
Questions and Lessons from the Work of!
John, PHENIX, and others!
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1. that which one learns when one’s 
a3empt to find the answer doesn’t succeed 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Nuclear Matter Phase Diagram!
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“to see ourselves as others see us”!

•  HEDP 2004 Task Force 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Subsequent chapters of this report are organized according to the four topical areas

identified above. For each topical area, the Task force has identified the principal science

thrust areas/areas of research and has developed compelling questions of high intellectual

value that motivate the research. For each compelling question, a Scientific-American-

level narrative is provided that frames the intent of the question and the motivation for

Figure 1.  Map of the high energy density physics regime in the density - temperature plane.

High energy density as defined in this report corresponds to matter under the extreme

conditions in the region above and to the right of the 1 Mbar (heavy blue) curve.  The

numbered boxes correspond to the 15 science thrust areas identified in this report and show
a representative parameter regime for each of these thrust areas.

Robert Burns, To A Louse 

•  Quark Gluon Plasma ! 
•  What simple, compelling 

evidence do we have ?  



Stunning (data-only) results (1)!
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RHIC Energies

 (GeV/c)
T

p
0 1 2 3 4

2
v

0

0.1

0.2

0.3
(a)

 (GeV)TKE
0 1 2 3

(b) (PHENIX)-π++π
 (PHENIX)-+K+K

 (STAR)
S

0K

 (PHENIX)pp+

 (STAR)Λ+Λ
 (STAR)

+Ξ+-Ξ

 (GeV/c)
q

/n
T

p
0 0.5 1 1.5 2

q
/n

2
v

0

0.05

0.1

(a)

 (GeV)
q

/nTKE

0 0.5 1 1.5 2

(b) (PHENIX)-π++π
 (PHENIX)-+K+K

 (STAR)
S
0K

 (PHENIX)pp+

 (STAR)Λ+Λ
 (STAR)

+Ξ+-Ξ

Sensi;ve to early ;me pressure gradients, Flow exhibits partonic DoF 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•  Ellip[c Flow = v2 = momentum anisotropy, pressure gradients 

–  divide both axes by valence quark number 

� 

E d3N
dp3

= 1
2π

d2N
pTdpTdy

1+ 2
i=1

n

∑ vn cos[n(φ −ψr)]
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 



Stunning data-only results (2)!

Sept. 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QGP medium opaque to high pT mesons (from jets), but not direct photons 

5 R. Soltz,  LLNL‐PRES‐000000 

� 

RAA =
YieldAA/〈Nbinary 〉AA

Yieldpp

some theore;cal 
work s;ll required 
(se arxiv:0810.3194) 
Shadowing, Cronin, ... 

Tγ=221 +/‐ 19 +/‐ 19 MeV 



Understanding space-time!

•  John’s work (& mine) focused on measuring space‐[me 
–  Q: Why? 
–  A: Because we can ... (necessary, but not sufficient) 

•  Ini[al expecta[ons (sta[c calcula[ons) for large/long‐
lived source to accompany large entropy change in EoS 

•  Subsequent (hydro‐)dynamic calcula[ons w/ 1st order 
phase transi[on also predicted long‐lived source 

Sept. 2009 

Note that ini;al LQCD calcula;ons were quenched => 1st order phase transi;on. 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Entropy, Pressure, Energy density !
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•  Recent calcula[ons w/ improved staggered fermion ac[on on Nτ=8 lapces 
•  Deconfinement transi[on in the range 185‐195 MeV  

PRD 80, 014504 (2009) 



Measuring QGP & Stellar Radii!

Interference of electric field intensity (plane waves) from source: 
• HBT reference is to Hanbury Brown and Twiss, who developed 
theory and performed first measurements of stellar radii  
• First applica[on to par[cle physics, Goldhaber, Goldhaber, Lee, 
Pais (GGLP). 

