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Abstract


Mehra and Prescott (1985) point out that it is difficult to reconcile certain empirical facts about equity and debt returns and the process of consumption growth with reasonable assumptions about the relative rate of risk aversion and the pure rate of time preference, in a conventional infinite-horizon model with an additively separable, constant relative rate of risk aversion (CRRA) utility function.  The present note adds the further puzzle that if the mean rate of growth of consumption is not known with perfect certainty in such a model, both stocks and real perpetuities have an infinite price in terms of consumption goods.  When maturity-specific claims on real output are introduced, the equity premium is seen to increase without bound at the most distant horizons.  These in turn dominate asset pricing, so that the equity premium on claims on all future output is indeed infinite.

Introduction


Mehra and Prescott (1985) point out that it is difficult to reconcile certain empirical facts about equity and debt returns and the process of consumption growth with reasonable assumptions about the relative rate of risk aversion and the pure rate of time preference, in a conventional infinite-horizon model with an additively separable, constant relative rate of risk aversion (CRRA) utility function.  The present note adds the further puzzle that if the mean rate of growth of consumption is not known with perfect certainty in such a model, both stocks and real perpetuities have an infinite price in terms of consumption goods.  When maturity-specific claims on real output are introduced, the equity premium is seen to increase without bound at the most distant horizons.  These in turn dominate asset pricing, so that the equity premium on claims on all future output is in fact infinite.

A Conventional Asset Pricing Model


Consider the following simplified infinite-horizon, continuous-time asset pricing model, that abstracts from the small negative first order serial correlation of consumption growth found by Mehra and Prescott:  The log of real per capita consumption Ct follows a Brownian diffusion with constant drift rate (:
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where the cumulative diffusion error 
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 is a zero-mean normal random variable with variance t.  The utility of the representative agent is assumed to be CRRA in consumption and to be additively separable across time, so that
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where 
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( > 0 is the relative rate of risk aversion, and ( > 0 is the pure rate of time preference, assumed to be a constant.


It is customarily assumed that agents know the growth rate ( with perfect certainty.  In this case, 
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(5)

The risk-free real interest rate Rf(t) at time 0 on zero-coupon, price-level-indexed bonds maturing at time t will be determined by the first order condition
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where the expectation operator E is conditional on C0 and the representative agent’s knowledge of the parameters.  Applying the elementary formula for the expectation of a log-normal random variable to (5),
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(7)

Therefore, the real yield curve is flat at a risk-free real interest rate Rf somewhat below the value 
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 that would prevail with zero variance:  
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(8)

As long as ( is positive and the volatility of consumption is not too large, Rf will be positive and consols will have finite market value 1/Rf.


Mehra and Prescott model equity as shares in all the resources that produce output in the economy.  The time 0 price S of a per capita share in these resources will be
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(9)

We have 




[image: image12.wmf][

]

)

(

)

1

(

)

1

(

exp

)

(

'

)

(

'

0

0

t

z

t

C

u

C

C

u

C

t

t

s

h

m

h

-

+

-

=

,



(10)

whence
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(11)

The price of a per capita share in output, as given by (9), is then
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where 
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so long as 
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so that the integral in (9) converges.


The time 0 arithmetic real rate of return on equity implied by (12) is
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since by Itô’s Lemma,
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The expected real return on equity is therefore 
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and the equity premium is p := Re - Rf = ((2.  As we would expect, this premium is always positive, and increases with both the relative rate of risk aversion and the uncertainty of future consumption.
  Abstracting from the moderately negative first-order serial correlation of consumption growth, the equity premium and variance of consumption growth found by Mehra and Prescott
 would imply ( = 48.5, which is indeed a perplexingly high figure.

Uncertain Mean Growth Rate


In practice, however, the representative agent would not know the mean growth rate ( with perfect certainty, but would only have some estimate 
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 of it, with some standard error of estimation s.  Thus, Mehra and Prescott estimate that per capita real consumption grows at 1.83 %/yr., but admit that this has a standard error of 0.38%/yr.
  It will be shown that such parameter uncertainty, no matter how small, leads to an infinite price for both perpetuities and stocks.


For simplicity, it is assumed that the distribution of the estimation error is Gaussian rather than Student t, and that s itself has no measurement error, so that
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(13)

where Zm is a zero-mean, unit-variance normal measurement error, that is independent of the diffusion error z(t).  Then (2) becomes 
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(14)

Equations (5), (7), and (8) become 
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(17)

In this case, the growth rate uncertainty, whose variance grows in proportion to t2, eventually dominates the Brownian diffusion uncertainty, whose variance only grows in proportion to t.  As a result, the real interest rate declines linearly with maturity, ultimately going permanently and increasingly negative.  This implies that the value of a consol with growth rate uncertainty is actually infinite, no matter how small the measurement standard error s is, so long as it is nonzero.


