + —————5
Dy
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so that ~
g — h(O)L g — h(O)L
- = . (2.3)
DO DO
Then Ay4(3) < 0 implies A (Do, éo, k) < 0. Therefore,
ag > o > h(0)L > (h(0) 4+ A1 (Dy, ég, h))L.
Hence, we can apply Proposition 2.1(c), with (Do, o) replaced by (Do, ég), to get
o\, =~ o\, =~ Qg — (h(O) + /\1([)0,5(0, h))L
—(D —(D . R . 2.4
8D( O’a0)+8a( 0, o) Dy <0 (2.4)
Note that A/;(5) = 0 can be written as
8)\1 ~ - 8)\1 ~ - ag — h(O)L o
@(D0,0(O) —+ aia(D0,0éo) . T = 0 (25)

Combining equations (2.4)-(2.5) and % > 0 (Proposition 2.1(a)) we get

ag — (h(0) 4+ A1 (Do, &g, h))L _ - h(0)L
Do DO ’

which, in view of (2.3), leads to Ay(Dp,dg,h) > 0. This is in contradiction with the
non-positivity of )\1([)0, ag, h). O
3 Linear stability of the semi-trivial equilibria

Recall that the linear stability of (@,0) is determined by the spectrum of (1.9), which
is a system of two nonlocal PDEs. Proposition 4.5 of [18] says that it is equivalent to

determining the sign of the principal eigenvalue A, of a problem involving a single equation.

Proposition 3.1 Denote
)\u = /\1(D2,042,g(0'1(x)) - d) and )\v = )\1(D1, al,g(og(az)) - d) (31)

where o1 and oo are given in (1.10) and (1.12). Namely,
o1(x) = exp <—k0x —/ a(s) ds) and  o2(x) = exp <—k0x —/ 0(s) ds) .
0 0

Then

(a) The equilibrium (@, 0) is linearly stable if Ay, > 0 and is linearly unstable if A, < 0;



14 Competitive Exclusion in a Nonlocal Phytoplankton Populations

(b) The equilibrium (0,0) is linearly stable if A, > 0 and is linearly unstable if \, < 0.

Proof. By [18, Proposition 4.5], the problem (1.9), which determines the stability of
(@, 0), has a principal eigenvalue A,, € R, in the sense that A,, < Re A for all eigenvalues A
of (1.9). Furthermore, the sign of A, is identical with the sign of the principal eigenvalue
Ay Of

(3.2)

Doz — oy + [g(o'l(x)) - d]SO + )\1g0 =0, 0<z<L,
Doy — agp =0, r=0,L,

where o7 is given in (1.10). Since A, = A\1(D2, a2, g(01(x)) —d) by definition, the assertion
(a) holds. Assertion (b) follows from [18, Proposition 4.6] in a similar fashion. O

Next, we prove that o] (a2) and o (aq), which were given in the statement of Theorem
1.1, are well defined.

Lemma 3.2 For each oy € R, there is a critical number o5 € R such that (@,0) is linearly

stable if and only if g > 3.

Proof. Let (@,0) be the semi-trivial equilibrium of (1.6), where @ is the unique positive
solution of (1.7). Integrate the equation (1.7) to get fOL(g(al (x)) —d)udz=0. Since @ > 0
in [0, L], the function g(o1(x)) — d must change sign in [0, L]. Since z — o1(z), and thus

x — g(o1(x)), are strictly decreasing in x, we deduce
9(01(0)) =d > 0> g(o1(L)) — d. (3.3)

We claim that (4, 0) is linearly stable for a.s > 0 large, and linearly unstable for ag < 0
large. By Proposition 3.1, it suffices to show that A, > 0 for as — oo large, and that
Ay < 0 for ap — —oo. Here A, is the principal eigenvalue of (2.2) with (D,a,h) =
(D2, g, g(exp(—kox — [y u(s)ds)) — d). It then follows from [4, Theorem 1.1] and (3.3)
that

M (D2, a0,g(01(x)) —d) = d—g(o1(L)) >0 as g — +00.

Thus (%, 0) is linearly stable for ap > 0 large. Whereas, by [4, Theorem 1.1] and (3.3), we
have
M (D2, a2, g9(01(x)) —d) = d — g(01(0)) <0 as g — —00.

Hence, (u,0) is linearly unstable for as < 0 large.

Since A; is strictly increasing in s € R (Proposition 2.1(a)), there is a unique o such
that A\, = A\ (D2, a5, g(o1(x)) —d) =0, Ay, > 0 for ag > ab and A, < 0 for g < . This
completes the proof. O
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Lemma 3.3 For each aa € R, there is a critical number o] € R such that (0,0) is linearly

stable if and only if oy > af.
Proof. The proof is completely analogous with that of Lemma 3.2, and is omitted. O

Proposition 3.4 Suppose 0 < Dy < D3, and one of the following holds:

(i) a1 < (9(1) —d)L and ag € [ Q1,00 );

(ii) a1 > (g9(1) = d)L and ay € <— 00, gfal - (g—f — ) (9(1) — d)L} U [gfal, >

Then system (1.6) has no co-existence equilibria.

