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Problem setup

We would like to reconstruct an unknown signal & € R"™ given an indirect noisy
observation

y:F$+€> 6’\“~/\/‘(0’2]noise)-

Here y, e € R™ with linear forward operator F € R™*™ and SPD noise covariance
Enoise € Rmel
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Problem setup

We would like to reconstruct an unknown signal & € R™ given an indirect noisy
observation

y:F$+€> 6’\“~/\/-(072]noise)-

Here y, e € R™ with linear forward operator F € R™*™ and SPD noise covariance
Enoise € Rmel

Assumptions:

1. zis (relatively) sparse under some linear transformation R € R¥*"
2. We permit ker(R) # {0}, but require ker(F) Nker(R) = {0}
3. We do not know X,,.ise @ priori but believe it has a simple parametric form
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Conditionally Gaussian sparsity priors

We could opt to work with a sparsity prior directly.

Alternatively, many sparsity priors admit a representation as a conditionally Gaussian
hierarchical prior, in which case of the form

Bj id Hyper-prior
T 1 -1
w\ﬁ~N<0, (R Dj R> )
Yy ’ T~ N(FCI:, 23noise)
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Conditionally Gaussian sparsity priors

¢1-regularization:

a* = argmin | Fz - y|l3, . + ARzl
xr
via conditionally Gaussian representation [1] :
0 1 1 1<
n— .
(.84 "= argmin ;||Fz - YIS + 5 I Rall s + 5 D log B — log m(8)
9 ]:1

!Calvetti, Somersalo and Strang, “Hierachical Bayesian models and sparsity: ¢-2 -magic”, 2019.
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Negative log posterior

r66(0] 75, 9) x 67 exp {— (g) } 1o0(0)

1 1 & "N (Bi\"
B(o.8) = JIPo—ylly +IRel — 3 e+ > (%)
j=1 j=1

Theorem [2]

Letn := rs — 2 and ker(R) = {0}. Then E(z, 8) is globally convex if r > 1andn > 0,and is
locally convex at (x, B) if either (i) 0 < » < 1andn > 0 or (ii) r < 0and s > 0, and

B <9 (n/(rlr —1D)"", G=1,....k.

2Calvetti et al., “Sparse reconstructions from few noisy data: analysis of hierarchical Bayesian models
with generalized gamma hyperpriors”, 2020.
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MAP estimation via block coordinate descent (IAS)

IAS Algorithm

Choose initial xy, 3.
fork=1,..., nmaxits dO
B < argmaxg m(x—1,8 | Y)
xy, <+ argmax,, 7(z, B | y)
end for

1
argmax7(z, 3| y) = (FTEnollseF +R"Dj, 1R) F'S .y
xr
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Hierarchical model

Consider X0ise = aI,,,. Our first modification is to consider the model

o~ GG(T1,51,191),
/Bj%GG(r27527Q92)7 j:]-a"'aka
—1
z|B~N (0, (R"D;'R) > ,

y|lz,a~N (Fz,aly,).
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Negative log posterior

The negative log posterior is given by E(z, a, 3) = Ei(x, ) + Ex(x, 3), where

1 a a\"
Bu(w.e) = ooyl - mlog 5+ (41

) k AR
Ba(w ) = 3| Roll .~ m Y tog ! + 3 (1)
j=1 j

j=1

Here no == 1989 — %, and 7y = rys; — —”3"2.
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Convexity in the variance parameterization

Convexity result for E;(z, «)

Same result in terms of (r, s,7n), but 7 depends on m (size of measurement vector).

Convexity result for Ex(z, 3)
Same result, but we have shown explicitly that it still holds for ker(R) # {0}.

Main observation:

VoV Bz, 8) = —R" D" diag (D;Rm)

10
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Uninformative hyper-priors

e The choice r = —1, s; = 1,91 = 10~* corresponds to an “uninformative” inverse
Gamma variance hyper-prior

In literature and in practice, accurately recovers true noise variance
Stationary points satisfy discrepancy principle w.r.t. inferred noise variance

If a stationary point (z*, o*) satisfies the discrepancy principle
| Fz* — y||3 ~ mairue then a* = agrue

However, our sufficient condition for local convexity in this case is that

4% 1074
< 77
- m++4

Condition is not useful?

11
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Hierarchical model
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~— Ground truth X
Measurements y

40
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—— Ground truth X
MAP Estimate with Ry
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95% posterior predictive with Ry, fixed Bup
® Measurements y

95% posterior predictive with Ry, fixed By
Measurements y

95% posterior predictive with R, fixed Ousp
® Measurements y

14
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Precision parameterization

What changes if « and 3 denote inverse variances (precisions)?

Lemma

0 ~ GG(r,s,9) & % ~ GG(—r,s,971), so we can easily convert between the two
parameterizations.

But in general the convexity and the MAP estimate will depend on the
parameterization.

15
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Negative log posterior

The negative log posterior is given by E(z, a, 3) = Es3(x, ) + E4(x, 3), where

o o a\”
E3(m7a): 7||Fm_y||%_77310g7+ a_ )
U3 3

B2, 8) = 5| Rallh, - mzlog Z( )"

Here n3 = r3s3 + 5= 2= 7”454—%.

16
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Convexity in the precision parameterization
Convexity result for E3(x, a)

r3(rg3 — 1
—1+3(3 )

3 ot~ | Fa— yl} 2 0
3

N3¢

Convexity result for Ey(z, B)

(ra —1)

1. T oy .
7I4ﬁjl+ 419?"4 B 1_[R:B]2‘207 j=1....k
4

17
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Uninformative hyper-priors

e The choice 3 = 1, s3 = 1,93 = 10* corresponds to an “uninformative” Gamma
precision hyper-prior

e From our convexity condition, local convexity only guaranteed in this case if
m
5 > ol Fz — y”%

e If z* approximately satisfies the discrepancy principle || Fz* — y||3 ~ an—, then
this becomes

1 2
-2
(6% Qitrue

18
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IAS in the precision parameterization

e The z-update is still given by the solution to a linear system
e What about the a and B updates?

