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= 4.7 -;-"-—; | denved fom (ensscrm] Gmn'fnﬁ‘

= Actelermbion Aduve fo gmi*y is G1.

Ly h(® dencke the height of a ball

as & funchion of time. Say you stand
at height h=0, and thnew He bal strmight

uew*'*f With \eloaly Vo, How does He
bal meve in fime 2 e, what is h()7



ACC@\m'l-Flh = d derivatine

- iF }:-Gl.
= h @)= 7

censtant

VW\G\- ‘W-l.,*; “MIN. Cﬁ\:‘l’\h‘ff a3 deﬁn}»;;?
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= hi(¢)= - Gt t+ ¢, for seme. C,€R .
St e N'.Mm'm, .
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What are G + Ca K
{ince h(6)s Ca & h(e) =01 =D Ca=0.
thire w Hre bal with Vclaca’s‘y 74

Jince We

S hi(ed= Vo =? h/'(s)=¢C =Vo -
Conc lusion . +he ball meves lih e
h{{'\: Vo'b_JiG"t .
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WY \S a‘cu\us Se impd‘"'nn"' to phyl‘icrz,

/‘\M\V pl\ysv‘q’ laws that describe how

qvm\kes are T lat-=d / evolve ober Fime

are qven as differcatial equations
( Lind Lunction 5.“!'!.0\ darivativeS + other mJHa'om)
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| y/@ exhil
exwka\ 3%""0/0(&&\/ i{f if aL i
e  differenial  gguation g
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for gore ke R
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Whet  happers Whewn k=0 ¢



Sy You Make an initid IMVesthent
of B dollas inke & Lecurity Fhat yields

v \ﬁ&Mb\"’ iV\""M“" C.Mpouhottﬂ( ah”hauy.

\'\ow th\ mine Y fo You kav-c— at ‘”‘

e | £ the first Yesr 2

P': Pa(H-"\.
E"A of R (N YQGV'Q.
P, s R (147



Wret £ we Owpounded 1y Fimes per year,
nrteacd of just once 1 Say every { aifR






o we 'om'* mahe nlinile Woney by
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m\* AN
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$ r
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Consider (D= In (>, =2 f’fx"’-’; and £z
put
I Y BT
.c ('5 = h-o h
= ‘!i“'\ -L ‘h(“‘\)
-0
\E,‘,“:o h‘((m»){'—\
= | (mw') D ez v {un"‘
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_@_:: (onsider Jwe i'\VeS\"mcn-}g) A 4 B .
A Gives o Y ) annualized interest refe
UM‘)O\MAA&O( ‘/tar'y, B 33%5 a 3 inferesi
rale but S a;wspwml.e,o( anknwbrly ‘ Whies,
5Vlou\0\ \p1 thoose

A 8
P|= P,(H'().o%\ P, = P&O.o%
= P.-l.o") | - \.030“5 Y
z |.03F

Pich i}‘,



& Now Yeu hove fwe ophims, A

3. A 3""85 Y inkerest compevnded

o
\-\\\1) B gives T percent interest Lut is

A Lo\'\hhu.\nfly Mk\— V‘dlh.e- of

Co",“)@“ﬂdl
You theld (Pen.‘-l— de LaH-\ choiCes 2,

wo\u\o\ M“l«z

(\+ =
=" = [(“' = ]

= p=l12k(1+222

r
003 e

A~ 0.02994626



&" .{dy Po‘-: |00, r= U/ ) And We Caw\’.mu(

s

rbinassly . Mow long Wil i Jake wntil You have

f'ow ?' a.au'by
A" 000 = 10o(e
- 6.6M-E
e~ IO = e
=5 |n(1e) = ooUt



N2 lbom dehote the initial
AN :
_ . Mhass of & NadicactVe Subs'}an(e..
— and mE) the Mass at Fime
7 [\
Eyvmhew"u“\l, e hes been found that

This j::} z_xpom«){a’ Ae ca V. However,
We n Nepert e half-kfe
g N af-kife instead



How ‘\"‘ ‘pi"ﬂ‘ \\4\": ‘l‘pe J;Wn h and Vice wmg

We have m(0)= Mgy 4nd waat t st M("):%l‘u.
e

gut e alse fenow that i mlo)e*.
U

o L, = Mt

;) jS _ it

o - = R?

= k= - .!.'.‘{31 :

/ \ha\f-\.&



(_:l_'_o A Sample, of cinsteinium -252 Aecayed
Yo (U.DY- ok Vs oviginal mass  apfer 300 days.
() What is the half~life?
(2) How long  Weu'ld i Jake the origina| sample

{0 fecay < i’ of Ws on'J'qu Mass ?

A: We bhow that  p(4y= m(ﬂek*, and
(30002 0-6UD M) . iy meadidys

9
o (30 = moye " ¢ 0. 443 M)

0
= 33 °® 0.64%

=) %00 L': lﬂ(O-‘"‘})
=) k= 4,"!;‘,'»\(0.‘"332 -0.001472



So -"\M/ \\a\-c-\i‘:& s

= I
U= k.

~ L‘m.‘q dA\,S ;

for th original qample { docay +o "3- of

~06.60722¢t _ —‘-mla)

m(d)= mlde = 3
-o.00l4y72¢
= eo.oo - _%
o ‘ -L
=5 _
ve ~0.06M72 lh(i)

X 7469y Ays.



Newdon'’s Law of Coo\imi

Rate of (Cooling of an object is prpordichal

Yo the ‘l’ehper"‘"khg difference between

an OH\ea} and its surromdings@

AT _ Rk (T-T
L R_ ambient hmpu-a.’.a he

Ts T#) an expshenhally grwing op
Aecaying  function 3 NoO!



Bw\- W we ded
W we fine a New funchon h(f): T(+)-1

Nen We See +hat dh
b SlTer-T( = 4T
ad R(T-TsH = lk he)y . “

%z Lhy => & htd=Ce
- celtt S Tle)=T; + cekt,

=) <

=7 T -Ts

£ k<0 what happens as t > ?
Iiny, TE¥) = t!:” [1}+Ce“*z = 7;

+~» 0



Say that a het iron fod (5000}-‘-) is
Suspemded N wld air (§°F). After §
minctes  the wh is 900°F. How kot
wil the Tod be aftfer 1 howr (From shot) €
Assume Newtons (aw) of &,kv.

A Ve hnw that TZ6N= To+ cek? /7}~5',:S§

ams=me———i

Alse, T(= Ts+C 2600 =) c=500-Tg = 445
S TlE)= 5+tnse* Wt 5 k2 We alse hnots

Yoot T(SX S}l‘qse ~.3OO => 5&3 5q
qq
= Sk WD) 2 ke Th(E) s
& - 0.1035



<o a-ﬂ-w ﬂ_ howr A
' fronn the slart '
he S tenpermture Wi R pe

T(4o) = 5+ 15 eI

n 5,944 °F.



\:i-bomcc'\ NMumbers . l+ E=0, F,= I,
e —— )
and Aefine & Sequence by 4he hrecursion

| for
F“.‘.F-' +E\-1 D) h:z,‘bl“—.

Does this Sequence §row Subexpenentially |
Suvtfe)trohm'ka“y‘ or CkPMwﬁ‘q"yz‘

Oy Vv 253,56, 813, 21,34, 55, 99, juy

o8y

Ve can shos ot Fps L (( wf)“__ /- ﬁ)».>
2 ) (=




Note +hat ’lih ("ﬁ

¥ &
\ac. “n
r, F n~
h ~ 45
Uhn - ‘_.t_—é~

2

SW:O, s« for



Q: AP\"“"‘"‘"\«"’C- n such +hat Fh’ 2,;0“’-9:

V5
= nlin(E)-5W(®) = In(d + 422 lu (10

S n= @) +422 (10)+ 7 In(5)

n(3)
=2 hx 2022.U¢,

So wWe (Can PpPick N=20273,









Cometimes We Wowld ke + hnew Yhe
h*e op c‘\ahae O'P Some qwm-k'}y, Lu{»

we on\y have aess fe the pate of Change
of a N\a'kd/o\wiwal quanbty. T+ tHurns
b et i is oFfen pessible fo relte

'H\.,A mte of chahge o $hat of the Pelated

desived Y .
’u‘h";"‘\[. l\C'\C‘— V‘elﬂv‘ rates.



