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Appendix A

General Relativity: Notations and useful tools

In this appendix we collect together some basic relations in general relativity.

A.1 Notation

The metric is a symmetric tensor g,,,,, transforming under a coordinate change
as

oxt Ox¥
/ —
v = Ozl Oz 9uv (Al)
In a local orthonormal frame the metric take the form {—1,1,1,...1}. The
inverse metric g*” is defined through
9" g = O (A.2)

where 0 = 1 if 4 = v and 0 otherwise. The determinant of g,, is called g.
Volumes are defined using the Levi-Civita symbol, which in a local orthonormal
frame has the value

€o12...(D—1) = 1 (A.3)

For any permutation of these indices, the value is given by the sign of the
permutation. If the indices are not all different, the symbol is 0. In a general
coordinate system xz*, we get

€012...(D—-1) = V4 (A.4)

with the value for other index choices given by the same rules as above.
The connection is defined as

© 1/\5(

’VV)\ = 59 gm/,)\ + g/{)\,u - gl/)\,n) (A5)

The Riemann curvature tensor is

R yxe = F/:K,A - Fif)\,m + Fﬁergn - Fgergx\ (A.6)

The Ricci tensor is
Ruy - Re,ueu (A 7)

The Ricci scalar is
R = g'LWRuV =R m (A 8)
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The Einstein action is
S—L/dl’ V—9gR (A.9)
= 16nG A '

Here dPx\/—g gives the proper volume associated to the coordinate volume
dPz. The variation of \/—¢ is given by

1 y 1 .
6\/ —g = 5 V 799“ 5g,u.l/ == 75 V *ggp‘z/(sgﬂ (Al())
The total action is given by adding the gravity action and the matter action

1
5= 167G

/ AP 2 /=GR + Soatrer (A.11)

The stress tensor, also called the energy-momentum tensor, is defined by

2 6Smatter
T, =——— 2 A12
w /_g 5g,uu ( )
Requiring that the action (A.11) be stationary under variations of gh¥
08
=0 (A.13)
5911,1/
gives the Einstein’s equations
1
R, — §g,“,R =81GT,, (A.14)

A.2 Dimensional reduction

Suppose we start with the Einstein action, and compactify some of the space
directions. Let us examine the form of the action that results upon this dimen-
sional reduction.

Let the total spacetime have dimension D, and let the indices A, B... run
over 0,1,...D—1. Let p of the directions be compactified on circles; the coordi-
nates in these directions are y%,% = 1,...p. Let the coordinates in the remaining
D — p dimensions be z*,a =0,1,...D —p—1. We assume that the metric gap
is independent of the y?, and further assume for the moment that

9ai =0 (A15)
We look for solutions where the metric of the compact directions has the form
gij = ec(””)éij (A].G)

Then we get
i 1 0 a 1 C ab
Fja = i(st}a, Fij = —§€ g C7b5ij (Al?)
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To study the Einstein action, we need to compute the curvature tensor in

D dimensions and express it in terms of the curvature tensor in the D — p

dimensional space spanned by the z®. Let us work around a point x in these

D — p directions. We can choose a system of coordinates around this point x so
that at this poiny

9ab = Nabs Yab,c = 0 (A18)

We now express different components of the D dimensional Riemann tensor in
terms of quantities in the D — p dimensional spacetime spanned by the z®. We
find

[Rfadb]D = [Radb] D—p (A.19)
Here the components [R°,qp]p are computed using the metric g4p in the entire

D dimensional spacetime while [R%,q]p—p is computed by assuming that we
are in a D — p dimensional spacetime with the metric g,,. We also get

7 _ 7 7 7 A 7 A
[R'ajplp = Ty — Lo+ 0000 — Tl
_ 7 7 c 7 k
- 7Faj,b + ch ab kbraj

% i 1k
_Faj,b - Fkbraj

= —50Ca — 383C.aCl
(A.20)

Here we have converted ordinary partial derivatives of C' to covariant derivatives:
we have vanishing connection on the D — p dimensional spacetime due to the
coordinate choice (A.37) , and when we go to general coordinates on this space
the term Cjp, becomes C,p. Similarly we get

1 @ 1 @
[Raibj]D = —ec[idijC’ b+ Z(SUC’ 07;,} (A21)
[ ?cjl]D = faxjrfl_ fMFI?j
= Ff:j il _Filrij

1 .
= CC C[6:501 — 310

-3¢
(A.22)
Thus
Rl = [Bacslp + [Railp = [Rat)p—p = 5 Ciab = 5C.aCy (A.23)
—1 . 1 . 1 .
[Rij}D = [Rkikj]p + [Rcicj]p = _51‘]‘ (p )BCC7CC’C — €C[§5ij0’cc + Z(SijC’CC,C]

_ _s P c e L cme
= 51][4e C.C +5e c,]
(A.24)
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2
[Blp = [Blpp—tCc-Lc.00-Lc.o0-Lee, = [Rlp, - pC —
2 4 4 2
Now consider the Einstein action of the D dimensional gravity theory
1 D
Sb=15r | A€V IRID (A.26)
From (A.16) we see that
V9D = \/—gp_pe:° (A.27)
We then get
14 - z c p<p + 1) i
Sp = e dbP pz\/—gD_pr([R]D_p —pC..° — 1 C.C*) (A.28)
where

V= /dyl dyP (A.29)

is the ‘coordinate volume’ of the compact directions. V is a constant; the
variation in the scale of the compact directions is given through the function
C(z). The middle term in the bracket in (A.28) can be integrated by parts, and
we get

v . T
b= 1o | T eV =902 ((Rlp—p + %QCC’C) (A.30)

Let us note in particular the expression for p = 1; i.e., the case where we
compactify one direction. Then (A.30) gives

14 1
Sp = e delx\/ 7gD_16§C[R]D_1 (A31)

While the term C' .C"¢ is absent, we still have a very nonlinear coupling between

the metric and C, due to the factor exC multiplying the curvature scalar. We
will now see how redefining the metric will remove such a coupling.

A.3 Scaling the metric

The part [ dP~P2/~gp_pe?C[R]p—p in (A.30) would look like the action for
gravity in D —p dimensions, if the factor 2 were absent. Our goal is to get rid
of this factor by absorbing it in the metric g,,. But this needs some care since
[R]p—p contains not only gq, but also derivatives of g,5. Let us now perform
the relevant steps.

