Physics 5300, Theoretical Mechanics Spring 2015

Quiz 5 solutions
Given: Friday Feb 13

Problem 1 A bead of mass m is threaded on a frictionless circular wire hoop of radius
R and mass m (same mass). The hoop is suspended at the point A and is free to swing in
its own vertical plane. Using angles ¢1, ¢ as generalized coordinates, solve for the normal
frequencies of small oscillations. [The KE of the hoop is %I w?, where I = 2mR?2)

Solution: : We have for the KE of the hoop

Ty = 51 (1) = mB6; (1
The position of the centrer of the hoop is
2 = Rsingy, 1y = —Rcosg; (2)
The position of the bead compared to the center is
2’ = Rsingo, 1y = —Rcosgpo (3)

Thus the position of the bead is

r=212"+2" = Rsin¢; + Rsin ¢y (4)
y=1y +1y" = —Rcos¢p; — Rcos oo (5)

Thus ' ' . ‘
& = Rcos p1¢91 + Rcos pago =~ R(¢1 + ¢2) (6)

Here we have noted that we want only linear terms in the variables ¢1, ¢1, gi')l, gi')g, SO we
have set cos ¢1 = 1,cos 5 = 1. We also have

§ = Rsin¢1¢1 + Rsin ¢y ~ R(p161 + ¢2cba) (7)

This is already quadratic in the variables, so will become quartic inthe variables when we
compute 72, and so will not contribute to 7" in the problem of small oscillations. Thus

1 1 . )
Tbead = 5771[132 = imRQ(gbl + d)2)2 (8)
Thus 1
T = mR%*$? + 5mR2(¢31 + ¢o)? (9)
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The center of the loop is at a vertical position iy = —R cos ¢1, so

1 1
Vieop = —mgRcos ¢p1 = —mgR(1 — 5925%) - §m9R¢%

(10)

where in the last step we have dropped an irrelavant constant. The bead is at the vertical

position
1 1
y=—Rcos¢p; — Rcospa = —R(1 — §¢% +1— 5(;5%)

Thus dropping an irrelevant constant,
1
Vbead = ing(é% + (b%)

1 1
V = omgRet + 5mgR(61 + 63)
Thus

L=T -V =mR + 5B + 63+ 261s) - [smgRa3 + SmoR(6% + 03)

2 2

3 . 1 . .o 1
L= imR%% + 5mRqug + mR%1 ¢ — [mgRp? + 5ng¢g]
- 3mR? mR? 9 (3 1
T_<mR2 mR2>_mR <1 1)

~ ([ 2mgR 0 - 2 0
V_( 0 ng>_ng<O 1)

We get

Thus

. 2 -1 .
To get the eigenvalues X\ of < ) we have the equation

2-XN)B3-XN)=2=0, N> =5N+4=0, N -1)(N-4)=0
Thus
N=1, N=4
and the eigenvalues of the problem are

N9 %

2R" R

Thus the normal mode frequencies are
we 9 ]2
2R’ R

(11)
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