Q_'f {uppat we incresse the side lcﬂj'"\ of
ob a conhant rate of 3 cmys,

Nete 4he Nate of change of the Volume is hot MS"WH‘.



Several ) 9.,
C.'s a"-}bz-QaLCo:(C)



g_ ' Wn-\- 15 +the rmbe of C‘\M\,c, 01‘ #\L
curfoce  Bren of & Sphere With Madius [0cm,
5.‘ ven that fote of Chonge of +he Sphese’s

M;us s Ohstant and &?‘A&I to
0 cm/sewnd ?



@ﬁ Cirsy shep is Jo write dowh
infornaa diol, in rMmotthe nmeatical

@ﬁ Secaddl Flep 5 usually +o differenhafe

. NIQ{';"‘ W.".h &:MG .



@ A= Yorr?®
= AlAl- %[twf

= AA = Llaz'?."
7 27('

@ Once  Yor have & Cruation nelating
pates, plug in what you Anow
wd  Solre  for  Hdesired quanity !/



2 A4 e (10aw) (2 om/seoned )
e

> \GOJ‘C Cw‘/foeoh-(.



QR I o 5houvlml| MeHs so thatl

S

its cu{ace @rea decreases at a rate

of 4 cm'/min Lind  the mie o Wwhich
Yre &iahe"-tr decreoses whew the diameten

6 |0 cwm-






Equw‘"“'\ N,la-HhJ D and A ?
D
D=2v~ = Fr: N
gotizrt =5 A= Hoe (3)*

Differen Hating :
d 1
d = w D
Fary ge{n0*]
aD
- A —
=9 %T = 25tD ¢






_9';_ Two Cars meet
The #7F s .
l - s o.:or ;:'l-cﬂtch}m .
3
he Second Car ontnue e
A s Cast
;i’&r Qooph:nu-,.es’ ul‘\n.-l—
harce the AL
les © S

whi
ab 90 mph.
s Hhe ale of
between He drum Wahin









20 minules = "\3’ hew.
W J,‘ Mv‘,
B o >4 5P F
< B> _%..60: te = 20
#
=7 D = 201*(%31
D:anh“n')‘:‘:’:
.
4 [0 s[#B>(
) 4D . o &






g:-'- A P\"\L ‘“\IH\J hoﬁZon‘"n"Y of an
abitude of 4 mi ad a speed of §00 wi/h
passes AirectlV over a redar Stetion, Find
the wvate at which +he distance from
\ane o the staten is increesing

0 mi away Frem

w\w'h 'H\b P\u'\& 1S
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Analysis Steps?
AnEE -
y Alkibude is anstant, o &2 =0

at
__’ D: ’2. (]
> k: ‘ Caal)



ar Two sides of « J-Naval,_ have lu\yH\s
D w ondk 15 m, The omle petuween them
is increasing at a ke of 2°/min. How
Lt is the length of the Hhivd side
increasing when the ongle between the
sides of Fived lenmgth is (0°?






Rbla‘HﬂoS ?

L= 12541552\ 19) o
2 hte 364 -d60ces(8)






Analysis gtep *

#——

* 2 ZE redians
5 6= >3
—» % = 2 /mn = %‘;"‘ redians /min

_y Bat what s h?® Use +he relation

a_gam .’

¢ |2 15 “22(12)(15) cos (35

=9 },"— 369 - 50 es (Z)
=> h=v2¢9-360-% = Y3¢q- 180

~13,72U77



Pugging In;

%z_\g/o.—--sin () %
A361-1%0 T
~ 0.3958



& An opev hemispherical Fank  has  radius 13 #
Water beginrs flowing it the tank in such «.
LY that the depthn of water is incheesing at
W rale of D FH/he At what pate is the

top crevwlor  surface Area of +he water
C\""’j.""j wheh +he O{ep‘“\ O-F wul-er is 4 # 2.









Ditde
ventiating -
4w
=7 . |
Q»é— -h) }
== 1 ” .
'E db 2(1%-h)- - %
. [26-2 .
hi ST

=5 AV\
< (- h];—"-

o[>+



wt (2 an

B W WA‘\' %.’ Since ,4.-.&',2’
ﬁ{A}" f{'[”";}
> %: 'Zuré%

(swbving Wik, preneus e  efuation
Av - LJ13- oh |
ﬁ r[“ "\I-;C,‘, ) we get |

NA o
F Qs_Y‘%
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MATH 2

Leckwe  #15
10/13/23
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Q. let Pu dendte the st of all polyngejals

ngdrec, < h. Given & Lunction £l), what
O =
| e bak apminchon BOER froxma

B P, u ompriwd of the (ontont funchions

l
I

I
l
{

r=a

ﬁ Ih+u1+1w|y, the ‘hs+ QPP”):;M‘HCh Should be r,(ak-ﬂ‘),'



Ts Pa(k)z'p(‘) 'H\b anly fumc tion  in Pc.fa',iﬁf’,'“) (l)?

Yes '

Pwn‘ Let g(xWP Then by Aefinibion,
(x) C -ﬁr- s e CG’R Condi Kol (,) "‘v/ﬂ/:cs

9
‘A' = ll C = d
h |Zv\ 5( ) x": fla)
Xea 2 ’

= 4ld= £(a)



Q" G'N‘C«h Q fumkah 'ﬁ(k>, W‘\a"-

CEE——

is Hhe bes+ Qrpn)gimi-w P,(r)éP, fer X:.‘:a?

i P s COW‘PNS“( ot linear fuM{-ioh;
P

£ Intvitively , the best apprrimater should
b!, P, (x)': 817\ of 'l-‘km.} |;v\¢,.'



W& (rn  Eneede ther wth  Hhe  cond {hey
= £/(aD .

(wupled  @ith proditicn G

& What funcHons )0,€P,
both (i) and (i) ?

Q

—

5&"’ S -.C\,



Claim® Only pilds £@ + £1)(k-a) .

?N"‘cz-: Let \D\GP,, Then r.(ﬂa CraXx
—

for Ve C,,C.é'a.

Londition (i) requires that

£lay= i P*’*"‘,!‘_";; co+C.¥]

XA
Co +CQ

=7 Cc t C1& = £la)) .



Condibin  (iD)  Peuines $ha +
/(43 = £,

So P'(“)g -f{q)-.{'/a34 y £0D x
= f) + f'(a\(x—a)



Highev -
gher - onder  Gpenkinalns

\Icu.

ray be |

: - nieresteel in hag¥

ue for o fFounchon P A P
né€

Ju.d'\ ““" o £ (o
‘g(h) F , i
(
= - e A :‘M
Lor 1 - k n -Ff%r abeh,

We W
(A Lind tHhat

* *



Fot  this Maph, we say thet the tament
line to L(r) at foth"' k=a is the be st
linear GAImation Fo L6 hemr x=a.

We somebimes Call +his He hneamzation of
L) af x=a, given Ly
| (= £la) + £1) (e -ad
~ () .



Q@ Find the linearizatrion OF  fLhey = sinfe)

bnow thet  Llxy= £(@> + £1a) (i),

A We
40 with fe f""(*) =) f’ﬁ\’) = Coslx) and a>0
we e (o) + es(0) (x~0o)

(x) = sih
. + O + |*(x=~0)

= X .

This justifies the  small-anmgle apprrinafy,
gnlIx X for X hear 2erv.



Q-"— Find the |3nw:2«i~;an of 'flk\u?‘/;

=& a
at X A J.;xT

L)z (> + £ (x=a)

- #(?\ b F’(p)(x_g\
= 2L+ o(-0).



A Let £6)= V% | and azle Thea
e inearizabioh of {x) at azlo Xy
L0 = 200 + £ (x=1D
= | f‘i‘(l\d’.‘(x-l)
= | + é‘(xd)

Aot % .00444,.



Q‘
* W&
< &s 3‘&\0*!.
S an €

‘e,r"\'h
for the
velw
Mme of dhe
cube
-
hy @

bowwdh

linesrization



Uﬁrj e lneatizatin, we spe Hwt
Vst x L (5160
= |26 + 76((5*°-')‘5>
. 16 +(75 %00
. |25 £ 7.9

o tne abshbe orrr is Abut T 7.5 .