Phil. Mag., 45:663 (1954), 
Nature, 178:1046 (1956) 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P(p1,p2) = 

P(p1,p2)/P(p1)P(p2)  =  1 + | (p1 ‐ p2) |2 ~ 

Gaussian source in xi yields Gaussian correla[on  
in conjugate variable qi=p1i‐p2i 

=  dx1dx2{1 + cos [(p1‐p2)(x1‐x2)]} 

 

PRL 120, 300 (1960) 

p+p 



Measuring Space-Time in Collision!
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Au 
Au 

1.  Flow (dynamical correla[ons) reduce visible source at higher pair momenta 
2.  Outwards direc[on is extended by dura[on of emission 
3.  Ra[o of out to side radius (Rout/Rside) indica[ve of emission dura[on (QGP) 



HBT Puzzle 1 (data-only)!
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HBT Puzzle 2 (model-comparisons)!

•  Hydro models are 2 for 3: 
–  tune for spectra 
–  match flow 

–  neglect space‐[me (most difficult & least sensi[ve) 

     Spectra dN/dpT                                        Flow                                     Space‐[me 
PRC 64, 02904 (2004)   PRL 91, 182301 (2003)   PRL 93, 152302 (2004) 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HBT Puzzle Solution (1)!

• Stage set ... 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Quantum Opacity, the RHIC Hanbury Brown–Twiss Puzzle, and the Chiral Phase Transition

John G. Cramer, Gerald A. Miller, Jackson M. S. Wu, and Jin-Hee Yoon*
Department of Physics, University of Washington, Seattle, WA 98195-1560, USA

(Received 27 August 2004; published 18 March 2005)

We present a relativistic quantum-mechanical treatment of opacity and refractive effects that allows
reproduction of observables measured in two-pion Hanbury Brown–Twiss (HBT) interferometry and pion
spectra at RHIC. The inferred emission duration is substantial. The results are consistent with the emission
of pions from a system that has a restored chiral symmetry.

DOI: 10.1103/PhysRevLett.94.102302 PACS numbers: 25.75.-q

The space-time structure of the ‘‘fireball’’ produced in
the collision between two heavy ions moving relativisti-
cally is studied by measuring the two-particle momentum
correlations between pairs of identical particles. The quan-
tum statistical effects of symmetrization cause an enhance-
ment of the two-boson coincidence rate at small
momentum differences that can be related to the space-
time size of the particle source. This method, called
Hanbury Brown–Twiss (HBT) interferometry, has been
applied extensively in recent experiments at the
Relativistic Heavy Ion Collider (RHIC) by the STAR and
PHENIX collaborations [1].

The invariant ratio of the cross section for the production
of two pions of momenta p1, p2 to the product of single
particle production cross sections is analyzed as the corre-
lation function C!p1;p2". We define q # p1 $ p2 and K #
!p1 % p2"=2, with KT as the component perpendicular to
the beam direction. (We focus on midrapidity data, where
K # KT .) The correlation function is parameterized for
small q as C!q;K" & 1% !!1$ R2

oq2o $ R2
sq2s $ R2

l q
2
l ",

where o, s, l represent directions parallel to KT , perpen-
dicular to KT and the beam direction, and parallel to the
beam direction [2]. Early [3] and recent [1] hydrodynamic
calculations predicted that a fireball evolving through a
quark-gluon-hadronic phase transition would emit pions
over a long time period, causing a large ratio Ro=Rs. The
puzzling experimental result that Ro=Rs & 1 [4] is part of
what has been called ‘‘the RHIC HBT puzzle’’ [5].

Data show the medium produced by 200 GeV Au% Au
collisions to be very dense. Consequently, pions should
emerge from an opaque source [6]. Analyticity tells us that
opacity implies accompanying refractive effects. Our pur-
pose here is to derive and apply a relativistic quantum-
mechanical treatment of opacity and refractive effects that
simultaneously reproduces the values of Ro, Rs, Rl, and the
pion spectrum for central RHIC Au% Au collisions [7,8].

The experimental observables depend on an emission
function, the Wigner transform of the density matrix for the
currents that emit pions. This emission function has often
been modeled (see review [9]) as a function S0 having the
form of a hydrodynamic source parametrization with ap-
proximately boost-invariant longitudinal dynamics:

S0!x;K" # S0!";#"B#!b;KT"=!2$"3 (1)

S 0!";#" '
cosh#
!!!!!!!!!!!!!!!!!!