Suppose we have a D dimensional spacetime 20, 2',... 2P~ with a metric
Jab- Suppose we also have a scalar function p(z) on this spacetime. We can
then define another ‘metric tensor’ qqp

Gab = €"gap (A.32)

p(p+1)
4

(A.25]
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Quantities computed using the metric ¢ will be labeled with the subscript g,
and quantities computed using the metric g will be labeled with a subscript g.
Using the new metric ¢ we find

1
[ gc]q = [ IL)Lc]g + 5[6;)1”,0 + 63M,b - chM’a] (A33)

where in the last term the metric is raised by ¢®.
Working around a point x, choose local coordinates such that

qab() = Nabs  ab,e(x) =0 (A.34)
We then have

[Rcadb]q - [FZb,d*FEd,b]q (A-35)

[RCaab)g Lav.a — Taapls + [F;drgb - F?‘brgd]g

1
= [Topa—Toasle — 5[521% + 0pta — Qabit“] d
1
+ gloard +dara — gaan e
1 c c clrsf f f
+ 1 0fma +daps — araplldaps + 0 ta — dabp’]

1 C C C
— 0k + 65 p — 4N i+ S0 — daa ]

(A.36)
(Indices in the second, third, fourth lines are raised by ¢°.)
We now assume that we are in a coordinate system where
4ab = MNab, YGab,c = 0 (A37)
We then find that
C C 1 C (& 1 C c
[Ramly = [Raavlq = 51051.ad = dabp®al + 510att.ab — dadhs]
1 (& (& 1 (& C
- Z[édqab - 5b(1ad]ﬂ,fﬂ’f + Z[ad/i,ali,b — Opttapt,d]
1 (& (&
= 7lGear 1y — dabthd]
(A.38)

This yields
1
2

1 1
Z(D — 2)qap et + Z(D —2)fhaftp

(A.39)
[Rly = eH[R]y + (D~ Dpe® — (D= 1)(D— 2] (Ad0)

1
[Rab]g = [Rab]q + §(D - 2),U/;ab + Qabﬂ;cc -
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where in the RHS of (A.39), (A.40) index raising operations and covariant
derivatives are all computed using the metric q.

Let us now see how we can use the relations derived above to obtain (?7):
the dimensional reduction of the Einstein action from (D + 1) dimensions to D
dimensions, where we wish to end up with the Einstein action in D dimensions
plus a scalar.

The Einstein action in D + 1 dimensions is

1
S = W dD+1fE\/ —gD+1RD+1 (A41)
We wish to compactify the direction 2+ on a circle of coordinate length B:
0<zPt < B (A.42)
We write
9p+1,041 = € (A.43)
Using (A.31), we find
B D 1lc
Spi1 = 16nC d”z\/—gpe2”[R]|p (A.44)

We now wish to absorb the factor €2 into the curvature term, through a

definition

9ap = € gap (A.45)

To see what value of p we should take, we count the powers of the metric in
(A.55):

(i) The determinant of the metric gp has D powers of the metric gq,. Thus
the factor /—gp has g powers of the metric.

(i) The connection I'f, has no net powers of the metric: in the expression
(A.5) there is one power of the inverse metric g** and one power of the metric
througth the terms like g, ». The Riemann tensor (A.6) then has no net powers
of the metric either. The Ricci tensor (A.7) is obtained by contracting an up
and a down index in the Riemann tensor, and so still has no net powers of theg
metric. Finally, The Ricci scalar (A.8) has one power of the inverse metric more
than the Ricci tensor; thus it has —1 powers of the metric g4

(iii) Thus we have a total of

D D—-2
—— 1= — A.46
powers of the metric gqp in the action (A.55). we need to absorb a factor ez€.
Thus we write o ) b
(9a0) = = €2 (gap) (A.47)



8APPENDIX A. GENERAL RELATIVITY: NOTATIONS AND USEFUL TOOLS

which gives

gﬁ; = €"gab (A.48)
with

p= — (A.49)

We can now use the relation (A.40), where g, = g%, and p is given by
(A.49). We find

=25 c 1 c
(Blp = 75 (IRF]p + (D~ D = 1D~ DD —2pean”)  (A50)
Thus the action (??) is
B 1
Spt1 = 167G /dDI —gpe2“[R]p
B
~ s [k (17710 + (0= Dyt = LD - DD~ 2y
= B are /2B ((RP)p - (D - 1)(D - 2o
167G D DTy Hickt
_ B D _FE E _ (Di 1) NG
- 167rG/d TV TIp <[R Io =3 =9¢<C

(A.51)

Here in the second step we observe the cancellation of powers of e¢ (which was
arranged to happen by the choice (A.49)) and in the third step we have noted
that 1..¢ is a total divergence and can hence be dropped from the action.

We now see that the action Spy; has the symmetry (?7)

¢ —- -C
G = Gy (A.52)

A.4 Two compact directions
We obtained the symmetry (A.52) by compactifying one directions and obtain-
ing the scalar C'. We will now compactify an additional direction, so that we
will have two scalars C,C. We will then look for a symmetry that generalizes
the map C — —C' to a more general linear map mixing C,C. We proceed in

the following steps:

(i) We again start with the D+1 dimensional action

Spi1 = / dPt e/ —gR (A.53)
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We compactify the direction z”+1 as in (A.42), and write

gpt1,041 = €€ (A.54)

At this stage we get the action (A.55)

B 1
Sp+1 = m/dl)ﬁv —gDeic[R}D (A.55)

(ii) We wish to define a rescaled metric for the D dimensional theory. In its
appropriate setting in string theory, this metric will be called the ‘string metric’,
so we denote it g3, We write

g% =eYy (A.56)

In the relation (A.32), we see that gu, = g3, and

uw=aC (A.57)

—gp = 290, [_¢S (A.58)

We see that

Using (A.40), we find

(D-1)(D-2)

Spi1 = /dDac\/—gNe_%aCe%eo‘C (R% + (D — 1)ad?*C — ) a28080>

(A.59)
The term with 92C can be integrated by parts to give

Spt1 = /dDam/—g%e[_

D-2 1 D-1 D-1)(D-2
(2)a+2]C(R%—(( 5 )a_( )4( )a2)acac

(A.60)
(iii) We now wish to compactify an additional direction 7!
0<zPt<A (A.61)
We set 3
ng—l)(D—l) =e¢ (A.62)
and assume as before that
9p-1a=0, a=0,1,...(D-2) (A.63)

Now we have a D — 1 dimensional spacetime, carrying a metric gfb with a,b =
0,1,...(D —2), and two scalars C, C.

