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1. (35 points)

The following economy has two consumers, two firms, and two goods. Good
2 is leisure/labor. For ¢ = 1,2, consumer 4 has the initial endowment vector,
w; = (0,1), and the utility function,

ul@;,z}) = log(x;) + log(z7).

Consumer 1 owns firm 1 and consumer 2 owns firm 2.

Firm 1 produces good 1 using good 2 as an input. For convenience, denote
the (nonnegative) labor input used by firm 1 as Ly. Firm 1’s production function
(the boundary of the production set) is given by:

2
o= GLY
where L; > 0.
Firm 2 also produces good 1 using good 2 as an input. For convenience,

denote the (nonnegative) labor input used by firm 2 as Ls. Firm 2’s production
function (the boundary of the production set) is given by:

yy =

where Ly >

1
-L

4 2
0.

(a) (10 points) Define a competitive equilibrium for this economy.
(b) (25 points) Compute the competitive equilibrium price vector and alloca-
tion.

Answer:

(a) A CEis a price vector (p', p?) and an allocation (z1, 2%, 23, 23, y1, L1, 43, Lo)
satisfying

(i) (21, 22) solves

max log(z1) + log(z?)

subject to
plai+pzi < pP4m
T Z 0



(ii) (zd,23) solves

max log(x3) + log(x3)

subject to
play +pPay < pP4m
) Z 0
(iii) (yi, L1) solves
maxm = p'y; —p°Ls
subject to
2
1 < /3L
Yy = 341
Ly > 0
(iv) (y3, La) solves
maxmy = ply% —p*Ls
subject to
L
Y2 = 4
Ly > 0
(v) markets clear:
@y + 7 yi + Y2

<
2 pai4+ L+ Ly < 2

(b) Normalize the price of good 2 to be 1 and denote the price of good 1 as
p. Let us start with the profit maximization problems.

For firm 1, we can substitute the constraint into the objective, and derive
the first order condition,

2
C(EL) Y2 2 1 =
P 2(3 1) 3 0,

from which we derive the supply function and profit (skipping some work you
should show),

[V

Ll = %a
1 _ P

Y1 - 37
mo= L
1 6



For firm 2, whose production function exhibits constant returns to scale,
substituting the constraint into the objective we have profit as a function of Lo
given by p% — Lo, so this firm produces positive output if and only if p = 4.
However, at that price, firm 1 would demand more than all of the economy’s
endowment of good 2, which is inconsistent with equilibrium. Therefore, firm 2
does does not produce in equilibrium.

The utility maximizing demands for consumer 1 satisfy the first order con-
ditions,

2
.’171 -
x% - p?
2
pat+at = 145,

which (skipping some work you should show) yield the demand functions,

1 D
1 — —
o= gt
1 p2
2 — _
S R T

Similarly solving consumer 2’s utility maximization problem yields the de-
mand functions

1
1 — _
Ly = 2pa
1
2 — —
T3 = 3
Market clearing for good 2 requires
1 p2 1 p?
— - — — = 2
2 + 12 + 2 + 6
p = 2.
Therefore, the allocation is
5 5 1 1
oS rTpnTpnTy
2 2
1 1
= =, L1==,y45=0,L3=0
Y1 3a 1 3ay2 5 142



2. (35 points)

The following pure-exchange economy has 2 consumers, 3 equally likely
states of nature, and one physical commodity per state of nature. For s =1,2,3
and ¢ = 1,2, denote the consumption of consumer i in state s by x7. The ini-
tial endowment vectors are given by (w},w? w?) = (1,2,3) and (wi, w3, wi) =
(A,2,1), where A is a positive parameter. For i = 1,2, consumer i is an expected
utility maximizer, with a "Bernoulli" utility function given by w;(zf) = log(z%).
The consumers trade on a complete contingent-commodity market.

(a) (5 points) Define a competitive equilibrium for this economy.

(b) (25 points) Compute the competitive equilibrium price vector and alloca-
tion.

(¢) (5 points) For what values of the parameter A will the competitive equi-
librium allocation Pareto dominate the initial endowment allocation?

Answer:

(a) A C.E. is a price vector (p!, p?, p?) and an allocation (z1, 2%, x3, 23, 23, 3)
satisfying

(i) (o1, 22, 23) solves

1 1 1
max 3 log(x1) + 3 log(z?) + 3 log(z3)

subject to
plai +pai +plr] < pt+2p? + 3p
1 2 Oa
(ii) (23,22, 23)) solves
1, 0 1 .1
max = log(z3) + 3 log(z3) + 3 log(z3)
subject to
plak +p2ad £ pPed < Apt 42 4P
T2 Z 07
(iil) markets clear:
zi+azy < 1+A
v a3 < 4
o rad < 4

(b) Normalize p? = 1. Utility maximization is characterized by the budget
equation and the MRS conditions, for i = 1,2,



This allows us to solve (skipping work you should show) for the demand func-
tions

1 pr+2pP+3 5, p'+20°+3 5 pl+2p2+3
Ty = 1 y Ly = ) Yyl =~
3p 3p 3
L Apt+2p2 +1 ,  Ap'+2pP+1 4 Ap'+2p* 41
Ty = 3p1 y Ly = 3p2 y Ly = 3 .

