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Let Y = diag(y1, ..., yn), K = [2j2;]nxn (Gram matrix) and 1 = (1,...,1), ;. Then the
dual problem is

1
maximize Ip(a) = 1'a — §O/YKY04
subject to
a>0and 1'Ya =0,

which is a quadratic programming problem with a non-negative definite matrix Y K'Y

According to the constrained optimization theory, necessary and sufficient conditions
(known as the Karush-Kuhn-Tucker (KKT) conditions) for the optimality of 5y, 5, and &
are

1. Primal feasibility: ) )
yi(Bzi+ o) =1 foralli=1,...,n. (5.6)

2. Dual feasibility:

a; >0 foralli=1,... n,

S =0, 57)
i=1
3 = i QY
i=1

3. Complementarity conditions:

a; <1 — yl(ﬁA’xZ + ﬁo)) =0 foralli=1,...,n. (5.8)

Let & be the solution of the dual problem. Then B = > &;yiz;. Once B is determined,
(o is obtained by using the complementarity condition for any data point with &; > 0:

Q; <1 — (B + Bo)) = 0.

Thus, we have yl(ﬁ’xl + ﬁo) — 1, which gives fy = y; — F'x;. Note that there are only a few
data points with a positive Lagrange multiplier, and they determine the optimal separating
hyperplane, which is given by

B/«T + Bo = Z iy + Bo = Z dymix + Bo = 0.
i1

i:6,; >0

Such data points {(z;,y;) : &; > 0} are called the support vectors. See Figure 6. The
encircled points are the support vectors with &; > 0 and yl(ﬁ xr; + BO) = 1. For those points
outside the margin, yz(ﬁ T + Bo) > 1, which implies &; = 0. The SVM solution is sparse in
terms of the data points. The sparsity is due to the singularity of the hinge loss at 1.
Consider a much smaller problem of finding the optimal separating hyperplane with only
the support vectors, namely, the points (x;,y;) such that a; > 0. Let S = {i : & > 0}.
Then, it is very trivial to see that the new estimates ﬁo, 65 and &7 for i € S will satisfy
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Figure 6: Support vectors

the original optimality conditions (5.6-5.8), which means that they are also solutions to the
complete data problem. Hence removing any support vectors does not change the solution.
For classification of a new point x, we use

~

flz) = sign(ﬁ'm + Bo)-

Note that this final form of 3z + 3, does not depend on the dimensionality of x explicitly
but on the inner products of x; and x, and so does the dual problem. This fact enables us
to construct hyperplanes even in infinite-dimensional Hilbert spaces (p.406, Vapnik 1998).

By a similar derivation as in the separable case, it can be shown that for the soft-margin
SVM, the dual problem is

n
. . 1 /
maximize [p(a) = E Q= E QQGYi YT
a — 2nA .
1= 2,

subject to

0<q;<1lforalli=1,...,n and Zaiyl-:O.
i=1

Also, the linear discriminant function is given by

fle) =Bz + p = Z iy + fo.
i=1
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5.5 Constrained Optimization Theory

This section gives a brief overview of the constrained optimization theory, applications of
which abound in practice.

Primal problem:

minimize lp(z) subject to hi(z) <Oforalli=1,...,m (5.9)
z€eR

where [p and h; : R? — R are differentiable functions. [p(-) is a primal objective
function and {h;(-)} are m inequality constraints. z is called the primal variable(s).

Dual problem: Introduce o; > 0 (Lagrange multiplier or dual variable) for h;(z) < 0,

i=1,...,m. Let a = (aq,...,q,,)" and define the dual objective function
Ip(z, ) == lp(x) + Y a;hi(x). (5.10)
i=1

Then, the dual problem is stated as

maximize minimize [p(z, a) subject to a > 0
(e} X

or equivalently

maximize [p(z,a) subject to V, iIp(z,a) = Vip(x) + Zoz Vhi(x) =0and o > 0,

T,a

(5.11)
where VIl = (0l/0xy,...,0l/0z,)" and a > 0 means o; > 0 for all i =1,...,m.

Definition 4 (primal/dual feasibility). We say that x € R? is primal feasible if
hi(x) <0 foralli=1,...,m; (5.12)
and (z,«) is dual feasible if

V.lp(z,a) = Vip(x) + Z%Vﬁ =0and o > 0. (5.13)

Theorem 13 (Weak duality theorem). For a primal feasible x¥ and a dual feasible (z7, aP),

p(z") > 1p(zP, aP) = Ip(aP) + Za?hi(xl)) (5.14)

where lp, h; are assumed to be convex at x.
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Proof.
Ip is convex at 2 = Ip(2") — Ip(2P) > Vip(2P) (2" — 2P) (5.15)
and h; is convex at ¥ = hi(2”) — hi(zP) > Vh(2P) (2" — 2P). (5.16)
Now,
lp(z”) = Ip(x”,aP) = 1p(a") = 1p(a”) = > alhi(a”)
i=1
> Vip(x”)(z" = 2P) = Y " alhi(2") by (5.15)
i=1
= —ZaiDVhi(:pD)(xP —zP) —Zazphi(:pD) by (5.13)
i=1 i=1
> = aP(hi(a") = hi(zP)) = Y aPhy(a") by (5.16)
i=1 i=1
= —Zazphi(xP) >0
1=1
U
Remark 10.
(a) Ip(z,a) is a lower bound of Ip(z).
(b) For primal feasible v and dual feasible (u, a),
max [p(u, @) < minl,(v).
(c) Let Z be the minimizer of [p(x) and suppose that (Z, &) is dual feasible. Then,
Ip(z,0) = lp(2) + Zdihi(i‘) < Ip(2).
i=1
Moreover, if Ip (&, &) = lp(2), then @;h;(2) =0 for all i = 1,...,m. That is,
if &; > 0, then h;(2) = 0 (the constraint h; is active),
if h;(z) < 0, then &; = 0 (the constraint h; is inactive).
(d) The conditions,
G;hi(z) =0 foralli=1,...,m, (5.17)

are called complementarity conditions .

Theorem 14 (Wolfe’s strong duality theorem). Let [p and h;s be differentiable and convez.
Suppose, T solves the primal problem. If some constraint qualification conditions hold for
the h; functions then, there exists an & € R™ such that (Z,&) solves the dual problem and

Ip(2) = Ip(%, &).