Proof. Suppose to the contrary that (1.6) has a co-existence equilibrium (4, v), then by
the strong maximum principle, & > 0 and © > 0 in [0, L]. By definition of A\;(D, «, h) of

Section 2, we deduce that
A1(D1, a1, h) = Ai(Ds, as, h) = 0, (3.4)

where h = g(exp(—kox — [ @(s)ds — [ 9(s)ds)) — d satisfies (A). First, we assume that
0< Dy < Dy and ag > gf ag. In this case, we have

~ D ~
)\I(Dlaalah’) < )\1 (D27 D Oél,h) S )\1(D2,042,h),
1

where the first inequality follows from Proposition 2.1(b) and the second one from Propo-
sition 2.1(a). This is a contradiction with (3.4). Assertion (i) is proved.
Next, we prove (ii). Since the case ag > 32 o is included in the above, it remains to
consider the case
D D
0<Di <Dy a3>(g9(l)=—d)L and ag< e _— <2 — 1) (9(1) = d)L,
D, Dy
which implies

o — (9(1) —d)L
D,

M (Dy, a1, h) > A <D2,a1 + (Dy — D1),il> > Ay (Dy, ag, ),

where the first and second inequalities follow from Proposition 2.1(d) and (a), respectively.

This is a contradiction with (3.4). Assertion (ii) is proved. O

Proof of Theorem 1.2. First, we prove assertion (a). We claim that (0,?) is linearly
unstable, i.e. A\1(D1,a1,g(o2(x)) —d) < 0, where oy(z) = exp(—kox — [ 0(s)ds). Now,
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observe that Aj(Da, a9, g(02(z)) —d) = 0 with © > 0 being the corresponding positive

eigenfunction. It then follows that

M (D1, 01, 9(02(x)) —d) < A\ (Dz, glal,g(o’z(fﬁ)) — d> < Ai(D2, a2, g(02(r)) — d) =0,

where the first and second inequalities follow from Proposition 2.1(b) and (a), respectively.
This shows that (0, ) is linearly unstable.

Recall that by [18, Theorem 2.1], the system (1.6) generates a strongly monotone
dynamical system. Since (0, ) is linearly unstable and, by Proposition 3.4, (1.6) has no
co-existence equilibria, it follows from [13, Theorem B| and the proof of [23, Theorem 1.3]
that (@,0) is globally asymptotically stable. This establishes assertion (a).

Next, we prove assertion (b). We claim that (@,0) is linearly unstable, i.e. A1(Da2, ag,
g(o1(x))—d) < 0, where o1 (z) = exp(—koz— [ @(s) ds). We see that Ay (D1, a1, g(o1(z))—
d) = 0 with @ > 0 being the corresponding positive eigenfunction. It then follows
from Proposition 2.1(d) that s — A; (Dl +s,a1 + %s) is strictly decreasing
in [0,00). (Note that g(c1(0)) —d = g(1) — d.) Hence,

M(D 0 g(on(2) =) < 2 Doy Pl = (9(0) — )] + (1) - D Lglon(a)) — )

<M\ (Dl,al,g(al(x)) — d) =0,

where the first and second inequalities follow from Proposition 2.1(a) and (d), respectively.
This shows that (a,0) is linearly unstable. Arguing similarly as in the proof of Theorem
1.2(a), we can conclude that (0,7) is globally asymptotically stable. This establishes
assertion (b). O

Proof of Theorem 1.1. First, we prove assertion (a). Let Dy > Dy > 0 and oy €
R be given. By Lemma 3.2, ozz is well-defined. By Theorem 1.2(a), (@,0) is globally
asymptotically stable if g > 2 a1 By the definition of a3, this implies that o3 < g Qaq.
If, in addition, ay > (g(1) — d)L, then Theorem 1.2(b) is applicable, i.e. if ay < (a1
(9(1)—d)L)+(g(1)—d)L, then (0, ) is globally asymptotically stable and (&, 0) is unstable.
This implies that af > B2 2(ar — (9(1) —d)L) + (9(1) — d)L. Summarizing the above, we
obtain (1.13). This proves assertion (a).

Next, we prove assertion (b). Again, aj > D Ly follows as a consequence of Theorem
1.2(a). It remains to show the upper bounds of ] in (1.14) by considering the following
two cases:

(i) as<(9(1)—d)L; (i) a2 =>(g(1) —d)L.
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In the case (i) (i.e. ao < (g(1) — d)L), observe that for any ay € [(g(1) — d)L, c0), we

have D
2
a2 < (9(1) —d)L < Ho(ar = (9(1) = d)L) + (9(1) — d) L.

Thus Theorem 1.2(b) can be applied to yield that (0,7) is globally asymptotically stable.
This shows that af < (g(1) — d)L.

In the case (ii) (i.e. ag > (g(1) — d)L), observe that for every

D

o1 € D;w—wmn—@wamn—@L+m),

it holds that

D
ar 2 (g(1) =d)L and ap < sz(oq —(9(1) =)L) + (9(1) = d) L.