—gS =%, /g5 (A.64)
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Using (A.31) to write B3, to R7_,, we find that the action reduced to (D — 1)
dimensions is

Spi1 = /de /_g}:g)e[_w;z)aJr%]c(RsD
1

BB LD ] ey

2 4

- _ ~ 1 .
= /d<D—1)x, [=g5p e T el IO RS, ) — 9°C - JacaC

(D-1) (D-1)(D-2)

_ _ 2
( 5 & 1 a”)0CaC)
(A.65)
We integrate by parts the term containing 92C, to find
- / & (D=2 1
SD-‘,—l — /d(D 1).’E _g(SD—1)e2e[ 3 +2]C[R‘(SD71)
D -2 1 ~ D-1 D—-1)(D-2
+ [—( )a+ ~10CaC — [( )a—( I )az]é)C@C}
2 2 2 4
(A.66)
(iv) We now look for a symmetry of the form
C' = (aC +b0)
C' = (cC+dC)
gﬁv,wq) = 9gN,(D-1) (A.67)
and ask that
Spy1=Spn1 (A.68)

We have 5 free parameters: «,a, b, ¢,d. Requiring that the exponential prefactor
in (A.66) remain unchanged under the map (A.67) gives

1, = D -2 1, ~ 1~ D -2 1
—(aC+bO)+[—( )a—l—f](cC—FdC'):fC’—i-[—( )oz+f]C’ (A.69)
2 2 2 2 2 2
which yields two constraints
1 (D—-2) 1 1
= — —le= = A.
2a+[ 5 a+2]c 5 (A.70)
1 (D-2) 1 (D-2) 1
- — 2d=[— — A7l
2b+[ 5 a+2] [ 5 a+2] (A.71)

The curvature scalar R7,_, remains unchanged under the map (A.67). Requir-
ing that the coefficients of the kinetic terms dCAC, dCAC and dCHC remain
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unchanged gives the three relations:

(252 Y - (1250 10220

2 2 4

— —<(D2_l)a— (D_l)sz_ma?) (A.72)

ECELRR\ THIR (GES NIUES 'GEL ) P

2 2 2 4
— (_(DQ_ 2)a+ ;) (A.73)
<_(D2—2)a+;) e — ((D2—1)a_ (D—1)4(D_2)a2> 2=0 (AT4)

(v) We thus have 5 relations (A.70)-(A.74) for the 5 parameters «, a, b, ¢, d.
These relations must of course admit the trivial solution where nothing is
changed

a=0, a=1, b=0, ¢=0 d=1 (A.75)
What is interesting is that are also nontrivial solutions
1+vD -1 2

« D_9 5 a ) ) c + D _ 17 ( )

This is the T-duality symmetry noted in section ?7.

A.4.1 The ITA and IIB string actions

We choose the positive sign in (A.76); the other choice gives a combination of
T-duality and other symmetries. We set D = 10. This gives

1
== A.
a=3 (A7)
Recalling the definition of the dilaton
4
we find that the string metric gfb is related to 11-d metric gqp through
95 = €7 gab (A.79)

The 10-d action in terms of the metric g4 is given by eq.(A.55))

B

5= Tora

[ dav=ger R (A.80)
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We use the substitution (A.79), in (??), so that

This gives

Thus

(A.83)

This is the action of ITA string theory, which is obtained from the 11-d M
theory by compactification of z'°. But we can see that as far as the metric gfb
and dilaton ¢ are concerned, this is also the action for the IIB theory. This is
seen as follows:

(i) Compactify one further direction z?, obtaining the action (A.66) (with
D =10 and o = 1/2). This is still the ITA theory.

(i) Perform a T-duality in the direction 2. This brings us to the IIB theory.
But the action (A.66) remains invariant under this duality, the duality map (??)
was constructed to get this invariance.

(iii) We can now regard the action (A.66) again as an action for a 10-d
theory, getting (A.83). Thus (?7?) is also the action fo 10-d IIB theory.

Let us convert the ‘string frame’ action (A.83) to the Einstein frame. We

have . .
e (g2) = (9a3) (A.84)

so that .
9o =€ 7 g5, (A.85)

Thus we have a scaling with u = —%qﬁ. We get

R)s = 4 (1Rlx — S0~ §o.0°) (4.56)
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This gives
410
= \/ — 4 .
_ 10, /B3¢, 26,1 9 e 9 st 4k
167TG/d xz grez=re e 2 <[R]E 2¢;c 2¢,c¢ + ¢,c¢

- 167rG/10F< C(b)

(A.87)

A.5 The Casimir effect

Consider a free, massless scalar field ¢ in 1+1 dimensional spacetime z,t. Let
x be compactified to a circle
0<z<L (A.88)

We have seen that the scalar field ¢ can be decompsed into a set of independent
harmonic oscillators, with frequencies
27|n|

7 Too<n<oo (A.89)

Wnp =

Each harmonic oscillator has a ground state energy %wn, so that the ground
state energy of the entire system is

= i Wn (A.90)

n=—oo

This sum clearly diverges. To deal with this issue, we assume that some physical
effect cuts off the sum at very high energies. Setting this cutoff scale as E., we
assume that the sum (A.90) should be replaced by a regularized sum

- %anf(wn) (A.91)

Here the function f(F) has the properties

f(EF) — 1, E<E,
f(E) — 0, E>FE, (A.92)
We also assume that f is smooth; i.e., it drops very gently from its value 1 at

