STATUS OF THE O-MINIMAL TWO-GROUP QUESTION*

CHRIS MILLER AND SERGEI STARCHENKO

August 7, 2003

In [MS98], we showed that an o-minimal expansion of a dense linearly set without endpoints (R, <) can support, up to definable isomorphism, at most two continuous (with respect to the usual topology) definable groups on R. Certainly, the maximal number is easily achieved: Any o-minimal expansion of an ordered field that does not define an exponential function is an example; see [MS98, §4] for details. Hence, a natural question is whether there exists an o-minimal expansion of an ordered exponential field that defines a continuous group that is not definably isomorphic to the additive group of the field. In this generality, the question appears to be out of reach, so we focus on expansions of the real exponential field.

Throughout, let (R, <, ⊕) be an ordered group definable in an o-minimal expansion R of the real exponential field.

Question. Is (R, ⊕) definably isomorphic in R to (R, +)?

A variant of the question is true, and the question has a positive answer for every known case. We shall explain.

Theorem (Peterzil et al. [PSS00]). There is an isomorphism ϕ: (R, <, ⊕) → (R, <, +) such that (R, ϕ) is o-minimal.

Remark. Up to a multiplicative constant, ϕ is unique. Hence, (R, ψ) is o-minimal for every isomorphism ψ : (R, <, ⊕) → (R, <, +).

Fix ϕ as in the statement of the theorem.

Lemma. Suppose that for each unary (that is, R → R) function f definable in (R, ϕ) there is a unary function g definable in R such that f is bounded at +∞ by g. Then (R, ⊕) is definably isomorphic in R to (R, +).

Proof. Let g be a unary function definable in R such that x → ϕ^{−1}(ϕ(x)^2): R → R is bounded at +∞ by g. Every automorphism of (R, <, ⊕) is of the form ϕ^{−1} ∘ cx ∘ ϕ for some c > 0, so every automorphism of (R, ⊕) definable in R is also bounded at +∞ by g. By [MS98, Theorem A], R defines a binary operation ⊙ such that (R, ⊕, ⊙ ) is a field (since g witnesses that R is not linearly bounded with respect to ⊕). By Otero et al. [OPP96], (R, ⊕, ⊙ ) is definably isomorphic in R to (R, +, · ). □

Recall that a structure on R is exponentially bounded if for each unary definable f there is a compositional iterate exp_N (depending on f) of exp such that f is bounded at +∞ by exp_N .

At present, every expansion of the real field known to be o-minimal is exponentially bounded; see Lion et al. [LMS03] for further information.

*This is not a preprint; please do not refer to it as such. 1

As an immediate consequence of the lemma:

Proposition 1. If (R, ϕ) is exponentially bounded, then (R, ⊕) is definably isomorphic in R to (R, +).

A structure on R is closed under asymptotic integration if for each ultimately nonzero definable unary function f there is an ultimately differentiable definable unary function g such that lim_{t→+∞}[g^′(t)/f(t)] = 1.

At present, every expansion of the real exponential field that is known to be o-mini-mal is closed under asymptotic integration; see Miller and Speissegger [MS02] for further information.

Proposition 2. If (R, ϕ) is closed under asymptotic integration, then (R, ⊕) is definably isomorphic in R to (R, +).

The proof is obtained by combining the lemma, the main result from [MS02], and the proof of Theorem [PSS00]; see [MS02, Proposition 3] for details.

References

[LMS03] J.-M. Lion, C. Miller, and P. Speissegger, Ordinary differential equations over polynomially bounded o-minimal structures, Proc. Amer. Math. Soc. 131 (2003), 175–183.

[MS98] C. Miller and S. Starchenko, A growth dichotomy for o-minimal expansions of ordered groups, Trans. Amer. Math. Soc. 350 (1998), 3505–3521.

[MS02] C. Miller and P. Speissegger, Pfaffian differential equations over exponential o-minimal structures, J. Symbolic Logic 67 (2002), 438–448.

[OPP96] M. Otero, Y. Peterzil, and A. Pillay, On groups and rings definable in o-minimal expansions of real closed fields, Bull. London Math. Soc. 28 (1996), 7–14.

[PSS00] Y. Peterzil, P. Speissegger, and S. Starchenko, Adding multiplication to an o-minimal expansion of the additive group of real numbers, Logic Colloquium ’98, Lect. Notes in Logic, vol. 13, A.K. Peters, Natick, Mass., 2000, pp. 357–362.

Department of Mathematics, The Ohio State University, 231 West 18th Avenue, Columbus, Ohio 43210, USA

E-mail address: miller@math.ohio-state.edu URL: http://www.math.ohio-state.edu/~miller

Department of Mathematics, University of Notre Dame, Notre Dame, Indiana 46556, USA E-mail address: starchenko.1@nd.edu

2