What  &beust nelabie grmr ?
(,25 + 7.63 - ('253

— e
rel err (125

b L2
— 125

"

¢

i

+ 0.

o
+ ¢ 7

"



Bub these wre just gpprvimations | Whet
bre  Hw gract absolute /pelatie arrs 2

For absolute erre, in wost (are e hare
V=I17.649  ank in ket V=132.46)

wk.‘c(\ JfWS‘ EL‘:'- < 7.35] Aned Eu__ > (51

B Gwm eshimated cfror wes 3 2.6/

lre
For relabhive ervr , be he EL = ~0.062

e

E:}m'\z 0.068 = 567. -~ — 6.2 7.

& Ovw hrared brelabve erar was (Y. ‘



Note o Differentials:

—_———————-‘——__—-—__-—

Sonmetrhes, we write

%-Z | -F,("3

oS

dy s £ ') dxe.

We. call o(y and  dx :(i#uu'l-h/ ‘
£

Alfhogh  You
s+
When wrz:oj with -‘TL:,:NV bl



Preforvid Hreednent of differcapals
Lughead of wwf-bj dy = £ Ce) el

ingde el Hrink ot
Ay = €0 AX,

Where here Axzh  and

Ay = YOx+hY = Y0ed. Think of

Ay and  dx o5 apphrinately reprasing
Ay &k 4x , for smal A,



Q! What s the differenny AV
L V(8= 5’ m termyg of ds ?

\

A %’-: VT => AV= 3s™ds,






Sech () =

corh Ce)

Cosh (k)
sinh (k)



Sinh (¥)

Cosh ()

co\\)




Some Hypu'lwl:c Triq Tdentfies -

cinh(~x)= ~5in h () cosh (-x) = CeshCe)

(,os\t\l(ﬂ- sinh () = |- Fanh e = Sech®(x)

cunlxery) = Sinh ) coshly) +eoshlx)sinhly)

(os\n (ery) ™ cosh () ash(Y)  + sinh () sinh(y)



.Qs.". Prve $het COSl\z(k\-S:hl\1(v3=‘ .

A cosh(e) - ~cinh*(x)

im(e H.x\\ {l(c 3 \I
[z(e o) + & (e - U"‘(e‘# ~¥)~ .\.(b-»)]

4 -\

e e

= =)

e
'::L‘

[}



“bﬁ\l‘\:‘\/ﬁf O'F H\Ifep LO‘:C F""“"H“\I ‘s

[CEN e

AAT( 5'ml\(x)= CpSh(k) %&S‘\(t) = fu'hl'\[k)

,g;\_\; csch(0= — ¢sch () et () f;mk&-)z ~sech &x) Yonh (r)

0{_‘_ Javh () = Sech (e a{"; ath(e) s — csch ()
<



W

"



Tnverse ’l‘/pwlv\.'c -Amc{-;‘m.r 5

sinlh o) = In (x-r'fx‘T')  xel

cagl{"(k) s In (x+ 4/;':\"), x|

|+ X
-‘-ah\\q(r)= Jé"\(,__k) “lexe)






550\v'cl~3 for ¥ in termms of x L
Lt 2z’ Thew!

~(-20% A (=4O
- —

=5 2°
=7 1

s 2x X '\/‘-l(y"-l\

f

R
s Lx + 2YUx>-|

'
= X tdxt_'




) LU"" l’
“ yeR.’nca. X 2
that whigy
\Hlo‘re% -
(h
we

by
. / )ch
Mdvh;eq/y
i ‘FM"M\ M‘E‘J’S .
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Deﬁvo\'\'iM O'F Wwerse hYpVUnc #Mhakohg:

I A <l ,

4 L —
A S:uh () = m, 4—): esch A)' Il
l




lvx
T+x

I“( N-" N-x . ‘(

l-(l»x)~(-l\(u-x)
(1=x)* ‘

L —_—

" Iceyn = (x\(1-x) -



A

==
&

-"

1/

PNV{, 4“‘(’ d“; CQ}A~ (‘f) = V;l.'-:-l.
& losh ()2 ﬁ In (x4 7
ox
l d T
X+ o &l XY (ie*-1) Z
-L
I N LAyt 2
W {l{-z(x ) ’fz
I . X
X'I-'J;t—-l (k*msm
\



MATH 5
| o cHure #16
l0/16/2%

I dlf\a'“\“"'

Liha( uoa“v



0



Dek : We s5¢y Hhat ceD is the
apsolute  waximizer (minimizer) of 0

on D W WreD flozf6 ( VxeD, #(c)sm))

The Ovespading value  £0Y is  the

a\m\u.h Ma Xirmup Valug, (”‘iha’hﬂuh Valuo)

of L) on D.



%: We sty thet € i5 a laca)

MAXI W2 & (minimizen) of Flo if

.F((,)Z.'IC(Y) /.ﬁ(()_e #(k)) 14" X Near C.

The W’W:‘U value £ty is loca |

Maxinue  Value  (minimane Vabe ) of  £06c) .



GZ’, G;V&V\ A #UﬂCHah 'F"D"’IP,

how  CoN we find  the Iaad/g/oba/

maximum /asinimurm values of F£lx)?

Q. How do we know Wl\-&#\e,"/u}‘lch

——

Hiese exis+ ?



Extren~ Valwe .

__ﬂ_‘_‘;_"__"}__”‘_’_‘————' If §0) is Gnhnues 090
o Closed berval [abl, then Fle) attaing 4
Absb\"""' panximum  and abselute mMininning

at sne values [a,b1 .



Q Does Flx) = x* athain a4 marinun,

e | MR MuUmM Value oM [00'1?.
yf?.’

G'. Doe) _F(x)- —'— a+‘\‘ﬁlh a Mayl"\uﬂ-\

o v vale on (0112

Ves fov minimum bk no  fer Maxitun, |



Q__ Dpes HO= arctanle) aHain 4 Glopal
pMaximum OF  Minimw oh  (~a,2) = RC

Neither !

- T T 2

Q}. Does ,C(,‘)={~,,t+t. X% 6 Hain

6 |, XS0
(5\°\"\ Makitmum o pain, mum™  Gh [.,' .] ?
YeS Lv minihnum, ho for moaximun, /



Fermat's Theaen, - I §f) hs a local
kit o mibimwn  at €, andl if
,(:'(c\ exsts v then ,C’(c\:o,

Orwof L ((ose: loca! maritmun) £6) having o locaf

g
M.\x;v\'cum at ¢ :> 3 an ogpen ;ﬂ'l'&l‘t/a/

(o\ V) Gnteining  C such that Vxe(ap), H24
(et X:C-I"n for P"“"“"“" ‘\; thew aLM., Ho t

flc+W = flc) = O
-f(c-f-h)--ﬁ'(c) c O fer Sumc:euf/y

i small ¥R

=>




> - £
‘:7 d.::o'} 'F(C'H\: f, 0

J

Ao W
=5 [N <0

£l -£(cd 20 =D f(_C_"’_‘%:_ﬁz 20

. Lleth) =FOL)
D oy —— 20©

(0
£ )
-5 fCY20 .




CAUTION: Fomt’s Therer: dues bt el
\A‘ "“\‘\'\' I’C ‘{",(():O 'H\u"' 4"\(,» ; ;J'
locu, Maxipqurme or MNP, of

c‘;—H\er a
1"&"3 %) Yhot

£0) - I+ a'\'y
c is ,otd’ = f’[c) =0
mAx [rin

4=
£ exisls

Bt f we A C%Fvl, we Coh sl :
+o help fLinod local prax/min . e it



Dﬂﬁ A Ch"’!(a, Num ker /f""""\ O0F LG
Is A numbper C in the domein of ,C’/k.)

jwck Hat gither -F(:)-:-G or £ does
ﬂo‘\' ekiff‘.

A Fawm"’ 'S‘ Than . SAYs fl'w'f‘
Q‘P 5} (x) hes A local  pa x/min at '
Jrew € is a crihan/ Pm‘rrl' of F.






fhos Lx-2y?
L
2 7.

