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Mother of Smoothing Splines

Mathematical Foundation — RKHS

e Computation — Representer theorem Spiine Modelsioe
Observational Data

® Hyperparameter tuning — GCV

GRACE WAHBA

Inferences — Gaussian process

Multivariate — Smoothing Spline
ANOVA



Reproducing Kernel Hilbert Spaces

Kimeldorf and Wahba (1971) connected RKHS to splines and
developed the famous representer theorem.

® Provided an elegant and general mathematical treatment for
fitting curves to noisy data

® The work also led to practical computational techniques

e Optimizing over an infinite dimensional RKHS can be reduced to
optimizing over a finite dimensional linear subspace spanned by
a certain fixed set of bounded linear functional



Generalized Cross Validation

Craven and Wahba (1978), Golub, Heath and Wahba (1979)
developed the generalized cross-validation (GCV) technique to
alleviate the computational cost of leave-one-out cross validation.

® Provided a deep analysis of GCV, proved its theoretical
properties, and developed efficient code for its implementation

e Alleviated the computational burden while avoiding the
estimation of other nuisance parameters such as the error
variance

® GCV has become a standard method for tuning parameter
selection, and it has had a huge impact on statistical practice
and in machine learning algorithms



Smoothing Splines and Gaussian Process

Kimeldorf and Wahba (1970) established the equivalence between
smoothing splines and nonparametric Bayesian inference based on a
zero-mean Gaussian process as prior.

® Choice of polynomial splines led to improper priors
® Enabled Bayesian-style inference for smoothing splines

® Inspired extensive use of RKHS and Gaussian processes in
Bayesian machine learning



Smoothing Splines

o Ws[0,1] = {f| f, f" absolutely continuous, and [ (f"(z))%dz <
oo} (Sobolev space)
® Given data {(x;,y;)},, find f € W5[0, 1] minimizing

n
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where A > 0 is a smoothing parameter
® The solution fy is a cubic spline
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Representer Theorem

Kimeldorf and Wahba (1971), Some results on Tchebycheffian Spline
Functions

® View W>[0,1] = span{1,z} ® W[0,1] = Ho © H; as a Hilbert
space H equipped with an inner product such that
Jo (f"(@))2dz = ||Pyf||3, and f(x) = (f, K (2, )3 with
reproducing kernel K

® The minimizer fA € H="HoDH of
n 1
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is of the form
n
@) = (do+ diz) + ) ciKi (i, ).
i=1
® The solution belongs to a finite dimensional space!



Kernel (aka RKHS) Methods

e Model space: a reproducing kernel Hilbert space (RKHS)
H =Ho D Hq on a domain X with kernel K = Ky + K3

e Given data, find a model f € H = Hy ® H1 minimizing

n

D L (yi, flzi) + M P
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® When the null space Hy is spanned by {¢;}2;, the solution is
of the form:

falz) = Z djd;(z) + Z ¢iK1(wi, )
=1 i=1

® Need only to determine dy,...,dy, and c¢1,...,c, in f)\



Support Vector Machines

® Vapnik and his collaborators
invented support vector
machines for binary
classification in the '90s

® Maximum margin classifiers:

® With y; € {1},
classifier:
¢(x) = sign(f(z))

® Find f(z) = Bo + B'z by
maximizing 1/||3|| subject
to yif(w;) > 1

® Nonlinear generalization
was done through the
kernel trick
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Support Vector Machines in RKHS

® SVMs find a “large-margin” discriminant f(x) = By + h(x) with
h € H by minimizing

n
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Hinge loss

® Margin maximization is the same as penalization with an RKHS
norm!

® Hinge loss is not likelihood based, so how to interpret f(z)
statistically?

® Sensible extension to more than two classes?



Kernels in Machine Learning

® The success of SVMs generated a
lot of interest in kernels '

e Kernel methods of various forms Learning with Kernels
proliferated

® Copious applications of the
representer theorem followed

® The influence of the kernel based
framework still continues!
(e.g., arc-cosine kernel for infinitely
wide NN, neural tangent kernel for
deep learning)

Figure: Book by Schélkopf and
Smola



Conclusions



Her Advice to Young Statisticians

Wahba (2013), Statistical Model Building, Machine Learning, and
the Ah-Ha Moment

Knutson (2017), Breaking ground with Grace (UW-News)

e “Keep your eyes open to synergies between apparently disparate
fields.”

® “|earn absolutely as much as you can about the subject matter
of the data that you contemplate analyzing.”

e "“Find computer scientist friends.”

® "If you want to do well, pick something you love and put your
nose to the grindstone. It takes a lot of hard work, time and a
certain amount of luck.”



Thank youl!
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