To solve for the equilibrium prices, market clearing for good 2 implies

pl+2p2+3  Apt+2p% +1
+ = 4, or
3p? 3p?

pA+1)+4 = 87 (1)

Market clearing for good 3 implies

pl+2p2+3  Apt+2p% +1
+
3 3
plA+1)+4p* = 8. (2)

Subtracting (1) from (2) yields

4p* —4 = 8—8p?,
p? = 1L
Substituting p? = 1 into (2) yields

1 4

P EATT

Substituting the equilibrium prices into the demand functions and simplifying,
we have the C.E. allocation,

. SA+9 5,  5A+9 .  B5A+9
Ty = 1= o v T 9 A
12 3(A+1) 3(A+1)
. TA+3 , TA+3 , TA+3
Ty = ———, 2=, Th = 1.
12 3(A+1) 3(A+1)

(c) Because each consumer can afford his/her initial endowment and chooses
not to demand it, we know that each consumer’s utility maximizing bundle
must be weakly preferred to his/her initial endowment. By concavity, z; will
be strictly preferred to w; (for consumer i) unless x; = w; holds. Clearly this is
impossible: for example, 2 = z$ but w? # w3. Therefore, the C.E. allocation
Pareto dominates the initial endowment allocation for all positive A.



3. (30 points)

Recall the notation and definition of a competitive equilibrium for the "Stan-
dard" Arrow Securities model with n consumers, S states, and K physical com-
modities per state:

A C.E. is a set of prices {q¢*,p(s)}|5_;, security holdings {b3}|5_;|™,, and

consumption {z? (s)}|7, 515, satisfying

i) fori=1,..n, {zZ(s)}X,|5_, solves:
() yer ISy % j=1lls=1

s
max TsUi (TS
xS o)
subject to
S
Sen < o
s=1
K . . K . .
Zzﬂ(s)xf(s) < ij (s)w?!(s) + b for all s,
=1 j=1
() > 0,

(ii) market clearing:

be < 0 foralls
i=1

™
S
S
A

ng(s) for all j, s.
i=1

Now consider a Modified Arrow Securities Model, where for s = 1,..., 5,
security s pays s units of account on the state-s spot market, and pays nothing
on all of the other spot markets. Everything else is exactly as in the Standard
Arrow Securities Model.

(a) (5 points) Define a competitive equibrium for the Modified Arrow Secu-
rities Model.

(b) (25 points) Prove that if prices {q**,p*(s)}|5_,, security holdings {b3* }|5_; |,
and consumption {x]"(s)}i_, 5,5, are a C.E. of the Modified Arrow Se-
curities Model, then the allocation {b3*}|5_,|"_, and {wi*(S)}l7:1\fi1 S s a
C.E. allocation of the Standard Arrow Securities Model. (In other words, prove
there are prices {q***,p™(s)}|32y such that {q**,p™(s)}Zy, {65 }Ha i,
and {xz*(s)}\;’:ﬂ]}iﬂfﬂ is a C.E. of the Standard Arrow Securities Model.) As
in any proof, explain your reasoning clearly.



Answer:

(a) A C.E. for the Modified Arrow Securities Model is a set of prices {¢°, p(s)}|5_1,
security holdings {b5}|5_, |1, and consumption {z](s)}|7_, |5 ,|5_; satisfying

(i) for i = 1,...,n, {a](s) I, |52, solves:

S
max Zﬁsui(xi(s))
s=1

zi(s),b7
subject to
5
> gty <0
s=1
ij (s)xl(s) < Zp] (s)w](s) + sbf for all s,
j=1 j=1
2l(s) = 0,

(ii) market clearing:

n
Y < 0 foralls
i=1

™
S
=
IA

Zw{(s) for all j, s.
i=1

The only difference from the Standard Model are the terms sb in the spot
market budget constraints.

(b) To prove this statement, we will use the C.E. prices of the Modified
Arrow Securities Model to construct the C.E. prices for the Standard Arrow
Securities Model. For s =1, ..., .5, let

qs** _ qs* (3)

p(s) = p

At these prices, the utility maximization problem for consumer ¢ in the



Standard Model is

s
a s
subject to
s
g <0
s=1

S

K, K
ij (s)mf(s) < ij (S)wg(s) + b7 for all s,
=1 /

=
al(s) > 0.
If we multiply both sides of the spot market budget constraint by s, we see
that the utility maximization problem for consumer 7 in the Standard Model is
exactly the same as in the Modified Model. Therefore, since (b}, z}(s)) solves the
UMP for the Modified Model, it must solve the UMP for the Standard Model.
Since markets clear in the Modified Model, markets must clear in the Standard
Model, so prices (3) and the allocation {b5*}|5_;|™; and {z!"(s)}|", ]K:l|f:1
form a C.E. to the Standard Model.