A! ’
£l = X' -2x* -3

$lter=0 =7 -2’
X -—2x =3 = 06
>x(x"-2x-%) = ©
=> x(x=-2Xx+H = G

=) X =
a o, x=-1, x
» -
e A [ Cl'o""l‘m/ Eo‘ﬂb



— *
e
He contial pa
' ? pdn""‘S O#

60 Xs= - |
= s He only entbical
m )
point of 6



HON 'l"D ﬁ;hb( 5'0[7&, '\-.Ax/h;h?

10 fbo b conbinuows on [aibl ) the,
lucky; thee & & gehem]

;'Y:/C A:: (ah -,Q"ou)
C\oses Ihkn"' Method

i+ ints ¢)y—,¢
A all critieal pewn 1y~ Ch .
(D E;:‘spu‘-g_ -P[Cl\a —_— 'p(cn) :

@ Find £(a) and (1) .
@ The 3‘0\"" Marfrin hie in o Set {f(c,),s,f(c..\;

Lfa\ . 1) N



Q_ Whet is the absslute  Max/min

y
of £0e) = +-x ——%—X')‘%‘xt*? oh +he

_A_l w& a'wy Sl -”‘\h"’ 'I"\-‘. a‘l.*';ml
o¥ Lle) pnre €150 €=~y Ca= 3.

go‘m’rs
e erespording  Fnchich Valhes ane
NORNE P HOE

We alse Gmpule Hat  F-DH = %‘—
and  F(UW)= % .






Q: Find the absolute Moy /min  of

aunetip

v
£z Kty

on (0.\ ) 5) .

Pc'm‘b ‘F(PM‘)
;?_ 0.‘ ‘Oo‘ “" ""‘)t
e,z 1 1. ¢— Mmin
b= 5 | -’-'géz 5.,




Q‘ Find the A‘?fo,h"‘& May /it of

Comm—

Ll eX=%x on [o0,2].

A:  First Lind critical poinis.

—

Ll @ =3 =D Flyz0<¢=> e*-3=0
=2 "z73
| = X:Ih{3).




8. Find the abslute wax/min of  fhye/2yy

——

on the interval [‘2\370

A Figh find dhe Crifical poinds.

2 nN\Y. 2y = e (e=u)
-("(x?"- rb()' -4 " 5

s by [(“7.3():-231
I o D
o the eribial peinty e
(=6, Ca=-2 , C3=172.



‘We, OWect owr Candidates




aQ Clossi€y al critical points  of

e X - 34 x?
F(x x'—x3s x2+8 a5 beal max, local win,
ov M-}Lor.

x(x*=3x+2)
x(x~2)(x~

A o= X =H%+2x

S

o

“) X =

Vew Yo Chech  local max/min on het Heor



- both, .
;, ~f.245 Cy= 2
flo.0)%x M.Sj Lyx f.0l
£\WWNx .25 LN P.ol
fHrz 2 t‘:l?-S HH=§
5 Ce*! S ¢3=12
it @ local is a local
Max Mik



'0\". For
— a
va\ue o.p ,L‘F;O) 'F:'\A .H‘Or Ma )
e x2(1-OF on ""["‘“""
o)!{.

A:  Finst find erifical
foinh.

——

, | a
£'0:1= axa ‘(’-‘E)L b
| X //-X)L."

a-l

Po=0 =) a
¥ li-F = b 10"



=) Xx= 3
1o -
o C1= = T) .
atp 15 "
" only Ch"l-.tq,
L L I)o:h‘,’,

& 'c C -
A;: (e (a&—b
‘lvb
0.0 11\2. \ ' : | )
OLd ™ «pk
5 hay; VY O“ (' |
) ch (o]
[ I']

% 'C(m-l.\ /M—b



Q' Lt 0l BHAR denote the S7qioid

/

.Cu\mCHoh 9:wn LY 0'{1'): l—— , W‘qq-}-

ol o0

+e
\s the Maritum Valc,.‘ ol

cn R How @ you juskfy +his ¢
~¥

A w& @mpﬂ"'e $hal Vo m /{k) - __§_________.
ey o (/ ‘.ef)r) 2)
Qe e"x

o ey T eyt

00 = 268 - 1he¥) = O

= 252’(“’(2—2’(-{)(:6



<2y Y N "

=7 & ~e&¢ =0 5 @-2 )

:) "‘2)( = X :> X = o .
So €,=0 is Jhe only critical point of o 0.
BW‘ haw 4" 'ﬂ"" “b.&'o'uk hWaay ©Oh le‘M/ec(
'|*\'\-em/4| ﬂ? 7



§inte o6 s | ncreesing fr x<co, ¥=6

\s @ crifienl P”:M' e ) Ae CreecSe §
\

£or X920 , a'/(o):: b Mwid  be 'l"\c j'cbﬁ, may,



'Q" e
Q: +ha
\ocal b foos x’o’ o
faX /min . P

has no
A: l)/(ka '0, xloo "’5’/\’50 + ’

/
=0 hes &hY
§o

Lé"' ‘Z‘.:x

fuhenr s Z

L:-Hac = E
(61 =410 1

Discrimnand A =
= 2147 %o

.,; 2 Yeal reots
= L6
hes Fwe crit
‘ l\(‘q' ]
pam'}j.



But note alse that L7450
% the Hwo CN"H(OJ rd:”"fy' (anhF
h‘ \oca' hMax /m?r\ ) SihCe o-l'hcr«/\'&
We wold han, Fo hae £ 6 <@

Some w‘rure,, ’

., Flo= x4 > 454

o°
has Mo Max /in.
N
local



MATH 3
Lecture # 7

0/\¢ /2%
Yonathan Lind blogi,






Extreme Value
xrvete VAIBe . Sr LG is  hbihuows ok

Tv\bnv\'\
—__———/
(ab1, thew F0) Atferrns

n  Closed inkorval
and  ghselunie

lube kiU
[“ ) b] .

an  abse
Nae V“ |W, in

|V AR at 50

F&M'|"5 Theve~: TIf £0x) has @& laca
.________/—
Wx?h—suw or MinimuM a+ C ) anh o

L £ exishs, thew f£U)=0.



C(OJCO( Il‘"el\/', M&M' !u'm Ll is

-
c,,g\{;nws on [‘\\J- Then Ly the EVT the

o of £ o [abl s achicnd and
pind Heen by [‘\ulcii:j-'

_p The endpenis
—p Points whae f to exists and equals 2ery

—» ?O;M-; wha< .ﬁ’(g) does not exisy

(ribical |
eo‘m\-s .



Q: Find the absdlute pex/myn of
Mo j!,llw'\l'ﬁ £uinctvh £0e>) on (-6,5].

3, %3 24
L" + —-— == x +l
‘F(k): a6’ "X tag o 0 X< 3

q- Ixl I 2% .

A‘; F;n_;,’ 'b"’ ’5 -ﬁ;hd all Poih'b W‘\ev\,
'Y n -
plry=0. 400 X< s 2y tex tao =°









p\o\\e'ﬁ Thmw’: Lb-,' £06) be =
-

Lunction S“HSLV;"j:
() St is onbinusss on [ail].

() -cl(\ﬂ thSBA on (a))b) .

() £lar= L0

Then T e(ab) swh Hat L0350,



In Ehs\tsk?. I-@ L) s
c.w\-'wmovs ard A¢ -PfennHaLle. :

“"""‘" f6)  has +o Tro 1Y prouned
i ends where o begine.






Pm-(f'l Break #+ into coses.

(-HK)‘ C‘“""“'}\ Ic f0)= 2h on (a\b)
‘-H\w ri‘l" a"“f P““"’ Ccela® - = £ie):0.

3¥€(M” By +he EVT £0v) achiewes
sk 66 ) s paximum Somewbere 9N [a,6]
S(MQ, «[/Q) 'F(lv) 'H\L Maxy pros4+ OCcur
at sont CG(&\‘\ "'75\1 Fernwt % Theote
lhat fiter=o0.

e(arb) 8
(1a‘x@(v;¢ 03) ! the EVT, £G4 achrewe,

s penimum Somewher o [a,b]. Jinee fl)=FA),

he mn must sccur 4t Some Celab).
=) BY Terrat’s Thewen. +that L%)=0.