F < E, to its value 0 at £ > E.. We will take the limit F. — oo at the end,
and so this smoothness can be stated as

d"f(E) Chy
— E<E
agn | SErm TSt
d"f(E) D,
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for constants Cf, Dy of order unity. An example for the function f satisfying
these conditions is
E

f(E)=¢ = (A.94)
We find that

g = 3 2 ) = 205 g (2T (4.9

—o00 n=1

The energy (A.91) will still diverge when we take the limit F. — oo. But
we can require that there be a basic negative energy shift to the Hamiltonian,
which will cancel the divergent part of this energy. In the limit where the com-
pactification circle has an infinite length, we are in 141 dimensional Minkowski
space, and we assume that the negative energy shift is such that the energy of
the vacuum in this case is zero. To reach this case, assume that the spatial
circle = is compactified to a very large length; we will call this length L., since
we will take Lo, at the end. Let ES"™ be the analogue of (A.91) on this circle
of length L

2 — 2mn
n=1

Then the ground state energy per unit length will be EX /L., and this is the
value we must subtract per unit length of our system. Thus the net ground
state energy for our compactification (A.88) will be

L
AE, = EF — — g™ (A.97)
Lo
This is the quantity that we will compute now, keeping in mind that we must
set B, — 0o and Lo, — 00 in the defuinition of AFEj.

A.5.1 Writing Ef™ as an integral

For the compactification (A.88), the separation between energy levels is 27/ L.
For the compactification length L., the separation 27/Lo, goes to zero in the
limit Lo, — 00, so we can replace the sum over n by an integral. The net energy
(A.97) will then arise as the difference between a sum and an integral.

We write )
=) =fn) (A.98)
so that (A.95) becomes
B = 2 Y nfm) (4.99)
n=1

In (A.96) we have the regularization function

2mn 2mn L

PG = 1)

f(Li ) (A.100)
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We write I

The sum in (A.96) goes over to an integral

d> = /dn = L%dac (A.102)

We get,

2t \ [ Lo\ [ . L [ _
Eg,oo_(Loo) <L> /Izod:rxf(x): - /w_odacxf(x) (A.103)

Thus

L o 2T [
AE, = Eff — L—Eé“’“ =T (Z nf(n) —/
o0 n=1 z

o

=0dscxf(as)> = 2% (S—-1)
(A.104)

where we have called the sum S and the integral I.

A.5.2 Computing S — 1

The quantity S — I is depicted pictorially in fig.??. We plot the function z f (x)
vs z. Since f(z) — 1 for small x, the function z f(z) rises linearly in this region.
But at z > 1, the function azf(:zz) damps smoothly to zero because f(a:) — 0.
Consider the region
n<zx<n+l1 (A.105)

The sum S has a term S, = nf(n), which we can represent by the area of a
rectangle of height nf(n) over this region. The integral I on the other hand has
a contribution I,, given by the area under the curve 2 f(x) in this region. Thus
the contribution to S,, — I, from this region is given by the area of the shaded
area which lies between the curve and the rectangle.

From fig.?? we see that S,, — I,, is negative for small n, and it may seem that
the sum over n is diverging to negative infinity. But S,, — I, is positive at large
n where the function z f(z) is decreasing. Remarkably, the sum over n leads to
a definite finite value for ) (S, —I,,), with this value being independent of the
precise choice of function f . This independence of regularization is of course
an aspect of the renormalizability of the theory, which allows the existence of
well-defined low energy physics after a subtraction of infinities arising from high
energy cutoffs.

To compute I,,, we expand the function a:f(w) around x = n:

I, = /n+1xf(a:)dx
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Thus
s—1==3 (f )+ fo) - g2f @ +nf ) (aon)
n=0
‘We write
5= Inf'(n) + Fn) (4.108)
n=0

In general a sum is hard to compute, but an integral can be easier. Thus let us
define

- / defef (z) + f(2)] (A.109)
0
This integral happens to vanish

i~ " dnlaf @) = [2f (@) =0 (A.110)

where we have used the vanishing of f at r — oo.
We have

S=I+(S-0=(S-1) (A.111)

where the quantity (S—1) is again the difference between a sum and an integral.
Let us compute this difference in the same way as above, expanding the function
[zf'(z) + f(z)] in a series about x = n, With y = 2 — n:

e f' (@) + f(@)] = [nf' (n) + ()] + [2F (n) + nf" )]y + ... (A.112)

We have

(S=D) = Y ([nf'(n) + f(n)]

n=0
- / _ ay([nf ) + ) + 20+ of )y + )
= =Y SR )+ () (A113)
n=0

Using this expression in (A.111), and then substituting for S in (A.107), we get

o0

S-1 =Y (i[zf’m) +nf ()] + S[27/(n) + nf"<n>])

n=0
o

= 3 (00 + o) (A114)

n=0
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If we approximate this sum as an integral, we get

S—1 — /O dx[éf’(x)+%xf”(x)]

1- 1 - oo
= It led - [ dei@)

0
-1 1
o 6 12
1 (A.115)
12 '

where we have used that f(0) = 1, f(0) = 0.

One may think that we again have to worry about the difference between
the sum (A.114) and the integral (A.115), but this is not the case; this time the
difference can be ignored. Consider the difference A,, in the segment n < x <
n+1:

A, = |

1 " (n) + %n )] + ... (A.116)

From (A.93) and the definition (A.104) of x, we find
df(x)

T

d ., 2w 2m 27
= %f(jfﬂ) = ff (fﬂf)
w1 LR
L E.’ ~ 27
< 1 r < LE

x ~ 27

where f’ denotes the derivative of f with respect to its argument. Similarly, we

U

<

(A.117)

find
27 2
< % xNL;i (A.118)
37 3
<1k a9

and so on. We then find that in the limit £, — oo, the sum ), A, goes to zero.
The reason for this vanishing can be traced to the fact that the cutoff function
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f is very smooth (varying on the scale E.), so once if we have an expression
with sufficiently many derivatives of f, then it vanishes when the energy cutoff
scale is taken to infinity.

A.5.3 Collecting the results

Our goal was to compute the ground state energy AEy for a scalar field on a
circle of length L, where the Hamiltonian was defined in such a way that the
ground state energy in the limit L — oo was zero. From (A.104) and (A.115)
we find

2
AE, = T(Sfl)

() (1) a1z

To summarize, the ground state energy for a scalar field involves a sum
(A.90) which, apart from overall factors, involves the divergent sum

B=1+2+... (A.121)

After regularizing this sum as in (A.91), and renormalizing it by a subtraction

as in (A.97), we get

B:1+2+...%—1—12 (A.122)

Once we know that there is a well defined renormalized value for B, we can
obtain it by simpler mathematical methods. The zeta function is defined as

()= n* (A.123)
n=1
so that
1

B=((-1)=—13 (A.124)

where an analytical continuation is required from values s > 1.