2$!!""2
p exp

"

$!"$ "0"2
2!!""2 $ #2

2!#2

#

(2)

B#!b;KT" ' MT
1

exp(!K ) u$%$"=T* $ 1
&!b"; (3)

in which components of x% are expressed using variables
" #

!!!!!!!!!!!!!!!

t2 $ z2
p

, # # 1
2 log!t% z"=t$ z, b ' !x1; x2", and

K ) u # MT cosh# cosh#t!b" $ KT sinh#t!b" cos', where
' is the angle between KT and b, M2

T # K2
T %m2

$, and %$
is the pion chemical potential. The function &!b" repre-
sents the cylindrically symmetric transverse source den-
sity. We use &!b" # !1=fexp(!b$ RWS"=aWS* % 1g"2,
reflecting superimposed nuclei. Equation (1) represents
the transverse flow rapidity using a linear radial profile of
strength #f: #t!b" # #f

b
RWS

. Equation (1) incorporates the
finite lifetime and size of the source: pions are emitted for a
duration controlled by the parameters !" and !#. Using
Eq. (1) does not capture all of the physics. As the basis of
the blast wave parametrization, it gives !" & 0 and does
not predict the magnitude of the pion spectrum [10].

The salient feature of the 200 GeV data is the high
density of the produced matter, so we treat the effects of
pion interactions with the dense medium. We adopt a
single-channel approach that uses the interaction-distorted
incoming wave "!$"+

p1
!x1" in which [11]:

S!x;K" #
Z

d4K0S0!x;K0"
Z d4x0

!2$"4 e
$iK0)x0

,"!$"
p1

!x% x0=2""!$"+
p2

!x$ x0=2": (4)

One obtains the single-pion emission function from Eq. (4)
by using the same momentum (either p1 or p2) to compute
"!$"

p .
Using Eq. (4) requires evaluating an eight-dimensional

integral and modeling the interactions that determine
"!$"

p1
. We use symmetries to reduce the number of integrals

and obtain a tractable treatment of the interactions. First,
note that "!$"

p !x" is an energy eigenfunction [11]:

PRL 94, 102302 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
18 MARCH 2005

0031-9007=05=94(10)=102302(4)$23.00 102302-1  2005 The American Physical Society

• Adopt hydro‐inspired “blast‐wave” source 
• Op[cal poten[al for medium interac[on 

•  revisit plane wave assump[on 
• assume chiral symmetry to guide form of poten[al 

• Fit parameters for blast wave + poten[al 

Quantum Opacity, the RHIC Hanbury Brown–Twiss Puzzle, and the Chiral Phase Transition
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We present a relativistic quantum-mechanical treatment of opacity and refractive effects that allows
reproduction of observables measured in two-pion Hanbury Brown–Twiss (HBT) interferometry and pion
spectra at RHIC. The inferred emission duration is substantial. The results are consistent with the emission
of pions from a system that has a restored chiral symmetry.
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the collision between two heavy ions moving relativisti-
cally is studied by measuring the two-particle momentum
correlations between pairs of identical particles. The quan-
tum statistical effects of symmetrization cause an enhance-
ment of the two-boson coincidence rate at small
momentum differences that can be related to the space-
time size of the particle source. This method, called
Hanbury Brown–Twiss (HBT) interferometry, has been
applied extensively in recent experiments at the
Relativistic Heavy Ion Collider (RHIC) by the STAR and
PHENIX collaborations [1].

The invariant ratio of the cross section for the production
of two pions of momenta p1, p2 to the product of single
particle production cross sections is analyzed as the corre-
lation function C!p1;p2". We define q # p1 $ p2 and K #
!p1 % p2"=2, with KT as the component perpendicular to
the beam direction. (We focus on midrapidity data, where
K # KT .) The correlation function is parameterized for
small q as C!q;K" & 1% !!1$ R2
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sq2s $ R2
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where o, s, l represent directions parallel to KT , perpen-
dicular to KT and the beam direction, and parallel to the
beam direction [2]. Early [3] and recent [1] hydrodynamic
calculations predicted that a fireball evolving through a
quark-gluon-hadronic phase transition would emit pions
over a long time period, causing a large ratio Ro=Rs. The
puzzling experimental result that Ro=Rs & 1 [4] is part of
what has been called ‘‘the RHIC HBT puzzle’’ [5].

