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4 Risk Bounds for an Infinite Class

In the previous section, a simple bound was obtained for the deviation of the empirical error
from the true probability of error of any decision rule from a finite class F. The bound
holds for any distribution P. So, almost inevitably it may be very loose for a particular
distribution P that defines a given classification problem. However loose the bound may be
for any specific problem, it shows a theoretical guarantee that the optimal decision rule can
be learned from data as long as the sample size is sufficiently large when there are finitely
many candidate rules.

In practice, there are many situations where the class F of our choice is infinite, and it
is desirable to extend the theory to the infinite case. This section regards such a theoretical
extension known as the Vapnik-Chervonenkis theory. As a starter, the convergence of the
empirical distribution F),(x) to the actual distribution function F'(x) is discussed. The proof
of the following theorem (due to D. Pollard) contains the essence of the idea and techniques
useful for the desired extension to the infinite class.

4.1 Glivenko-Cantelli Theorem

Theorem 5 (Glivenko-Cantelli Theorem). Let Z1,...,Z, be iid with distribution function
F(:). Let F,(2) = 2> | I(Z; < z) be the empirical distribution function. Then

T on
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P (sup |Fu(2) — F(2)] > e) < 8(n + 1) exp{—ne*/32},

and in particular, by the Borel Cantelli lemma,

sup |F(z) — F(2)| = 0 w.p.1.

z€R

Proof. Let Z denote the real sample of Zy,..., Z,. Assume ne> > 2. (If ne? < 2, 8(n +
1) exp{—ne?/32} > 1.) Consider a ghost sample of Z;, ..., Z! iid with F(-) and independent
of Zy,..., Zy. Let Fi(z) = 137" 1(Z] < z).

The following inequalities will be proved step by step.

Pz (sup|F(2) - F2) > )

zeR

< 2Py (sup|Fu(z) - Fi(2)] > = (4.1)
7 z€R 2

n

1
<4PF,, (sup — ZO’,'[(Zi < 2z)

z€R M
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1
§4EZ{(n—|—1) sup P, <—

<4E, {(n +1)2 6_n€2/32} (4.4)
= 8(n+ 1)e /32, (4.5)
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Step 1: Symmetrization by a ghost sample for proving (4.1).
If sup|F,,(2) — F'(2)| > €, there exists z* depending on Zi, ..., Z, such that |F,(z*) —
z€R
F(z*)| > e. Consider
A:=P(|F,(z") — F(2")| > e and |F.(2*) — F(z")| < €/2).

If |Fo(z*) — F(2*)| > e and |F(2*) — F(2*)| < €/2, then |F,(z*) — F(2*)| > €/2. So,
on one hand, we have

A<P (an(Z*) — Fo (") > E) < P (sup|Fu(z) - Fi(2)| > = ). (4.6)
2 z€R 2
On the other hand, by Chebyshev’s inequality,
()= F) > £|2) < SBENZ) AR FE) L]
' — > — < = < — < =
Po (1) = F()| 2 5|7) < 2 — < <5
which implies
/ * * € 1
, — A
Py (1R - P < 5|2) = 5
Thus,
€
AzE&{KWMf)—F@W>wﬂ%<wﬂf)—F@ﬂh<iZ)}
1
> £ { (R - PG > 05 )
1
= QPZ (|Fn(z") — F(2)| > €). (4.7)
Combining (4.6) and (4.7) we get,
Py <sup\Fn(z) — F(z)| > e) = Py (|F,(2") — F(z")| > € for some z* € R)
z€R
gz&$<wmm@yfm@ﬂ>f)
z€R 2
Step 2: Symmetrization by random signs for proving (4.2).
1 n
F.(2) = Fl(2)==) 1(Z; <z)—1(Z < 2).
(2) — Fo.(2) n; (Zi < 2)—1(Z; < 2)
Let oq,...,0, be iid random variables (Rademacher random variables) independent
of both the real and ghost samples with P(o; = —1) = P(o; = 1) = 1/2. Let

D; .= 1(Z; < z) — I(Z] < z). An easy claim is that D; and 0;D; are identically
distributed for all i. To see this, first note that o; € {—1,1} and D; € {—1,0,1} which
implies 0;D; € {—1,0,1}. Also note that P(D; = —1) = P(D; = 1). Therefore,

P(o;D; = —1)=P(o;=-1,D; = 1)+ P(o; = 1,D; = —1)
= P(o; = -1)P(D; =1) + P(o; =1)P(D; = —1) = P(D; = —1).
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Similarly, it is easy to see that P(o;D; = 1) = P(D; = 1) and P(0;D; = 0) = P(D; =

0). Now,
Py (sup|Fn(z) —Fl(2)] > 5)
z€R 2
€

s £
2

ZO’Z (Z! < 2)| >

2€R TV

=P,y <supl Zai{[(Zi <z2)-I(Z < 2)}

+ sup
zeR T

)

n
z€R i—1

1
<P,z (sup— Zal Z; < 2)

<2P,;|su ol(Z; < z)| > =
(saps [z - ).
Step 3: Conditioning for proving (4.3).
Examine Y " 0;1(Z; < z) conditional on the real sample 21, . .., z,. For fixed 21, . .., 2,
there are at most (n+1) different vectors of (I(z; < z),...,1(z, < 2)) as z runs through
R. Thus using the usual union bound, P(AUB) < P(A)+ P(B) <2 sup P(C), we
Ce{A,B}
obtain
P ! zn: 1(Z < 2)|> &
.7z | sup— oil(Z; < z -
Z zeﬂgn i1 4
= FE;P, | su oil(z; <z >—‘Z—z, ) Zn
ot (s Stz > = o)

Zal zlgz

Step 4: Using Hoeffding’s inequality for proving (4.4).
Again given the sample z,...,z, for a fixed z € R, 0;1(2; < z) are independent
bounded ([—1, 1]) random variables with mean

E,{oil(z < 2)|Zi =z} =1(z < 2)E{o;} =0.

< E, {(n+1 sup P, (

z€R

Thus Hoeffding’s inequality yields

< ZU, i < z2)| > —‘Z) <2 exp{ 22@ (86/_42_1»2} = 2e /32,

=1

Hence,

I(z < z2)| > %‘Z) <22

n
sup P,
z€R i1

This completes the proof.



