Simple Linear Regression
Model and Parameter Estimation

Reading: Section 12.1 and 12.2

Learning Objectives: Students should be able to:

e Understand the assumptions of a regression model

« Correctly interpret the parameters of a regression model
« Estimate the parameters of a regression model



Simple Regression Analysis

* Regression analysis deals with investigation of the non-
deterministic relationship between two (or more)
variables.

e Simple linear regression model: non-deterministic linear
relationship between two variables.



Fixed Predictor and Random Response Variable

* For a fixed value of x, the value of Y is random, varying
around a “mean value” determined by Xx.

e X variable: independent / predictor / explanatory variable

* Y variable: dependent / response variable



Scatter Plot - Checking Linear Relationship

Example: Relationship between diesel oil consumption
rates measured by two methods

Pairwise data (X;,Y,), (X5, ¥5), .-, (X1, ¥i)
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Y-rate measured by Cl-trace method

Scatterplot of y vs x




Simple Linear Regression Model & Interpretation

Regression model

Regression line



Example: Relationship between diesel oil
consumption rates measured by two methods
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Example: Relationship between diesel oil
consumption rates measured by two methods

Regression line (Estimates of regression model)

(1) What is the distribution of Y when x = 107

(2) What Is the probability that Y is greater than 10 when
x =107



z 00 01 02 03 04 05 06 07 08 09
-34 0003 .0003 .0003 0003 .0003 0003 .0003 .0003 .0003 0002
-33 0005 .0005 0005 .0004 0004 0004 .0004 .0004 .0004 0003
-32 0007 .0007 .0006 .0006 .0006 0006 .0006 L0005 0005 0005
-3.1 0010 .0009 .0009 .0009 .0008 0008 .0008 .0008 0007 0007
-3.0 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
-29 0019 0018 0017 0017 0016 0016 0015 0015 0014 0014
-2.8 0026 0025 0024 0023 0023 0022 0021 0021 .0020 0019
-2.7 0035 .0034 .0033 .0032 0031 0030 .0029 0028 0027 0026
-26 0047 0045 0044 0043 0041 0040 .0039 0038 0037 0036
-25 0062 .0060 .0059 .0057 .0055 0054 .0052 0051 .0049 0038
-24 0082 .0080 0078 0075 0073 0071 .0069 L0068 .0066 0064
-2.3 0107 0104 0102 .0099 .0096 0094 .0091 L0089 L0087 0084
-22 0139 0136 0132 0129 0125 0122 0119 0116 0113 0110
-2.1 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
-2.0 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
-19 0287 0281 0274 0268 0262 0256 0250 0244 0239 0233
-18 0359 0352 0344 0336 0329 0322 0314 0307 0301 0294
-17 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367
~1.6 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455
-15 0668 0655 0643 0630 0618 0606 0594 0582 0571 0559
-14 0808 0793 0778 0764 0749 0735 0722 0708 0694 0681
-13 0968 0951 0934 0918 .0901 0885 0869 0853 0838 0823
-1.2 1151 1131 A112 1093 1075 1056 1038 1020 1003 0985
~1.1 1357 1335 1314 1292 1271 1251 1230 1210 1190 1170
-1.0 1587 1562 1539 1515 1492 1469 .1446 1423 1401 1379
-0.9 1841 1814 1788 1762 1736 1711 1685 1660 1635 1611
-0.8 2119 2090 2061 2033 2005 1977 .1949 1922 1894 1867
-0.7 2420 2389 2358 2327 2296 2266 2236 2206 2177 2148
-0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
-0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 2776
—04 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121
-03 3821 3783 3745 3707 3669 3632 3594 3557 3520 3482
—0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
-0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
-0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641



Example: Relationship between diesel oil
consumption rates measured by two methods

(3) Let Y, and Y, be the independent rates measured by the
Cl trace method corresponding to x; = 10 and x, = 11,
respectively. What is the probability that Y, and Y, differ
by more than 5?