Al Fird we Show thue i35 at [e-rl- Ohe

Tmm——

real root. We noke that  ffo)x <1 ane
B VIl 2o by the ZyT thene
'vw‘l' be "A ﬂ?“"/‘ of €l) in (0,D).

resl ™
-fﬂ' 4“ x, dJo £0c) s J'""H'C'”Y inc’”";‘3°

Diuppese APe sk MFR F Hrdz0. Then fr) = Flre),
wrd by Rolle’s Thua Jcelriree) s+ £&)=o. But f’ly))b!



P Vdlue Thomes’ Lut 42 b

Lanclion faHﬁcyn'hj:
() #6 i Gnbiauens on [eb]-

(Q3 (-"():) Exists on (ML).

Then 3C ¢(a)p) Such +hat
L) - F(a)

ploy= 120

b- a

AN quiw‘enH\/;
£l - £la) = £ (b-a)



In Ehglf:hz. MVT  sfutes

Hao 4 Lo b hunetes T Aifferenalle
[a)b] (erb)

:7 -“te -H%.;. line hes A f/d,-g_,
efual o Yhe slope of the Sent

[ine between endpoints at sore
'.in\— c €la\b).



EY" -[{Y)t )‘l N [0\ 1.

e

MvT 3(¢¢Mf'ec: /‘Q}L

Jcelad 35
#I(c ya '.
ke i3 Phis peint?

f’(y): 2” )

‘,"[).): [ =2 2x =1

=) k-‘-'!i







Come Fucks prven wing the MVT:

[ 1¢ f£lr=0 on @b, then flx) Gisint
on {lllv\.

A f’(ﬂ"—j'f") Vxe@b) ) then
(-9 is onstent on (a)l).

\\\/
#{k)=56\r\+c om (a}b) .



8 & is & fired pant of 0o iF
prza. Prve dhat if LUOE for

al xel, then L6 hes at neost ohe

-c}k-eo( pd'l'\*' .

Prink of  Sime eknmpI,J
Phor= x© S $0 =

A Lexs
e prRVity
-‘-giu(n (

. L cosli)
.f(k’ 2 N ‘ph -




Qecall Hamt .F[A.)-“— a (= Llo-a =0
% ‘ \’Yv
/ ::3(4)
{0 (ondki Hewr that Flr? | Lo any X IS
dame &5 3/()') FO S+ any x.

s .F'(r)- )

Suvwn —"'\a..\. 3’[’()70 for "“Y Y, anol '”l.u‘
Ave -'-M distinet -;o'kca( ro:b‘,j' a, +az of ﬁ/k).

af leor®)
-—(;lg;:" =q(a)=0. Bwt Huw by Rolle’s
The applied  fo  (01532), T c €(anar)

0eN=0, & cmiradichoen-
s Hon¥ 5 ke ) b oSt
o Thare Oan “HI:I::’A ‘Qo:'\"' of £,

e









T cressiig / Decressing Test

Suppese Lo is (whnueus 0Ok [a)b]
Bk -p’(k) exisis on (a1b). Then:

‘ %) S0 = F increasin
[ Vxelaryy #6270 = 7 ineasis

f l(em:oﬁ

@ Vxetad 10,/):) <0 = on [ab].



Proot  of m? We wemd Jo show FHheat
= £0> is in Creeting oh

< Xa =D £0e) ¢ £0e)

£6H>0 on (a1 b)
(G\L) 3 i-&') -l’h"‘" X|
&f X|) XQ_ 6'[6,[»},

*Iola\ apply MVT 4 dhe interval [x),x21.

e MVT (nobe hypetheses ave satistied 1),

S;Z, hrow Hhat Jc e(xi,x2) Such +hat
f’((): ~#(Xt)—"€{k'}.
XQ - X\ )

= flxD= £l = £10c)(x2-x1).
| L~y ¥O
Finally, note dt L7150 by assumption G“"“x ;;:::..{(:.»o



M'F O'F @ ?. E‘S«MHA"Y mitrored frw the
previans . We wont o shaw thet £7) <O

on (a;k\ :.'> f(’f’ 1S Alcﬂﬂf'.‘:y on [‘)L\S ey
I(X'B,‘F(’"'} for x.,x;éfa;b].

“"\‘" X|<X'L =

A M"v"'ﬁ MVT o interval [ana.l, de el x2)
Ju“'\ ot _f’(c): ‘F(X‘L)-'F(k\) .
xXa = X)

=) ﬁ(X%‘#lxo: £FC(xr-x).
NG"O !,(C)<o J’ X—¥1 20 )y So -Ff)‘z) "'f/k.) mus,
be W‘ ey Lled-Fledco

h.,aoﬂ-—'.w

=> £(x) ¢ 'f(xc), => x> fhe).






@ Find the sets on which {hy: Ly3-a,

==

15 INCressing / Aecreasing .

I

A Looh a-\— -H'\c. denvaf"l/‘&
— e
‘P/(»_ X t_q -()(—'53()“"‘73 - A
(04-9)
From the graph of £,
an Sete Jhatd Ll ihcmm‘uj oh
we &

(oo,*’ﬂ\){": 0"3

IU\L

and  Aecreasing 0N

gdec = [.3 ‘31.



9__:'.. Can you ‘|"7 to greph flx) = -‘,-5-—><3-4x
s accumbely as pessible, withest  Us5ing a
Ca\cu\a‘\'av' and\ without e\m\uahnj £led) a+

Many pain+$?. What s Your -,lh,,u]h-} Iy,@(esSZ.

Some l\c"’-ru\ nformadion Jo l\an.‘
> toots of F0O —» loca) Pax ¢ min

—» behovior at XPTY Increesing set
—»xdy intercepts and Agmasiry 5‘e+!



.-c’(ﬂ: x"-‘l;«F'(v)W =2 x=Xx%. f/~3)=18, £(3):~I.

/
/
v

oroo’ﬁ ae X0, ¥= igﬂ s y-:nkrtcp* at (O,b

im Lo s -00
x:-;:o = +
=9 8O



jon ath an Lmﬂ(blw”’l



Leview of last lecture s thearens :
e
MVT: Lot L) Satisfy |

@ b is Continuous on l[ab].

@ £'0 axists on (mb).
Then 366(‘\\5 guch that L) =0.

Qole's Thm &5 spesial aase 2 If ali #a)= 1),
LV



Last lecture we ended with Hhe
incressing /decressing fest. Lops Pre
e fist shatement) |

[ Vxelabd £i(x)70 = ,cg,: '[":":"i.‘."i

Proot? We went o shew thet £0950 on (a)h)

——
=) £(x) "'\C"Cﬁﬁv on b’b]) [ 'H\a"‘

X1 ¢ Xa =) ‘F(VIB < f{g.L\ VXHXz([ﬂLJ .

kldw'{ Whet thwm (on we we ¢



Let's apply MVT o Hhe intenal [x),xd,
whore X Xa €[0B] are  arbitmry. 4o 5 x)

By the AMVT (note hypotheses are Satisfied 1
we knw that ¢ gl pn) Such hat-
.("(c)= £(x)) - )

.

Xq — X1

=7 $le) ~#0e) = £ (xa-x4).

Bub XadX1 =) ¥a=Xi120, tdk by aswmphies
FieV70, 50 we murt have £y =3 YO

=7 00 > £00) s Ths H must be. inereasing on [aih]



Q Whae is the Fanchim Loz gxf-23 0
2 TR

increasing 1 DGC"W"? ;
A o= x'=25x = (x5
= y(,pl—S\(y—S).

Waom IS ‘F,(Y) Apoﬂ'"':w or wuh'ln. ?
ﬁld”‘: Arew JSome num ber lines. |

4;——\’*—" — : * e "‘":—_—"_+ 4
. +$

2
- - + _s
Over\ay 2 - L | f ! I l”s



S

inchessing & Decressing

Q‘- \J\\m is He -Fww{"M 1‘(&) —-x --‘_5'-

= ¥ (x=Dx+2 (x ~D(x+!)

