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Abstract. We show that if K is a field of characteristic zero and A ⊆ Q contains arbi-
trarily long arithmetic progressions, then A defines Q over K. As a corollary of results of
J. Robinson and E. Szemerédi, if A ⊆ N is infinite and does not define N over K, then
an/n→∞ as n→∞, where (an)n∈N is a strictly increasing enumeration of A.

We are interested in the definability theory of expansions of the field of real numbers by
collections of sets of natural numbers. An instinctual reaction might be that such structures
must be rather poorly behaved, as every real projective set is definable in (R, +, ·, N) [7,
37.6], and it is easy to produce nontrivial examples of A ⊆ N such that (R, +, ·, A) defines N,
e.g., images f(N) of N under nonconstant f ∈ N[x], the set all factorials, and the set of
all primes. (The last follows from, say, Schnirelmann’s Theorem [12]: there exists M ∈ N
such that every n > 1 is a sum of at most M primes.) But, beginning in the late 1980s,
examples began to surface that are as well behaved as one could reasonably hope for. In
particular, given m ∈ N, the expansion of the real field by every subset of each cartesian
power of {mn : n ∈ N } is d-minimal (i.e., in every elementarily equivalent structure, every
unary definable set either has interior or is a finite union of discrete sets). See [3–5, 8–10]
for details and other examples. In this brief note, we show that if A ⊆ N does not define N
over the real field, then every subset of N definable from A must be arithmetically sparse.
We shall make this precise.

The upper (Banach) density of A ⊆ Z is defined by

lim sup
n→+∞

max{ card(A ∩ [j + 1, j + n]) : j ∈ Z }
n

∈ [0, 1].

We say that A has density zero if this number is 0. If A has density zero and is enu-
merated by a strictly monotone sequence (aj)j∈Z, then lim|j|→+∞ |aj/j| = +∞. Similarly,
if A has density zero and is enumerated by a strictly increasing sequence (an)n∈N, then
limn→+∞ an/n = +∞.

We say that a subset A of a ring of characteristic zero is an AP-set if it contains
arbitrarily long arithmetic progressions, more precisely, for every n ∈ N there exist a, b ∈ Z
such that b 6= 0 and { a + mb : 0 ≤ m ≤ n } ⊆ A. By Szemerédi’s Theorem [13], every
subset of Z having positive upper density is an AP-set.

Here is the main result of this note.

Theorem. Let K be an expansion of a field K of characteristic zero. The following are
equivalent.
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(i) K does not define N.
(ii) K defines no AP-subsets of Q.

(iii) Z ∩ A has density zero for every A ⊆ Q definable in K.

(We regard Q ⊆ K as usual.)

Proof. We have (ii)⇒(iii) by Szemerédi, and (iii)⇒(i) is immediate. For (i)⇒(ii), we do
the contrapositive. Let A ⊆ Q be an AP-set definable in K. Put

S := {x ∈ K : ∃a, b ∈ K, b 6= 0 & a, a + b, a + xb ∈ A }.
Then K defines S and N ⊆ S ⊆ Q, so K defines Q = {±x/y : x, y ∈ S & y 6= 0 }. By
J. Robinson [11], K defines N. �

Note. John Griesmer (grad student, Ohio State) has pointed out to us that (i)⇒(iii) can
be established without appeal to Szemerédi’s Theorem. Let A ⊆ Q be such that A∩Z has
positive upper density. It follows from [ still looking for the best published source ] that Z
is contained in a finite union T of additive translates of the difference set of A. Now replace
S above by T . Nevertheless, the equivalence of (ii) is of independent interest, as there are
AP sets of density zero, e.g., the set of all primes (Green and Tao [6]) and multiplicatively
large sets as defined by Bergelson [1].

As the reader can imagine, there are a number of immediate applications of the Theorem
to undecidability theory via known results from number theory. We refrain from attempting
to list them, but here is an amusing

Corollary. For every finite partition A of N there exists A ∈ A such that A defines N over
every field of characteristic zero. In particular, if A ⊆ N, then at least one of A or N \ A
defines N over every field of characteristic zero.

Proof. Zero density is preserved under finite unions, so there exists A ∈ A having positive
upper density. �

Remark. This really only needs the implication (i)⇒(ii) and van der Waerden’s Theo-
rem [14], that is, that some A ∈ A is an AP-set.

At present, we are interested primarily in applications of the Theorem to definability
theory and asymptotic analysis over the real field. Let f : N → N be strictly mono-
tone. Suppose that (R, +, ·, f(N)) does not define N. What can be concluded about
f? By the Theorem, f(N) has density zero, so limn→+∞ f(n)/n = +∞. But, as every
subset of N definable in (R, +, ·, f(N)) has density zero, a reasonable conjecture is that
limn→+∞ f(n)/nm = +∞ for every m ∈ N, at least, under some assumption of regularity of
growth of f . Indeed, if f extends to some g : R→ R such that (R, +, ·, g) is o-minimal, then
much more is true: By [9, Theorem B], either limn→+∞ f(n)/enm

= +∞ for every m ∈ N,
or there exists p ∈ R[x] such that limn→+∞ f(n)/ep(n) = 1 with exponential decay of the
error. This result does not use that g(N) ⊆ N, only that limx→+∞ g(x) = +∞, (R, +, ·, g)
is o-minimal, and (R, +, ·, g(N)) does not define N. We hope that the Theorem might shed
further light on the coefficients of p or the asymptotics of the error. Neither is o-minimality
really needed: it is enough to assume that g is sufficiently non-oscillatory at +∞; see [9, §3]
for one possible definition of what this might mean. We would like to relax the notion of
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“sufficiently non-oscillatory” even further. For example, let bxc denote the integer part of
x ∈ R. Instead of assuming that f extends to some g such that (R, +, ·, g) is o-minimal,
suppose only that f is the restriction of bgc to N of such a g. Do we have the same result
on the asymptotics of f? This would follow from [9, Theorem B] if (R, +, ·, g(N)) does not
define N, but we do not know if this true. Work is ongoing.

News. Let f : R→ R be such that its germ at +∞ belongs to a Hardy field, limx→+∞ f(x) =
+∞, f is bounded at +∞ by some xN , and limx→+∞ |f(x)− p(x)| = +∞ for all p ∈ Q[x].
By recent work of Chan, Kumchev and Wierdl [2] (as yet unpublished, as far as we know),
there exists d ∈ N such that every sufficiently large natural number is a sum of d elements of
bf(N)c. Hence, bf(N)c certainly defines N over any field of characteristic zero. We believe
that we have a much easier (modulo our above Theorem) proof of the latter statement by
showing that bf(N)c defines a positive-density subset of N, but we might be content just
to appeal to [2].
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