z .00 .01 02 03 04 05 .06 .07 08 09
0.0 5000 5040 5080 5120 5160 5199 5239 5279 D319 5359
0.1 5398 5438 5478 517 DS 5596 5636 5675 5714 D793
0.2 5793 5832 5871 5910 5948 5987 6026 .6064 6103 6141
0.3 6179 6217 6255 6293 6331 6368 .6406 .6443 6480 6517
0.4 6554 6591 6628 6664 6700 6736 6772 .6808 6844 .6879
0.5 .6915 6950 6985 7019 7054 7088 J123 J157 7190 7224
0.6 7257 7291 7324 7357 7389 7422 7454 7486 o 7549
0.7 7580 7611 7642 7673 1704 1734 7764 7794 1823 7852
0.8 .7881 7910 7939 1967 7995 .8023 .8051 8078 8106 8133
0.9 8159 8186 8212 8238 8264 .8289 8315 .8340 8365 .8389
1.0 8413 .8438 .8461 .8485 .8508 .8531 .8554 8577 .8599 8621
1.1 .8643 .8665 .8686 .8708 8729 .8749 8770 .8790 8810 .8830
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 9015
13 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9265 9278 9292 9306 9319
1.5 9332 9345 9357 9370 9382 9394 9406 9418 9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545
.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
1.8 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
1.9 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 9803 9808 9812 9817
| 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
2.3 9893 9896 9898 29901 9904 9906 29909 9911 9913 9916
24 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
2.5 9938 9940 9941 9943 9945 9946 9948 9949 9951 9952
2.6 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
2.7 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
29 9981 9982 9982 9983 9984 9984 9985 9985 9986 9986
3.0 9987 9987 9987 9988 9988 9989 9989 9989 9990 9990
3.1 9990 9991 9991 9991 9992 9992 9992 9992 9993 9993
3.2 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 9995 9996 9996 9996 9996 9996 9996 9997
34 9997 9997 9997 9997 9997 9997 9997 9997 9997 9998
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Error sum of squares (SSE)
Data
Model

Prediction Error (from a line)

Error sum of squares (SSE)
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LS Estimates of Model Parameters

Least squares (LS) estimation
— estimates regression parameters by minimizing SSE
— The resulting line is called the regression line
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LS Estimates of Slope and Intercept

LS estimate of intercept
b0 =y =Y pX

LS estimate of slope
b :,é _ Z(Xi _X)(yi -Y) _ inyi —(in)(Zyi)/n
S Z:(Xi_i)2 ZXiz—(ZXi)Zln
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LS Estimates of Variance o2

e Fitted values
e Residuals

e Error sum of squares (SSE)
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Example: Relationship between diesel oil

consumption rates measured by two methods
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Example: Relationship between diesel oil

consumption rates measured by two methods

X y Y-hat e-hat
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Coefficient of Determination (r?)

How much of the variability in Y can be explained
by its relationship with x?

e If xand Y are “perfectly
correlated”, then 100%
can be explained by the
relationship.

* The tighter the
relationship, the larger
the portion of variability
explained.
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Coefficient of Determination (r?)

Total sum of squares (SST) and Error Sum of Squares (SSE)

SSE is smaller than SST, but how much smaller?
Percent reduction in error = coefficient of determination

18



Example: Relationship between diesel oil
consumption rates measured by two methods

The regression equation is: y = 1.46 + 0.914 x

Predictor Coef SE Coef T P
Constant 1.457 1.484 0.98 0.347
X 0.91382 0.06928 13.19 0.000

S =2.61334 R-Sg = 94.1% R-Sq(adj) = 93.5%
Analysis of Variance

Source DF SS MS F P
Regression 1 1188.1 1188.1 173.97 0.000
Residual Error 11 75.1 6.8

Total 12 1263.2



Regression Effect

* Regression toward “mediocrity” — pulled
back in toward the mean

— Upper half will still be in the upper half but not
by as much (from the mean)

— Lower half will still be In the lower half but not
by as much (from the mean)
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