A.5.4 Ground state energy for fermions

Let us now consider the ground state energy AFE, for the case where the we a
fermionic field 1 instead of the bosonic field ¢ on or circle of length L.

The fermion field can also be decomposed into harmonic oscillators, and we
get a similar contribution to the AFEy from the ground state energy of each
oscillator.

For a usual harmonic oscillator defined in terms of a ‘bosonic’ variable x, we
have the Hamiltonian

1 o

Hyoson = 5(1? +x )OJ (A125)
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where we have used the commutator [a,a'] = 1. This gives the ground state
energy

; 1
Efosonic = ~u (A.126)

which we used in the derivation of (A.120).
We can also define an oscillator for a fermionic variable, which gives

| apa 1
Hfermion = 5(bbT +b'b)w = (b0 — ) (A.127)
where we have used the anti-commutator [5, lA)T] = —1. This gives a ground state
energy
fermionic 1
Ey =-—3w (A.128)

For the computation of AEj for the field v, we now have two cases:

(i) Ramond boundary condition: The field ¢ is periodic around the
circle

Wz + L) = v(x) (A.129)

We get the same mode frequencies as in the bosonic case

—00 <N < 00 (A.130)

The computation of AFEj is then the same as the bosonic case, but due to the
negative sign in (A.128) we get in place of (A.120)

AEy = — (QL”) (14+24...)= (22) <112> (A.131)

(ii) Neveu-Schwarz boundary condition: The field ¢ is anti-periodic
around the circle

Y(x + L) = —(x) (A.132)
We get the mode frequencies
2 1
n:w, —00 < n < 00 (A.133)

Factoring out %’T as before, we find that in place of the sum 14+ 2+ ... we get
the sum

1
F=g+5+. (A.134)

NIV

We can compute F by regularizing and renormalizing as before, but we can
obtain it more quickly by relating it to B. We assume that the sum has been
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regularized, though we do not write the cutoff function f in what follows. We
find

2F = 1+3+5+...
2B = 2+4+6+... (A.135)
Thus
2F+2B=1+2+34---=8 (A.136)
which gives
1 1
F= 758 =2 (A.137)

Noting the negative sign in (A.128) fir the ground state energy of an oscil-
lator, we find that for an antiperiodic fermion

sme () (BB ) (B) (L) s



Appendix B

The idea of particle creation in curved space

B.1 The Schwarzschild hole

Let us start with the Schwarzschild metric of the 3+1 dimensional black hole

2GM dr? .
d32 = —(1 — CQT )dtz —|— w + T2(d62 + Sln2 9d¢2) (Bl)
We will set

and write dQ3 = df? + sin? fd¢? for the metric on the unit 2-sphere S2. Then
(B.1) becomes

2M dr?
d82 = _(1 — T)dt2 + — oM

r

+ r2dQ3 (B.3)

Consider the line
r=r9, 0="00, ¢=¢o (B.4)

so that only ¢ changes along this line
(i) For r > 2M the metric along this line gives

2M
122

ds® = —( . Yydt? <0 (B.5)

so this is a timelike line, and can be the worldline of an actual particle.
(ii) For r < 2M we get

oM
ds* = —(1 — 7)dt2 >0 (B.6)

so this is a spacelike line, and cannot be the path of a particle. In other words,
a particle cannot sit at constant r, 0, ¢ for r < 2M.

The surface r = 2M is called the horizon. Classically (i.e. without quantum
effects) no particle can emerge from inside the horizon to the outside.

21
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B.2 Kruskal coordinates

In the metric (B.3) we see that there is a problem when 1 — % = 0, since the
coefficient of dt? vanishes and the coefficient of dr? diverges. Before we know
any more, we cannot be sure if this means that the coordinates are bad at this
location r = 2M or if the metric has a geometrical singularity of some kind. It
will turn out that the singularity at the horizon is only a coordinate singularity.
To show this, we need to use coordinates that are well behaved at the horizon.
Let us find such coordinates.

(i) First we look at the ¢,r part of the metric and write

2M dr? 2M dr?
2 2 2
ds® = —(1 = =2)di* + 557 = (1= ==)[=di* + oy 2M)Q] (B.7)
We would now like to find a coordinate r* such that
dr?
*2

This gives the equation dr* = lf—gﬂ which has the solution

"odr "o " 1 r
* = = [ drl = 2MIn(—— —1
' /1_w /rf2M / ribr gl =M in(oyy — 1)
T
(B.9)
where we have set the arbitrary additive constant to zero. The metric (B.3)
becomes

ds* = (1— ﬂ)[—dt2 + dr*?] 4 r2d3 (B.10)
T

(ii) Now we move to null coordinates by writing

u=t+r*, v=t—r* (B.11)
This gives
2 2M 2 7102
ds*=(1- T)[—dudv] + r2dQ; (B.12)

(iil) Let us now look at the ranges of these coordinates. Note that the range
r = (2M,00) maps to * = (—00,00). Now consider a null geodesic falling
radially into the hole. Thus @, ¢ are constant, and the worldline will be given
by solving ds?> = 0 in the (¢,7*) space. At infinity where the metric is flat the
ingoing geodesic is ¢ + r = const.. From (B.12) we see that taking into account
the metric of the hole changes this to

t+r"=u=nug (B.13)

By taking geodesics starting from a given r* with different values of ¢ we see
that we can cover the full range —oo < ug < oo for points outside the horizon.
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Similarly, v =t — r* can cover this full range. But note in addition that as the
ingoing null geodesic approaches the horizon we get

v=t—1"=ug—2r* = o (B.14)

In short, the ‘future horizon’ (i.e. the horizon which is crossed in the future by
an observer who decides to fall into the black hole) is given by

—00 < u <00, V=00 (B.15)

(iv) From (B.15) we see that our coordinates (u,v) ‘end’ at the horizon. If
we wish to see the horizon as a regular region of our manifold, then we would
like to have coordinates that smoothly take us across the horizon. Thus we need
the horizon to be at finite values of our coordinates, unlike (B.15). Let we write

U=e™, V=—e® (B.16)

where we will choose the constant « later. Assuming o > 0, we see that the
region outside the horizon is

U>0, V<O (B.17)

and the horizon itself is
0<U<oo, V=0 (B.18)

Thus we have brought the horizon to a finite position in our new coordinates
U,V , and if the metric is smooth at U = V = 0 then we can continue the
spacetime past the region (B.17).

