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1. THE INVARIANT

A =
⋃∞

i=0 Ai = fin. gen. noeth. filtered algebra, dimAi < ∞
some An generates A

fAutA := {filtered automs. of A} →֒ GL(An)

= affine algebraic group

H = a maximal torus of fAutA

H-specA := {H-prime ideals of A}, = poset w.r.t. ⊆

Invariance: H ′ = another maximal torus of fAutA

=⇒ H ′ = αHα−1, some α ∈ fAutA

=⇒ H ′-spec A ∼= H-specA

Common Generic Situation:

∃ “natural” torus H ⊆ fAutA and H-specA finite

H ⊆ H̃ = maximal torus

then H-specA = H̃-spec A
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Some H-spec examples
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2. BRUHAT INTERVALS

Coxeter group W : generators s ∈ S

relations s2 = 1 and (st)m(s,t) = 1 ∀ s 6= t

m(s, t) = m(t, s) ∈ Z≥2 ⊔ {∞}
reduced expression: w = s1s2 · · · sl, si ∈ S, l minimal

Bruhat order: v ≤ w ⇐⇒ some subword of s1s2 · · · sl
is a reduced expression for v

Bruhat interval: [v, w] := {x ∈ W | v ≤ x ≤ w}
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Fix base field k, 0 6= q ∈ k, q 6= •

√
1

Quantized Schubert cell algebras

g = LieG semisimple, w ∈ W = Weyl group (Coxeter)

W generated by reflections si ∼ simple roots αi

w = si1si2 · · · sil reduced
β1 := αi1 , β2 := si1(αi2), . . . , βl := si1 · · · sil−1

(αil)

U+
q [w] := subalgebra of Uq(g)

+ generated by

quantum root vectors ∼ β1, . . . , βl

= quantized coord. ring of Schubert cell B · wB ⊆ G/B

H = maximal torus of G acts naturally on U+
q [w]

Thm [Yakimov] H-specU+
q [w] ∼= [id, w]

Qns [Nowlin] A = a generic quantized coord. ring with

H-specA finite

Is H-specA ∼= a Bruhat interval?

In what Coxeter group?
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3. QUANTUM NILPOTENT ALGEBRAS

CGL extension of k :

R = k[x1][x2;σ2, δ2] · · · [xN ;σN , δN ]

with rational action of a k-torus H such that

xi = H-eigenvectors; δi locally nilpotent;

σk = (hk·) for some hk ∈ H with

hk-eigenvalue of xk 6= •

√
1

E.G. Quantum 2× 2 matrices:

R = Oq(M2) generated by X11, X12, X21, X22 with

Xi1Xi2 = qXi2Xi1; X1jX2j = qX2jX1j

X12X21 = X21X12;

X11X22 −X22X11 = (q − q−1)X12X21

H = (k×)4 acts with (α1, α2, β1, β2) ·Xij = αiβjXij

Thm [⊆ Lusztig; De Concini–Kac–Procesi]

All U+
q [w] are CGL extensions

Thm [Letzter-KG] R = CGL, lengthN =⇒
∣∣H-specR

∣∣ ≤ 2N
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E.G. R-matrix of type D4 −→
F-R-T algebra A with generators Xij , 1 ≤ i, j ≤ 4

[Nowlin] : algebra X covering k〈X1j , X2j | 1 ≤ j ≤ 4〉 ∋
• X = CGL extension of length 8

•
∣∣H-specX

∣∣ = 112

• H-specX 6∼= [id, w] ⊆ any finite Coxeter group

=⇒ X 6∼= any U+
q [w]

• H-specX is ∼= [id, w] ⊆ an infinite Coxeter group

H-specX, up to height 2
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Qn [Nowlin] Is H-spec (CGL) ∼= a Bruhat interval?

Example

R = k[x1, x2][x3;σ3, δ3][x4;σ4, δ4] with

x2x1 = x1x2 x3x1 = x1x3 x3x2 = qx2x3 + x2
1

x4x1 = x1x4 x4x2 = q−1x2x4 + x2
1 x4x3 = qx3x4

and action of H = (k×)2 such that

(α, β) · x1 = αx1 (α, β) · x2 = βx2

(α, β) · x3 = α2β−1x3 (α, β) · x4 = α2β−1x4

H-specR =
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H-specR 6∼= Bruhat interval in any Coxeter group
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Known “height 2 property” in Bruhat intervals:

Any element of height 2 dominates exactly two

elements of height 1

Thm [Lenagan-KG] H-spec (CGL) has height 2 property

Qns For H-spec of CGLs or quantized coordinate rings:

• What finite posets appear?

• Are they ranked (= catenary)?

• ∃ maximum element?

Open Problem

Characterize Bruhat intervals among finite posets