Data show the medium produced by 200 GeV Au% Au
collisions to be very dense. Consequently, pions should
emerge from an opaque source [6]. Analyticity tells us that
opacity implies accompanying refractive effects. Our pur-
pose here is to derive and apply a relativistic quantum-
mechanical treatment of opacity and refractive effects that
simultaneously reproduces the values of Ro, Rs, Rl, and the
pion spectrum for central RHIC Au% Au collisions [7,8].

The experimental observables depend on an emission
function, the Wigner transform of the density matrix for the
currents that emit pions. This emission function has often
been modeled (see review [9]) as a function S0 having the
form of a hydrodynamic source parametrization with ap-
proximately boost-invariant longitudinal dynamics:
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reflecting superimposed nuclei. Equation (1) represents
the transverse flow rapidity using a linear radial profile of
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Eq. (1) does not capture all of the physics. As the basis of
the blast wave parametrization, it gives !" & 0 and does
not predict the magnitude of the pion spectrum [10].
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by using the same momentum (either p1 or p2) to compute
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Using Eq. (4) requires evaluating an eight-dimensional
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and obtain a tractable treatment of the interactions. First,
note that "!$"
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Quantum Opacity Model Results!

•  Lessons...don’t be afraid to:  
–  generate a complete solu[on, 

even if it requires 10 parameters 
–  revisit standard (plane‐wave) 

assump[ons 

–  cross the blood‐brain barrier that 
too oyen separates theorists and 
experimentalists 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Erratum: Quantum Opacity, the RHIC Hanbury Brown–Twiss Puzzle,
and the Chiral Phase Transition

[Phys. Rev. Lett. 94, 102302 (2005)]

John G. Cramer, Gerald A. Miller, Jackson M. S. Wu, and Jin-Hee Yoon
(Received 24 May 2005; published 19 September 2005)

DOI: 10.1103/PhysRevLett.95.139901 PACS numbers: 25.75.2q, 99.10.Cd

We discovered two errors that do not affect the conclusions of the Letter, but do slightly affect the figures and parameters
presented. The STAR spectrum data [1] was used assuming the tabulated independent variable was pT , when actually it
was mT !m!. Also, in fitting the measured spectrum, we incorrectly included the effects of ‘‘resonance’’ pions, produced
far outside the source region, that do not contribute to the Bose-Einstein enhancement. To address both of these issues, we
modified the measured spectrum by removing the 12% weak decay correction [1] and then multiplying by

!!!!!!!!!!!!!
""pT#

p
as

determined by a linear fit to the measured Hanbury Brown–Twiss (HBT) values of ", see Figs. 1 and 2.
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FIG. 1 (color online). HBT radii Rs, Ro, Rl, and the ratio Ro=Rs. Data [2]: 5 (green) ) !$!$; 4 (red) ) !!!!. Solid line (black)
) full calculation; dotted line (green) ) #f % 0 (no flow); dashed line (red) ) Re&U' % 0 (no refraction); dot-dashed line (blue)
) U % 0 (no potential); double-dot-dashed line (magenta) ) substituting Boltzmann for Bose-Einstein thermal distribution. Insets
show predictions of low-KT resonance behavior in Ro and Rs.
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And what of chiral symmetry?!
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Calcula;ons on Nτ=12 lafces underway 
Calcula;ons with DWF (preserves discr. chiral) just a petaFlop away 

Subtacted chiral condensate exhibits transi[on in same range as deconfinement 
•  some calcula[ons predict significantly lower chiral transi[on 
•  but both fermion ac[ons violate discrete chiral symmetry (recovered in cont.) 

PRD 80, 014504 (2009) 

PLB 643, 46 (2006) 



Chiral Sym. to an Experimentalist!

•  QGP spectral broadening vs. resca3ering effects 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arxiv 0706.3034  PLB  670:313 (2009) 

New detectors for STAR & PHENIX will soon improve sta;s;cs and systema;cs 



HBT Puzzle Solution (2)!