(v) From (B.16) we get

dU = ae®*du, dV = ae”*dv (B.19)

Thus the metric (B.12) becomes

IM —a(u—v) — oM —a(u—v)
05 = (1= 2 pray prang = - TP T gy 4 2agg
r «@ r @
(B.20)
Now note that
oau—v) _ g=20r* _ —2a[r+2MIn(gh—1)] _ 672ar(ﬁ71)74aM _ 672ar(2M)4aM(7,72M)74aM
(B.21)
We now see that if we choose .
= B.22
a= 7 (B.22)
then we cancel the factor » — 2M in (B.20), getting
32M3 _ .
ds® = — e” 2 dUAV 4 r2dQ? (B.23)

r



24APPENDIX B. THE IDEA OF PARTICLE CREATION IN CURVED SPACE

This metric is now written in coordinates U, V, 0, ¢, with

f— (ﬁ_l)%e!‘leﬁ
Note that ,

and we should understand the symbol r in (B.23) as the function (U, V') given
through the transcendental equation (B.25). Since we do not need the explicit
form of this function for our analysis, we leave it as the symbol r. All we note
for now is that at the horizon (where we are trying to get smooth coordinates)
the function r is a smooth function on the manifold, with » = 2M (1 — UV).

B.3 Extending past the horizon

S~ future singularity _~~
\\ //

~- —

. Asymptotic
Asymptotic infinity

infinity

e ———————

Figure B.1: The fully extended Schwarzschild geometry

The region outside the horizon was given by the coordinate range (B.17).
Let us now see how we would extend the spacetime past the horizon, to reach
the interior of the black hole. We let the metric continue to have the form
(B.23), where (U, V) will continue to be given through (B.25). There is no
problem with either equation at » = 2M. There will be a singularity at r = 0,
which is a real singularity: the curvature diverges there, and we cannot remove
this singularity with a coordinate transformation. From (B.25) we see that

r=0 < UV=1 (B.26)
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We see that we can extend the coordinate range from the initial range (B.17) to
all values of U, V satisfying UV < 1. This spacetime is called the ‘extended black
hole spacetime’, and we depict it in fig.B.42. There is a ‘future singularity’ at
U>0,V >0,UV =1, if an observer decides to fall into the black hole then he
will hit this singularity sometime in his future. But there is another singularity
— the ‘past singularity’ at U < 0,V < 0,UV = 1. We will discuss the structure
of this spacetime in more detail after drawing the Penrose diagram.

B.4 The Penrose diagram

The U,V coordinates cover all of our spacetime, but these coordinates do not
have a bounded range. Thus if we try to draw the U,V space on a sheet
of paper, we have to stop at a finite value of U, V, and we do not explicitly
see the picture of how the ‘points at infinity’ border our spacetime. To bring
these ‘points at infinity’ to a finite coordinate distance from the points in the
interior of our spacetime, we make a conformal rescaling of the metric. Here
the word ‘conformal’ means that at each point the metric is scaled by a number
gap() — Q2(x)gap(), so that the angles between different directions at the
point z do not change, and in particular null directions remain null directions.
Such a rescaling will help us to understand the causal structure of the spacetime,
including the behavior of ‘infinity’.
future

timelike
infinity

spacelike
infinity

past
timelike
infinity

Figure B.2: Penrose diagram of Minkowski space

Let us first carry out this process for Minkowski spacetime; we will need this
result anyway to describe part of the black hole spacetime when the black hole
is made by ‘collapse’ of a shell. Minkowski spacetime is

ds* = —dt* + dr® + r*dQ3 (B.27)
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Let us write
U=t+r, V=t—r (B.28)

getting
ds* = —dUdV + r2d0? (B.29)

where now the coordinates are U, V, 0, ¢, and r = %(U — V). Since

1
r= i(U -V)>0 (B.30)
we have the alllowed range
—co<U<o0, —o0o<V<oo, U>V (B.31)

so we have an infinite coordinate range. Let us write

U=tanhU, V =tanhV (B.32)
so that R } o
-1<Ux<1, —-1<V<l, U>V (B.33)
and the metric is JU dV
ds? = —[—=—=|dUV + r2dQ? (B.34)
du dv
Bue dU 1 av 1
— =sech®’U = ——, — =sech?V = —— (B.35)
dUu 1-U0U2%2 dV 1-V2
so that
1 . - - -
ds®* = [—dUdV +r*(1 — U?)(1 — V?)dQ?] (B.36)

(1-02)(1-V?2)

So far we have just rewritten Minkowski spacetime in new coordinates, but now
let us make a conformal transformation, defining a new metric

gop = (1=U*) (1 = V?)gap (B.37)
Thus the new metric is
ds'? = —dUdV + r?(1 — U?)(1 — V?)d0? (B.38)

Let us ignore the angular directions; since we have spherical symmetry there is
no nontrivial structure in these directions, and the size if the angular sphere is
not relevant for the main computations we are interested in. Thus we get

ds'? = —dUdV (B.39)

with the coordinate range (B.33). The null directions are U=Uyand V =V,.
This gives the Penrose diagram in fig.B.2.



B.5. THE BLACK HOLE FORMED BY COLLAPSE 27

future singularity

spacelike

>Pd] spacelike
I(?c?rmstgco infinity
asymptotic

infinity)

past singularity

Figure B.3: Penrose diagram for the ‘eternal Schwarzschild hole’

We now do a similar transformation (B.32),(B.37) for the black hole metric
(B.23), getting
32M3 . o
ds”? = - e = qUdV (B.40)
r
We have to be careful about the coordinate ranges though. The spacetime again
ends at r = 0; this time there is a singularity there instead of a ‘simple origin
of coordinates’. But r = 0 is now given by solving UV = 1 which is

tanh~'U tanh ™'V =1 (B.41)

This is a curve in U,V space, and points beyond this curve are not in the
spacetime represented by the Penrose diagram, since they lie past the singularity.
We draw the Penrose diagram in fig.B.3. The singularity runs along a curve from
U=0,V =1t U=1,V =0. Note that the causal structure of infinity is
not changed by any other conformal rescaling of the metric at interior points of
spacetime. Thus we can imagine a further rescaling which makes the singularity
a straight line U = 0,V = 1 to U = 1,V = 0; this is easier to draw, and is
typically what is done in figures. The essential property of the singularity we
cannot change in the picture is that the singularity is spacelike; The constant r
surface r = 0 is inside the horizon and so is spacelike instead of timelike.