X 1+2x®






G\a.'idtv\j fuestion for this lectune

How Can wWe Mene effechvely ditermine
r a cribical pant s A local  haay/mnin
(or neither) U Compened to jurt

plugging ia Points near He Cnkienl points ¢



Covkn: Whiyr can go Wy wil, jut

P o
gy T pentr e anitios! peint ¢
Jocal
‘ \“‘| ‘h‘h
M.V
o o’ q;
X X ¥ "
/ ' '
\ H
i

wf/ heve no 9“* W‘\[ L. ﬂ\f"‘f
wish
Hese Twe cCases J K






0 TL £/ goes + > 43 Yeu (RS C,
thoaw c 13 @ local Mo i,

E‘ If $ Qoes - =+ X You iy
e, Hem C is a local minimun,

@ IL 9w of £/ doesn’t dherse as
you CmS C, C 15 net A boal war/min.






Q! Find the onhial peints of 02 gxtiyt 7
and Classify Hhem a3 local paav/nin,

A'- Fm* Lind eritical pm\":s Lhd= X -4y
. x(x L q)

-l—l..__ twheal roah'l'r Qe = Y{x-33(¥+3),
cl 6, C¢ —3 C3'3 How to fell iF

|o¢u\ M)(/Mn :

——— - * —
. =4 ‘___&___, ——F—>
o -3
- + )
Over]ey: - T ¥ ooy
y X

Q—-:—-\-—-——t—*—‘__’ C\=0 is Max
=3 +3 =) c;s-'s is win






M:

We 5y Jhat 00 8 Cohtave wpdvand

o AW wherval T if +he J""P"’ ot
£ lies above all of s -I—M\chi lines

6N 1. (alse called COMI!X)
(N G

We Say thet L0 is Gweove g Hownward
& s grrh les bolw all of i tangest

\‘nes oW 1



%" A ?0.\7“\’ P on | A Curve ye p /)()
15 &w nflecbon  point ¥ L0 s
C"\‘\';U\MUS at P lho( 6'\0\“,3 s (Con( vl *Y 'H'MQ

((_\p-bCD or CO%Cu).



on R
Ix|

el 1S
Conlave UP




where i £Oe) (Mcave Lp? Concate down?

Ape there Ahy inflection points ?.




Concovity Test !

m 1e £lanvo o An inferval I,
fhen S0 is oncee upward on I .

] If phaco o an intenal I,
T -Nk) 5 oneve Aownwerd on T



a “ ,- Q@
.a/"_ When is £i= -i‘;ix -\--“-x ¥
Coneave WP ? toncate down ? Are Here QMY
wflee e pants 2

1 Fe omeavity, we o ab £700.

e e b, fHonxtex 2
Note ¢.(r3= xt-l-x-'l = ()(-l'?.)(x-\\.
[

-1 overley : ¥=)

-5 IREEE S
. Lo

So 0 T Ovave wp on (Lo _2)U(], @)

A teave down on (L2,1),

=) Inflection poinds ane a+ -2 and 1.,



Ynd. Dgrivahive '
~_//— ® ‘ ®
-l-es-l' ﬁ ASsure -f f rhusus hear C.

D fi=0 + frv0 => ¢ B —

Minima

=y C is a local
M &M

o s + s

st con 30 Ty ¢
y 7 £%e>=0 ) Gn't Gnchde anyin
) ”‘Y’h"“a

» £ may not Exist



Q' Fiv\nl ‘Hno e Mea ! 'M‘B O'P £l¢)s qx" iy 4.7
q,uk clegsify them &5 local Wax /min.

Al We alrgady fonnd crhical poinds i previens
exawple; +hey were 4 €20, Cr==3 C3=3,
Uge 2k dervmbie test+
G'I\r\'a -y =% 4002 3t=1.
("(r= ~1 <0 = gm0 iy leeal Mav
£'EN= 175150 3 =3 is local tewie miy
‘(:"(3\:. 17-95 0 5 c.,g.j 1s local miy, .



* The Wl derirative  Tes+
s pice beeause iF £ “e)

lM?j""" be eosy T Hefermine
it a cnHea| point is & local
paX /min . But it might  be
inconclusive . This 5 why we
needt dhe st denimbie test



Q. (msrder £x)= JS'XB""\,;X’.

,

@ On Whad interva ls is £lx) increasing / o(cma:iv'{
(b) Whal ave He omtical peirts of £0c)R

() On what inbervals is  F6) Gmcave up ?

Conca\re Aown L

() Doe s £0x) km any ‘w“cc\-bh po\h-};?.



5__5_’(‘5 = £y xlx?

=y (x*-1)

2 x (x=Dlx+1).
Where iS £'0D I”ﬁ"""t or Mﬁa:ﬁu. ’{
Consider each +erm individually,

(Y )= %‘X

X x=\ X +|
- + - +
“—r —F— —y
W 1 4
= t + ¥t
Tham o - - oo |xe
+ + i X
“— ")



So 0 is increasing gn (-e0,~\] ¢ (1, @)
and l.ccna:“j on [H11.

() Whet ane the ¢y heal peints ?
Just €130 ) Caz =l Ccoy=+],
ﬁﬂo ’03'\“5 of h'”-d:%rohﬁalﬁlf"y.



(C) Wm (< #(
\ )
T o Ot up /dwh?
-F () = f’x x"(x-h(nl\

. A yUext

A X
= \w"’ -Ux
® ').Y(ZYQ."‘w
Mo
¥




b So fl) i35 (meave MAownwwerd on
Yhe intervals ('0;“’—::_-") and (0‘4_5_,_3
x /,

and  gontale uP\dﬂ'l‘S on +he intervals -%)05

and (5{ , 0) .
'y cUu b U

e -

() ——
I A ¥
2 ’L

Jo the twe points of inflchv,
o

ore Vo
1 )



MATH 2
| ecture #19

0/2%/ 217
Jonathan | indbloow,






Def: 1L N _'_F_(f_)— witlh  both

- ) ' 8 g(k\

)20  ank  ghd—O v XF

thev h’a ’;‘Z& haay or RAY RO

Ck\.f"' adh e [ y +‘~0\+ ‘H\L Irm:'"

iS on '"\o(‘;‘-e,i‘/hi nont 4""’ of +y [~

Y

—
@



. ) :
Def: TS gy i bk
L6 b0 (o0 —2) and 46— 2 (or ~2),
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Why is the 0-velue ;NMMJ—?.

M1 lr=a) + £(a)
Note x'.::: n;(x-a)-}gfa) # X4 3'()‘) ®
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Pruel of L'Hopifels Rule (5 cose)):
P e e

Sugpese. 00 +40) are differeatialle and ¢ ¥o
oN awn ppewn interval I amhinin) A, {thcﬁ moybe at a),
5hﬂ»x alse Had [, L0 = *'c'w. 9(») = O

o

X o
o i) . £
We wond 4o shew that Jim 3] whee Lefm £

Define the Fuedions

00> if () € x¥
Flo) = T e Grlie)= ™ i
O f x=a O I x=q



Note That bth Flo) ¢ Gl are continvots
on the open interval I.

Lek 2¢T with 2%&. Note F() ¢ 6lr) ape
(ontinuens 0N [MZI end o(?#ennﬁ‘ﬂc i (417-3,
with G'GN#0 on (2)2) (So‘m... F'=§/ ¢ 6{:,/).

By Cauchy's MVT, Jc€(a,2) such that
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X~y | = cesGed
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——

¥ sin(d—+0 eas xoe, lut

|"C0$(“) —p 2 a3 X—»JoT.
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Two observatiohs .

N

(1] Ve xte xtHl =2 X ¢ VST
I

X
o < '
D, =

X / J
2| fhe = flhy= ——
‘j Y~ (x‘H):
Which s 5+rc'¢{-[y ’03,‘#“ ‘VX .
::7 #l\f\ s 5""‘;’6""\/ ihc&w}nj .

o . } ¢
log,d’kw,m and Q:)x'\l:;ﬁ: | .
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Q. Whet 15 lim Bg* 2

— F=pac

At This of the Horm @-0.

2 3
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What is  lim xsin(ZF) 2

X=b oo

This 13 of He fm @0/
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- X~» 0
X

I
X— o

= JC.

cos(55) ~rex?

- x ¢
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Whet  abent ndeterrinant frms
00' OOO ) ioo ?

(4] = (e ™)

Wow does #his help us ¢
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Gemwl Idea .

