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4.4 Vapnik-Chervonenkis Dimension

This section studies some useful properties of the shatter coefficient of A, a collection of
subsets of X. Recall that

s(A,n) == max  Na(xy,...,z,).

From the definition, the results given below follow immediately.

Result 2.
(a) If |A| < oo, s(A,n) < |A| for alln > 1.
(b) s(A,n) <2 for all n.
(c) If s(A, k) < 2% for some k then s(A,n) < 2" for all n > k.

Definition 2 (Shattering). If Na(xy,...,x,) = 2" for (z1,...,2,) € X™ then we say that
the set {x1,...,x,} is shattered by A.

There is a critical number of points which can be shattered by A.

Definition 3 (V-C dimension). For A, we define V4 to be the largest & > 1 for which
s(A, k) = 2%, and call V, the Vapnik-Chervonenkis (V-C) dimension of A. If s(A,n) = 2"
for all n, then we define V4 = oo.

Remark 6. V4 can be viewed as the size (or measure of capacity) of class A. To prove that
V4 = n we have to show s(A, k) = 2% for all k < n. This means that for every k < n, there
exists at least one set of k points, (z1,..., ;) € X* which can be shattered by A.

Lemma 3. If |A| < oo, then V4 < log, |A|.

Proof. For A to have the V-C dimension of V4, we need 2" sets, yet 2"4 < |A|. It implies
that V4 < log, |A|. O

We look at a few examples of shatter coefficients and V-C dimension for some classes of
sets.

Example 1.

(a) A={(—o00,z]: z € R} and X =R.
S(A> 1) =2 ZLil {¢}> {xl}
S(Av 2) =3< 22 Zil Z'Qi {(b}v {xl}v {x17x2}
S(A,'n) =n+1<2"
= V=1

(b) A={(a,b): a<beR}and X =R.
s(A, 1) =2
s(A,2) =4 =2
s(A,3)=7<2? 4. 4y i3 {z1, x5} cannot be picked out.

= V=2
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(¢) A= {{(21,22) € R?*: By+ fra1+ Boxa > 0} = fo, b1, 52 € R} and X = R?. See Figure

2)
s(A, 1) =2 >/ o/<
s(A,2) =14 >O/O O\.(' 2\0 .V
T
s(A,3) =38
Moo AL X
s(A4)<16=2 NS -]

Figure 2: Shatter coefficients of half-spaces

Theorem 8. For X = R%, consider the class of sets induced by linear decision rules, that
18,

A={H} 5: fo€R, B €R'} where Hj ;={xeR": fy+ x>0}
The V-C dimension of A is d+ 1.

Proof. For z1,...,x, in R consider
B ( 1 1 --- 1 ) .
Tr T2t a1y
Claim: {zy,...,x,} is shattered by A <= the columns of B are linearly independent.
(i) If the columns of B are linearly independent, we show that {z,...,z,} is shattered
by A.

If rank(B) = n, then rank(B’) = n. Therefore, the row space of B has a dimension n
and B’ : R — R is an onto map. In other words, for every v € R" there exists an
u € R¥! such that B'u = v. Consider ¢ = (0y,...,0,) € {—1,1}". So, for this o,
take 3* = (By, 3')' € R4 such that B'3* = o. That is, given n data points, x1, ..., x,,
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to pick exactly, z;,,...,; out of these, set o;, = 1 for all j = 1,...,k and the rest
o; = —1. Then for the 5* (depending on o),

1>0 ifi e {ig,... i}
—-1<0 otherwise. '

(1,25)8" = o+ B'a; = 0 = {
The half space H ; contains exactly the points z;,,...,2; . And we can do this for all
n<d+1.

(ii) Conversely, for A to shatter {z1,...,z,}, we should be able to find 8* = (G, ') €
R such that B’B* lies in each of the 2" orthants of R™. So, such 2" points belong
to range(B’). This in turn implies that span(2” points) = R™ C range(B’). Thus,
rank(B’) = rank(B) = n. Hence the columns of B are linearly independent.

Since V4 is the maximal number of points which can be shattered by A, and the columns of
B can be linearly independent for at most d + 1 points, V4 = d + 1. O

Remark 7. The above theorem can be extended to a class of generalized linear decision rules
of the form

.
I(ﬁo+;ﬁjwj<x>zo) for (B, ) € RTH

where 9, ..., 14 are linearly independent. Then, the V-C dimension of
d*
A= {{x eR?: ﬁ0+Zﬁjwj(x) > 0} By eR,ﬁeRd*}
j=1

is d* + 1.
The following theorem provides some elementary properties of shatter coefficient of classes
obtained by set operations.

Theorem 9.
(a) If A= A, U Ay then, s(A,n) < s(A1,n) + s(As,n).
(b) For A= {A°: A€ A}, s(A,n) = s(A,n).
(¢c) For A={A1NAy: A€ A, Ay € Ay}, s(A ) < s(A1,n)s(As, n).
(d) For A={A,UAy: Ay € Ay, Ay € Ao}, s(A,n) < s(Ar,n)s(Asz,n).
(¢) For A={A, x Ay: Ay € Ay, As € Ao}, s(A,n) < s(Ar,n)s(As, n).



