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1. Consider a multiclass problem where y € {1,...,k} and k is the number of classes.
Then a classification rule f is defined as a map from X to Y = {1,...,k}.

(a) For the 0-1 loss, L(f(z),y) = I(f(x) # y), show that the Bayes decision function
in the multiclass problem is f*(x) = arg max;ecy n;(x), where
1i(2) = P(Y = jIX = 2).

(b) Verify that for any classification rule f : X — ),

R(f) - R = E{r]neayxnj(X) —npx) (X))}

(c) Given estimates of class conditional probabilities 7);, we have the plug-in
decision function f(z) = arg max;cy 7;(x). Prove that

R(f) = R < 2E max n; (X) — i;(X)].

(d) When the misclassification costs are different, we change the loss function to
L(f(z),y) = Cy (z), where C;, indicates the cost of misclassifying an
observation from class j as class ¢ for j,/ € Y. Show that the optimal
classification rule minimizing the expected misclassification cost is

k
f(x) = argmin E; Cojne(z).

2. Let X be a d-dimensional random vector. Assume that the conditional distribution of
X given Y = 0 is N(up, ) and that of X given Y =1 is N(pq, ). For simplicity, let
P(Y =0)=P(Y =1) =1/2. In this case, prove that the Bayes error is ®(—0/2),
where 0 = { (11 — o) "X (11 — po) }/? is the so-called Mahalanobis distance between
the two conditional distributions, and ® denotes the c.d.f. of the standard normal
distribution.

3. Suppose that a d-dimensional random vector, X = (Xi,..., X4)', is normally
distributed with mean 0 and identity variance-covariance matrix. The class label Y is
determined by the following probit model

Y =I(X"8+¢e>0),
where € ~ N(0,0?%) and independent of X, and 8 € R? is a fixed coefficient vector.
Show that the Bayes error rate under the probit model is given by
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Briefly comment on the effect of 02 on the Bayes error.