1
Thus Theorem 1.2(b) can be applied to yield that (0,?) is globally asymptotically stable
for oy € %(O{Q —(g(1) —d)L) + (¢9(1) — ad)L, oo). By definition of of, this means af <
%(Oxz —(g(1) —d)L) + (g(1) — d)L. This completes the proof. O
Proof of Theorem 1.3. Let D; > 0 and a; > (g(1) —d)L be given. For the convenience
of the reader, the parameter regions where (0,7) (resp. (@,0)) is globally asymptotically
stable are illustrated in Fig. 2. First, we prove assertion (a). To this end, we assume

(1.15) and divide the proof into the following three cases:
(i) Dy <Dy (i) Dy=Dy (i) Dy > Do. (3.5)

In case (i), we apply Theorem 1.2(b) to deduce that (0,7) is globally stable. In case
(ii), we apply [18, Theorem 2.2] to deduce that (0,0) is globally stable. In case (iii) (i.e.
Dy > Dy), by re-ordering the two species, Theorem 1.2(a) says that (0, 0) is globally stable
if o > %OKQ. This proves assertion (a).

Next, we prove assertion (b). To this end, we assume (1.16) and divide into the three
cases as in (3.5). In case (i), Theorem 1.2(a) implies that (,0) is globally asymptotically
stable. In case (ii), we use [18, Theorem 2.2]. In case (iii), observe that a; > (¢g(1) — d)L
and the second part of (1.16) implies

as > (g(1) — d)L wd(nggym—mn—@m+@m—wb

Hence, by re-ordering the two species, and we can apply Theorem 1.2(b) to conclude that
(1, 0) is globally stable. This proves assertion (b). O
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Proof of Theorem 1.4. Let D; > 0 and a7 < (g(1) —d)L be given. For the convenience
of the reader, the parameter regions where (0,7) (resp. (@,0)) is globally asymptotically
stable are illustrated in Fig. 3. First, we prove assertion (a). To this end, we assume
(1.17) and divide into the following cases:

(1) Dy = Do; (11) D1 > Ds. (36)

For case (i), we use [18, Theorem 2.2]. For case (ii), observe that we have a; > %0@ and
Dy < Dy, so that we can re-label the two species and apply Theorem 1.2(a) to establish
the global stability of (0, 7).

Next, we prove assertion (b). In this case, oy < (g(1) — d)L and (1.18) hold. These

imply that Dy < D1, and that

02> (g(1) = )L and a1 < Pr(aa — (9(1) = L) + (9(1) — dIL.
We can re-label the two species and apply Theorem 1.2(b) to establish the global stability
of (w,0).

Finally, we prove assertion (c). In view of [18, Theorem 2.2], which treats the case
D1 = Do, it remains to consider the case ag > g—fal and Dy > D;. In this case Theorem
1.2(a) implies that (a,0) is globally stable. This completes the proof. |

4 Discussion

In this paper, we further study a nonlocal reaction-diffusion-advection system, which arises
in the mathematical modeling of two competing phytoplankton species in a water column,
where the species depend solely on light for their metabolism. In our previous work [18],
we proved that system (1.1) is a strongly monotone dynamical system with respect to
the order generated by the positive cone of the cumulative distribution functions, which
enables the application of the various tools in the theory of monotone dynamical systems.
For fixed Dy > Dy > 0, we studied the local and global stability of the semi-trivial
equilibria of system (1.6) in Theorems 1.1 and 1.2. First, we showed that the local stability
of the semi-tirival equilibria changes at two critical parameters aj and «j, and showed

that
as(ar) Do

lim =—= lim ——.
a1 —00 (651 Dl Q2 —00 O[T(OQ)

a2

These limits suggest that two phytoplankton populations can only coexist in fairly narrow

regions of large sinking rates. Biologically this is meaningful, as large sinking rates push
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both phytoplkanton populations to the bottom of the water column where the competitive
exclusion occurs in most, if not all, situations.

We also explored the global dynamics of (1.6), from the perspective of evolution disper-
sal, in Theorems 1.3 and 1.4. By varying both the dispersal traits D; and «;, we generalized
and extended our previous results in [18], and give various sufficient conditions in which
one of the semi-trivial equilibria attracts all positive solutions of (1.6). Besides the theory
of monotone dynamical systems, another key tool is a monotonicity result concerning the
principal eigenvalue of an elliptic problem in one-dimensional domains, where the coeffi-
cient of the zero-th order term is monotone decreasing. This is relevant in our situation
since the growth rates of either species depend only on the availability of sunlight, which
is always monotonically decreasing in the water depth. However, we have mostly focused
on the role of the dispersal parameters D; and «;, and assumed that the growth function
g and death rate are the same with the two species.

The stability and uniqueness of the coexistence equilibria is another interesting problem
that is left open. For system (1.6), the associated linearized eigenvalue problem at the
coexistence equilibrium is a strongly coupled, nonlocal reaction-diffusion-advection system,
and its dependence on the diffusion, advection and nonlocal terms is likely different from
that of the Lotka-Volterra competition system [10,26,35]. It will also be of interest to
determine the asymptotic profiles of coexistence states for small diffusion rates or large
drift rates.
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