\l/b e alrcedy Selved 1-dimensioral
P{-wm?dooh pnblaw: of -I—ke forv

L0

(00". d‘{' boVM‘M& o’h""?d‘fwh

For ,CMnJ h-dirmehsichal optini 2atisp
(with cohvlmm‘s) will hove wait unt:l Vecter

caleulus ,



Q: You have |00 £+ of ‘Fehc.‘hj
'l'° ‘F@ht‘c. o#

M Yo ave "'“
' Nc-‘-‘hj\a\ﬁ." ‘0'0‘" O‘F Iﬂhq{ .'.. M“”.M’.?c 'H\L
Jote| area enclo:eo(. M\a-\- Shoald $he siote

\go\j'\'kg be ?

A

b\,.]owl' te Meximize @rea . Con Straint Saygs
ol 2w = |00 =Y 2w= Joo-2%¢ =) w:=60-1¢ .
A(e)= €(50-0)= 50L-t5s Aoy So=2¢.

A4 =0 ) 50-2L=0 % (226 ¥ w=lo~tx 25,

$o Sedes Sheuld be 26 ft. x25 ft. s parkx arpa
s 28%



Q. Vhet is the arma of the lamest
rec"ﬂhjh ot  Can be inscribesd in a Circle

of vedins r?

A Just Ghsider the st quedmnt:

i

Any Yo‘.w\' {1y on the Guarter cirele defines
o ud—a’\j‘ﬁ—- We alse Anow on ths 1!4..0(»‘»\#

4
that y s 'Jr‘tx‘t S (r‘-x‘)‘ : ‘
4 r -4
b A= x(Fox®)E, Al (Y + (XN

2-(; ‘% 2/ 2 -1
""X)—-)(ﬁ, 2)1.




=) Y’q"xq")(zf-‘o =) r =2y %

=) X'z —% => k= k"%:}y:ir‘iy‘ ;1;-5-;:
ur%.

S0 the [lorgest vectangle nscrikeol by +h
grele of redivs T [in It quedrant) hog

A r*

¢ == ®

AreA A: r -

Cahsa‘o‘Crh:\j the whele cirele , o
bl arem is  FzyL-.9p2



9"-_ F‘M +‘\(« P‘il\"" oh +k" curve }/:1/;
lagest 1o Jhe Poioﬂ' (3,0).
A Define d() = distence ((310), (x) )’("))> .
s 8 ) 2y &
2) Alx) = (() -x) +(0“'7(k)§ )l
We want o find the poiml- (y‘, y{z‘))
thot minimizes this  dirfance . n
od
A'0) = f‘; [(3-0'*‘("’;)2]“ﬁ[/"’)z**] :
= ‘\'5.{["*)1**] 2.("2(3'¥) +'\
< Ax =61l  2x-§

= e —
o

n ollx) 2d()




d'le) =0 = 2x-5 _ o
9 d(x) -
A

=) 2){-—5 =0 =) X =
=) Y(k‘)= 1[:-5,_' ;

2
2 -

Se e Cbsest peint \S (—%,@)



Q: whet is the pax distance betwees
any {we P‘;M; on +he wnit circle ?.

Al TP we are not ceretal, we wil pup inte
poblens with Y2 Al (which e 4o Chesse ?)

Instead ; we an Hhink of cach peint a5 detfermined
by just 4n angle 6. Let Hhe First pont hae
o \e ¢,=0. P, =(10). What argle 6

for the fﬁf—""{ r.;u- Mmaximjzes e Adistonce_

betonegen the b peints ©

Firsk  find A(Pnp23 as a funchion of 6



A(Pl )IP:;O\ - (("'(050)1-0- (O-sin&)z)-%
-1
VAR Ji( (1-s0) 24 sin%8 ) z’( (I~ ¢s6)sinb-+ 2snbeat)

2 siné - Q.sin&w& +2 sinbcos8
22X (6)

al(&)go = 2',?!-'-.:0 => ymn6 =0

=) 6 = J'Ck, kéZ.

h But het all [”‘;”*’5 ¢= U'Zk, ‘téz 3;’1— M patin,
o\i:*\-ahcc! 0'\‘1 the odd [ Jlo.






Suppese for Went to Slve wolng)=2
Lr x. How Om you do this?

ﬁ W& Cmo"' iSo‘a'\'e. X .

¥

In genersl, the best we can do is emphy
“uhgﬁm' m&%ﬂdf.
W

W.} i&q A"‘ we mh'l'l.@” ecarlier n 'H\e_ Class ?,
D;Iw‘_:oh MGMI JSince X 50'!(&5 X"l\(r)=z

= x is a reet of Gl X =nle) -2






(Gawme . In b minutes, Hy to Gleulate

-H\g Q‘u'Hoh to C“S()t)z X +6 45 Meany

Correct de cirwal plctCe; as Yyou (anl

= 0.7390851332151604416¢










G.  (onsider 'p/)r)-‘- 'é‘)(s'-')")(3

s b
0) On what interva L ois f6 increwsing Mecwesin

(b Whet e Vhe cmbam) peints  of ¥lie) ?
Local oy | local Win Mi‘”«r?

() On What intervals s £h) concare up?
Concmrve olown 4

(® Poes £6) e eny nFlection peints 2

(e) %"ﬁ‘h;h«, local Min lrer USine 2ned Aamlatie test



@46&)-5)( X =) -f(x) X"‘X
=> L)« x"/x - = x"/x-ﬁl)(.v-l).

Whae o5 £le> p:o'#w. o M,,.H"_?‘
(cnsider goech \l"'w\ ;‘“""Vuu-lly,

x ol X +)
+ —— :t. " -l <} ;

I ) -t

- + + Ixﬂ

= - + x =

; + l + I Y S

+ ‘L — 1 +
Tncreasiig on 00,4 (1, @) } Decieasine on [(=1:1)



@ CN'H"‘" P‘:‘"b Gre €120, Caz-li1Cs=1.

By 4st denmhie fest)
he ither

C,=0 1S ALx
CQ"" 'S |.¢u' Ma) - l +
cyz= | 'S loeql Mmih °
((C\l l 3 b
LUy Uy ™-2x = (2% )) H—h
-R 4
2 2
+ aran + | 2™
o o  , + 12

¢+
B R

S Cmeoue b - -  Coteare  down on
ve Up on (VT ) (B ») | e, -vE)¢ (0, ),



The m,y +wo inf lechio,
boinks  ave 14:2' . O it net an inflecim
f‘:”+.,

uﬁh) 'H"l« nd  denvelie -[-,3.*’
| “-)"(0) T O =) 5hc¢h¢l"f'."¢ for C,

i
£'ay = U(ay-2(= ~Ur2=-2 <o
:> Cz-" IS & lot" Max

(0= () == U-2L2250
?7 C's:\ \S$ a |0(4| Wi .



(.(’) Can
You JNP,! Hhe
'teth'Hoh ?

»M
ys¢ £h)e x X
5 \
)

—P Mv hd"-llh"-n' 4 | QJ.YMrhfe §
o Vertiea ' |
-.
X <4 \/ cni-crtepb' Abe o
——' [ | ﬂ)
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5hetdning  Curves 2
-—

- X . Y‘\W"(«Wc‘d'j
—» Asymplotes

—» JIwe Verying / Aec Pearihy
neprvals
i LQCQ' ™M / 2N

~» Concavity intervals,
Whleekion poings



_g_:’_ Sketch He Cuns y = ix"
X =1

A:
: x-inteept 2 (010)
--"‘[~i“+'-'¢epf?. (0y0)
—p Cnbeal peints [/ ircreesiny tdecreoving 2
Llher = Ux(x®™=D-— Ve(2:*)
(x™-O"
N e e LAY

— Y =
(k"'.‘)l




=) =0 s Hre alvt,y Cry\tren ! ,,,'h-;..‘
Neie £6) is I"".H"‘- v dco 4and

“‘J'H“’ for X¥2C) => fle) increasihg
o (~2,6) ard decreaniy fan (5,a)

=) C,=0 i3 (oeal May.’

_'A‘Ymp',pb;? l‘::a “6‘\3 el | ll'h.‘ ‘{if):z .

*Page
Jo 1:7- is anly l?on'zm"w' ‘J,M’a}oh.f.
chf"‘“" one S ?
Lt £6) = 20 i, ‘f(") - -
ST Sl id

kwa £0c) = <00 \iny F/k)'.'. Oo
X~ X -|"






& Flﬂol 'l’ ClaSSI'P\/ ‘l’h(, £W+c(’q' Pawb' o-;c
£(xd= X% (é X)T Then ¥£ind any inflechs.,
Pom'B. Finally, Jhe feln. the cure .