•  Recent breakthrough by Vredevoogd and Pra3 
1.  Boost Invariant Longitudinal Flow 
2.  Traceless stress energy tensor 
3.  Stress energy tensor anisotropy independent of 

transverse coordinate 

•  Explains large Rside and kT dependence 
•  If correct, addresses large uncertainty in sepng 

ini[al condi[ons of hydrodynamics 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HBT Puzzle Solution in 1D!

•  Comparison to pion Radii 
–  a series of 10% effects 

1.  pre‐equ. flow 
2.  LQCD EoS 
3.  viscosity 
4.  improved wave fns. 

–  also works for kaons 

–  s[ll only 2/3 (no flow) 

–  working on 3/3 with Sco3 
using vh2 code by Luzum & 
Romatschke 

Sept. 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 R. 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 17 

PRC 78 054906 (2008) 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FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.

As a benchmark, the first calculation (filled squares
in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between εh and εh + L, where εh is the
maximum density of the hadronic phase. Here, εh

corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2

s = dP/dε, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at εh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of εh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ε with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-



PHENIX HBT Tails!

•  Beyond Gaussian parameteriza[ons ‐> resca3ering or QGP? 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arxiv 0903.4863 
PRL 98 132301 (2006) 

Collisions between ultrarelativistic heavy ions can lead
to extremely high energy-density nuclear matter [1]. The
decay dynamics of this matter is strongly influenced by the
nuclear equation of state (EOS) and possibly by a decon-
fined phase [2]. An emitting system which undergoes a
strong first order phase transition is expected to show a
much larger space-time extent than would be expected if
the system remained in the hadronic phase throughout the
collision process [3]. Indeed, several hydrodynamical cal-
culations show such an increase for particle emission
sources [3,4], provided hadronization does not occur via
a supercooled state [5]. It has also been suggested that the
shape of the emission source function can provide signals
for a second order phase transition and whether or not
particle emission occurs near to the critical end point in
the QCD phase diagram [6].

Interferometry studies provide important information on
the emission source function for particles produced in
nuclear reactions ranging from elementary collisions
[e!e" and # !p$pp] to those involving very heavy ions [7–
9]. Recent studies span the beam energies

!!!!!!!!
sNN

p %
2–200 GeV [10–13]. A common theme for these papers
is the extraction of the widths of emission source functions
which are assumed to be Gaussian. Also, Coulomb effects
on the correlation function are usually assumed to be
separable [14]. Such an approach was followed earlier in
an analysis which used the Bowler-Sinyukov 3D Hanbury
Brown and Twiss (HBT) method to probe for a possible
long-lived source [15]. The rms widths so obtained for
each dimension of the source Rlong, Rside, and Rout gave
no evidence for such emissions, suggesting that the sound
speed is not zero during an extended hadronization period.

In this Letter we exploit the model-independent imaging
technique of Brown and Danielewicz [16,17] to make a
more detailed study of both the shape and the space-time
characteristics of the pion emission source function. The
method uses a numerical calculation of the two particle
wave function, which includes final-state interactions
(FSI), to produce an inversion matrix that operates on the
correlation function to produce the corresponding source
function. The technique has been used to address only a
few data sets [18,19] at relativistic beam energies.

Measurements were made with the PHENIX detector
[20] at the Relativistic Heavy Ion Collider (RHIC).
Charged pions were detected in the two central arms
(j!j & 0:35). Track reconstruction was accomplished via
pattern recognition using the drift chamber (DC) followed
by two layers of multiwire proportional chambers with pad
readout located at radii of 2, 2.5, and 5 m [20]. Particle
momenta were measured with the resolution "p=p '
0:7% ( 1:0%p (GeV=c). Very good pion identification
(PID) was achieved with a 2# cut about the pion peak in
the squared-mass distribution for pT & 2:0 GeV=c and
pT & 1 GeV=c in the time of flight (TOF) and the electro-
magnetic calorimeter (EMC), respectively. The event cen-

trality was determined using the PHENIX beam-beam
counter and the zero degree calorimeter [21].
Approximately 22) 106 Au! Au events were analyzed
to study several centrality and pT selections.

