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6.2 Nearest Neighbor Classifiers

The nearest neighbor (NN) rules were first proposed by Fix and Hodges (1951). Despite
the simplicity of the NN rules, certain versions of the NN rules are consistent with the
optimal decision rule and they have shown to be competitive in a wide range of applications.
Given the training data D,,, the k-NN rule assigns a new point x to the majority class of its
k-nearest neighbors. Formally it is defined as follows.

Definition 7 (k-NN rule). For a fixed z € X = R, order (z;,;) according to ||z; — z||
(the Buclidean distance). Let X (x) be the kth nearest neighbor of x, and define N (z) =
{Xwy(x),..., Xu(x)} to be the set of the k nearest neighbors and the weight assigned to

the 7th observation to be
nt 0

otherwise.

The k-NN rule is defined as

0 otherwise.

Let RNN(n) := Ep,R(f,) = Pixy)p,([0(X;D,) # Y) denote the unconditional prob-
ability of error of the NN classifier when the sample size is n. RV (o) := lim RV (n)

indicates its limit as n goes to infinity. Some well-known properties of the NN classifiers are
mentioned first. For details, see ‘Nearest neighbor pattern classification” by Cover and Hart
(1967).

Lemma 6 (Convergence of the kth nearest neighbor). Let X and X, ..., X, be iid random
variables in RY. Then for k, such that k,/n — 0, as n — 0o, we have

|1 X (k) (X) = X|| = 0 with probability 1.

Theorem 17 (Cover and Hart (1967)). Under the assumption that n(z) = P(Y = 1|z) is a
continuous function of x with probability 1, we have

R* < RMV(00) < 2R*(1 — RY).

Remark 11. The theorem above implies that RV (co) < 2 R*. That is, the error rate of
the NN rule is at most twice the Bayes error rate in the limit. Also, if R* = 0 or 1/2, then
RVN(c0) = R*.
Proof. Note that Pixyyp, (fu(X) # Y) = Exx, {P(Y # (X)X, X0(X)}. Denote
PY # fo(X)|X, X1)(X)) by r(X, X@1)). Then

(X, Xy (X))

= P(Y # fu(X)|X, X1)(X))

= P(Y = 1and Yy (X) = 01X, X (X)) + P(Y = 0 and Y1) (X) = 1[X, X1 (X))

= P(Yn) =0|X, X)) P(Y = 1|1X, X)) + P(Yy) = 1|X, X)) P(Y = 0[.X, X (1)

= P(Yy) = 0[Xq)) P(Y = 1|X) 4+ P(Yq) = 1| X)) P(Y = 0| X)

= (L =n(X) n(X) + (1 = n(X)) n(Xw)

— 2n(X)(1 = n(X))
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with probability 1 as n — oo by the continuity of 7(.). Let r(X) :=2n(X) (1 —n(X)) and
r*(X) := min{n(X),1 — n(X)}. Note that r(X) = 2r*(X)(1 — r*(X)) by the symmetry.
Therefore

RN (00) = lim E{r(X, Xy} = E{ hm T(X X))}

n—oo

= E{r(X)} =2 E{r"(X)(1 - (X))} = {E(r"(X)) — E(r"(X))*}
= 2{R* — R** — Var(r*(X))}
<2(R* - R* =2R'(1-R").
The equality holds if and only if Var(r*(X)) =0, i.e. 7*(X) = E{r*(X)}(= R*) w.p.1. For
the lower bound, which apparently holds, observe that
R (00) = E{2r*(X)(1 — (X))} = E{r*(X)} + E{r"(X)(1 - 2r"(X))}
=R+ E{r(X)1-2r" (X))} > R*

since *(X) < 1/2 and so E{r*(X)(1 —2r*(X))} > 0. The equality holds if and only if
r*(X)(1 —2r*(X)) = 0 almost everywhere, i.e. 7*(X) € {0,1/2} w.p.1. O

More generally, let R¥VY(c0) denote the probability of error of the k-NN classifier for an
infinite sample.

Theorem 18 (Cover and Hart for k-NN). Under the assumption that n(z) = P(Y = 1|z)
18 continuous 1 r w.p.1,

R <. .. < R(k+1)NN(OO) < RkNN(OO) <...< RNN(OO) < 2R*(1 _R*)

Proof. For simplicity, this theorem will be proved for odd k only, R?¥ =DNN (o0) < REFHFONN (50),
For even k, the proof should be similar but some technical arguments concerning ties will be
required. So, let k in the £-NN rule be odd and fixed. Let X(1.5)(X) 1= (X1)(X), ..., Xux)(X))
denote the k nearest neighbors of X.

P(Y # fu(X)|X, X (1) (X))
= P(fu(X) =1,Y = 0|X, X(1ty(X)) + P(fu(X) = 1,Y = 1] X, X(1.) (X))

= P<Z Yi(X) > k/2,Y = 0[X, X(l:k)(X)>

+ P(Z Y (X) < k/2,Y = 1|X, X(Lk)(X))
— P(Y = o}X)P(Z Vi) (X) > k/Q}X(lzk)(X)>

Py =1)x) (ZYu ) < /2 X))

— (1= () P(Blk.n(xX) = T 4 ()P (Blk.(X) < 2 x) wpa.
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Define r(X) to be the limit

(1= (X)) P(Bk. (X)) = V2 X) 40P (B n(x) < E2 2 |x).

Since 7(z) is symmetric in n(z) and 1 — n(z), it can be rewritten in terms of r*(z) =
1—

min{7(z), 1 —n(z)}.

i) = r'@P (Blkr ) £ S5 ) + (= @)P(Blk @) 2 F5 )

= 7 (2) + (1 = 2 () P(Blk, (1)) > i ‘5 ! o).

(6.2)

Since 1 — 2r*(z) > 0 and P(B(k,r*(X)) > “l{z) is a monotonically decreasing function
in k, ri(x) is monotonically decreasing in k as well. Again, by the dominated convergence
theorem, RE+F2INN (50) < RFNN(o0). The lower bound is obtained from

RN (00) = Tim EP(fu(X) # Y| X, X(1(X)) = BE(ri(X))

R4 E ((1 — 2 (X)) P (B, (X)) 2 bl )X))
> R
]

Before we state the major theorem on consistency (Stone, 1977), let us consider an
empirical estimate of n(X) = P(Y = 1|X) given as a weighted average of Y;, i =1,...,n

- iYin(X) = iI(Yi = 1) Wai(X),

where W,;(X) = W,,;(X, X3, ..., X,,) are non-negative weights and > ;| W,,;(X) = 1. n,(x)
is roughly a weighted relative frequency of data points with class label 1 among the points
in the neighborhood of x. This estimate of 7, defines a plug-in decision rule

(Z 1Y, = D)Wu(X) > 1/2) (6.3)
-y <Z(2](YZ~ — 1) — DWp(X) > 0)

(DU0i=1) = 1(¥; = )W, (X) > 0)
-y (Z I(Y: = YWou(X) > Y 1(Y; = O)Wm-(X)> .

Thus the k-NN classifier can be viewed as a plug-in decision rule with a local average
estimator of n(z).