A\. ‘p ’(x) _ |€-5¥ .(o I[{k) . on - 72
3(L~x)¥ 9 /4- x)%" |

What ave  the cenhical peints 2 Whew £%=0
R when £00 DNE, 5. ¢
-— [‘ —5—~ - 3 ‘
ik Co= 6!
y_
-F"(-—()--IWS co=> =5 i5 a local max,
Bud we can't We the 2nd &nm{-,p, Yest for €3 6'






CMCOV\."'V M 'mfla’l-;oh Poc'hl',j?,

f "= ——x
,_z=n* (C-x)>
— 7.l1, ' ‘___t._‘__"'_'
&
:l: i / (G-r)%
: ‘ + j0x-72
%
- 7.2 t

=) 7.2 S an 'm-plccHeh Poiwi. 10/:!) 'S

(nceve down on (ca, 2.2), coht e Up 0h
(7.2.,4) .



Grmph

/

IR \‘-imHﬁ'—‘P*’ at- x=o ¢ x=¢

— Yquh-,ﬂ-er" «f
—p MNe hovi 2ot 1l /W{""“/ Wﬂf/wyﬁ/ﬁg
i £le) = T oo

lim )= —0
it X-$ o0

y=-d
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QL Consider £l = x"’., X —|nl).

() Tind whae £le) s Increesing /t‘eCheaJ':'hj,
(b) Find  +the local meax/min Values of £,
(t) F;N( where £l vy Cl /CD e inf leetres, /’"‘ﬂfr

@) fhedetn. He cwvrve.
A £\ = 2x—l-—-§(—
ﬂlzo =) 2x-~l -l -o = 2X2-X~/ =0

Je
t? zv"” )(Y"l) -0 = X = e L1 CH')Li‘e.[
@ ( >('k s - fa.’n-}x
[

wrelevant, since  £0e)
nt defined M]



e + £e)

@ |o cal parfmin & Just et J'T-/-
Pl T FUnrerT=300

\..7 )t" iy @ Iata, M.

L .
(@ Yih&b ‘ﬁ”(k): R+ Xt >o) #(k) s

(wcove Up on (o, a) .

& i nf lechion Fainf-; .



breeh X [@
— 3+ Hea b Fond,

—p X ~inkerer
_y Dedined nly Fr 9 x>0.

—» lim b= +o@ liwa £8) = +<0,

¥ X~ a0
X0






Q- Find opeoilegy ol cribcl points

—

of He funchion  £0e)= @3(x+a:/3,,))
on the ntevval (o, 1.3].

At
-’c '(k) - - 5;»»()( +'605(3"))/, -25in /3*))

=Y sin(dx)=0 <¢'=°-W)
{0 =7{’ Fiin{nl > 0.43%9

St (X'l-(a:(h)) =0 <CC3$"\ Dm_n
4= 0.4%y



_Q_‘;_ Mr\.-l- does the graph of £h)= hy Uyty |

ok lilee for V"'Y"‘:] e 2 Draw af
que itatively Aiffevent Curves

A: (ribkieal pointst  £00)= ‘lky‘b-fx

—_—
=y C,=0 ‘lt\'(k)'z")—\
Car="~ q)f.(
A C,s0 3 always
Cy s -l-'r?—:' ’ & crheal point, but

Cy $Cy» e only
aralL ‘ooin'b' when
kvo !



So thwe e o oages to think abeut:
Mk ad @ k2o %) |2k g

In O, §%>=—8<0 =5 cimo is bl iy
£'CVE): W-2 50 %> ¢y is heal mi
£'(V3-)» 24-8%0 => ¢, is locel m

Ih @, -(”(0):4(0 “]"'."l So local Moy
Lvo Leo

Yo A






/\/cwjron's method is a "ao-l'-(c'mliov Method
Hat  uses grodicnt information +o help
find +he hwots of & function,

Tdea l

C L

r f Xe
rood of Jaryent

line is closer
o the recd!



Stary ot Xo. Puild linearization of f(r)
aownd o | Lo ()= £(x)+ £ 1) x- Xa).

W"\d\' 1S '"‘\(, root o-P the lhearizeation ?
=5 flx)+ £l (x-%)=0

L,(x) =0
9 - £( Xo)
= © _CI(ko)
=y x= X, — £(x)
£1(x)
So +uke ouy Approyinate Yoot +o be X=X, = #(XA'
Rd‘k and VBP"""' Xhﬂ = Xk f(x—k\- 'F,O(O

Hopefully i+ gets  betten. (‘,(xlb



Game In 5 "";"“""’5\ ""‘Y +» Calculate
—

the solution to 5(2)=Xx fo a5 many
[

(orveet Aecimal P““" x5 ,MS.Siug X

(V—"V‘j /Vcw""" 5 method )

x & 0.5149%%26H 6€ll2qU| %80



We just discussed Newton & method for
roo-\--—{i'mo!'mj of A fLunction $£(x))

L f
X = 7k F’Z:)) '

Vos| Wt to Fined rocks of §7) 5 apelying
Newden's methed +o 9% we  get +he itemtion
9(xk)







M: A -c(»hc(-fdh F () is Calleed an dh'h'den'%mt
of £ oh an interval T i F6)=10) VxeI

Per: I€ FG) and Fale) are both
antidervatives of £ on I, then
Filx)= () + C on I for some CeR.



Q-
— W‘-\’ .m the  antiderivatives ©F
e Folowing Lunchions ¢

f(0)= cos () =) Fle)=sinld+C

Ll¥)= 2X =) F/k): )("'4.C

Lle) = e” =) Fl):= e*+c¢

fhp= fccz(") =) Flo= Fan ) + C

L =
Llo= Tyt =) F(o) = archan(y) ‘e



Whet

is H andiderivebive of



TL L) = g(x) thx) and GOy Ho
dhe Al\',-a'de,n'lm'l';k)’ of j + h,
the antidenvmtive of £6o s

are

then
Fle) = Glc)+ Hio + C .

1¢  flr= c 90 and Gle) s the
anti deri vative of ﬂ; then +he an +dlen'yun f’.&

OC £ 'S
Fle) = ¢ +C .



I Tnverse” Chain Rule :
R

If  fx= 3’[,,,,)).},’/,; for Some
Punchions Gl amel h6), then the
antidenivat e of  £le) s

Elx) = §(ht)



A What s the anbiderivatine of

’

e «fa“ow'mj Lunctions 2
2)(605()(2) => E(x) = sin(x?) +C

£0x) =
He
.c(ﬂ . L\eqy _—_) F(k): (o +C
2 S
M = ,5.)(z =y F(»= x* + C

n(x ce (“‘"( N, Flo)= cos(sin( cos(x))) +C

o = 257 77 Flo= arcdan (30) +¢



”Inw*‘Se,\\ Product Rule :

Ie £l = gl(x)l\(r)-l- q(Yh ()

for Some funcdions 9()() and hlx),
then the antiderivative of £ is

Flo) = 3(r)h/k) +C .



Q. What o Hhe amtiderivatives of the
[lowing  Furctions ?

Lhr= sinb) +xast) =) FHi= xsinle) +C

Loz xe4e* =D Fo) = xe* +C

)= o5t ) =sint) =) Fli) = sinbdesle) +C



I T averse® Quotient Rule:
“Laverse RuoheW” T T

[{x)“(,,)-— (L’)’l,{k)
I £0s j’/J’—

(hto ]
G0 & hlkx) , +hen
of fle) iy

+ C.

Lo So™e Lunctions
-

W den vahve
e g(x)
F(x) = h(x)




Q- what is the antidepivatie of

FO) = Cx(cor(x)-l—sih(r) ?
cos (x)
X

_'.‘.‘_.". F(x) = € (heh Ly
Cos (¥ difFerentia ,l,'nj ‘/



Multiple antid e rent ah N
L ——— e

Le;\— F(x) bc a funchon and
Eho+C Aemote its anti Aerivathves,

Vhat 15 lhe andidemuwthire of
F(K\¥C|?. If G6)s FGO, +hen
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