Two-pion interferometry correlations were obtained via
the correlation function C#q$ ' Ncor#q$=Nmix#q$, where
the numerator is the relative momentum distribution of
particle pairs from the same event (foreground pairs) and
the denominator is the relative momentum distribution of
particle pairs obtained from mixed events (background
pairs). Here, q ' 1

2

!!!!!!!!!!!!!!!!!!!!!!!!!!!
"#p1 " p2$2

p
is half of the relative

momentum between the two particles in the pair c.m.
frame (PCMS). p1 and p2 are the momentum 4-vectors
of each particle in the pair and C#q$ * 1 for large q values
where final-state interactions are negligible. Track-pair
cuts similar to those of Ref. [12] were applied to fore-
ground and background pairs, respectively. That is, pairs
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Lesson!

•  John’s refusal to live/work within self‐imposed, 
arbitrary boundaries has benefi3ed the field, 
science, and sets an example for the rest of us. 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Backup LQCD Material!
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LQCD Analysis!

•  Apply thermaliza[on cut, remove autocorrela[ons 

•  Construct Trace Anomaly (devia[on from massless ideal gas) 

•  Temperature Scale Sepng 

� 

ε − 3p
T 4

= ΘF
µµ (T)
T 4

+ ΘG
µµ (T)
T 4

= Rβ (β)Nτ
4Δ s
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T 4 = −Rβ RmNτ

4 2 ˆ m lΔ ψψ
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4β
Δ Tr (2Dl

−1 + Ds
−1) dM
du0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 

asqtad terms 

� 

Rβ (β) = T dβ
dT

= −a dβ
da

We note that the result obtained here for r0=r1 is in good

agreement with the corresponding continuum extrapolated

value, r0=r1  1:474 7  18 , determined with the asqtad

action from an analysis of the quark mass dependence of

this ratio at two different values of the lattice spacing, a ’
0:12 fm and a ’ 0:09 fm, respectively [29]. We show re-

sults for r0=r1 and r0
!!!!
!

p
calculated at parameter sets close

to the LCP in Fig. 1 (right).

Despite the good scaling behavior of dimensionless

combinations of scale parameters deduced from the static

potential, one expects, of course, to still find substantial

deviations from asymptotic scaling relations that are con-

trolled by universal 2-loop "-functions. For the scale pa-

rameter r0=a we parametrize deviations from asymptotic

scaling using a rational function Ansatz,

 r̂ 0  
r0

a
 

1  erâ2  "  frâ4  " 
arR2  "  1  brâ2  "  crâ4  "  drâ6  "  

;

(22)

where

 R2  "  exp
"

 
"

12b0

#"6b0

"

#  b1= 2b2
0  

(23)

denotes the 2-loop "-function of QCD for three massless

quark flavors and â "  R2  " =R2  3:4 . With this pa-

rametrization it is straightforward to calculate the

"-function R" entering all basic thermodynamic observ-

ables,

 R"  "  
r0

a

"dr0=a
d"

#  1
: (24)

Furthermore, we need a parametrization of the

"-dependence of the bare quark masses to determine the

second "-function entering the thermodynamic relations,

i.e. Rm  " defined in Eq. (14). For this purpose we use a

parametrization of the product of the bare light quark mass,

m̂l and r̂0 that takes into account the anomalous scaling

dimension of quark masses [24],

 m̂ lr̂0  am

"12b0

"

#4=9
P " ; (25)

with am being related to the renormalization group invari-

ant quark mass in units of r0 and P " being a sixth order

rational function that parametrizes deviations from the

leading order scaling relation for the bare quark mass,

 P "  
1  bmâ2  "  cmâ4  "  dmâ6  " 
1  emâ2  "  fmâ4  "  gmâ6  " 

: (26)

This Ansatz insures that the parametrization for the two

"-functions as well as the parametrization of their product,

R"  " Rm  " , reproduces the universal 2-loop results given

in Eqs. (9) and (19).