Lemma

Ifr<0andn <0, orifr>0andn > 0, for z > 0and & > 0 the unique solution to

1
32— mET 4T =0

is given by the solution to the initial value problem

24(1)

T $(0) = (n/r)"/"

P'(t) =

evaluated at ¢ = |z|.

19



Ground truth Point-wise (high noise) Blurred (medium noise)

Upsampled (low noise)
-
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Conditioned on any hyper-parameters 6, the posterior density looks like

. 1
(x| y"?,0) x m(x) x -+ x (), () o exp {—§”ij - yj||2Qj} :

21
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Conditioned on any hyper-parameters 6, the posterior density looks like
. 1
(x| y*P,0) o< m () x - x T (x), 7i(x) o exp {—2”ij3 - yj||2Qj} .
Then (x| y'?, 6) is the Gaussian N'(p, Q1) with

K
Q=) F/qF,

J=1

K
p=Q7" | X _FQuy

j=1

21
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IAS algorithm for data fusion

Input Data {y}_;, forward operators FW, sparsifying transformation R, hyper-
prior parameters, initialization (o, {ao}le, Bo), number of iterations N.
Output Approximation to the MAP estimate.

1 Fork=1,...,Ndo

i. Set a,(cj) = argmax, ) 7(Tx_1, a,(cljl, coal) ,ag:)l, Br—1 | y) for each
i=1,...,p
ii. Set By = argmaxg w(mk_l,ozg), e ,a,(fp),ﬁ |y).
iii. Set a = argmax,, 7(x, a,(:), e ,a,(cp),,Bk |y).

2 Return (mN,{a%) 21, BN).

22
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From blurred observation From up-sampled observation

From point-wise observation
L]

100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 200 300 400 500 600 700 800
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Reconstruction MSE SSIM
From point-wise 0.0223 | 0.7518
From blurred 0.0113 | 0.7763
From up-sampled 0.0478 | 0.7101
Stacked 0.0157 | 0.6339
With three learned variances | 0.0073* | 0.8162*

25
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Marginal pixel-wise standard deviation, fixed Byap
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X y® IAS reconstruction, initialized at x'*)

100 200 300

y@ IAS reconstruction, initialized at X2

» .
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Marginal penalty

In the variance parameterization, it is known that we can pick (r, s, ) such that the
local minimizers agree with those corresponding to £,-norm (0 < p < 2) and
Student-¢ (v = 2) regularization.

In the precision parameterization, we have shown we can do the same to achieve
Cauchy regularization.

28
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Despeckling
e Multiplicative gamma-distributed noise

e Logarithmic transformation yields a model with log-concave Fisher-Tippett
likelihood with

—logn(y| @ Zexp{yz i} + 3 — g

e Coupled with hierarchical sparsity prior, only modification to IAS is solution to
nonlinear equation via Newton's method or other

29
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Sentinel-1, courtesy of ESA



https://www.esa.int/Applications/Observing_the_Earth/Copernicus/Sentinel-1/Facts_and_figures
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Refined Lee
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Observed intensity Reconstruction with TV prior
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Data augmentation

e When using a Gaussian prior w(z) o eXp{—%HRwH%}, we are able to make use of
a common diagonalization of F7 F and R™ R to directly compute an z-update,
e.g., if both block-circulant with circulant blocks (BCCB) then

FTF=FUApF, RTR=F"ARF

3Marnissi et al., "A Data Augmentation Approach for Sampling Gaussian Models in High Dimension”,
2019.

33
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Data augmentation
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Data augmentation

e When using a Gaussian prior m(x) eXp{—%HRwH%}, we are able to make use of

a common diagonalization of F7 F and R™ R to directly compute an z-update,
e.g., if both block-circulant with circulant blocks (BCCB) then

FTF=FUApF, RTR=F"ARF

e When applying IAS with a sparse prior, Dgl “gets-in-the-way" since
T -1 _
R Dy R="7

3Marnissi et al., "A Data Augmentation Approach for Sampling Gaussian Models in High Dimension”,
2019.
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Data augmentation

e When using a Gaussian prior m(x) eXp{—%HRwH%}, we are able to make use of
a common diagonalization of F7 F and R™ R to directly compute an z-update,
e.g., if both block-circulant with circulant blocks (BCCB) then

FTF=FUApF, RTR=F"ARF

e When applying IAS with a sparse prior, Dgl “gets-in-the-way" since
T -1 _
R Dy R="7

e We have made use of recent data augmentation techniques® to get around this

3Marnissi et al., "A Data Augmentation Approach for Sampling Gaussian Models in High Dimension”,
2019.
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) 1 . _
’U|CB,,3NN<I—L’07Q;1>7 Q’ulz)\(ﬂ)I_Dﬂla Hv:Q 1Rwa
1 1 1
= z|v,0,0,y ~N(u, Q‘1>, Q=—F"F+ R"R p=Q" (aFTy+RTv> .

PCG-IAS Algorithm

Choose initial x, ag, B, vo.
fork=1,..., Nmaxits do
ay, < argmax, (o | Zy_1, Br—1, Y).
B < argmaxg (B | g, -1, Y)-
vy +— argmax, (v | ag, Bk, Th—1,Y)
xy, < argmax, 7(x | ak, Bk, Vi, Y).
end for

34
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