Furthermore, equations (10) and (11) become
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(19)

Except in the unlikely case that ( exactly equals unity, the integral of (19) is infinite, so that stock prices, as given by (9), are infinite as well as perpetuity prices.  The rate of return on equity cannot be computed from this expression, since it includes the difference of two infinities, divided by infinity.

Maturity-Specific Equity

The indeterminacy in the premium on a share in all future output can be eliminated by considering maturity-specific claims on future output – in effect “equity strips” – with value 
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as given in (19).  Then Ct/st equals the time t payoff of 1 unit invested at time 0 in t-specific shares.  We have
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so that the expected gross return to t-specific shares is 
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whence the rate of return embodied in the expected gross return to equity is
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It follows that the equity premium (specific to maturity t) is
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This is finite for any finite horizon, but clearly grows without bound as t rises to infinity.  Under the assumptions of the model, distant future output constitutes 100% of the intertemporal budget, and therefore dominates current asset pricing.
  The equity premium on claims on all future output is therefore indeed infinite.

Concluding Remarks


In the presence of diminishing marginal utility, expected utility maximization gives higher weight to the worst-case scenarios than it does to the best- or even median-case scenarios.  If the variance of the uncertainty of log consumption merely accumulates in proportion to the horizon t, the real interest rate is just depressed somewhat, relative to the expected log growth rate, below what it would be under perfect certainty.  However, when the variance of this uncertainty accumulates in proportion to t2, as it does when the growth rate is only known with measurement error, the worst-case scenarios take over and make claims on very-distant-future output actually more valuable than claims on near-future output.  The equity premium on maturity-specific claims increases without bound with maturity, so that the premium on claims on all future output is infinite.


Default risk would tend to keep the value of real-world perpetuities finite, since they could be expected to default in the problematic worst-case scenarios.  However, the prices of such bonds would then depend critically on the very distant future prospects for the leverage ratios of the firms that issued them.  Furthermore, the value of the implicit reserved put option would only increase the market value of the issuing firms.  Hence, the consideration of default risk would do nothing for the infinite price of equity, nor for the infinite equity premium.  


It may well be that real-world stocks represent claims on physical assets with finite productive lives, rather than on all future output, so that their values and equity premia are finite.  Furthermore, bonds may be priced by individuals who face a rising hazard function of death, and who therefore do not price bonds with the assumed constant pure rate of time preference, making the price of perpetuities constant.
  In these cases, however, asset pricing and the equity premium will depend sensitively on the relevant effective horizon.
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� EMBED Equation.2  ���





� EMBED Equation.2  ���


























�   If X ~ N((, (2), E exp(X) = exp(( + (2/2).





�   It can be shown, again using Itô’s Lemma,  that the log equity premium, computed in terms of the expectation of d(logS)/dt + C/S, is ((-1/2)(2.  Since this can be negative, it seems appropriate in the present context to focus on the arithmetic equity premium, as in the text.





�   The Mehra and Prescott stylized empirical facts are that per capita real consumption grows at 1.83 %/yr (s.e. = 0.38) with an annual standard deviation of 3.57% and first order serial correlation coefficient of -.14, real returns on a relatively riskless security average 0.80%/yr (s.e. = 0.60), and real returns on the S&P 500 average 6.98%/yr (s.e. = 1.74).  Their estimated average equity premium is 6.18%/yr (s.e. = 1.76%). 





�  A 95% confidence interval for the Mehra-Prescott equity premium would extend down to about 6.18 – 2(1.76) = 2.66%, which would still imply a perplexingly high ( = 20.9.  However, the US Treasury’s new indexed bonds have typically yielded more than 3.50% = 6.98 – 2(1.74), the lower bound of a 95% confidence interval for the Mehra-Prescott real rate of return on equity (see McCulloch and Kochin, 1998).  Unless the expected real return on equity has increased substantially, there may be no statistically significant equity premium at all at present. 





�  Investors would in fact have had even less information about the future rate of consumption growth ex ante, than Mehra and Prescott did ex post.





�  Using the Mehra and Prescott estimates ( = 3.57% and s = 0.38%, the ratio (2 / s2 equals 88.3, so it would take at least 88.3 years for the parameter uncertainty s2t to exceed the future shock uncertainty (2.  However, the figure 88.3 is not an intrinsic property of the economy, but rather merely reflects the fact that the Mehra and Prescott time series ran from 1889 to 1978, so that s2 = (2/n, where n = 88.3 to within rounding error.  





�  The author is grateful to Jim Peck for this insight.
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