In Fig. 2 we show our results for r̂0  r0=a and m̂lr̂0
together with the fits described above. The fit parameters

defining the quark masses on the LCP have been obtained

from #2-fits in the interval " 2  3:1; 4:08 . Results for the

fit parameters are given in Table II. In addition we find

am  0:0190 9 which turns into a value of 8.0(4) MeV in

physical units. Fit results for r0=a differ from the actually

calculated values given in Table II by less than 1%.

Like in the pure gauge theory calculations of the equa-

tion of state, we also find for QCD with light dynamical

quarks that, in the parameter range of interest for finite

temperature calculations, "-functions deviate significantly

from the asymptotic scaling form. In particular, we find a

dip in R" at " ’ 3:43. For small values of N$, the interest-
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FIG. 1 (color online). The static quark potential in units of the scale r0 versus distance r=r0 (left) and dimensionless combinations of

the potential shape parameters r0=r1 and r0
!!!!
!

p
extracted from fits to these potentials (right). The left-hand figure shows potentials for

several values of " taken from our entire simulation interval, " 2  3:15:4:08 . The lowest curve in this figure combines all potentials

by matching them to the string potential (solid line) as explained in the text. Curves in the right-hand figure show quadratic fits and a fit

to a constant with a 1% error band. The lattice spacing has been converted to physical units using r0  0:469 fm.

QCD EQUATION OF STATE WITH ALMOST PHYSICAL . . . PHYSICAL REVIEW D 77, 014511 (2008)

014511-7

� 

r2
dVqq (r)
dr
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⎠ 
⎟ 
r= 0.469(7)

� 

=1.65
heavy quark 
poten[al 
ϒ(2S‐1S)  M. Cheng, et al, PRD, 

77:014511, 2008 A. Gray, et al, PRD, 
72:094507, 2005 

(plaque3e histories) 

Lines of Constant Physics 

� 

ml = 0.1ms(LCP)
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Θ fermionic/gluonic 
contributions!

•  trace anomaly 85% gluonic (+ fermion interac[ons) 

•  larger cutoff effects for p4 fermions from LCP Rm 
Sept. 2009 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Θμμreprise : Hydro 
Parametrization !

•  Three fits each ac[on (p4, asqtad) 
1.  lapce data (solid) 
2.  lapce data and HRG  from 100‐130 MeV (double‐dot) 
3.  lapce‐10 MeV shiy to approx. chiral/con[nuum shiys (dash) 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•  physically constrains high‐T region 
•  reasonably describes peak, low‐T 
•  single func[on avoids fluctua[ons 
•  few parameters (easy to transfer) 

see also poster by P. Huovinen  

24

with the HRG for 100 < T < 130 MeV. As an additional test of this parametrization, we also fit to the lattice data
shifted to lower temperature by 10 MeV (open symbols). Based on the comparison to Nτ = 6 shown in Fig. 3, we
expect that the continuum extrapolation will lead to shifts that are no greater than this amount. These fits follow the
same prescription: the high temperature component is fit first and these parameters are fixed for the full minimization
(dashed lines).

Data d2 [GeV]2 d4 [GeV]4 c1 [GeV] c2 [GeV] χ2/dof

p4 0.24(2) 0.0054(17) 0.2038(6) 0.0136(4) 26.7/19

p4-10 MeV 0.241(6) 0.0035(9) 0.1938(6) 0.01361(4) 26.7/19

HRG+p4 0.24(2) 0.0054(17) 0.2073(6) 0.0172(3) –

asq 0.312(5) 0.00 0.2024(6) 0.0162(4) 34.4/14

asq-10 MeV 0.293(6) 0.00 0.1943(6) 0.01670(4) 42.8/14

HRG+asqtad 0.312(5) 0.00 0.2048(6) 0.0188(4) –

TABLE V: Parameter values for fits of Eq. (C1) to trace anomaly data for p4 and asqtad, data combined with HRG calculations,
and data shifted by 10 MeV.