B.5 The black hole formed by collapse

The black hole spacetime made above does not describe a realistic black hole
made by collapse of a star. The spacetime we have found has a ‘past singularity’,
which a collapsing star would not have, and also a second asymptotically flat
region, which we cannot hope to produce simply by letting a star collapse in our
starting spacetime. To get the correct spacetime for the collapsing star, note
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singularity

future
null
{nfinity

r=0

infalling
matter

flat
Minkowski
space

past
null
infinity

Figure B.4: Penrose diagram of the black hole made by collapse of a shell

that the metric inside a spherical shell is flat Minkowski spacetime. This follows
by the Birkoff theorem, which says that a spherically symmetric vacuum solution
to Einstein’s equations must be a piece of the Schwarzscild geometry; since we
have no source inside the shell, we must choose the geometry with M = 0, which
is just Minkowski space. Thus inside the shell we take Minkowski spacetime,
and outside the shell we must glue this to the black hole spacetime (using
‘Israel matching conditions’ across the shell). The resulting spacetime, shown
in fig.B.4, does not have either the past singularity or the second asymptotically
flat region.

To carry out this gluing, let us write the Kruskal and Minkowski coordinates
in a more convenient way. We let all null coordinates have units of length. Note
that the coordinates (B.16) were dimensionless. We now write

Uk = 4Me7 | Vi = —4Me™ 77 (B.42)
as our Kruskal coordinates. The black hole metric is then
dshy = —%e‘ﬁdUKdVK + r2dQ? (B.43)
The Minkowski coordiantes (B.28) are similarly given a label M
dsi; = —dUprdVy (B.44)
We let the black hole be made by collapse of a null shell at
Un =Up (B.45)

We have to match metrics across this shell, since there is a coordinate system
where the metric is continuous across the shell. The matching is at a constant



B.6. FIELD THEORY 29

value of U, and we set
Uk = Uy (B.46)

The metric functions can be made to agree by choosing an appropriate relation
between the two V' coordinates

Vi =V (V) (B.47)

This function is to be found by matching

_ge—ﬁdm{dv]{ = —dUprdViy (B.48)
Recall that Unt — Vi
r= (B.49)
This gives
%e*%m = Vi (B.50)

The solution is

Vi z/dVM

Uo — VM Uo—Vm
—e 4 M
4M

Uy —V, — —
= —4M[%e UO4A‘I/M —e UO4A‘1/M } (B51)
where we have set an arbitrary additive constant to zero.
Recall that the natural coordinate at infinity is given by (B.42)
AM In] VK] Var — Uy — 4M In(
v=— n———] = — Uy — n

M M 0
Now recall that the horizon is Vi = 0, and the region outside the horizon is
Vi < 0. We will be interested in particular in the null rays Vx = —e, where € is
small and positive; these are outgoing null rays just outside the horizon. From
(B.42) we see that Vi — 0~ corresponds to v — co. From (B.52) we see that
we get v — —oo if the argument of the log goes to 07, i.e.

Up— Vi —4M

) (B.52)

VM — U() —4M = ‘7]\/[ (B53)
Thus in our limit of interest we have
v~ —4M ln(‘_/]y[ — VM) (B54)

So we see that the natural coordinate at infinity v is related nonlinearly to the
natural coordinate at the horizon.

B.6 Field theory

We start with the lagrangian density

_ 1 2_1 2_1 2.2
L= 5(00)* = 5(0:0)* = 5m% (8.55)
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We write -
o(tx)= > on(t)e™” (B.56)
with 5
™
kp = — B.57
. (B.57)
Note that since ¢ is real,
Pn =L, (B.58)
We write
On = b + o, (B.59)

The Lagrangian becomes

L= Y I ~ LA@)+ DILH)? — L@ + £ 1(d0)? ~ w(00)’]

n=1 n=1
(B.60)
where
w?L = ki + m>2 (B61)

Thus we see that the quantum field is just a collection of harmonic oscillators.

B.7 Particle creation in Heisenberg representa-

tion

Ao 1 —iwt A L iwt AT
T = me a+ me a (B.62)
(f.9) = —i[fOrg" — g" O f] (B.63)

Thus with 1
R 17%) /

f=e (B.64)
(f,) = ~ig-2iw =1, (f,f)=0 (B.65)

Now we write

) 1 . VIR 1 VR
e a+ —eal = e b+ ——e™ b (B.66)

1
V2w V2w 2w’ V2w’

Doing (., f) on both sides, we get @ on the LHS, and on the RHS we get at
t=0.

i’:

R S L wtw N
()5 i + ) = S5 = (B.67)
for b and ) ,
(~i) (i ~w) = o2 =5 (B.68)

2V ww! 2V ww!
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for bt. Thus
So we get
a=ab+ B’ (B.69)
Then we get
[ >= 0 >,= Ce2''|0 >, (B.70)
We find 3
=—-= B.71
v=- (B.71)
_ wow (B.72)
7= w 4w '

B.8 Particle creation in curved space

The story of Hawking radiation really begins with the understanding of particle
creation in curved spacetime. (For reviews see [?].) Particles are described in
terms of an underlying quantum field, say a scalar field ¢. We can write a
covariant action for this field, and do a path integral. But how do we define
particles? In flat space we expand the field operator as

A 1 1 A o,
b= Z - (&Eezk.zfzwt + d;fgefzkm+zwt) (B73)
k

where V is the volume of the spatial box where we have taken the field to

live, and w = 1/|k|2 + m? for a field with mass m. The vacuum is the state
annihilated by all the a

az|0) =0 (B.74)

and the dTE create particles.