The parameters for all fits are listed in Tab. V. As is readily seen in Fig. 15 and the χ2/ndf reported for the lattice
fits in Tab. V, this functional form provides only an approximation to the full lattice calculation, but one that will be
shown to be within the systematic errors for the equation of state. As statistical and systematic errors are reduced in
future calculations, the parametrization of Eq. (C1) is easily modified to include additional terms, including the high
temperature perturbative terms. The shift by 10 MeV has the predictable effect of lowering the c1 parameter by a
similar amount. Including the HRG points affects mainly the exponential slope term c2 leading to a slight reduction
of the peak.

The energy density and pressure are calculated by numerically integrating the trace anomaly fits according to
Eq. (3). For these parametrizations the integration is started at 50 MeV. Because these parametrizations of the trace
anomaly have their minima in this region, the pressure and energy density are not sensitive to the exact location
of the starting temperature. We note, however, that Eq. (15) rises rapidly as the temperature is further reduced,
and is not suitable for extrapolating to temperatures less than 50 MeV, well below the freeze-out temperature for all
hydrodynamic calculations for relativistic heavy ion collisions.

Figure 16 shows the energy density and pressure curves for all fits compared to the systematic error calculations
that were described in Section III. These parametrized curves do not differ appreciably from the p4 and asqtad results
shown in Fig. 7, except that the asqtad equation of state has been extrapolated beyond the highest temperature data
point at ∼400 MeV. Fits to the HRG merged to asqtad data lead to small increases in the pressure but they are
within the systematic errors associated with the interpolation, shown as shaded boxes. They shaded boxes were
drawn as narrow error bars in Fig. 7 that were centered on the p4 interpolation pressure curves. The HRG+p4
merged and 10 MeV shifted data fits lie slightly above this systematic, but fall below the systematic error associated
with using the HRG value for the pressure to begin the integration at T = 100 MeV, as plotted here as shaded band
in the energy density. This error bar was shown as a shaded box at high temperature in Fig. 7. The agreement
between the p4 and asqtad results at the highest temperature provides some confidence in using the high temperature
parametrization to extrapolate the asqtad result up to 550 MeV. At this temperature, all parametrizations are below
the Stefan-Boltzmann limit.

The square of the velocity of sound is shown in Fig. 17, as given by Eq. (9). Differences between the fits are mainly
evident at lower temperatures. The parametrizations for p4 and asqtad uniformly approach but do not attain the
ideal gas limit shown for the HRG calculations with first order phase transition. The latter is typical for many of
the hydrodynamic calculations that are represented in the literature. The EoS employed by the publicly available
Viscous Hydro 2D+1 code (VH2) [30] comes close to the set of lattice curves but falls somewhat below these new
lattice results at higher temperatures.

APPENDIX D: SUMMARY OF EXPECTATION VALUES NEEDED TO CALCULATE THE TRACE
ANOMALY

The various expectation values needed to evaluate the trace anomaly are summarized in Tables VI and VII for the
p4 action and in Tables VIII to XIII for the asqtad action.
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Speed of Sound in Hydro!

1.  ready for hydro: smooth approx. to HotQCD EoS w/HRG 

2.  able to propagate systema[c varia[on through models 
Sept. 2009 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Results with VH2 (viscous 2D+1)!

Sept. 2009 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•  Beginning to propagate EOS thru Hydro 
•  Preparing to add cascade ayerburner‐>spectra/flow/HBT 

M. Cheng 

M. Luzum and P. Romatschke, 
PRC, 78:034915, 2008 

25 R. Soltz,  LLNL‐PRES‐000000 



trouble with (discrete) fermions!

•  1D Dirac Eq.                                     has 

•  degenerate fermion states 

Sept. 2009 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Wilson action lifts degenerate states, breaks chiral symmetry, not widely used in thermodynamics 
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•  preserves a discrete chiral symmetry 
•  addi[onal terms improve cutoff effects 

     p4 [O(a2)+fat link smearing] 
      
     asqtad [O(a2)+tadpole coefficients] 
      
     B‐W [stout link smearing] 

•  all have Symanzik gauge improvements O(a2) 
•  all should converge as a0 

M. Cheng, et al, PRD, 77:014511, 2008 

C. Bernard et al, PRD, 75:094505, 2007 

Y. Aoki, et al, PLB643:46, 2006 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