In curved spacetime, on the other hand, there is no canonical definition of
particles. We can choose any coordinate ¢ for time, and decompose the field
into positive and negative frequency modes with respect to this time ¢. Let the
positive frequency modes be called f(x); then their complex conjugates give
negative frequency modes f*(x). The field operator can be expanded as

G(x) = (anfolx) + af £ () (B.75)

n

Then we can define a vacuum state as one that is annihilated by all the annihi-
lation operators
inl0)e =0 (B.76)

The creation operators generate particles; for example a 1-particle state would
be

[¥) = ah[0)a (B.77)
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We have added the subscript a to the vacuum state to indicate that the vacuum
is defined with respect to the operators a,,. But since there is no unique choice
of the time coordinate ¢, we can choose a different one . We will then have a
different set of positive and negative frequency modes, and an expansion

O(x) = (buln(@) + B 1 (@) ) (B.78)

Now the vacuum would be defined as
bn]0)p =0 (B.79)

and the BIL would create particles.

The main point now is that a person using the operators a,a’ would think
that |0), was a vacuum, but he would not think that the state |0); was a vacuum
~ he would find it to contain particles of the type created by the af. Let us see
how one finds exactly how many af particles there are in the state |0),. The
mode functions f,, are normalized using an inner product defined as follows.
Take any spacelike hypersurface, with volume element d¥* (thus the vector
dX* points normal to the hypersurface and has a value equal to the volume of
the surface element). Then

(F9) = i [ 4= (fO.8" ~ °0,1) (B.50)
Under this inner product we will have

(fmvfn) = Omns (fmvf;) =0, ( ;mf:) = —0mn (B'Sl)

Now from the two different expansions of (]3 we have

> (anfa@) + @ fi@) = 3 (babn(@) +BLh5(2))  (BS2)
n n
Taking the inner product with f,,, on each side, we get
i = 3 (s fo)on + S0 fr)B = 3 b + 3 Bnbly  (B.83)

Thus the vacuum |0), satisfies

0=am|0) = (Z Qmnbn + Y 5mné;) 0Yq (B.84)

Let us see how to solve this equation. Suppose we had just one mode, with a

relation
(b+~b")]0)y =0 (B.85)

The solution to this equation is of the form

10)a = Ce"¥'(0), (B.86)
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where C' is a normalization constant and p is a number that we have to deter-
mine. Expand the exponential in a power series

e/ljﬁiﬁ _ %(61‘8'{‘)7} (B87)

With a little effort using the commutator [b, b] = 1 we find that
BT = (B151)7b + 2mb (5151 (B.53)
Putting this in the series for the exponential, we find that
bet'8 |0y, = 2ubt e ' |0), (B.89)
Looking at (B.85) we see that we should choose 1 = —3, and we get
0)a = Ce™ 3P0y, (B.90)
This state has the form
10)q = C|0)y + CbTbT10), + C4bTBTBTHTI0), + . ... (B.91)

so it looks like a part that is the b vacuum, a part that has two particles of type
b, a part with four such particles, and so on.
Returning to our full equation (B.84) we have the solution

10) = Cle™2 Zomn b mnbly |0y, (B.92)
where the matrix v is symmetric and is given by
1
y=3 @78+ (@'B)7) (B.93)
Thus we see that
by + e 4 Mk (B.94)

is made of annihilation operators ax, and so will kill the vacuum. The state is
therefore

[T ko @ [0). (B.95)
k>0

For each fourier mode k we get a state that is entangled between the b, ¢ spaces

76—47\—Mkb£

T Cdr 1 _q.
e 4006 ®]0)e = [0)6@]0)e—e "M b} |0}y ®]0)c-+5ye T M EBLbl el el [0} @[0)e -

(B.96)
This is

1006 @ [0)c — e ™M¥[1)y @ [1)e + e MFI2), @ [2)c. . (B.97)
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B.9 Density matrices

Suppose we have a state

> Culn)y @ ). (B.98)
n
If we trace over ¢, then we get the density matrix
p=>_|Cnl*In)es(nl (B.99)
n
Suppose
C, = (—1)re 4mMhn (B.100)
Then we have the probability of getting n pairs down by a factor
g AmMkn (B.101)
This should equal
e T (B.102)
Thus 1
= B.103
8t M ( )
Restoring Newton’s constant, we get M — G M, getting
T= 1 (B.104)
- 8rGM ‘

B.10 Entangled states

Suppose we have a 2 state system, with state
1
V2

Suppose we want to trace over system 2, getting a density matrix for system 1.
First we write

|¥) [T+ @] 1)l (B.105)

)] = %[l M@+ @[ Nt @20 [+1{d[@(T]]  (B.106)

This density matrix is made of 4 terms, which we write explicitly

U = 51 @ | e 1(H ] ®a(L (B.107)
H 1@ 2 1 [ @21 ] (B.108)
+HPhr @[ 1T @204 | (B.109)

HP1@ M2 (L[ @2 ]] (B.110)
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In taking the trace over system 2, we keep only the terms where the state of
system 2 is the same in the bra and in the ket, and write down only the system
1 states for these terms

p= 3l lt] + [l (B111)

Let the basis of ket states be {| 1)1,] 4)1}. Then we can write

p= (% 9) (B.112)

2

Now we compute the entropy

S = —tr[plnp] (B.113)
This works out to 1 1
—2(§1n(§)) =1In2 (B.114)

Thus the entanglement entropy of the first system with the second is In 2.

B.11 The problem with black hole disappearance

Suppose we start with an entangled system, and one part of it disappears. Then
we cannot write down any sensible wavefunction for the part that remains. To
see this, start with the following entangled system, and try to write down a
state for the first part alone

(HE)+ )] = =)+ ()] (B.115)

V2 V2
But now we can change the basis of the part that has disappeared
(+) = e(+), (=) = e7"(~) (B.116)
Now we would deduce the state
1

—ia / e’ / 1 —ia et
ﬁ[e +)(=) +e (*)(Jr)]%ﬁ[@ (=) +e(+)] (B.117)

which is a different state. For example if we let the two states be the up and
down z spins of a spin 1/2 particle, then first attempt would give a spin polarized

in direction z, while in the second attempt, with a = 7, we would get spin in
the direction y.
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